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racy

proximation and estimation
yision)

pximations are veryusefil when caleulating.
bers can be approximated to obtain rough
mates of calculations. Forexample, ifsomeone
593,86 tax each month, then the amount
B in a year is $93,86 x 12, A rough estimate
total amount paid in a year is

S90 x 10 = $900

rounding te | significant figure)

$95 x 10 = $950
rounding to the nearest 3)

390 x 12 = 81080
[rounding one number, but not the other)

wugh estimates arc nof accurate. (For example,
true amount in the above caleulation ic
i 126,32.) However, thev give some idea of the
or order of magnitade of the correct
sults of calculations. They are often used to
k the correctness of answers to caleulations.

4,386 x 0.0894
18,17
Check your résull by making a rough estimate

$386 x 00894  0,3921084

18,17 18,17 =

= (1,021 5799
= 018

L5e a caloulator to find the valie of

$ x 009 0,36
20) 20

Rough esttmate;

eral arithmetic (4)
)proximations, estimates, limits of

Theanswer and the rough estimate are of the
same arder of magnitude [bath are about 0,023,
If the answer and the rough estimate are rof of
the same order of magnitude then the data
should be re-entered into the caloelator,

Rounding off numbers (revision)

Numbers en bhe rounded off to the
nearest hundred, ten, whole number, etc.,
or to a given number of decimal places.

The digits 1, 2, 3 and 4 are rounded
down and the digits 5, 6, 7, 8 and 9 are
rounded up.

Example 2

Round off the number 163,864 (a) 10 2 decimal places:
(0] fo b decimal place; (c) to the nearesi whole
number; (4| fo the nearest fundred.

la; 163864 = 163,86 to 2 d.p.

(k) 163,864 = 163.9 ol d.p.

'e] 163,864 = 1654 o the nearest
whole number

d) 163,864 = 200 to the nearest

hundred

Significant figures (revision)

Nunibers are sometimes rounded off to a given
number of significant figures. The significance
of a digit depends on 1ts position in the number.
Thus in the number 146,83, the 4 5 more
significant than the 6. the 6 s more significant
thin the 8 and the | is the most significant digit.

The first significant figure in a decimal
fraction is the first non-zero digit in the fraction.
For example, the fra significant figure in the
decimal 0,002 487 15 2.



Example 3

Round off 146,83 (a) to 1 significant figure. |b) 1o
2 significant figures, (¢) io 3 significantyfigures, (d) o
4 significant fisures.

faj 146,83 = 100 10 ] sl
(b) 146,83 = 150 to 2 s.f.
(c) 146,83 = 147 10 3 s.f.
{d) 146,83 = 1468 10 4 5.

Example 4
Round off 0002487 ta(a) 1s.0,(h) 2sL, (¢) 381

{a) 0,002 1ol st
(b) 0.0025 to 2s.f
fe) 0,00249 to 3 .0

Example 5 5

Round off (a) 8,026 to 3 s1., (b) 50,95 2 2
s.l, (c) 18,057 fo 1 decmal place, (d)
$4R0 170 o 3 sl

(a) 8,026 = 8,03 to 3L

(b} 50,95 = 51 1o 2 &.f;

(c) 18,057 = 18,1 to 1 d.p.

(d) $450170 = $450000 to 3 s.f.

Example 6

In 1987 Jimbabuwe's exports to Britain were $240
million fo 2 s.f. What ts the range of values of these
exports?

The range of values is between $235 million
and $245 million.

Exercise 1a
1 Round off the following 1o the nearest whole

number,

(a) 3,24 m th) 0,97 m

i) 86,02 ha fd) 541,77 cm
(e) 496 km (1 164,90 mm

(g) 52,84 (h) $18,07
(1) 129,7 litres (i) 599,50

2 Round off the [ollowing to 1 decimal place.
{a) 0,0786 (b) 18.04 (v) 18954

id) 0,786 (e) 7,926 (17 20.08

3 Round off the following ta 2 significant
hgrures.
(a) 36,9 (b) 10,4

(el 0009281

(d) 4,98

(e 0,02439 [} 86125

(g) 144 (h) 9,04

i) 2,99 (i} 0,03046 .

Round off the following to 3 senificant
figures,

fa) 7579 (b) 52069

{e] 352289
[e) DOBS 2]
(g) 83,352 (h) 0,906 4

(i) 827502 (1) 8,007

In 1987 there was an estimated $389 400 000
in notes and coin ineirculation in Zimbabwe.
Giveat least three wavs in which a newspaper
might have reported this amount.

In the 1982 census, the populations of
Zimbahwe's three largest towns were given
as shown in Table 1.1

d) 1789
(1) 170,08

Table 1.1
town population
Bulawayo | 495300
Chitungwiza 172 000

| Harare G58 400

Round off these numbers to (a) 150, (B 2.1
A newspaper headline reads "Government
rejects a loan of 1,5 billion [rom IMF;
Between what two amounts does this figure
lie?

The numbers of foreign visitors 1o Zimbabwe

between 1984 and 1988 are given in Table 1.2,

Table 1.2
1984 | 1985 | 1986 | 1987 | 1988 ‘

339598 389 465|433 372 (487 716491 721

(a) Round off the number to 1.5.0

(b Use your rounded numbers o estimate
the total number of foreign wvisitors 1o
Zimbabwe lor the five years.

Find the order of magnitude of the outcomes
of the lullowing caleulations. (Round the
given numbers o 1 5.0




67,09 x 4.38 x 01178
8956 + 27.31
35.75% = 8607
458
5,705
22,73 » 76,35

d)

30 Use a calculator to find the true outcomes
of the caleulations in qust‘[Gn 9, Give all
vour-answers correct to 456

:I;iIIlitS of accuracy

No measurement, however carefully made, is
exact. The best measuring inscruments  are
w=ually accurate to three higures only. Maost
measurements, therefure, are approximate. For
example, if the length of & hnoe s given as
238 em, ‘its true length will lie between a
minimum, or lower bound, of 23,73 cm and
a maximum, or upper bound, of 2385 cm.
This gives a possible error of +0.05cm in the
given length, Figure 1.1 shows the end of the
line (magnified) and the lower and upper
bounds on its length, The difference between

the upper and lower bound gives the range of

MEASUTCIent.

Given limie find ondy] |
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CTTOT .
Percemtage error = ——— 3% 1007
) Mmeasurermnenl

In Fie: 1.1,

0,05 .
pereentage error = 4 —— % [0,

938 =
— 4+ 0.210084%
= +(,21%

(1o 2 5.0

Example 7

The length of @ pole is measuréd a5 5 metres lo the
nearest metre. State [a) the wpper and lower bounds
af the length of the pole. | b} the greatest possible error,
and caleulate (7] the percentage errar in the measurement.

(a) Since the measurement is given to the
nearest metre, the true length of the pole wil
bt between 4.3 m and 3,5 m:

upper bound = 55m

loswer bound = 4.5m
a1 Greatest possible error = + 0.5m
0,5m -
(¢} Percentape srtor = &+ — x 10055
Jm
= +10%
Example 8

A givl and a bay eitimate the length of o line to be
Semvand 12 cmorespectively, I the true fenplh of the
line to 96 cm, find la) the abiolute ervor, (b) the
prreentage error, for cach student.

(a) Absolute ervor
= approximate value — wue value
For the girl,

absolute error = 9em — 9.6cm
— Ofiem

Il

The girl has underestumated by 0,6 cm.
For the boy,

absolute error = 12em — 9.6cm
= 4+ 24em

The boy has overestimated by 2.4 enl.
absolute error

(h) Percentage crror = — x 100%,
' true value
For the girl,
— 0.6
percentage error = - Q,ﬁI x 100%,
~ —6,25%

The girl’s cstimate was 6.23% 1oo low.
For the b
124
percentage crror = ——— % [00%)
' 9.6
_— 25‘:!“

The boy’s estimate was 25%, too high.




Example 9

The tength of o vumning track iy measured and piz e

- a .3 6 .
as A0 m. Find the percentage ervor if the Lngth 1

measured (@) o L nearest melre, (&) fo the nearesi
Lm, (e) to 1 significant fioure.

(a) Therange ofactual memsurement is between
3585 m and 400,5m.
Error = 4+ 0.,5m

+ (1,5 m
400 m

= +0,133%

Percentage ¢rror = 1605,

(b} The range of actual measurement is between
35 m and 405 m.

Error = +3m
P 0 + 5m o
CrCentase ermor = ————
: 100 m s
= <L ]doy
— &0

e} The range ofactial measurement is hetween
350 m and 430 m.
Error = +80m

+ 50m
A

of 1 4

Percentage error = x 100%

Notiee in Example 9 that the percentage ervor
becomes greater as the method of estimation
Lzcomes rougher.

Example 10

Given the ealewlation $8,70 % 2.4, a student oets
riuglt answer by rounding the siven values to the nearest
whele nwember, Caloulate the resalting perceniage error.

Rough answer = 89 x 2

= 518
Troe answer = $8.70 % 24 s
= 32088 E
Absolute error = 18 — $20.88
= —§2.88
— $2.88

Percentage error — W x 1005

= — 13.8% o 3sl

Example 11

The lengih and breadth of @ reciongular plot ar
measured 1o the nearest melve as being 16 m and 1| m
respectively, Calrulate the wpper and lowwer boundy o
the area-of the plul.

The upper bound of the area of the rectangl
oveurs when its length and breadih have theis
greatest possible valos:
greatest possible length = 16,5m
groarest possble breadth = 11,5m
corresponding area (upper bound |
= 635 = 1],5m
= 189,73 m"
The fower bound of the area of the rectanglc

aecurs when its length and breadth have their
feari possible values:

teast possible length = 1535 m
least possible breadth = 10,5 m
corresponding ares (lower hoone)

= 15,3 »x 10,5 m*

= 16275 m>

In Example 11, notice how errors becnme
compounded when approximate values are
uséd in computations, The upper and lower
bounds of the area of the rectangle in the
example differ by 27 m?, quite # considerable
amount.

Exercise 1b

1 What is the range of values of each of the
tollowing measuremens?
ta; The length of a line segment is 9em 1o
the nearest on,
‘b)) A manis [,75m tall to the nearest crh.
io! The radius of the carth s 6 400 km w2 s.4
i) The distance lrom the school ta the
market 35 9.8 km o | d.p.
t#] The population of Zimbabwe (1989
was & milliors 1o | sf
) A container holds 7.5 litres of petral 1o
the nearest 0,1 litre,
Ao wioman spent 520000 10 the nearest
thousand dollars.
(hl The maiss ol a wrester 15 75.6 ke Lo the
nearest 0, ke,




¢ maximum lemperature jor a par-
roday in Kadoma was 30,2 "C w the
t 0,15

e volume of a sphere s 860 em? 1o
pearcst om?

Epllnwing EASUrrments.,
The capacity ol a bucket is 7.5 lires 1o

The distanee herween two towns s
Em o the pearest km,

A poleis 125 cm high tothe nearest em.
The volume of o b 35 250m7 o the
rest omis.

| The thickness of a book i= 20mm w the
Arest e

} Theimiiss of owirl 1s 62 ke 6 2 5.0
The Speed ol an wreraft 18 800 kmh o
=f

| Thee radivs of 2 Lall ds 20 e oo the
Arest om,

3 Thearea ofa classroom is 400 m* 10 2 4.1,
0 The Univiersiny ol Zimbabwe lias 9000
udents o ]osl
here are 36 condles in a box. Each candle
has a mass of 115
al Round the wven vadues o | s.f and
Thenee estimate the mass of the candles in
the box:

Ih Chaleulae the roe mass of the candles.
c| Henee find, 10 1 dop., the percentage
error of your Psimion,

A Freonch warist has 980 Franes which she

exchange is 50,347 o | Frane, She moughly
estimales the value of her Franes: by
caloulatng 0,833 = OO,

a) Write down her rough estimate.

by Caleulate the trae value m Dollars and
CEnls,

¢ Henve Ond, 1o 1 dpl the pereentage
error i the cstimation,

Givien (b ealenlation 783 = 1B a étadent
gets o rough answer by rounding each
mumber o 1 s Caleulate, o 1 dop., the
prreeniage orror in lus resull,

|5 g ol salt s dissolved 0 Boe of waler to
ke it salt solution, Weach amonnt is gIVen
to the nearest gran caleulate tee upper and

ulate the pereentage ervor in each ol

wishios (o exchiange for Dollars, The mate of

lenweer bounnds of the masses of the seluton:

7 A box contains 960 packets of coffee. Fach
packet is marked 250 1w the negrest 5o
Calculate, in ki the upper and lower
Liownels of the masses of collee m (e box,

B The length and breadih of a rectangular
field are given as 100m and J0m e the
nearest 5 m. Galeulate the least and greatest
possible wreas of the field.

9 The radius of a circle 15 given as Gem o
the nearest whole cm, Calealate, in terms
of m, the lower and upper bounds of (aj the
circumlerence, (L) the arew, of the circle.

10 The edge ol a cube 5 given as Bom o the
nearest whole em. Caleulate the lower anid
upper bounds of s () serfoee area in eme,

(s volome in em.

Degree of accuracy

Many calealations inyolve messurements) The
degros nlCaccuracy ol such measurements aflect
the degree of accuraey of the vesults of the
caleulations, Therefore, the degree of accuracy
of measyrements in o ealonlaten must be wken
o consicieraion when delermining Hhe answer
to the caleulaton. The final result ofa caleulaton
should not be given wa number of significant
furnres. more than the number of stienibeant
liprures 11 any of the given data,

Rounded-ofl values are sometimes wsed in
caleulations. For example, m is often taken as
3o 2048,

Sometimes 11 seemy that an answer [ound at
st intermed e stdee ofa caloulation may need
Lo D v ed o helore Leis weed ina subsequem
stage. Howeser, sinee such rounded-off values
alliel the degree of accuracy ol thae results of
calculations, it is gencrally advisable m 1o
round off intermediate values,

Example 12

Caleutate the avea of @ cirele of rading 3.5 em:

K s E AR 2

Arei of cirele = @ {3.0)° vm
- 2
= 3,14 x (55)7rm

= 38.465 cm?

= 38cm” (o 25l



Note that the radius, 3.5¢m, is given to 2 sif.
and 3,14 is a rounded-off value of 7. In this
case the answer should not be given to more
than 2 significant figures,

Rough extimate: 5 = 4 % tem® = 48em’

The rough estimate is of the same degree as the
caleulated answer. { I'o make raugh estimates,
first express each number to 1 sl belore
calculating. |

Exercise Ic
Give answers to reasonable degrees of accuraey
unless etherwise stated.

1 A car travels a distanee of 100km for | h
58 min 455
{a; Roundoff the time to thi nearest __:_ T,
() Usethe rounded time to find the average
speed for the journey in km/h. Give vour
apswer to | significant ligare.

2 Inan experiment, the radius, r, of a spherical
halloon is measured as 21 em. Caleudate the
volurie, 1, of the ballpon. ‘Take 7 to be 5,14
and use 17 = '_:rtrl'.

3 In th-"\{l' rght-angled triangle, ABC, in Tig.
1.2, B = 90° and the lengths ol AB and BC
are given to the nearest centimetre, Caleulate

AC. A

45.cm

A

Fig. 1.2

6

4

10

Use four-figure tables or a calculator
aleulate the Tollowing. Take 7w be 3144,
i J'r\.f'rﬁ 4

‘b 2m x 5,284
K. '?.-1-] |':r
=

II|.‘ ] E

Using square root and reciprocal tabiles, ur
4 ecalculator, caleulare the values of the
follorving,

|
V110
/36

(b] X—
Y

an

b=y

W
It 4 sheet of cardbaard is 0,8 mm thick,
calenlate the ringe of values of the height
al 398 <heets ol the same cardboard. Also
calenlate the maximum and the minimum
number ol sheets which are i a pile SUom
hagh.
A room is 426 m long, 3,7 m wide and 3,2m
high. Caleulate
(a1 the diagoual of the longer wall,
b the diagonal of the floor.
An aircrall ravels 5000 km (o ]

(1

T
w

s.f0 in B

Lours (1o the nearest hourl. Caleulare its
speed in km(h.

Calewlate the volume of a evlinder of radius
4 em and Leight 20 em. (Take 7 w0 be 3,14
Taking the value of 7 o be 53,14, caleulate
the area of a cirele of radios 30 cm.




sapter 2

ometrical constructions (3) Locus

asic constructions To vonstruct angles of45° and 307, biseet angles
) . ) of 9 and 607 respectively (Fig. 2.2).

o, 2. | shews the basic canstructions using set
are, ruler and compasses.

157 T

B

1T wgulareral £ Exercise Za [R“iﬁiﬂﬂ}

|_ T T E\,‘l;:._k(r a4 sketch II:E‘EI'ITL‘ [:l'_‘lIlSlrlH"l;.l']:i_I Lhe ll'E‘r'IJ re.
La) puaradlel e Rl it PO sre] 1 (a) Construct AABC such that AB = Som.
Sl el s s | . H(; — || em J:!-]Hl- AC = “]1_'_n|_

4 (hy Mark a point X on AB such that
' BX = 5c¢m. Use ruler and set square 1o

construct a line through X parallel to BC tw
meet AC at Y.

B B T e
iod Measure XY and €Y,
() Bt ot AT 2 (a) Construct an equilateral triangle XY/
’ (b wid oI RRES .":L[{'.h lhﬂl }{\T — :‘} T
I by With YZ as base, construcl isosceles
fe) -perpendicalior bisertis nl AB MAAYZ such that AY = AZ = Bem.

Trnbevaned poangranaey

() Similarly construct isosceles ABYZ such
that B is on the oppositeside of YZ w A with
BY =BZ = 8om.
' What kind of quadrilateral is BY AZY
(] Measure AX and BX.
3 o) Construct AABC such that AB = 7 em,
.ﬁ
BC = Gom and ABC = 607,
2
(b} The bisector of C meets the perpendicular
0 v vngne on wighe hizrctor [j'r ,—"t'[: at X. F'i.'l'lﬂ the FIUiZI'.It b8 IJ“}-

riler o companses | %
COnstrieie,

Fig. 2. o Measure BX.

L A |

(el ragh aagde an iy
e g v pranses




4 () Use ruler and compassés 0 construc

APOR in which {:Jr = 80, QR = Jemand

PR = [0cm.

b1 Measure POL

¢} By using Pythagoras’ theorem now check

the result.

{a) Useruler and compasses to construct the

parallelogram 'E’Q‘Rﬁ' in which QR = Hem,

RS = |lem and QRS = 133°

(bl Measure the length of the shorer diagonal

uf PORS.

6 [a) Congtruct quadrilaleral ABOTY such thal
AB = S5cm, BD = DO = §cm, AD = 31
and BCD = 45°

b1 Measure the diagonal AC.

=

To construct a perpendicular to a given

straight line from a point outside the line.

Given a line AB and o point M outside the line,
\

-

rsel R i

It is required to construct a line through M
perpendicular to AB.

(a) Place the sharp end of a pair of compaises
on M. Open the compasses sufficiently 1o draw
an are whirh cuts ABat P and I:J' fin 17 -|-|5r &

Al
A" i
‘I I\/:I! )
Fig. 2.5 NeR

b Witheentres A and Band equal radii, dras
args 1o cut each other at R as in Fig, 2.5,
el Join ME. cutting AB at 5§ (Fig. 2.6,
In Fig. 2.6, M8SA = MSB = 90°. [Check b

meAsurrmienl

Al
Y £
A I‘\\_/f.‘. H
fip. 2.6 g

Exercise 2b

Make a sketch belore constructing the accurat

ligure.

1 ‘a) Construct a triangle with sides 6, 7, 9 em.
b Construet  the altitudes ol the
triangle. (o) What do vou notiee?

2 ia Construci a irangle with sides 3, 6 9 om.
b Copstruct the three altitudes as in
question [, (Two of the sides will have to x
produced. | (o) Do the alutudes meet al o
ot

3 (a) Construet a rectungle ABCD in which
AB = B6mm. BO = 38 mm.

(b Construct e higecios of' A and B, Let

thiree

e Liseetors mest at poing 1,
ey Coanstruet the perpendicular from B ot
AB and measure its length,

4 {a) Construct ALMN in which LM =
76 MIN = LN = 9.7 em
i) Through M. construct a line parallel to
LA
o) Construer MD perpendicular 1o the line
constructed 1 (b, meeting 1t a1, Measure
MID.

5 la) Censtruct AABC with sides 6, 8, 9om,

(b Bizect all three angles of AABC. The
bisectors should meetin one point. Call this 1.
¢] Construct the perpendicular IX fromm T
10 BC,

el Draw a eirele with radius 1X and centre
. Does thas eirele do anyvihing spreeial?

el Megsure the radius of the circle,




W

B (a) Construct AXYZ with sides 3, 7, 9om.

|

(bl Use the method ofguestion 3 to consirucl
a-circle which touches all theee sides ol the
triangle,

(¢! Measure the radius of the rircle

fad Construct guadrilateral ABCD with

B = 9", AD = Gem DO =
BC = 8:lemand AB = 54em
(b Biscectangles D and A and let the bisectors
meet at X.

i¢] Construct the perpendicular XP 1o DA
Diraw the circle with cenitre X and radius X P,
) (1] Measure the radius of the cirele,
lii) Does the drele do anything special?

(@) Draw a drcle of radius 5 cm. From any
paint P on the circumbtrence drmaw chords
PQ = 4cm and PR = 6em and complete
the APOR.

(b)) Mark uny point A on the circumference
of the circle. Construct perpendiculars AX,
AY, AZ from A 1o QR. RP, PQ) respectively.
(e Isthere anything special about the poinis
XX, 22

(dy Is this alwavs true? (Test by drawing
another circle with chords of anv convenient
lengrth, ) .

Gcm,

Locus
Fig. 2.7 shows what happens to a raindrop
which hits an umbrelln on fis way tode ground.
I'he dotted line shows variops posidons of the
raindrap,

The doteed line in Fig, 2.7 is called the locus
of the raindrop. The locus can be thought of
as the path traced out by the rinidropas it moves,

| il "
\_

Fig 24 —
[n Fig. 2.8, a pencil point moves on a plane
surfaee so that it 18 alwave a constant distance
ronm & fixed point in the plane, The path tha
it traces out is a circle with the fixed point as
centre. The loous of the pencil point 35 # circle,
The examplesin Figs 2.7 and 2.8 demonstrate
the simple definition ol a locus: the path rraced
aut by a moving point. However, this definition
is ot strictly correct, A point deseribes a pasifion
only, 1t has no sige and cannot really be said
to move. Henee instead of deserdune o locus
as the path traced out by a moving point, wse
the following definttion:
A locus is the set of all possible pesitions
occupied by an object which varies its
position according to some given law.

In Fyr. 2.7, the shape of the umbrella and
the low of gravity determine the locus ol the
raindrop. Tn Fig, 2.8 the law which controls
the pencil point 13 that It must bea constant
distance fromm o fxed point in the same plane:

Common loci
Loei iy the ]Jluml of s,

Locus of points at a given distance from
a fixed point.

In Fig. 2.9 overleal, O'is a lixed poimt, P, P,
Py, Py are points which are a dondtant distanee

4
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Fig. 2.9

rem from O, The locus of the points 15 a eirele
of radius xem [shown by the doted line).

However, the locus need not necessarily lie
in a plane, In 3 dimensions, the locus of I 15 a
spherical surface of radius yom and eentre
O (Fig. 2.10).

Locus of points at a given distance from
a straight bine.

In Fig. 2,11, AB is a straight line which
comtinues indelinitely in both directions. Points
P,. P, Py, Py are cach a distance xem [rom
AB. In 2 dimensions, the locus of the points
consists of two straight lines parallel to AB, cach
a distance xcm from AB (shown by the dotted
lines). Notide that this locus consists of two
separate lines.

Fig. 2.10

_________ LN ¢
1
X
A |£ B
Fpe 2l o o e T S
- Py P

In 3 dimensions; the locus is a cylindrical
surface of radius xcm with AB as the central
axis of the surface (Fig. 2.12).

1

Locus of points equidistant from two
given points.

In Fig. 2,13, X and Y are two Axeed points
Points P,, P;, Py are such that P, X = P,Y,
PoX = BY and P3X = PY. Py Py Py lic
on the perpendicular bisector of XY. The locus
of the points is the perpendicular bisector

of XY (shown by the dotted line).

Fig. 2,13

Fig. 2.14 \

In 5 dimensions. the locus is a plane surface
which hisects XY perpendicularly (Fig. 2.14).

Exercise 2c

1 Place a cotton recl on a laree sheet ol paper.
Unwind about 15e¢m of thread and tie a
loop at the free end. Put a pencil through
the loop as in Fig, 2.15.
Keeping the thread tight, move the pencil
so that the thread winds bhack onto the reel,
What is the shape of the locus traced by the
pencil point?



Fig. 2,16

Fig. 217

2 Push two drawing pins through u sheet of

paper so that they are aboul 3cm apart.
Make a loop ol thread about 15em in
length. Place the loop over the drawing pins
and use a pencil to keepitnghtasin Fig 216,

Keeping the thread tight, move the pencil
o that the point draws its locus on the
paper. Describe the shape of the locus.

Draw two points A and B 4 em apart. Use
a ;u* set square to plot a point P so thar

APB = 30% S¢e Fig, 2,17,

Ulse this method wo plot-about 12 different
positions of P, Henee draw the locus of P.

'

W

10

11

12

13

Repeat the method of guestun § so thar
APB = (a) 45° (b) 607, (¢ 90%

Draw a circle of radius 4em ang mark a
fixed point A on 1s circumference. ' can
take any position on the cdreumference and
() is the mid-point of AP. For various
positions of P, plot the corresponding
positions of Q. Hence find the locus of C).

Describe the following loci as accurately ay
possible.

[a] The locus of a door handle when the
door opens through 180°

(] The locus of the tip of the minute hand
ol a clock during 1 hour.

(¢ The locus of the mid-point of the hour
lrand of a clock during. | hour:

id) The locus of the centre ol a coinwhich
rofls in a siraight line across a fleor,

(&l The lorus of a stone swinging on the
end of a string,

(M The locus of 2 table-tennis ball when
served,

Deseribe the locus of 4 ball which rolls across
the Aver of a car at a constant speed, il the
car is also travelling along o straight road
At a constant speed.

A pencil slides inside a hemispherical bowl
so that both ends are in contact with the
bowl. Describe the locus of the mid-point
ol the peneil.

P is anv position on a straight line AB. Q)
is u lixed point Jem from AB. Deseribe the
locus of the mid-point of PO

A wire stretches from the top of a veracal
pole 1o a point on the horizontal ground
some distance from the foot of the pole. IF
the wire is tight, describe the locus of the
lower end of the wire.

A set square lies Hat on 2 rable. It s rotated
about its hypotenuse until it as flar on the
table again. What is the path traced out by
its right-angled corner?

A number of circles are drawn so that their
circumterences pass through two fixed points.
What s the locus of the centres of the eircles?
A and B are fixed points. P is a variable
point such that thearea of AAPB s constant.
Find the locus of P,

11




14 In Fig, 2.18, the gout is tied by a rope 35m
long 10 a lixed wire 10m long, A ring at
the end of the rope can slide along the wire.

Ty

Sketch the locus of the goal’s head if the
Loat moves so as to keep as far as possible
from the wire. Ust the value 32 for 7 10
caleulate the approximate length of the locus,
15 In Fig. 2,19, a whee!l of radius 14 om starte
with its centre in position A and rolls v
twao steps until its centre reaches position B.
Sketch the loeus of the centre of the wheel,
Caleulate the length of the locus using the
value -:-;.': lor m.

Fig. 2.18

Fig, 210

Construction of loci in ?
dimensions

Example 1 A .
AABC i such that B = 70°, AB = 5 m
and BC = 7.5 em. Find by construction the

prsitions of a point P in the Plane of AABC
which is equidistant from B and C and 3.5 cm
: Jllrﬂ.'?ﬂ A,

Fig. 2.20 is a scale drawing showing AABC
aneel the main detsils ol the required conseruction,
Singe P is equidistant from B and O, it must lie
on the perpendicular biseetor of BC. P lies on
locus{, in Fig. 2.20.

Since Pis 5.5 em from A, it muost lie on a
circle of radius 3,5 cm, contre AL P lics on locus

{3 i Fig. 2.20),

12

faas
- = P -

Fig. 2.20

To sausfy both conditions. P lies at the
pomnt{s! of intersection of these two loei. fe. ar
P, and P, in Fig, 9.20.

Noter To make Fig, 2.20 clearer, some essentinl
construcuon lines have been amitted, Ia pracrice
these should be ineluded. Also the two loci have
bern shown by dotted lines. Normally these
would be solid lines,

Example 2

AB ur a straght line. A circle iy drawn with centre
A and vadius 2em. Canidruct the points in the plane
of the civele which are 2.5 em away from AB and
from the eircumference of the drele.

Fig, 221 s a scale drawing of the reqirec
constrrcton.
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Since the points are 2.5 cm away from AB, they
maust lic on lines w hich are parallel to AB and
=5 cm from it Leon loews 4 in Fag 2,21

Simce the points are 2,5 cm from the ar-
cumiference of the circle, they must lie on
the arcumference of a arcle of radius 4.5
em, centre A, e, on locus L in Fig. 2.21.

Tosatisfy bath conditions, the required points
are the points ol intersection of these two lowet,
gc. P,, P, P, P, in Fig. 2.2].

Exercise 2d

In this exercise all loci are in 2 dimensions.

Make a rough skewh Hrse

1 A and B are two points which are 7om
apart. Construct the positions of a point P
which 15 4.2 em from A and 5,6 cm from B
How manav possble positions for P oare
there? Measure the distance between them.

2 AB and CD are twe intersecting straight
lines. Show how to construct the position ol
a point P which is 2em from AB and 3cm
from CI. How many possible positions lor
P are there?

3 AABC is 1sosceles with AB = AC = Hom
and BC = 4em. Construct points which
are equidistant from B and and Fem
from A. Measure their distances from BC.

4 AABC has a right angle ar € and
AC = BC = 4em. Construct paints which
are equidistant [rom B and €, and 3em
rom A, Menpsure their distance [rom BCL

5 An aireralt fics at a height of 1000w on a
straight, level course, The course takes the
aircraft dircetly over two points A and B
which are 1 500 m apart on the honzontal
eround. On aseale drawing, construct two

positions of the aircrall when its angle ol

elevation from A s 307, Ineach case measare
the angle of elevation [rom B.

6 A iz a fixed point 3 em from a giraight line
BC. Construct peoints which are Lem drom
BC and 3.5 cmi from A Measure the distance
between them,

7 O iz a fixed point on a straight line AB. P
is 2 point which {5 4cm from AB and Jem
from (). Construct 2 positions of P on the
sarmic side of AB. Measure the distance
hetween them.

8 A boat is 20m from a straght Tiver bank
and 29m from a tree on the edee of the
Lank, By seale drawing, construct two possible
positions of the boat. Measure the distance
between them,

9 Show how to gonstruct a quadnlaeral
PORS in Whi’\[‘.i] QR = lem, R = LI,
ES = 5¢m. f_:]_ = 9" and I’{_‘l = PS5,

10 A and B are two fixed points 6cm apart, A
pirele 18 drawn with contre B and radius
2 em, Constraet the positons of points which
are equidistant [rom A and B, and 3 em
lrerim the crcumierenes ol the circle. Measure
the distanee Lbetween them,

11 (# Using ruler and rompasses only, con-

- struet AABC such than AC = [0cm,
BO = &.5ecm and ACEB = 135",

(b1 Using any geometrical instruments, lind
a point Powithin AABC which & ar a
distarer 2.8 emt from-AC and Gem from B,
Measure the length of AP.

12 Construct AADC =50 that AB = boem,
RO = 9em, CA = Jem, Consiruct a pont
P, equidistant from A and C such that the
area of AAPB is 12¢m?.

Further loci in 2 dimensions

Locus of points equidistant from two
straight lines.

In Fig. 2.22, ABuand CDare straight lines which
intersect at Q. Py is equidistant from AB and
¢D. Similarly P, i equidistant from the two
lines. P, and P, lie on the hisertor ol the acute
angle between the two lines.




h

In Fig. 2.23, P, isequidistant from AB and In Fig. 2.25, AB is a gn en line segment, The
CD. P4 lies on the bisector of the pbuuse angle  arc AP, F. [ B s i rm_]nr are v:ri a argle, 1:

between the two lines. [ollows that \.P B = J'"Li" B = —‘LP..J% angles ir
the same segment are equ;[ll_ The arc iy ithe
locus of peints which subtend a certain angle
on a given line segment,

P can also be on the other side of AB. The
complete locus of points which subtend a certain
angle on AB is two circular ares (Fig, 2.26).
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The complete locus of points which are i' 'i
equidistant [rom two straight lines is the pair i f
of bisectors of the angles between the \ /
% . i W
bines ':F'lg. 2.24‘:. f.rg j ":'Ir,'l N //
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Example 3
Using ruler amd compasses anly (a) construc! AABC
wuch that AB = 6em, AC = Bhem and
Th
BAC = 1200, (&) Consiraet the locys 1, of points
n;m.!-:'!.!'-.!r.!f.'.! fromm Aand B (o) Comstruet the focus |,

of points equidistant from J'I.B and AC. {d" Find the
pomls of intersection P oand By, of 1, and 1y and
mesuive PyPs. ;

P ".I' -’-__.r

-

Fig. 2.24

Notice that the two parts of the locus intersect
at right aneles.

Locus of points which subtend a given
angle on a given line segment.

Fig. 2,27

Fig. 2.27 15 a halfsize scale drawing showing
all construction Hnes and oed,




n

e 2} Note the construction of BAC (= 1207,
it by ) i3 the perpendicular hisector of AB.
A e [, 15 in two parts. APy s the hisector ol
B '*i(J. AP, is perpendicular 1o AP, Notice that
points on AP, are equidistant from AB and CA
Mprociced, :

i By measurement PP, = 6.9cm,

| The Joci are shown by dotted lines in Fig, 2.27.
En vour work vse solid lines.)

Example 4
O a fine AB, Scm lung, consivac! the locus af faints
which subtend an angle of 50° an AB,

Method:

I Ttisnecessary to find the centre of the ciroukar
arc. Siiice APB = 50%, ACB = 100" (angle
at centre = 2 % angle at circumferencr .
Hence the angles of AGOAB are 1007, 407, 47

2 Comstruct AOAB. '

3 With centre O and radius QA draw the arc
APB.

it
3
[ I\\'n
I|l II
| [
| |
| |
| |
| 1
\ d
) !
X
LY &

Fip. 2.28

4 Complete the second pirt of the locus on the
other side of AB, using the same method.
An alternative method of finding €) 1s to use
the fact that the centre of the arc bes on
the perpendicular bisector of AB. Sinee
DAR = 40, (O'van be found 55 in Fig. 2.20.

! - H

Fia. 2.29

Circumcircle of a triangle

A cirele which passes through the three vertices
ol a trianele is the eircumcirele of the triangle.
A arcameirele can be drawn for any trianele
(Fig. 2.500.

~E

.'

1k
Fig. 2.30

Thi ponsiruction of the ercumeircle ol a
triangle vses the faet thar the perpendicular
hiseetor of a chord of a circle pasaes through irs
centre, The three sided of the given riangle
form tlirer chords of 1t circumeirele.

If the perpendicular bisectors of the three
sicles of a triangle are constructed they will meet
at a single point, the circumeentre, i.¢. the
centre ol the circumeircle, The madius of the
circumdeircle 1s the distance of the circumeentre
[rom any one of the vertices of the given triangle.
The construction is shown in Fig. 231,

15
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Exercise 2e
In this exercise all loci are in 2 dimensions.
Draw a rough sketch first.

1

Given any triangle XYZ, show how to
construct @ point P on YZ such that P is
equidistant from XY and XZ.

Draw any triangle ABC. Construct the
position of a point which is equidistant from
AC and BC, and alsp equidistant from A
and B. How many possible positions of the
point are there?

Onaline AB hem long, eonstruet the locus
u!"pmnt-.u.vlmllaul:und anangle of 45" en AB,
On a line AB, 6em long, construct an arc
of a circle which subtends an anele of 40°
on AB. Find a peint € on this arc such that
AC = Sem: Measure BO

Draw AABC in which AB = 52 cm,
BC = 92 cm and CA = 8 cm. Con-
struct the possible positions of a point
which is equidistant from AB and AC,
and 3,2 ¢em from BC.

Draw two straight lines AOB and COD
intersecting at O. On OA mark a point Q
such that OQ = 2,5 cm, Construct all the.
possible positions of a point equidistant from
AB and CD, and 4cm from Q.

Onaline XY. 8 cm lomg, construct the locus
afall points which subtend an angle of 100°

on XY.

8

10

11

12

13

14

Omn a base Ef Bom lons{, construct AAB

of area 12 em? such thar A ="65°. Measur
AR and AC .

9 Construct a trapezium ABCD in whic
AB||DC, AB = 4cm, BC = §em, CD =
Il em, DA = Gem. (Hint: Ina rough figure.
divide the trapezium into parallelogram
ABXD and ABCX. First construct ABCX.
Using ruler, set square and compasses only,
construct a quadrilateral ABCD, with AB
= DA = 4om, BC = 6cm. DC = Jem
and BC || AD, (Hint: Draw a rough sketch,
Divide the quadrilateral into ADCX -and
parallelogram ADXB. Draw ADCX first
and produce CX to B,

{a] Draw the locus, /;, of points equidistant
from the points O and ID.

(b} Draw alse the locus, [, of points
equidistant fom AD and AR,

te) Il P is the intersection of [, and [,,
measure AP, "

Draw AABC such that A = 75°, AR =
#em, AC = 7em. Construct two positions
of a point P, cquidistant from AC and BC,
such that the area of AAPB is 13,2 cm?®.
Construct the circumcircle of any

(m) acute-angled scalene tnangle.

‘b obtusc-angled scalene riangle,

(¢] right-angled scalene wriangle.

Describe the positions of the circumeentres
of the dreumeireles that vou have drawn.
Construct on 4 single diagram,

fa) triangle XYZ with base XY = 1%cm,
XL = 10cm and ¥YZ = 8,5 cm,
(b} the point P on the cdrewmcrcle of

MAXYZ such that P is equidistant from XY
and X7,

Measure P2 1o the nearest mm.,

[a) Construct the parallelogram ABCD
in which AR = BC = 4om and
ABC = 120°.

‘b Measure and write down AC,

{e] On the same diagram, construct (i) the
circumcirele of AABC, (1) the locos of
points equidistant from A and D.

id) Mark the point I on the circumference
of the circumcirele such that PA = PD and

APC = 60"

7o,
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Chapter 3

Circle geometry (2) Tangents

Tangent to a circle

In Fig. 3.1, a ¢ircle, centre O, 15 cut by a straaght
line MN ar the two poinls }L and Y, ﬁrj\"!

15 h{mf“lin aru U\E = (JY\ Hence OXM

= OYN.
0
Jf

Fig. 5.2 shows what happens to the positions
al X and Y it MN mowves dewnwards, X and
Y occupy new 1‘u;-.irimh suchas X, Y and X,

Yo el becoming closer to eddc h other.

Fig, 3.1

M M N

¥

Fig. 3.3

Eventually the points X and Y will coincide
at a single point T as in Fig. 3.3, Similarly the
radii OX and OY will coincide to become one
radius, OT,

Since QXM =
that in Fig. 3.5

Ul M = DT'\
and since MTN s a straight line,
h )
OTM = OTN = 90°,

Hence OTLMN,

In Fig. 3.3, the line MN is said to be a
tangent 0 the circle: The rangent does nef cut
the circler it touehes the circle,

Remember the following:

OYN (Fig. 3.1), it [ollows

I A tangent to a circle is perpendicular
to the radius drawn to its point of contact.

Fig. 3.4

2 The perpendicular to a tangent at its
point of contact passes through the
centre of the circle,

Example 1
TA 5 a fru;gmf al A o a circle, -:'r'nirf 0, AB i

chord, If BAT = x°, show that Bf)"u =¥,

Fig. 3. 1 averleaf, is a skerch of the cirele;
I B:'“:LT = x°

then BAO = (90 — X"

aniel ‘\BD = (80 — x\°

radins L langent)

iizos, MNAOB)
17
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'3 an -
Fig. 35 = n Fig. 5.5

3 Calculate OA in cach part of Fie, 3.8. Tz
cach figure, O is the centre of the circle and
the dimensions dare in cm.

BOA = 180° — 290 — x)°

(sum of angles of AABCOY
1807 180° + 2»°
2"

Exercise 3a
1 Calculare the size of anele 2 in each part of
Fig. 3.6. In each figure, O is the centre of

the virele,

ta) 1)
‘;..'Eg_ 44 A

d [ ]
4 In Fig. 3.9, O is the centre of the cirele and
TA is a tangent at A

Fio. 3.6 Lise I"ig.rf\?r.ﬂ to answer the following,
(a) If AOC = 86", calculate CAT.

Z Calculate the size of ) in each part of Fig, (b) IFATO = 36", calculate AGO.
3.7. Ineach figure, O is the centre of the circle. ) I fli{] - A.'i',!:.:r

& ! (d) 1 ACT = 192", calculate CAT.

3 The tangent from a point T touches a circle
at R. If the radius of the eirele is 2.8 cm and
T'is 53,3cm from the centre, caleulate TR,

6 A point P is 6,5cm from the centre of a
circle, and the length of the tangent from
Pis 5,6 cm. Calculate the radius of the circle.

0




7 AB isjﬁa chord and () is the centre of a arcle,
I AOB = , calculate the obtuse angle
between AB and the mangent ar B

8 ‘l'wo circles have the same centre and. their
radii are 15cm and 17 cm. A tangent to the
inmer cirele at P cuts the outergircle at ),
Clalculate PO,

9 In Fig. 3.10 r";['.ﬁis a tangent o the cirele,
centre O, and BOA = 907,

Fig. 3.11

A

A _.'.I II".
fa) If BAC = &%, find (i) OBA, {1i) ABC

in terms of ¥,
‘h Hence show thar AB bisects UBr

10 AD is a diameter of a circle, AB is a chord
and AT is a tangent. (i) State the size of
'&BD (b} ITB\"I s anacute angle of «
find the size r}! 1 \B in terms of x. (¢) Hence

prove that B%T - "LIJB

Tangents from an external point

Theorem
The tangents to a circle from an external
point are equal.

Given: A point T outside a circle, centre O.
TAand TBare tangents to the circleat A and B.
To prove: TA = ThH:

Construction: Join OA, OB and OT.

Proof:
In A fL"\i .J.ml QBT Fig. 3
-"L = B = f mrz’ru-. L fungent)
OA = OB (radi’
OT = OT {cominon sde)
- AOAT =A0BT (RHS
“TA =TB

Fig. 3.1

BI?)T and _-’t'?‘(']
Bl 0. Henee the line joining the external point
lo the centre of the circle biscets the angle
between the tangents and the angle between
the radii drawn to the points of contact of the
tungents, i.e. OT, is on the line of symmetry of
Fig. 3.11.

'\Ul.H_' alsa that _\Ul

Example 2
I Fig. 3020 is the mr.'rrr‘ af the circle and T 'JL amd

TB are tangenty, If : \IU = 39°, calculate J.B}&

Fig. 3.12 B

In ATAX,

,-115:1"1' = 4" |symmelry of Fig. 3.12)

. TAX = 180° — (90" 4 39%)
{sumt of angles of /)
= 180" — 129°
4= al"
TBX = 517 \Eymmetry |

In }Jxaﬂ'tple ¥ there dre many wavs of shq_:.vin;

that TBX = 51°, e.c. by noticing that ATX is
the ,n:i:mi—w:rlu -alangle of isosceles triangle ATB.

Example 3
MY, Z are three points on a cirele, ﬂ'riefrf Q. The

tangenls at \ and ¥ meet-at T, {f XTY = 38°,
catoulale ‘{.{Y
19




gee Fig 3,13,

Join OX and OY.
In |;uddn'l iteral TAOY,

“\l f:"&. T =590 raelties L danzen
T (]\[ 4 U"i T = 140"
\l'! + \U'ﬁ = 80" (amgles of guad.)
n \( W = 180" — 58°
= ]2a"
XYY = s ol 199° tangle at contry
= 3 % angle
(18 L.!.l'n:’!".f,-r R
= §1°
KA I on e minor are XY at 20 then
\f Y [ 14" lafepr: amgdey of cvelic quad
Henere f'\‘l L1561 e 1147

Exercise 3b

1 Uise Fig + 12 1o fnswer the it epwing.
Ly I "sf(} = 367, cadenlute ."tt!( 3.
by IT ."L__I'_Bl =377, calealine .-U;?'I'
(c} IEBTO = 44°, calonle I'AXN,

) If AR =
calealnte TX.
2 In Fig. 3.12, prove that TAOB s 4 evelic
quadrlateral. "
3 In Fig. 3.12. it AOT = 47°, caleulate ABO,
A B, U are three points on a circle, centre
0. such that BAC = 37°. The langents at
Boand C meer at T, Caleodate H'f!'{:.
Hint: Make asketch and join BO and €03,
3 P, Q. K oare three poinis on a drele. centee
() J!:: rangents at P aneet € meet at 1. I

P”-) = 62°, calculate J’l{(h_

Brm, and TR = 15¢u0

)

6 In b 5.0

centre ()

4 AR s a diwmerer of cirele ABL
TA and T'C:

ar |.':ﬁ|5.{1‘|l1\'.

il _.

T
S
N
4 1
e
~
s
e
=y
T
e
T
T
T
P Joid A

' ATE =2y shaw that BAL = i [ Fdin
.I“i“ Cx1,

In Fig. 3. 14 prove that BC s parallel 1o €]

Acquadiilateral PORS is such that a cirels

catrr e dlrawon insicle 10 b0 e b ad] G sl

Prove thut PQ) + RS = P8 4+ IR,

9 X, “. oo three I WIS Wil @ i'i:'{'|:". |||
langents at Aand B mectar T, and BO || 7
Prowes that ADB bisects TBOL

10 €} s the centre ola aarele; and two tangens
e o paaint T ponel the n'Iu]:'lr_.ﬂ A ant B

CAOT 87"

g0 =]

Bl s ]]:I'-:?I_Lllf".‘lil to 0TI
cadvonbste AT,

Contact of circles

M
R
= .
/’,I
N
)

Fig “3.101a) shows two eireles with a comimon
cliord XY, I line MN s fixed aned the tireles
mave awiy lrom cach other, the points X and
Y become eloser together, such s .\1_ j Yt
Fig. 3.15(b . Eventually the potnts will coincide
powt as m Fig 3.150¢). In Fig,
T 15 tho point of contact of the circhis
and MN s wangent o both circles ar T

At u singl
dilateh,



Two oireles touch each other 11 they hath
touch the same straight hine at the same poimnt.

In Fig: 3.16(a) the two circles touch each ather
externally, and i Fig. 5:06(b) they touch
internally.

Let thvwr centres be A and
commaon tangent at T be PL.

B and et the

In Fig. 5.1Ga):

M A
.-‘n.'j"l“ = BTP =907
ATH = 180°

ATH 15 a siraight Ime,

Hamgent | radrny)

I Fig. 3.16{hi:

A A ,
NP = BTP = a7
AT and BT are both at right angles 1o TP,
S0 AL B and T e n a straieht fine.

The stradeht line joining A and B in Fig, 316
is called the line of centres. In both purts of
Fig. 3.16, if twe circles touch each other,
the point of contact lies on the line of
centres.

The distance bevween their centres s the
sum of their radii i die cireles wich externally,
and the difference of thoir radii if thev wouch
internally,

Example 4

Aoand Boare the centres of twn circles which fouck
vach oifer externally, Both arcles touch a third cirele,
centre U, dnlernally, If AB = 13em, BC = |4om,
CA = |l e, calewlale the radit of the ctreles.

Fig

- I

Fie, 5.17 1s.a skerch of the three circles.
Lt the radin of the cireles contres AL B, O be

a. b, com respectively. Then:
from AB, a4+ 0= 15 (1}
from B, ¢ — 6 = 14 (24
from CA. r—a =11 (53

Subirael 3
—b4+a=14 (4]

Add (1w (4

[ 129

20 = b
a =4
h-=H
T o= 14

Thie circles areof radil, Bem, 5cm and 19em
respeciively.

Exercise 3¢
1 Fig. 5.18 shows three circles which touch
each other externally.

I'|!




Iig. 3.18

Fig. 3.20

22

Il the centres of the cireles form a triangle
with sides of length 9cm, 7 cm, 6 cm, calen-
late the radii of the circles.

In Fig. 3.18. find the radii of the circles il
their centres form a toangle of sides 50om,
Gem, 7om.

In Fig. 3.17, calculate the radu of the circles
fAB=llem, BC=8cmand CA = Oem.
Twocircles, centres X and Y, touch externally
at T, A isa point on their common angent
such that AT = 12cm, AX =13 ecm and
AY = 15em. [a) Calculate XY. (b)) IF the
circles touch internally instead ol externally,
what is X¥?

In Fig. 3.19, two cireles touch at T and a
line through T ruts the circlis at A and B,
OA and OB arc radii.

A

Prove that OA || QB. (Hint: Join O0).)
Two circles touch at a point A. T is any
point of their common angent. Tangents
from T touch one of the circles at P and
the-other at (). Prove that TP = T(Q.
Two circles touch each other wt T. A
straight line touches one cirele at A and the

other at B, Prove that ATB = 90°.

Fig. 3.20 is a plan view of three equal
evlindrical tns held rogether by an elastic
band.

Alternate segment

IT the centres of the tins form an equika
triangle of side 14 cm, use the value e
m to caleulate the length of the elastic ba
in this position, .

In both paris of Fig, 521 SAT is a tangent
the circle at A: The chord AB divides the cime
o two segments APB and AQB.

5

(a}

Mo
Fig. 3.1

In Fig. 3:21{a) the scement APB 15 the

alternate segment 1o TAB, ic. it is on the
)
other side of AB ffom TAB. Simtlarly, in Fig
3.210b. segment AQE 3« the alternate segmem
to SAB,
sometimes the word epposite is used instead
of alternate.

Theorem

Ifa straight line touches a circle,and from
the point of contact s chord is drawn, the
angles which the chord makes with the
tangent are equal to the angles in the
alternmate segments.

Given: A ciréle, with SAT 4 tangentat A and
chord AB dividing the circle into two segments
APH and AQ)] ]E “rf*rmmlr APRis dht"ﬂhtl{‘ o T 5;_|:5

To prove: T RH = APB and S, "LB :\Q_B
Construction: Draw diameter AD. Jaoin
BD.




Proof:

Fig. 3.22

With the lettering of Fig. 3.22,

X, r_]- = 40" [fangent L radius)
alsn ABD = 90° [wngle in semictrile)
Xy =807 (s of angles of £
ok =g
=Xy (angles fn same segment]
T "s_H = "ul’ﬁ
Alsg ":u*LB = 180° — &, lamoles on iy, e
= IBE“ — ¥y (& = x5 proved )
= AR Lapp. angler of cyelic quad. )
Example 5

In Fig. Iib."i POX &5 o tangend o the circle QRS
Caleulale SN,

Fip 523
In AOQRS,

HIEE\Q = 180" —(35° + 48"
Ui af amgles wf AN
- 1807 — 1058°
=77
w "}‘f,,}_\ ="

(alterpats segment |

Example 6
fn Fig. 3.24 F‘l tv @ langent lo circle ABU T;

BA =BT and & | P=182% Onleulnte Ef'T

Fig. 3.4

o
ABT = 82° lallernate segment)

In AABT,
BAT = 13: 1807 — 827 Viwm o) angles of
= ; w GR° AT A
g =49
- BOT = 180" — 49" {upp. angles of cyelic quud.)
=131°

Exercise 3d
1 InFig.3.25 XYZisatangent to circle ABCY.

Fig. 5.23
X Y B 7
(a) Name two angles equal to "k‘f'f

(b} Name two angles equal to ["‘s . 3
(c) Name anangle equal to H‘: .
el \IdIIll{" an angle equal 1o H‘& .
fe) IF ‘k}\'? = 38" whut is #{h\”

1 I!‘Eg Y= 112" what is Bﬁ 2

) 10 Bf Y = 125° what is HY\'
thy IF B'&! = 100" what 1 H"'\"l 2
2 In Fig. 3.26 TAX und TBY arc tangents

too the circle and O

arc AB.

is a point on the major

23




Fig. 326 ¢ B T
fa) IT *n TB = 687, -.alcnlam HEE
b If{EL = 753°, B: "uL_' = B85, calcularte —"uIB_
(i lir\f‘ﬂ =59", LBE = 78", calculite C 'L\.
Ad) HE_,-.L\ = fi5%, C'E'\ = 76", calculate r‘ilH.

le IF%B[“ 487, \IE = 72% caleulaty H%L.
3 In Fig. 3.27, XYZ is a tangent to The circle

at Y, Name an anele eryal to "'.fll’
X Y Fa

Fig. 3.27 P
4 In Fig. 3. QH TY is a tangent to the drele

']V‘:- If 5\T = 48" and V'S = 8T. whar is
L% ["f"

Fig. 3.28 . S
3 In Fig. 3.29 the tangents from ‘I touch
circle at A and B and BO is 4 rlmrd parallcl

to TA. IFBAT —:_:Ir caleulate B\L

6 In Fig, 3.29, i \lﬁ—ﬂ} .
angles of AABC,
7 In Fig. 3.30, TS i Is tangent to circle P(‘JR"&

ITPR. = PSand PQ_R = 17%¢ 1!cu1&wRH’l
24

calculate the

Fis. 3.29

LN

Fig. 3530 T 5

8 AB is a chord of a cirele und the langet
at Aand B meetat T. 15 a pumt ol the

ntjlnnr arc  AB. If -"\lB =54 and
CBT = 25°, calculawe {'.‘:". Iﬂ.

9 In Fig. 3531, il ACB= 3? and}
ATB = 42* calculate ART I||-:| \EH

Fip. 3,31 r
10 A, B, C are three putais o a cirele, The
tangent at C meets AB proditced at T, If
) 'y
AUT =103, ATC =43",
angles of AABC,

11 The angles of a triangle are 40°, 607, 80°
and a circle touches its sides at P, Q, R
Calculate the angles of APOR.:

12 ‘ﬁ.l i 4 tangent to the circle

B 'L( = (34° Lm] « .-".l =72
Hf A and C TJ AL

caleulate the

ABCDH
Calculate




Chapter 4

The sine rule

Trigonometrical ratios of
obtuse angles

The wrigonometrical raties of an acute angle in
aright-angled triangle have already been defined.

g, 4.4

i I

In Fig. 4.1,

OF \hyp

OM [ adj

= —
o OP (]1}'11)

MP (np]'-

=— |
ERGTY \_;urij)

IFOX in Fig, 4.1 is kept fixed and OP allowed
to rotate anticlockwise, there will come a stage
when # becomes obtuse (Fiz. 4.21.

2 P,

P
P

Fig, 4.2

& x

P

I
Fig. 4.4 . '

0 X

When # is obtuse, it s no longer in &
right-angled wiangle. It iz therefore impossible
to deline sin ), cosf and tanf in terms of the

ratios of the hypotenuse, adjacent and opposite
sides of a right-angled triangle (Fip: 4.3).

It iz necessary, therefore, to ‘define  the
trigonometrical ratios in such a way as 1o be
surtable [or obituse angles as well as acute angles,
Fig. 4.4 shows acute and obtuse angles # within
cartesian axes Ox, Oy,

1 ¥

£l

Fig. 4.4

Notiee that the lettering of Fig, 4.4(a} is very
much the same as that of Fig. 4.1.
In Fig. 4.4 (a),

) MP ON
ginfl = — =
ap Orp
OM
cosf = OFP
MP  ON
tan § = - —

OM ~ OM

In Fig. 4.4, OM is called the projection of
OP on Ox ON is the projection of OP on Oy.
This makes it pessible 1o define the trigono-
metrical ratios in 8 new way;

projecion of OF on Oy

sinfl = OP
cosf = projection of OF on Ox
A ar
e o pregecticin. ol OF on Oy

projection of OF on Ox
With these definitions in Fig. 4.4(h),
ON oM

(]— {'Z“FH = UP

sinfl =




Lhe matios are now the same for both parts
of Fig. 44, In Fig. 45, O is the centre of

the cirele and the orgin of axes Qx, Oy,
POM — (']UL ! (acute).
¥y
Qe ] 1 O P
1 |
i 180 i
: S ]
! i (i i
1 [§] A *
Fig. 4.5
In _Fij.;'. 4.5,
MOQ = 180°— 0 (obtuse)

QP =00 (radii, both taken 10 be positive
lengths]

N 15 a positive length since it i5 on the pnﬁitiw
part of Oy, OM is a positive length since it is
on the p{r-.um, part of Oy, OL is a negative
length since it is on the negative part of D'f
From the symmeiry of the figure,

OL = —0OM.
Hence
ON ON
180° — ) =—— = — =si

im | ) 0Q ~ 0P sim @
OL —OM

cos (180" — 8) = OQ_ oP —cos

N
tan (180" — A) = g ON = —tan

L —-OM

The lollowing examples show how 1o use the

above statements,
sine 160" = sin (180 — 200* = «in 20% = (1,342 0
cos 160" = cos( 18O — 201° = —onw 20°
= —09397
tem LBO7 = an (180 — 20)"= —tan20°
= — (13640

26

Exercise 4a

Use tables 10 find the valussof the followin
1 km 1107 2 cos110°
3 anlll? 4 sinl53®

5 sin 98° 6 cos [6°

7 cos [42° 8 tan 1677

9 tand3’ 10 cos 128"

11 sin 136756 12 tan1735°

13 coslal 4" 14 pan 131742
15 sin 93712 16 cos 135,6°

17 cos 105°6" 18 sin 118742
19 sin 178.35° 20 tan 92°4H)°

21 sin 1A4°15° 22 cos118,83"
23 cos121°51 24 &in95,17"

Example 1
Find the values of O lying between 07 and 180°
eack of the following.
fa) cosd = 0.787 4
el posfl = — 08224

a) costl = (L2874
From tables; 0 = 73,57
Since cosf is positive, O is acute,

(b sinfl = 0,936 1

From tables, ) = 6447

Bul sin694" =sin (180 — 69.4)°
=sin 110,6"

H=694" or # = 110,6°

¢} 8= —0.8224

Since cost is negatve, @ is obtuse.

First find the acute angle whose cosine 151,824
From tables, 08224 = cos34.67°

(b) sinfl = 0,936 1
(d) tanfl = —2,164

= — 8224 =vos (180 — 3467)"
= cos 143,337
= il = 145.3%"

Or by scientific caloulator (setin degroe mode

Ney Dhisplay
AC 0
EOBEBE0ER -0.5e2y
SHIFT - 0. 8224
145. 3257
# = 143,35"




(d) tanf = —2 164
Since tan # is negative, 8 is obtuse.
From tables, 2,164 = tan 65.2°
= 0=180"— 652" = 1148°

Exercise 4b
Find the values of # lving between 0° and 180°
in each of the following. Give the answers in
degrees to 1 or 2 d.p. where appropriate.

1 cosf = 0,8090 2 cosll = —0,8090

3 tanfl = 3,732 4 tanfl = —3.732

5sinf=09205 6 tanfl = — | 963

7 cosl=—09397 B sinfl= {14226

9 cosf = —0,1392 10 tanfl = —0,6249
11 cosf = —0,7278 12 sinfl = 0.608 8
13 sinf = 09646 14 tanf = —2,106
15 tanf = —0,3166 16 cosfl = —0,4253
17 sinfl = .8329 1B tanf = —0,7230
19 sinfl = 0,959 4 20 cosl = —(),7846
21 tanfl= — 1,678 22 sinf = 0.2628
23 sinf =0,7449 24 tanl = —|243

The sine rule

In anv AABC, the angles are usually denoted
by the capital letters A, B. € and the sides
opposite these angles by a, b, ¢ respectively.

Given: Any AABC (acute and obtuse-angled
As are given in Fig. 4.6)

A
€ k h
B L (
[EY] {hi
Fig. 46
a b &
T : = = —
S peove: sinA sinB  sinC

Comstruction: Draw 1he perpendicular from
A to BC (produced, if Necessary |

Proof:
In Fig. 4.6{a} and {b),

.'iir1]3~={I i1
£

In Fig. 4.6(a),
f

EinG=E [

=]

In Fig. 4.6(b),

ﬂnilﬂﬂ“—ﬂ‘_t:g

i . o
=3zin O =3 [sn(180 — 8) = sin #] (2

From (1) # = ¢sinB
From (2) k= bsinC

== ssin B = bsin C

b 3
ﬁ-f—-‘ = —
sinB sinC

Similarly, by drawing a perpendicular from C
to AR,

& - b
sinA  sinB
. a b €
sinA sinB  sinC

This formula is used for solving triangles which
are not nght-angled and in which cither two

angles and any side are given or two sides

and the angle opposite one of them are
IFiven.

Example 2
In AABC. B =39°,C =82 2 = 6,73 cm. Finde.

Firstdraw a sketch of the information (F g .7,
A

L vl
6,73 cm

Fig. 4.7 "




[y i'"];_,l. 4.7

A= 180" -
=547

39% 4+ 82"

i i

ek

sinl  &EnA Lo
s G753 L
Sin 8% &in30° | (B3

R

a [T

(73 % yin 820

: —— T
sin BH°

= 7,775 em
= 7.0 em o 2 dop.

Tables of logarithms ol sines were tsed in the
above working,

. - F H

I'his calculation mav also be done on a
screntific calowlator as follows:

fey Lhispiay
AC o

B B 0. 8571673
(or [EEY i1
(2l 2 §sin] g 930088
BEpEER

§571573

B 0 8577673
E 79750331

[m:the above calculator sequence. nete the

ol irg:

Iohe use of the momory kevs,

2 the data are entered in virtually the reverse
arder o that given in the worked example,

Example 3
Find the .rg-.—-.a.ur;f,r:."-’.!_},' ff”,é:"'.'.r'!" f_r_.l'. &\BL et
= 125cm, r = 17.7cm and C = |17,

28

Fiest make o sketch of the ]|‘Lﬁur_n'mriml.

Fig. 1.8 &

12,5 crm
In Fig. 48, ¢ and U are known. Since a 15 als
grvent, A can be found wsing the Sine rule. The
lrmuka ol the sine rule van be arranged so

the unknown comes lirst:

TRV B sty L

i L

dnA sin 116°

E._:J_ | F_T i .'.'lI.J.II.l:'
. 128 =snll6"
ey A=s —mF—
17.7
12,5 = 51 64" %
- 7.7
= A = 394" or (180 — 394"

= 394" or 14LG°
But O s obluse, thereliore A cannot be obiuse
=x A& = 594" (or 39245

® Sequenee fir seiedefe ealvadalie:

Ky “:l'ﬁl,ﬂ-"r."r
AC i

6 4 fsin] 0 298794
EREEE 12 5

BEldEEER

sin 39

g 534THIS
O R3474H18

HOgH13
A=384

B=180°F— 394+ 116"
180* — 155.4°
= 2467 (or 247967

The calenlator sequences given in Examples



and 3 may be .I[J]Z}ht.d to the remaining examples
and exercises in this chapter. Sée also Chapter
20 for further advice regarding the use of the
scientific caleulator to solve triangles,

Example 4
In AABC g =7, ) em, b= 95cmand B = 63°18".
Solve the triangle mmpi'.a'!rf;-

To solve a triangle completely means to caleulate
all the unknown sides and angles,
Make a skeich of the given information.

Fig. 49

5318’

B3 18 = 63 = 635" = 633"

sinA  znB

i - i ki
N T
sinA_ sin 63,37 71 L
7.1 95 suphy | lNal
. i | ianes
. 7,1 % sin63,3° 05 U973
=sinA = —==.E s LLES" | TR2th
A =+41.89 or (180 — 41,89)"
=41,89% or 138,117
Butg <4
< A=H
= A =4189"
= (= 180" — (63.3+ 41,89)°
= 180" — 105,19°
= 74.81"
c 3 .
v sin) SH'] B ook
Nip Loz
l 9.5 85 777
sin 74.81°  sin 63,3° sin 74451° | L9643
{15512
8.5 xxin 7T4.81° an G633 [ 10510
= sin63.3° —EmM e | R0
= 1326 ¢m

Answers, correct o | dap,

A=459 C=748" r= 105em

Answers, with angles correct 1o the neiarns
minute:

A=41I"55" C =749, ¢ = lEI,Z'Irm

In general, four-figure tables give answers which
are correct to 350 Answers should he roundid
to 3 sf. I a question gives angles in degrecs
and minutes, then answers should be i
correct o the nearest minute, Note thae 41,0807
=41" + (0,89 % 601" = 41" 4+ 534" = 41"5% 101
the nearest minute,

Exercise 4c =
1 = 7o
=T 4
Fig. 4.10 o
£

Using the information given i Fig. 410
write down, but do not solve, an equation
which can be used 1o find ¥
2 In AABC, A=29" B= 367, b= 158am
Find a.
3 In AABC, A=54"12,
a=124cm. Find §.
4 In AABC, B=10415"
a =290 cm. Calculate ¢
3 In APOR, P=283"p=283m,r=216m
Caleular: R.
b In AABC,.C =
Caleulate B,
7 In AABC, A=115"a =65m, b=32m.
Solve the triangle completely.
8 In AABC, B=253"56", C=124"24"
¢ = 38,2 m. Solve the triangle completely
O In AXYZ, ¥Y=2598". Z=>514"
¥ = 19,6 cm. Solve the triangle completely,
10 In AABC, A=738°18", &=25%m.
b= 198 m. Solve the triangle completely,
11 In  AABC, :=96;2", b=11,2cm.
¢ = 394 em. Solve the triangle complerely.
12 Calculare the values of angles A and C of
MNABC, where b= 1435 0m, a= 7.8%cm
and B'= 115°36",

B=71"30",

C= 313"

53" 5 =356m.c= 428 m.

24




Example 5

Tewa ships A and B leave & porl P oat the same fome,
A fravels on a bearing of 159" and B travelt on a
A Bkm from P,
Caleuldate the

bearmg of 215°. After some lime,
aned the heaving of B from A iy 2567,
distamce of B from P,

B
Fig. 4.11

Fig. k.11 shows the positions of P, A and B.
The arrows at P and A point northwards.

In ﬂP’LIJ.

Iﬂ-"‘u =215" — 159" = 5F°
T\AF' = 180" — 159" =217
= P '%B = 360" — (236 + 2177

4= 360" — 277" = 83"
=  B=180°— (56 + 83)°

= 180° — 1397 = 41*
PB = ks EarATaE

sin83°  sin4l1° No Lok
3t g 11,9542
= P'B= 9 % sin83 kit sin 3" | T906h
sin4l® 0,59514)
. sndl® | L8l6e
= 13,61 km 15,61 WETS

= 136km to 3 5L : |
Ship B is 13,6 km from P.

In Example §, the bearngs 1597, 215°, 256° are
examples ol three-figure true bearings. Each
bearing is measured clockwise from north and
is given in the range 0007 to 3607

Example 6
A tree 1 anoa bearng 3 36°W from a poni X and
STFE from a pomt Y. I X 1 200 m due east of

30

Y, calculate He distance of the tree from Y to the
nearest melye,

rN | ; N
1'_1 1 = 54" o
s 160
. 114°
Fig. 4.2 &
Iu Fig, 4.12, T represents the positom of the
red.
In ﬂ_\”ﬁ I

\‘Li—E}U — 78 = 1%
1\1 = 00" — 36" =354"

N II\— 180° — (12 4 347"
= 180" — 66" = | 14 =
YT _ 200 nfiing ¢
sin 54°  sin 114" M, Leg
— 200 2,3010
" M} = sn D i 3" R
= Y= Tanr L | 20
b || SRR
.Zﬂ[Hln 547 F77,1 22483
q:n{}b
= 177, ]m

= 177 m ta the neéarest m
The tree 15 177 m rom Y.

‘The bearing 5 36™W is an example of s compass
bearing. To find the direction S36°W, first
face south then turn through 367 ina westerly
direction. In Fig. 412 it can beseen that S 36°W
15 the same as the three-figpure bearmg 216° [Le.
L1807 + 367, Similarly, the bearing S78°E is
equivalent to the three-figure bearmg 1027 [i.c
1BOY— T8,

Examples 5 and 6 show the importance of
drawing a fully labelled diagram.

Exercise 4d
1 A point X 15 34 m due east of a point Y.
The bearings of a Hagpole from X and Y
are N I8"W and N40E respectively, Gal-
culate the distance of the Hagpole from Y.




2 A man walks due west for 4 km, He then
changes direction and walks on a bearing
of 197° unul he is south-west of his starting
point. How far is he then [rom his starting
point?

3 A girl starts from a point A and walks 285m
to B on a bearing of 078°. She then walks
due south to'a point C which is 307 m from
A. What is the bearing of A from C, and
what is BC?

4 The bearing of a house from a point A is
319%. From a point B, 317 m due east of A,
the hearing of the house is 2887, How far is
the house from A?

5 A mass is hung from a herizohtal beam by
two strings as in Fig, 413, Calculate the
length of the longer string.

Fig. 4.13

6 An aireraft is timetabled to travel from A
to B. Due to bad weather it Hies from Ao
O then from C to B, where AC and CB
make angles of 27° and 66 respectively with
AB I AC = 220 km, calculate AB:

Fig. 4,14

7 T'wo wires support an electricity pole as
shown in Fig, [4.14,

If the wires make angles of 38" and 67" with
the ground and AB = 21 m, calculate the
leneths of the wires, {

8 From points A and B on level ground, the
angles of clevation of the top of a building
are 25° and 37" respectively, IfAB = 57 m,
calculate, to the nearest metre, the distances
ol the sop of the building from A and B.

9 The bearings of ships A and B from a port
P are 225° and 116° respectively. Ship A s
3.9km from ship B on a bearing of 258°.
Calculate the distapee of ship A from P.

10 An aeroplane flies from a town X on 2
bearing 045" w another town Y, a distance
of 200 km. It then changes cousse and flies
to another town Z on a bearing 1207, If Z
is due east of X, calculate {a) the distance
from X to Z. ib] thedistance from Y 1o X7,

11 P{ﬁ}'R is an acute-angled mriangle in which
POR = 42°14". 5 is the point on QR such
that PSQ = 90", Given that PR = 5,23 om
and SR = 2,37 cm, calculate [a) PRQ,
(b QIR

12 A ship sails directly from a port P to 4 paint
(), which is 10 nautical miles due east of a
lighthouse L.

M
W

H
Fig., 4.15

Given that PLQ = 70" and PQL = 30,
calculate
(a) the bearing of  from P,
(b} the bearing of L from P,
(¢} the distance PQ),
(d) the shortest distance between the light
house and the ship during its journey.
3




Chapter 5

Graphs (3) Gradient

Gradient of a straight line

1

~H (e
Fig. 5.1

In Fig. 5.1, HG is & horizontal line and HK is

4 line which makes an angle # with HG. The
HsABC, POQR, UVW are simiilar.

BC R VW

Hence — = < =—

AR PQ UV

Each of these fractions measures the gradient
of the line HK. Hence the gradient of a straight
line 1s the same at any point on it

BC QR Vw
tanfl = — = =

AB~ PQ T\
alse a measure of the gradient.

so tanf iz

Also

L 3

¥

Inerease 1m &
/

- 0 X

Fig. 5.2

In Fig. 5.2 the point A has coordinates (x; ).
In going from A to B the merease in x is AM.
The corresponding fnerease in y is MB,

32

Ciradient of AB
B inerease in 3 from A w B MB

increase in x from A o B AM

Since 3 inereases as x increases, the gradient is
postiive. AB makes an acute angle « with the
positive divection of the x-axis and tan 2 is positive

In Fig. 5.3 the point C has coordinates (x;5).
In going from C to D the frerease in x is CN,
The corresponding decrease in_y is ND. Consider
a detrease to be a negative increase;

Gradient of CD
—NE
incredase i & from C o D CN

increase in y from € w D

since ) decregses as x increases, the gradient is
negative. CD makes an obtuse angle fi with the
positive direction of the x-axis and tanf is
negative,

In algebraic graphs, the gradient of a straight
line is the rate of change of y compared
with x For example, if the gradient is 3, then
for any incresgse in x, 3 increases 3 tinies as
much. Compare this with rates of change in
distance—time and velocity—tame graphs.




Example |
Find the gradients of the lines Joining (a) A{—1:2)
and Bi3; —2), (&) Cl0; — 1) and D4y 1),

ol

Fig. 5.4

Fiz; 3.4 shows the points A, B, (.. D and the
lines AB and CD.

Weroen increase m 3 —PB
L) Gradicot off AB = —M8M =

INCTEAse in X AF
__'1.
= =l
t

Notice that the increase in y is negative |Le,
a decrease.
inerease iny QD

{b) Gradient of CD) = - =
o merease in ¥ CQ

B lia

Faje=

The gradient can also be caloulated without
drawing the graph: consider a line which passes
through the points (x,37;) and (¥21y;]-
Gradient of the line

inerease in

increase in =«

difference in the y coordinates ¥, — 1

dillerence in the x coordinates x5 — %,

For example, in Example 1,

; , [—2Y —{2) —4
Grﬂdlﬂn[ ol AB = m = T - ]
Gradient of CD = u - ETI: P

Iq — ﬂl _1_ -

Exercise 5a
Find the gradients of the lings joining the
following pairs of points.

L (97, (23] 2 (5], (4:8)

3 (%:3), 00 4 (6; 1), (L:5]

5 (Ui, [3:0) 6 | —3:2), (1)

7 (223 (B —3) 8 —43, (3 — )

9 [—4i—4) (=15 1007 =2} (—1;2)
Example 2

() Draw a graph of the lme répresented by ihe
equation 4x + 29 = B, (&) Find the gradient by taking
IRETTNTFITETIL,

{a) First make a table of values.
Whene=0, U+ 2y =50=31= .}5
when z= |, 4.+ D =53 =7;

whenx=2, 8+ =0e=y=— l;
v | 0[] | 2
4 i 1 el

Fig. 3.5 shows the required graph.

s

CR J

Fig. 5.3
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(b] Chogse two convenient points, such as A
and B in Fig. 5.5.

; inerease in v —MB
Gradient of AB =- — =
INCTease 1o 1 AN
— i
S = D
2]

Exercise 5h

Draw the graphs of the hnesaepresented by the
followhg equations. In each case find the
wradient by taking measurements.

1 y=3x4+1

2 y=3x-2

3 y=—=2x+3
4 Ir:x—‘Z;u+1—r1
52x4+3r=10

6 2¢+3y=6
Tdx—Fp=5
B2xr—5i=6
985z —32y=15

10 7x+4y—8=10

Sketching graphs of straight
lines

From Exercise 5b it can be seen that the
gradient of a line depends onlv on the coefficients
of x and y in its equation. For example, in
questions 1 and 2 the following results were
obtamed:

¥ =3x+ |, gradient 3
=135x— 2, gradienl 3

The results of questions 5 and 6 were as follows:

2z 4 3y = 0, gradient —
2e 4 3y = 6, gradient —

L bt [

Nouce that the last two &) nations can be
]'E'E_l'l'ﬂ.ll:l{l‘_‘dl

x4 3p=10

< Jy= —f{zx

< y= =3

Zx 4 By =86

< Jy=-—-2x+6

= y=—%x42

34

Henoo; when y is the subject of the equatio
the cocfficient of » gives the gradient, A
equation in she form y= mx -+ ¢ is that of
straight line with gradient m.

I[the o g:ar_hem and one point on the line as
known, it is possible to make a rough sketch ¢

the graph,

Example 3
Make a rough skelch of the line whose equation =
2x+4r=19

First: Rearrange the equation to make 5 the
subiject.

Ix+4p=19
-1:}::—'__.“'4‘4
y= —gx+ 25

Second: Tind a point on the line. The simplies
pumi is l.ISLlJ.]J'-f that wherex =0, When x =10

= 2%, ,[‘]!_7'. C) 15 point on I_hL line. Fig. .1.1:- i

a rough sketch of the line,

.
T ) :\\_\~

Iy s Ay =L

Fig. 5.6

Notice that the axes v and v should always
be shown on a rough sketch.

An alternative method of sketching a straight
line is to find the two points where the line
crosies the axes;

Example 4
Sketch the graph of the fine whose cquation i
4x — Sy = 12
When x =0, —3¢=12
2= 3= - |



The line crosses the y-axis at (U; —4).
When y =0, 4x = 11

< x =3

The line crosses the x-axis at (3.0,
Fig. 5.7 is a rough sketch of the line.

v ¥
0 3 x
r— =12
=k
Fig. 57 /

Anv line which is parallel to the y-axis has a
zero gradient. The equations of such lines are
always in the [orm y = ¢, where ¢ may be any
number. Fig. 5.8 shows the graphs of y = 5 and
=13

Fig. 5.8

Notice that the equation of the s=axisisy = (.

The gradient of a line which is parallel 1o
the y-axis is undefined (e cannot bie ound).
The equations of such lines are alwavs in the
form x = 4, where @ may he any number. Flg.
5.9 shows the graphs of the lines v =2 and
¥y = —i

3k

Fig. 5.9

Notice that the equation of the y-axis isx = .

Exercise 5c
1 Sketch the lines which pass through the

following points with the given gradients.
{a) peint (2:1), gradivnl 3

b) point (3:0), gradient —2

¢l point (1: —3), gradient —3

(d] point (—4 —2), gradient
(e pomt (5; —2}, gradient —3
Write down the gradients of the lines repre-
sented by the following equations. Hence
sketch the graphs of the lites.

[a} y="2x+3

(b »=3¥

R

(6] y=tp—1
d) 32+ Ty =
el ==
Find the coordinates of the peints where the

lines represented by the following cquations

eross the axes, Henee skeich the graphs ol

the lines.

fa} y=2c—2

~y kn

b »= 11". + 1
fe Be— .'_‘gl-' = 30
) xSy =2
el Ba 4Gy =+

a
]

L2



4 Write down the gradients of the lines re pre-
sented by the she tches in Fig. 5.10

b\ 54
]

\

i}

"N ]

Equation of a straight line

E-:} Given its gradient and a point
e line ;

Example 5
A stratght lime of gradient 5 passer through the
B{3: —B). Find the equation of the line.

F A
Adxi x|

-

Fig. 5.12

Fig. 5.12 is a skeich of the line.

In Fig. 5.12 the point Afx: y) is any general
o 4{ point on Ih: hine.
e o o y—(—8)
Fig, 5.10 Gradient ol AB =~ 5
P
5 Write down the gradients of the lines (a), 4 B
(b}, (e}, (d}s (&) m Fig, 5.11 - ',_, 3
7+ 8 .
chcc'; 3 = 5 ance the gradient of AB is 5
1 F+8=5x—0
=hx — 15
i e ! y=Gx— 923
e | The cquation of the line is p = 5x — 23
In general, the equation of a straight line o
| gradientm which passes through the poing (g, §)
TR is given by
5 | y—b
o ; S 5 R - et
A X g g e
B /_ ;;%._'_ ) e 5
7 i \iL :_! .11 (b) Given two points on the line
: : —— Example 6

Find the equation of the straight line which passes
through the pomnts Q —1:7) and R{3; = 2).




Figure 5.13 is a sketch of the line through
and R.

Q

Plz; )

-

Fig. 513

In Fig. 5.13 the point Plxy) is any general

point on the hne,

(itt’ﬂ?_l o ? e

sradient of QR = =T = a4
S S X L

Gradient of PR R il
#—3 =3

But POR. is a straight line, hence
sradient of PR = gradient of QR

I+2 ]

x—3

7+ 2= -2 -1

_r+2 — x4 63
y=—2r+ 4

The equation of the line is y = —23x + 43.

In general, the equation of a straight line which
passes through the points (a;4) and (ad) 15
given by:

- b .:f b
x—a (—a
Exercise >d
1 Find the equation of the line which passes
through the point
(&) (4:9) and has a gradient of 3,
(b) (0;0) and has a gradient of 3,

10

() |—2:8) and has a gradient uf—l

(d) [6:0) and has a gradientsf —- .

fel (0:; —5) and has a gradieng of — 4,

() (=1;2) and has a gradient of 23
Find the equation of the line which passes
through the pomnts

fa}l (0 and (3;7),

(b) {(3; %) and (3; —7),

(o) (—1:4) and (5: =2},

(d} {—6; —6) and {4; =3},

fed (7:2) and (—% 7).

(f) (2;—11) and (—4:34).

A straight line is drawn through the poinis
(7:00 and (—2;5). Find [(a) its gradient,
(b} its equation.

Acstraight line of gradient 4% passes through
the point (4 —3). Wrte down {a) the
equation of the line, (b) the equation ol a
pa_m_lh:l line which passes through the point
'U. 3

Line | passes through the point (10; —11.
Line m pahn:\ through the point
I" —i 11 Find the equations of { and m

!i both lines pass through the pont {112,

{a) Find the gradient of the straight Iimr
throurgh the points (2; —2) ‘and (7;4).

{b) Find the equation of the strught line
which pisses through the point (3:5) and
has gradient —4. | Camb]
‘a) Find the equation of the straight line
which passes through the points (0;5) and
(5:0).
(b} Show that the equation of the straight
line which passes through (D:a) and (a:0)
BXt Y=
{a) Write down an expression for the gradient
of the line joining the points (6; &) and (4; 1),
Find the value of & i this gradient is 3.
(b) Find the equation of the line through
the point (—4:5) with gradient —2.
[Camb)
Find the equations of the sides of a triangle
which has vertices A{D: 00, B{7;0), C(5;6).
Lines r and 5 both pass tI-irnugh the point
(£:9). Line r has a gradient of — % and passes
th mu:Th the pomnt (5; —3).
{a) Find the value of &
(b] Find the equation of line 5 given that
it crosses the x-axs at (— 14 0).




Gradient of a curve a1 Gradient of the curve at P
— gradient of tangent TT

The gradient at any particular point ona curve op 2 |
is defined as being the gradient of the rangent T TO 0
to the curve at that point. B .
' iy Gradient of the curve at £
= gradient of tangent QR
—MR -3 .
= = ——— T s )
OM |

Notice that As TOP and QMR were used
find the gradients of the tangents. Any suital
right-angled triangles could have been used.
this case the intercepts TO and QM were
convenient lengths,

Fig. 5.14

In Fig. 3.14 the gradient of the curve at point

P is the gradient of the tangent TP, i tanfl

The tangent is drawn by placing a ruler against Example 8

the curve at P and drawing a line, taking care 50 . graph of ¥ = it for values af < from -

that the *angles’ between the line and the curve a3 H'Hffr:’fn' ”Fg.I-ﬁ"-H.'."H @4-" the curve -t the daind

appear equal. : ' 4
Notice that the gradient of a straight line ie

the same at any point on the line, but that the Table 5.1 is the table ol values.

gradient of & curve changes [rom point to peinl. g, 54

x B the value (e) 3 [ —2.

Example 7 BEHRONEE
Fap. 515 is e graph of the curee v =2+ 8 — | i | | _711. | n ‘; | 1 ‘ ol
Sor values of x from —2 1o 3. Use the groen tangents L- —
to find the gradient of the curve at (a) P, |B) Q)

| Fig. 5.16 shows the required graph.

i Fip. 306

-
wh

f"fg. .
38




Using the tangents drawn 1o the curve where
r=3and 2 = —&
a) Gradient of the curve where x = 3
= gradient of tangent PT
!
ip o R 0
MP 295 2b 9

- ____T.J.

TTM 1,5 1L 6

When 2 = 3, the 1.__{le.|.IEI]|.H| the curve is ]1 i1t
at P, v iy increasing l-. tirries as fust as x).

(h) Gradient of curve where x= —2
= gradient of angent QR
i i -
NR 1
When ¥ = —2, the gradient of the curve i« =]

{i.e. at Q) v 1% derreaving al the same rate as x is
increasing.

Notice the following points:

! In Example 8, the lengths MP, TM, QX
NE are measured according to the seales ol
the axes.

2 In Examples 7 and 8. the method of drawing
._1|‘|grntlt uqlng a 1'1]111' Gl 1_‘]\-1' lf]d.{ﬂ urate
results. Gradients found by this method must
only be taken as approximate.

Fig. 5.17 shows the angents drawn at the

turning peints of two quadratic functions.

i ¥

a1

fal ' 'hi
Fig, 517

T cich case the tangent is parallel o the v-axis.
Henee the gradient at @ turning point 15 zero,
In Fig. 3.17(a) the turning poinl corresponds
Lo the minimum value of the [unction, In Fig.
5.17(b) the turning point carresponds (o the
maximum value ol the function, In each figure
the line of symmetry of the curve is shown by
a broken line.

Exercise be ~

1 Write down the equation of the line of
symmetry of the curve in (ay Fig. 5.15,
(b} Fig- 5:16.

2 Fig. 5.18 is the graph of the function
¥ — Gr 44

P P R—
S

Fig, 5.18

{a) Use the given tangents to find the
gradient of the curve (1) at P, (i) at Q)
by Find the minimum value of the function,
() Write down the equaten of the line of
svmmetry of the curve,

3 llj.l 5.19 is the graph of y= 3 —2xr — »*

-

.

st P SIS

Voo

39
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(a} Use the given tangents to find the

gradient of the curve (i) when x= —2,
(ii) when x = |.
(b) What is the maximum value of

3— 2% — £*?
(€] Write down the equation of the line of
s:rmml:n}r of the curve,

{a) Copy and co Flﬂlt Table 5.2 for the
n:lauﬂn_,' =32 —x

Tahle 5.2
x| =1]0] 1| 2] 3| 4
y| —4 2 _|

{b) Draw the graph of y = 3¢ — = from x
= — 2 10 x = 4, using a scale of 2 cm to 1
unit on both axes.

{c) Find the gradient of the curve at
(i) x=0, (i) x = 2.

(d) Write down the equation of the linc of
symmetry of the curve

(e} Find the maximum value of 3z — %%
Draw the graph of y = 2* for values of x
from —4 10 4. Use a scale of 1 cm to 1 unit

on the x-axis and 2 ¢m 1o 1 unit on the 3

axis. Find the gradient at the point where
faBlx=3,b)x= 1.5 (c)x = —2

Copy and complete Table 5.3 giving values
for the funcion y = 26 — 4x + 3 from
x=-—-2tox =4

10

Table 5.3 .
x| =2|=1]0 | t] 2.] 3[4
y| 19 3 |1 ]

Draw the graph of 3 = 2x* — 4x + 3, using
a scale of 2em to 1 unit on the x-axis and
lem 1o 2 units on the y-axis.

From veur graph, find

(a} the equation of the line of symmetry of
the curve,

(b) the gradient of the curve at x =73,

f¢] the minimum value of 3.

Draw thegrapholy = x* —dxfromax= —1
to x = 5. Use a scale of 2¢m to | unit on
both axes. Find the gradient at the point
where (g v =4, (b x=2, (cjx =10,
Draw the graph of y = 5x — 2¢* from
t=—] to x=4. Use a scale of 2cm o |
uniton the x-axisand | em to | unit on the 3-
axis. (a) Find the gradient of the curve at
the point where x = (i) 0, () I, (i) 3.
(b) Write down the equaticn of the line of
symmetry of the curve.

Draw the graph of y=x"—3xr+2 for
values of x from —1 to 4. Find the gradient
al t11|: ]:rr_:mL where 1 has the value [a) Ei

(b) 1 n el D, (d) —%
Dra“ the graph DF _|-" =1+ x—x* from
x=—21to x= 3. Find the g‘r'irhu'nt at the

p-:'_rmr. where x has the value (a) ..2, ity ]’
(d} —1.

Cy }‘:




Chapter 6

Lengths and angles in solids

Angles between lines and planes

Fig. 6.1 shows a flagpole standing on horizontal
ground. It is kept vertical by three straight wires
attached to the pole a1t A and to the ground al
K. L, M, '

Fig. 6.1

The pole XO in Fig. 6.1 is perpendicular 1o
the ground. The pole is said to meet the ground
normally (i.e. perpendiculariy).

The wires AK, AL, AM in Fig. 6.1 meet the
ground obliquely (i.c. not perpendicularly).
The .lﬁl‘ltw between tht wires and the ground

are AKO, ‘#.L(J -ﬂﬂl(}

In Fig, 6.2 the line XY cuts the plane surface
normally at O, Since XY is perpendicular to
the plane, it is at right angles o every line
drawn on the planc through O

X

Fig. 6.3

In Fig. 6.3 the line XY cuts the plane nh]]quvh
at . The anrle between XY and the plane is

tound by drawing any perpendicalar AN rom
XY to the plane. The angle AON () is the
angle between the line and the plane, Figs: 6.4
and 6.3, overleal, show another way of finding
the "mg]f' between a line and a plane,

4]




I
|
|
|
I
I
I

Fig. 6.4

In Fig. 6.4 OP is the projection of OX on
the horizontal plane. Think of OF as the
shadow ol lf'-'\ W hf‘i'l the sun is vertically above
the plang. ‘U.')P = "L{_}\ = {7 is the arigle hetween
OX and the horizontal planc.

In many cases the plane is not horizontal, In
Fig, 6.3 O0) s the projection of OX on the
vertical plane (L the ah::d{rwprlf'{}}{ when the
plane is lit from the side). X(j(_l= AOM =«
is the angle between OX and the verucal plane.

Figs. 6.4 and 6.5 show that the angle
between a line and 2 plane is the angle
between the line and its projection on the
plane.

42

Fig. 6.5

Example 1
Fig, 6.6 shows a cubpid ABCDEFGH.
A B
: |
' o
i B
o -u.-.--———-o.--nq—‘;ﬁt ;
X
S
Fio. 6.6 . ' H

(a) Nume four edges which ave perpendicular to plane
- BCHG.
(b Which one of the following is not a right angle?
A N A M .,
AbG, AFH, AFE, CGF, CBE, BDE.
i) Name the projection of DG an (i} plane EFGH,
(it ) plane ADEF, (iii) plane ABGF.
(i) Naoe the angle between AH and (1) plane
EFGH, (i) plane BCHG, (23] plane CDEH.

la) "uH DC, EH, FG

(ki G HF:‘.. \since BC J_pl e CGDEH, H( E=a
Hence MACBE is right-angled at €, not B,
(See Hig, 6.7.)

Fig. 6.7
| |I]{l
(d) () AFE; (i)

fii) DF, (i) AG.
AHB, (iii) AHD.
Exercise ba (discussion)

1 Name three right angles in Fig, 6.1

2 In Fie, 6.8, O is the centre of the base of the
right cone, vertex V. v

Fre. 6.8




‘a] Name three right angles in Fig. 6.8.
(b} Name the angle between VB and the
hase of the cone.

3 In Fig. 6.9, VABCD is a squarc-based right
pyramid. K, L; M, N are the mid-points of
the edres shown in the hgure,

Fig. 6.9

{a; Name cight line segments which are
perpendicular o VO.
(b} Which planedoes AC meet perpendicu-
larly?
‘c) LN i a normal to which plane?
{d} Name the angle between VB and plane
ABCD.
(¢ Name three other angles which are equal
in size to that in part (d).
(f1 Name the angle between VR and plane
ABRCD.
g1 Name three other angles which are rqual
in size to that in part (f1,
(h) Name the angle between VO and plane
VD,

4 In Fig. 6.10, PORSTUVW 35 a cuboid.

P 0

S b i

Fig. 6.10

(a) Nametwo planes which are perpendicola
L ﬂige- RW. -

(b} Name four normals to the plane POV
(¢} Whic h of Lhr tnllnmnn :111 nghl angles

I‘Ll OR"I f,.l"u"'t R“L "-*FP Pl W,
() Name the projection of (X1 on (i) plan
TUVW, (i) plane QRWY, (iii) plane RSTW
(¢! Name the angle between RU an
(i) plane PQRS, [ii) plane PSTU, {ut) plan
POVLL

In Fig. 6.11. ABCDEF is a prism whos
cross-section is a right-angled triangle.

¥

Fig. 6.1 A

ia) Name the plane to which EDis a2 norma

1) Which one of the following is not angh
M ) fid f

angle? Fljf](.'._ FDa, FDE, EDB, AFT.

l¢} Name the projection of AF on (i) plan

ACDE. (i) plane BCDF.

{d; Name the angle that EB mukes wil

(1] 1:1|zmt' ACDE, (i1 P]ltnL‘ BCIF,

6 In Fiz, 6.12. PORSWXYY is a cuboidl.

P (!
I ff-"‘
Wil LB e
-5 /-J" ,.-"""'. H
-

Decide which of the follewing statemen
about 20 are true and which are false.
(a) The projection of Z() on plane QXY
15 YO




(b} £0) 15 the longest line segment that can
be drawn in the cuboid.

) 203 makes an angle of 45 with plane
FALYS 8

el 'E'I::*:muh‘ between Z0 and plane QRYX
s Z0OY.

(e} The projection of Z0} on the plane
ZWPS i 7ZP.

Angles between planes

When one plane cuts another, they intersect
along 2 straight line. Fig. 6.13 shows 1wo
examples of plances which meet. The doted lines
are the lines ol intemsection.

ek (h)

Fig, 6.1%

The angle between two planes i found as
lollows. Chioose a peint on twir line ol innersee-
tion. From this peint, draw a line on cach plitne
at right aneles 1o the line ol interseetion, The
angle between these lines is the angle between
the plancs. This s shown in Fig, 6,014 where 2
and fFare the angles between the planes,

EY ihi

Example 2
Name the angle bhetiveen the shaded planes ineach part
ol Fia, 6.13.

(b} open desk

v

Fig- 6.15

al AXC or BYD
b B{."‘EY 0or ,\!,?K
o) BDA or GEF
LV WO (Note than MY s a0 vight aneles 1o
AB: AV and BV are wof at vight angles w ABL)

Exercise 6b (discussion)

1 In Fig 6.6 name the angle bevween e two
shaded planes. Whatas the size of this angle?

2 In Fiz: 6.7 name the angle between plane
BOE (shaded) and plane BOHG,

3 In Fig. 6.8 name tyw angle between plane
VOA and plane VOB,

4 In Fig. 6.9 name the angle betwern the
fosllowing planes.

al ABCD and VAQ

L ABCEH and VNI
¢l ABCD and VIO
d) ABCD amd VAD
el VAC and VNL
Iy VAD and VBC




5 In Fig. 6.11 name the angle between the
following planes.
(a} ACDE and ABC
(b) ACDE and ABFE
(¢} ACDE and BCDF
(d)] BODF and ABFE

6 (2] TraceFig. 5.12 intw your exercise book.
ib) Draw and shade the tiangular plane
ZOW,
{e)] Name the angle that plane Z0W makes
with plane WXYZ.
{d) Name the angle that plane ZOW makes
with plane PWZ5.
(¢) What is the size of the angle that plane
ZOQW makes with plane POXW?

7 Fig, 6.16 shows a coboid with a dividing
plane,

Fig. 6.16

{a) Name the angle between the shaded

planes.

(b} Use the given dimensions (o stute the

tangent of this angle in its simplest terms.
8 Fig. 6.17 is a view of a market stall.

(a) Name the anglé that the rool makes

with the horizontal. 2

(h) Use the given dimensions (oo state the

tangent of thizs angle as a decimal fraction.
9 Fig. 6.18 representy a rool of a building.

XOY and MON are lines of symmetry of

the horizontal base of the rool.

Fip. 6.18

[a) Name the angle between plane PECR
and the horizontal.
(hi Use the given dimensions to hnd the
tangent of that angle.
ic) Name the angle between plane PAB
and the horizontal.
(d) Find the wmogent ol that anghe.

10 Fig 619 35 the net of a sguare-based
pyramid.

v

Fig. 6.19

{a) Sketch a view of the pyramid. Include
all the given letters and lines on your sketch.
{bj MName the angle between plane VPO
and plane PORS.

(¢) Namgc the angle between planes VR
and VRS,

45




Calculating lengths and angles in

solids

In maost selids, unknown lengths and angles can
he found by solving right-angled triangles.

Fig. 6.20 shows some of the right-angled
triangles contained in a cubod.

Fig. 6.20

Fig. 6.21 shows some of the nght-angled
trangles contained inoa right pyramid.

The following examples show that when a
right-angled triangle is used, it is advisable o
sketch it separately from the solicl.

Example 3

Ong end of @ rectangular tank of lensth 6 m is o squary
ABCD of sidhe 2m. If AP 15 o diagonal of the tank,
calculate (a) AP correel fo 1 decimal place, (6) e
angle betroein AP and plane ABCD, (¢} the shurtest
distance betuween plane APD and BC,

46

Fig. 6.22 is a view of the tank.

A
2m 1~III'l l \" E\
e < I
peodtt———— >
2m : \\
{ Bbm P

Fp 627
(a) Fig. 6.23 shows the miangles used (o caleals

AP, A
A

8 VH m

1¥ 2'm C o G m F

Fig. 6.23

In AADC,

ACE = AD? + DC? [ Eythagor
::__;.2 _|_l_l'rl__-§__!_-!-_'5f

AC = \_.'Em

In AACE,

AP — ACT 4 (P2 Prythagar

= -\_-'E':Z + 65 =8+ 36 =144
AP = \;:-.l-l m=66mto ldp

(b1 AC s the projection of AP on plane ABC
Hence CAP is the required angle. In AAC

CP
tan CAP = '\_I_—,
= j [5 = i = ¢ 3\.'";.:-._
V8 22 (/2 2
_dx 1Al oo
3

R 2
CAP = 64,75

AP meeis plane ABCD at an angle of 63°

the nearest degree).

(¢} In Fig, 6.24{a), CQ) is the shortest distar
between BC and plﬂur- APD.




i
Q)
2
n.I
L [ P
Fig. 6.24
In Fig, 6.24{h),
DF = Bt 4 P | Eythagaras)
=% 4. 5% _ 44 R =140
DP = \.f"'#ﬂl m
G C
In APQC, sina = o~ 92
cP 6
DC 9
In APCD, sing = “.i_ oo ;‘_
DP /40
COQ 3
Henee ﬁ—‘:_ —
\.-'. 'q'U o
L] ¥ ] :_.' =
s e i L
N
340 3x6,325
R 1 TR Y T

= 1,897 5m
= | 9m to | d.pe

BC is 1.9m from plane APD.

Notice the value of skeiching the various (riangies
(Figs. 6.23, 6.24), This makes it easy o place
the right angle correctly and to solve the
triangle using Pythagoras™ theorem and trigon-
ometry. Also notice in paris (b and {¢] how
rationalising the denominators simplifics the
arithmetic.

Example 4

A prramid with vertex ' and edges VA, VB, VC,
VD vach |3cm long kas a rectangular base ABCD
where AR = CD = Bem and AD = BO = 6oem,
Caleulate (a) the feight NO af the pyramid, (b) the
angle between the -base and an edge, (¢| the ansly
betwpeen the bave and ANBC, [d) the angle belwween
tite e and ANVCD,

Since the pyramid is symmetrical, the point O
vertically below Vs at theé cemre of the
rectangle ABCDL This is shown i Fig. 6.25,

The triangles in Fig. 5.26 are used to caleulate
Vi,

v
B 13
&
) i e 0 T B
Fip. 6.26
(a)l In ABCI,
BD? = 62+ 8° | Pithaooras)

= 36 4 64 = L)
BD = V.E{}[er = [lem
BO = BB = 5cm

In AVOB,
VO =152 —35° [ Prtfeegoray
= 69— U5 = 144

VO =12¢m
B Sinee VO e |‘u=r'[3t‘m'1]q‘ulﬂl' o e Luise,

VEU s one ol the angles between the base and
an edge.
In AVBO,
A YO 12
anVB() = — =— =14
tan . RO =
. VBO = 67,38




{¢) Let M be the mid-paint of BC. Since MV
a“'}% MO are both perpendicular w edge BC,
VMO is t};le angle between the base and face
VBC. VMO can be found from AVMO
(Fig. 6.27).

v
12
Fig, 6.97 D= M
A 12
In AVMO, an VMO === 3

VMO = 91.57°

i
(d} Similarly, VNO is the angle between the
base and face VCD.

Fip. 6.28 Ny 9

3 12
In AVNO, tan VNO = N R

i
VINO = 7397

Example 5

Fig. 6.9 B

In Fig. 629 a koop of radius 80 em o5 suspended
horizantally by four strings cach 160 cm long and each
allached (o a nail vertically above the hoop at P. The
strings are atlached to points A, B, C, D which are
equally spaced on the hoop. Calculate (g lhe apgle
which PA makes with the horizantal, (b) BPD,
(¢) the angle between PA and PB.

Since the strings are of equal length, the centre
of the hpop. O, is vertically below P. Fig. 6.50
shows, {a) the position ol O and. (b) APAC.

Fip, &30

(ay Im APAC,
AC = 80<m + 80em = 160 cm
Thrri:.__l"urf APAC is equilateral.
" PAC =60° {angles of equilateral [\
PA makes an angle of 60° with the horizonal
(h] Sinee the swrings arve egually spaced
BPD = APC,
o

;H]‘}C = G0°
= BPD = 60"
ic) APBis the angle berween PA and PB. g

cangles of equilateral /.

h
£.31 shows the triangles used to calculate APB

&Y (b 3
16il) 160
Fig
= a B .
In Fig. 65:31(a}, A M B
AB? = 80* + 802 | Pythagoras
= 92 % 807
AB =,/ x 80* = 80/ 2cm




-

mT o Ay e

In Fig. 6.31{b), M is the mid-point of AB.

Foy '
AM  ExB0y2 /2

SMEERP T 180 4
1Al
S 0,353 5
A= 20,7°
APB=2a=2x20,7"=414"
PA and PB mect at 41,47, Fig, 653
Exercise 6c 6 InFig. 6.34, PORS s a horizontal rectangular
Draw as many sketches as are necessary. -assembly ground 80m by 60m and PT is
1 The length, breadth and height of various a tower 47 m high.
cuboids are given belpw. Calculate the -
length of the long diagonal of each cuboid. 1
fa) Gem, 10em, 15 em
(b 4cm, 4cm, 2tm 5
(e} 2m, 5m, Mm
() demn, bem, 20em 3 Q
2 Usge the data of Fig. 6,16 w calculate
(a; CQ, by PC, (c) the angle between the o m
shaded laces.
3 Usc the data of Fig. 6.17 10 calculate the Fip 6.3 2 5 #m R
anglethat the roof makes with the honeontal.
4 Fig. 6.32 shows a desk lid which is kept open Find, to the nearest degree, the angle of
witlh & 30cm ruler. elevation of T from R.

7 Fie. 6.35 shows a suek, AB, leaning against
the corner ol a room. The foot of the stick
AL is 30 em from one wall and 40 cm from
the other. The top of the stick, B, 15 120em
above the Aoor.

Calculate (a) AO, (h) the angle that AB
makes with the floor, (¢) the length of the stick

Fig. 6.32

Clalculate the angle that the lid makes with
the horizontal.

5 Fig. .33 shows another way of keeping a
desk lid open with a ruler.
{a) Calculate the angle that the lid makes
with the horizonial. _
(b) Hence find the perpendicular distance :
between the top edge of the lid and the desk.  Fig. 635 A 40 cm ~




8 A 50 cm stick leans, as in question 7, 50 that
its foot & 10em from one wall and 2?0 cm

from the other. Calculate (a) the height of

the top of the stick above the flaor, (b the
angle that the stick mukes with the foor,

9 A pyramid has a square base of side 8cm
and sloping edges Scem long. Calculate
(a) the height of the pyramid, (b the angle.
to the nearest 75th of a degree, (1] between
a sloping edge and the base: (4] berween a
sloping face and the base.

10 A pyramid 15 4cm high and stands on a
base which is a regular hexagon of side 3 cm.
Calculate {a) the length of an edge of the
pyramnid, .];'- [hl angle that the edge makes
with the base, (¢} the angle that a triangular
face makes with the base.

11 T'he cuboid in Fig, 6.36 is 28 m long, 21 m
wide and 12m high. Calculate the angle
between (a) PC and the plane CDSR, (b
the planes PBCS and QBCR.

B
A C
12'm
P R
.?6"7] q}ﬁ‘
Fig. 6.36 S
12 Fig. 6.37 shows an 8cm by 9cm by 12om
cuboid.
B
A [
B em
P R
i - J‘?"’?r T
Fug. 657 S

Calculate (a) PR, (b) PC, (c) the angle
between PC and (i) PORS, (ii) DCRS,
(i) BORQ), (d) the angle between ABCD
and PBCS. (¢) the angle between PQCD
and ABQP.

13 A door 2m high by [,5m wide is opened
1o an angle of 60" as shown in Fig. 6:38.

X I5m A

Fig. 6.38

¥
Calculate (a) BD, (b) DX, (c} the angle
that plane DXB makes with the horizontal,

14 O s the vertex of a right pyramid on a square
base ABCD, the sides of the base being 10} em
long. The edges OA, OB, OC, OD are each
12,5 em. Calculate (a) the height of the
pyramid, (b) the angle between (JAB and the
base ABCD, (¢) the volume of the pyranud in
o’ correct 1o 3 s 0

15 A nght pyramid on a square base I’QR‘“\
has a vertex T. Each of the sloping faces is
an'equilateral triangle ofsde 2 om. Calculae
(a) the base area ol the pyramid, (b} the
height of the pyramid, correct to 1 decimal
place, (¢} the volume of the pyramid, correct
to 3 significant ligures, (d} the artq]c which
TS makes with the base PQ_Rb

16 The net of a pyramid consists of a square
ol side lbem and four isosceles triangles
whose equal sides arc cach-17 ¢m. (a) Sketch
the pyramid. (h) Caleulate the height of the
pyvramid. (¢} Caleulate the angle between
dne of the 17 em edges and the square base.
id} Caleulate the angle between a tnangular
face and the square face.

17 Use the data of Fig. 6.18 tw caleulate the

._-quIr. between: the plane ABCD and
] plane PRCE, (L) pline APB.
—
gm B
."'LF‘—'_'_




18 Fig. 6.3Y is a sketch of a symmetrical rool

which has both triangular faces inclined at
45" to the honzonwal

Use the given dimensions to caloulate
|a) the height of AR above the plane PORS,
(] the angle between the planes ABRS and
PORS.

19 In Fig. 6.40, which is not drawn to scale.
TPORSL s asolid which has a honzontal
rectangular base PORS in which PO =
Bemoand PS = [0em, The triangular Lwes
TP and URS are equilateral triangles and
cach makes an angle of 607 with the plane
POQRS.

Q
Fig, 6.40

Caleubate (a) the height of TU above the
plane PORS, (b) TU, () the angle which
TC) makes with the plane PORS.

20 ABC is an equilateral triangle inscribed in
a darcle centre O, radins 30 cm. on a
horizontal plane. A rod OE of length 60
em is fixed vertcally at O and stayed by
wires from the top E 1o A, B and C.
Calculate {a) the length of one of the wires,
(b} the angle AEB correct to the nearest
degree, (c) the angle between the planes
BEC and BAC, correct to the nearest
degree, (Hint: The property that the
alutudes of an equilateral mangle misect
each other may be found usetul.)

Inclined planes

Example 6
In Fig. 641, ABUD and XYCD gre rectangular
If'.l.-!'a,r.'r'_q sck et XX O ir horizantal and B is 10 om
abore CY_EF || CB and EL = 16 cm, OF = 12 con.
Coaleulate the angle that (a) EF, (&) EB makes with
bhe horizontal.

P

lEem

E_ m.'»m. .F..

Fig, 641

(a) EF || CBso BCP cquals the required angle
L)
In ABCP, tin EL P 5= = 08333

~ BCP = 30,87

LT makes an angle of 308" with the horizontal
bl PEis the projection of BL on plane XYCD
Hence BEP is the required ;ulgiﬁf. Fig. 6.4:
shows the tnangles used o find BEP.

E

B
1]

K1}
= — p F = P
Fig. 42
In AECP
EP? = 162 4 1922 { Pythugoris

— 956 + 144 = U0
ER = /00 = M em

\Nate: AECPisa % 4; 5 A
In ;}BFP
BP0
B — =05
o T BP0

= BEP = 26,57°

EB mukes an angle of 26,6° with the horizontal
The slope of a line or a plane is the angle tha
it makes with the horzontal, In Fig. 641 it ha
been shown that the slope of EF is 39,87 ane
the slope of EB is 26,67, The slope of ET 15 th
same as the slope of plane ABCTY, Tn this case
LF is said 1o be a line of greatest slepe. D:
and OB are also lines of greatest slope. EB i
mo! o line of greatest slope; its slope (26,6 1
fess than that of EF (39,871,

e




Example 7

A rectangular lid 25 cm by 20 cm 15 Lept open at an
angle of 65" 1o the horizontal, the hinges bemg on one
af the long edees. Calewlate the sivpe of a diagonal of
the lid.

Fig. 6.43 shows the lid ABCD. {1 15 the required
angle:

Fi. 643

Since @ is in the night-angled rdangle BPD, it
iz necessary to find two sides of this toangle,
The triangles in Fig. 6.44 each contain a side
ol ABPD.

B
20
C P
"
FIE 644 D 25 i
BP
lu ABPC, sinhd” = —
24
= BP = 204in b5 cm

In ABCD,
BD? = 20% 4+ 25% = 400 4+ 625 = 1025

BD = \/I{]',]:'J. =3202¢cn oning:

Mo Lag
In ABPD, 20 1,3000
Hp M zin 65° sin AG* Lh373
sinl=—=——— 12583
BD 32,02 52,02 15054

il = 3449° in 4 [.7520

The slope of the diagonal is 345"
Notice in Example 7 that tables of log-sines
were used. This is quicker than using natural
sines first, then using logarithms,
Allernatively, the calculation can be done on

a scientific éaleulator as follows:

h?

Koy Thisplay

Coe
e 5 fsin]
EEO 2g

4.2063077

BEEER [ | 0.5550885
05550885

Y 4TI

i = 34,48"

Exercise 6d

Diraw as many sketches as are necessary.

1 Name the lines ol greatest slope in the following.
(a] Fig 6.11, planc ABFE
(s} Fig. 6.16, planc CSPB
(¢} Fig.6.18, (i) plane PARB, (i) planc RCBE
(d} Fig.6.23, (i) plane VBG, (i) plane VCI
(el Fig 6.3, plane TSR
(17 Fig. 643, plane ABCD

2 Name any lines which are at an‘angle to the
line of greatest slope in the following.
ia) Fig. 6.9, plane VAD
ib) Fig. 6.18. plane PAB
f¢) Fig. 6.22, plane APC
(d} Fig. 6.39. planc ABRS

3 In Fiz. 6,41, calculate the slopes of EF and
EB when EC =20cm and CP=HBP =
15cm.

4 Calculate the slope of a diagonal of the lic

of the desk, (a) in Fig. 6.32,

(by in Fig. 6.33.

In Fig. 6.43, calculate the slope Ei‘[lﬂ whaor

DC = Z24cem, CB = 7 em and BCP = 30°.

6 Fig. 645 shows a prism such that M is the
mid-point of AD. Calculate the slopes of BM
and BID,

151}

A
b
4 em
B 14cm

6 cm




Chapter 7

Fractions in algebra

Simplification of fractions
Lowest terms

When simplifying algebraic [ractions, always
fully factorise the numerators and denominators.
[t may then be possible o divide the numerator
and denominator by any factors which they
have in common.

Example 1
Reduce B — 4m0 10 i et torms.
Om'u — 4w
Bmi? — dmas®
Om'e — dma’

_ 2mu”(3m — 2u) (taking oul common

= mﬂl:gﬂjz +— -']mlr ‘ﬁlffﬂf.lll

2 (Sm — 2u) [difference. af two

 mu(3m + 2u) (Gm — 2u)  squdres)
- du [divding numerator
G + 2 and denomimalor Iy
mu({3m — 2u))
Example 2

2 2

a° + ax — Gy

Sonplily ——- .,
: I 2x? + gx — a?

e
a* +ax — 6"
2

{@— 2x)(a+3x)

[y i : i vy 3
2" +axr—a (2% —al(x+ a)
a+ 3x

- r+a

In Example 2, notce that
a4 —2x = —{2x — a)

a—=2r —i2x — g

=—1

s0 that - =—
X = (2 — )

In general,

¢ s — ¢
= ——and —= —

—d i d d

I —r €
so that — = —= — —,
—f d d

— g £z =
Remember also that _ﬂf = I|;f:smr_'n: two neEative

quantities, divided one by the other, give a
positive result.

In the same way,

a—m _ a—m _ a—m
Im—a —(a—2m) Ca—Im
g4 —m —(m—a)  m—a
Ym—a Om—a  Om—a
d—m ~{m—a) m—a
Im—a —{a—2m a—2m

Henee il the sign of the numerator or the
denominator is changed, the sign of the fraction
i5s changed. However, if the signs ol bath the
numerator and the denominator are changed,
the sign of the fracton is unchanged. Because
of this, there will sometimes be aliernative
answers o those given in the examples and
exercises 10 this chapter. (Notice that to change
the signs of a term 15 equivalent to multiplying
it by —1,}

a3




Example.']

o @ =Tha 4+ b
Simplif s

P 2—3a+a
ar—Sa4+ 6 |la—Mila—73)
P—Gu g’ (2—a{l—u

= - (T
l—a a—|
i—a i} —a

or or —
=% i l

Exercise 7a

Simplify the Bllowing fractions. I there is no

simpler form, say so.

17

19

22

24

26 -

28

i Bair 3 w4 m 4 ab e
nuy 10y A+l ad +

at + ab 6 a* + &2 w4 8 e

.y x [ 3 i
[ ol 15 a4 & i A+ 1 fik
= L - .
Sel trn” 10 e — et 11 i — h*
| B 32y i — ed 0 - ah
p i R Tl e T —
T 13 e 14 —
X —y* 35 a—4
2 i v ! i N 2
=00 m- -+ 2w+ n
T > T -I-E L T
& —ed m -
¢t —2— 15 PO .
e — 3¢ — 10 d* —7d + 12
3 e JEL , 2 : 2
m'n — dmn i — Xy —y
O R T M — — 71 e
MRS — mTn L — = -t o5 K0
W+ 42 K=k
e 23—
(h-F k= th— k%
2 Hw -~ 9 =l J 2
4" — ourm + bo” 95 Xy — 0y
————— =
W4 oun — 1297 v — Bay + 2y
= F 3 5 .
104 26— x 77 So" —m”
¥ —25 m* — 2am — 3a°
A— 20 —d* 99 a* — am — an + mm
a W
2a% —3p -2 a* — am + an — mi

. " "
"+ am—ah' —mn )T =y
0 —-— 3 ——
a* +am + an + mn e = —
2 3 - . -
4 — 4= 2atm — Sam” + m?
o e —— 3B 5 o
=g —h s — oo —
e -
(3 — w's — i — 2n "
gt — N
_albF el F bt BT £ oar —ab—be
Bl s ; 36 —
0" — " 4 ah — e e — a4 oah — be

Multiplication and division of
fractions

Factorise fullv first, then divide the numerator
and donominator bvoamny commaon Borors.

Example 4

L a+2a—3 i
S e A ———————
© gt — B it

Givien expression

+ da+ 15
i | !
3 |4 g 4+F
o — ) g

L

a— 1
g—4) a4+ 3

The answer should be left in the form sven.
Dy not moaltiply out the rackes,

Example 3

o 1 5 q .
: Mo — = — 2am o+ oa”
Simplify — -

m= 4+ b oA oan oab e+ b

Todivide by a fraction, multiply by s redprocal.
Given expression

il ¥ ¥
me —ac m o+ A
=g T F]
me b am - oab omt — 2am 4 u
a5 |
T a7 (L=

o= >|' - F.
Ao _piw T = i — a

|fividing above and beélo by

ol (m = a), (m + a), {m+ H)



Example 6
Simplify
a4+ ab i+ 3h ah — a*
- — ® — =,
o —2ab+ b a4+ 26 47+ Sahq 25

Given expression
a* + ab e+ 24
TE v A R e—
a —dab4+ b a4+ 3 ot 4 Zab+ 25°
alg agF o f—gT
= - o x— e
L=ATia—b)  a+3b  [pAt]lg+25

I 2
T —

o al [dividing above and below
C la—t)(a+t 3h) byla+ )+ 2,

& — &)
Natice that (¢ — b) divides into (b — a) 10 v
—1. This i5 because —1 x {a— &) = (4 —a).
Exercise 7h
Simplify the following.

i A8Bah Ied 12en? Yedn
185be  24de 15cd® 10242
m-tn FeE et 4y — Bp

3 — — —

b Sar + 3n 3w — br ury
At — 5 9g— 24

I =

at + ab af
gt —1 i

6 S

aT—3a £ 2 a—]
m - me =+ Y

7 — b
m-—m—6 e
18in?u | 24m Sl

Y eerE ety
16x"y 1 5w I
al — g2 P

9y — =
ab + a® ah— gt
447 — 19 g3

l'ﬂ v I = i
O 4 + 8
i1 Qo — 26 + 2 - ade .
B Su — 5 + 5¢

=9 P _3p49
S R T [ ——
4 —6

12

=
—n

S

e omT + mn

13

m — 2mn+ n®  m— mm
a® — ab — 6b* iz - ah — %i
ot + ab — 662 T a2 — Jab — 3h2
Sabe® — |Oabed " 12bc*d
36507 — Bhted [haed
Cood Al
d° —de ~ cd— ce
w43 — 10

E 1% L —u -0

=8 —4 P dr e
19 -, o — - T
P S—

T — 4y
at 4+ ab — 257 ” at —
a* — Jab — 367 ab + 262

14

15

16

el -
T |

18

: at — Qab + 42
a® — Sab

20

Addition and subtraction of
fractions

Example 7

6a® + 2% 4a— 5
ealt 0 o D0 T2 4=
Sempilify 2 + 375 o

The denominators are 3ab and 26, The LOM
of 3ab and 24 is 6ab. Express each fraction n
the expression with the denominator of Gab.

Ga® +26% da—b

? 4+
Jah 2h
_ 2% Gab 2 Ha* -+ EEI::_I Sa(4a — )
T Gab Bah Bah
12ab + 2{6a° + 25% ) — 3a(4q — by
B Gl

2ab L 124% 4+ 442 — 194% & 3ab
Gl

15ab + 442
Fieifs




— ————

N B 15a -+ 45
T 6ab

_ 15+ 44
- Ga ’

Example 8
3 2

Simplify —s

Factonse the denominators 50 that their LOM
can be used as the common denominator. Given

EXpression

- 3 2

(w=mn)im+2nl (m—ul{m—73n

The LCM of the denominators is
o= n) im0 (m— 3nl,

Given expression
Fim—3n) — 2m + 2n)

fm—m) [m o+ 28 (m — 3n)

am— 99— 2m— 45
(me—n) (420 (m— 3n)
m— 15n
\m—a) w4+ Ini(m— 3n)

Example 9

4 —
S!'mpf{ﬁ J:+ < il
X

=F =
=—8Jx 9—i

x+ 4 x—1
=% 90—t
xr+ 4 &=
 xix— 3) [B—x(3+x
x4 4 x—1

= #
#x—3) (=334

x+4x+3) Fafe—1
e —3(x+3)

4 T+ 12+ 2% —
i —31x+ 3

36

P ST | i
me mn — Zps ot — dmm 4+ St

_ %4 bx 12
T xx—31x + 3

2ixt 4+ 3y + 6
S xix—3)(x + 3)
* Notice that the sign in front of the fraction

changed sinee (3 —x) = —(x— 3), This i
an LOM of x{x — 3) (x + 3).

Example 10
Simplify
3a — 5m | 2

= + .
a* —d3am + 6m* a—9m a—3%m
Given EXpression
Ja— Hm I 2

s _
ww—2mlia—3m) a—2m ag—3m

~ Ja—3m+ la—3m)— 2{a — T’

a—2m o —3m

Ji—Sm 4+ o — Im — D + 4y

(e — 2em) (a0 — 3m)
Za—4m
v — P la — 3m)

2{a — 2m)

(e — 2m) (o — 3m)

2

i — Jm

Exercise 7¢
Simplify the ollowing.

3 4 a'— I{‘
Sy = g & o e
% ' 3he :
Ja—b Hh4 % 85—

3 — == o+ —
Sakh b 1 5ac
3 |
4 —i -
2x+9 Szt
£ -I- +
a—20 " Zh—a
n.} .
6 34 2 y 30 T
@ — b x+2y




] 1 Tu
S 9 —3 4
div—vp) Jp—u du + dv 29 =8 %2 T RE—p =

da & D — | a3
0 s . i _ .
2a+b  da+ 2 N S48 A48
Jmn N Smn
2m* + 20 ' 8m* + 3n° Example 11
8x — 3y
12 1 = l 13 i+ b B b+ ¢  Given that x1y = 914, evaluale It 3'F-
dx— 2y y—2x ah be *Te)
3 > 3 'x-
— o Bur—uw s yp= 94 =2
14 u i v - i Ifx: 9y =94, then it
g i ] 3
Divide numerator and densminator of
5 d+ 1 d+2 2 3
24— 8 12— 3d Wt lare HoPe
X — %_1' o
dx + g—3 =
17 = ' = - x
r—1 w42 13,;4.9_ ¢+ 3 gl)_g
Br—3  \»
19 3 L m+ dn = %__,- Ty a
m—=n (m—=n" e
Te+24 3 . i X, .
Pe+d1? % +d Substitute 3 !"r_:r; in the expression,
P s b 1 Value of expression
fa— 22 9p — 9 -
2 =287 2b—a ;axi—ﬂfi_a—_sJ_?
gy 30 34 i x4
A—d - =15+3=15x3
gg _dm =9 i =10
lGm® — 90 4m — 5n
| . 5 3 Example 12
24 (mrnp 4 m™ =+ mh .-, 3
1 7 Zda x—
| me—n® o —mn I x= e — 3" EXPTESS e 1 i termi of a.
oS —r i— |
25 — : = 2 3 . . . .
¢t +8—10 ¢+5 Substitute f—-l_—l for x in the given expression.
e
5 2
26 2a+3
rfl—if:'—BJrrF-sd-i-a o ==X
x—1 3a—2
4 3 b x+1  2a+3
2_? = i i &X . P | ¢ 1
Tt -0 @ 2 X G2
5 2 Multiply the numerator and denominator by
(3g — 2,
57

e BT 412




¥ =1 (n+5) — (ja—3

4 (5a—2

x+1 2H2a+ 5

-0 — J=- 2

da 4+ 6+ Ja—12

_—a+d
IE7ER
Exercise 7d
e
1 If = =%, evaluate =
) 23

_ [Gp — D¢
2 Given pig=19:5, cvaluate _f—]f"
afy =+ 1y

) o a4+ h
3 Wa:b= 3:3, evaluare iy
- j-h
e, x 3 T+
4 Given — =3, evaluate i
7 X =z
e i+ 1 a1, )
5 Ila= : . X Press m terms of J,
o — a—1
: 45 B |
6 [fx= - . URPrCES in terms ol &
Fa—] S+ 1
Gm—3 x— |
T H 2 =— cxpress in terms of m.
Im+ 5 X+ 1
- y
. i — 1 Yy — 4 :
3 Ifx= — . CRPIEss - — In terms of w.
w2 dx —1
e 2EF3 N—1 . )
S HX=; — EXPTEES — 113 lerms of a,
e — 2 2X + 1
) m o+ 1 Qh—1,
10 If # = , EXPress 5 1 terms of m.
m— 2k

Equations with fractions

Example 13

. , ] 2 3
Solve the equalion ——- = —
Sa—1 a+4+1 8
'he LEM  of the denominators s

Bi3a —1)(a+1]. Toclear fractions, multply

a8

the terms on hoth sides of (he equson
Bida— ila+ 10

| 2 4

I =i
Ja—1 wa+41 B
then = ¥ 8 83e—T) a4+ 1)
Sg—=T
2

_c...-—;-’”T w880 — 1) lat+T17

._H =A e —1la4+ 1)

e i+ 1) =1603a— 1) —3(3e—1)(a -+
Ba LB =48 — 16— 3325 + 22— 1)
Bz-+-B=484—16 -9 —6a+3

B+ 8— 48+ 16+ 9 +6a—3=10
9g° — 34a + 21 =0

fa—3@Ba—7)=10

.g=% or ?a=?
Loa=3 or
| | |
Check: 1 a = 3, —_—
e A—1 O9—1 8
g 2 832 3 F 3 1
e a1 8 4 8 2 8 @

Ifid=7,

L l 3
Ja—1 _;: l_;g;_b
] 2 —5—1—5
a+1 8 1z 8
18 3 9 3 3
16 8 B B 4
Example 14
. . 3 2
Salee e equetion St = =,

Factonse the depominators of the (ractions.
i1 2

(r— 2 (x— 3] x—3 x4+ 2

Multiply both sides by (x— 2) {x — 3){x + 2

Then 3{x 4+ 2) =2{x— 2]




- i+ 6= —4%
= Sy —x=—4—§

- y = — |}

Cheek: I x = — 10,

3 B 3 3
¥ —5v+6 100+4+50+6 156 52
) . 7 |

¥ —%—6 100+10—06 10+ 52

Compare Examples |3 and 14 with Examples
7, 8, 9 and 10, In Examples 13 and 14, both
sides of the equations are multiplied by the
LCM of the denominators. Hence every de-
nominator hecomes 1 and the lractions are
clearcd. However, in Examples 7, 8, 9 and 10,
the common denominators must stav i the
given expressions, so that the expressions remain
the same size. This is an important difference
hetween solving equations with fractions and
simplifying expressions with fractions.

Exercise Je
Solve the following equations.

3 2
1 -=a-2 25— 2d="=

15

16

17

18

19

20

21

22

9

S

d— 17 d4d+ 12

in—3 2n—1
Gn+1 3n+4
P+ 5 =
eart I B2
2m+3 m—2
3 2 1
c+2 2—3 7
3 2
= — 4
r—+ x—|
l a2
Jda—5 9 @+5
2 3 i
d43 2d-—1 15
15 l
m+3 2m m—4
| 1




Undefined fractions

Table: 7.1 and Fig. 7.1 give 2 table of values
and the corresponding graph of the unction

[
s [
+—
b =
=]

= =Y

- -t -+ iyl — — — —— -

Fig. 7.1

Notice the following:
I As the value of x approaches | from below,

.o :
the value of —— decreases tapidly. For
P
example, when & = (0,999,
! l |

— = e — =T (00
r—1 0,999 — | —3,001

6i)

2 Az the valure of x prm;mhr}' | [rom alions

the value of increases rapidly. F

o
example, when ¥ = 1,001,
1 | R
x—1 1Lo0l—1 0,001

= | (00

When x = |, i1 1s impossible to say what t

value of Is.
i
l
Let y=——
x—1
Wh i ] ]
ANhen =l 4y=—=-
B e e B

Division by zero is impossible. The fracu

l—] is said to be undefined when x =

X —

is undefined wh

Fig. 7.1 shows that

X
x = L. If the denominator of a [kaction has t
value zero, the fraction will be undefined. T
EXPIEssIon containg an undefined fraction, t
whole expression is undefined.

Example 15

Find the values of x for which the following frach

are nal deftned.

3 2x 4 13 ik Sx
P (Wl

=12 " xfD—

€) (2 + 3){x—8)

3
{a) ——— is undehined when » + 2 =10}
a2

s+ 2=

thing  x=—%

The fraction i not defined when x = — 2.

2+ 13
' Bx—12
[[3x— [2=10
then G =12

% =4
The fraction s undefined when vy = 4,

15 undefined when 3z — 12 =

ib




le¢) ———— is undelined when x5 — x) = 0.
X}

X123 -
Hxlh—x)=u
theneither x=0orf—x =10, l.e. x =3
The fraction 1 undefined when x = 0 or when

=5
3
) =243 L
{d) ——————— 15 undefined when
W 3 x —
r+3lixr—8 =

I (x4 3)(x—B8) =0

theneitherx+3=0 orx—8=10

i.e.either ¥x= —3% or xi="8
The fraction is undefined when x = — 3 orwhen
&=l

If part of an expression i undefined, then the
whole expression is not defined,

Example 16
Find the valuey of x for whick the EXfiresston
i b i

= 14 nol defingd.

¥ w4 br—7T

i ] i b

3 = pa
X. I +bhx— X

e —1e+ 7

The expression is not defined if anv of its
fractions has a denominator of 0.

- iz undefined when x = (0.
X

b

- s undelined when
fx—11{x —7)

= L1ifx 4+ 7 =1,
If (x = V) fx 4+ 1) = 0

[hl_‘n either (x — 11 =0or x4+ 71 =0

- ¢ither =1 or = =7
Tht expression is not defined when x =0, 1 or
==

Exercise 7f
Find the values of x for which the following
cxpressions are not defined,

/ 2a a2

x* + 15z + 30

1 E |- x 5 i i 8
X Ix—5 15+ 3
o ¥ 2a 9 34
" 20 — 3 Y (1 — 212
x4+ 1 7t
10 - 11 ———
e e A S 4+ Dilx—1)
4 dx— 5
7 — 13 — —
x—~h)(x—6) vix + 4 (x—9)
1 Br— |
14 - I3 ————
*— a2 ¥ — 8x—20
m;-+thﬁ 15 i—ﬂ..t—-]f'.l
—3¥— 10 4+ 1%+ 36
18 #41
18—+
A ¢ —10
o .'!l i
19 r—2 * = — v % + 2
2 rL-1+lr.}__ T?x—[ B
+dx—=5 x4+ 8Bx+ 15
Example 17
) For whial pelue(s) of & ¥ the expresiion

mol defined? () Find the value(s)

x—>5

af & for which the expression o zera,

al The expression s not defined when its
denominator 1§ zero.
e, when s —5=10
¥=D5
2 4 [5x4+ 50

() Let ————————
A

Multiply both sidés by 2 — 5.
4 1y +50=10

(x+5)ix+ 1) =10

cither x +5 =0 erx+ 0=0

|
s
(=

feceithery = —5 or =
The expression is zerowhenx = —5Sorx = — 1.




e

1

10

11

12

G2

Exercise 7g (miscellaneous practice)

Simplify — =

i : it tm— 15

Simplify the expression : and
’ me —

state the value of m for which the simplified

expression 15 not defined,

Simplify
1 2
7. (- I [ G )
and . state the value of @ for which the
simplified expression is not defined.
: X ; I
Reduce - — 5t Iwa single fraction,
* o i
i
Simplily + —
TRy —4 0 G—3a
':':'imp]ify
2 i
i - i
gt — it T B —ab
P f
b -+ — .
U ogt=0" bt —gh
x4+2 x-=1 5
Simplify _
Py —3 T 12
e 3y 2y x4y
Simiplify — = e g

==t =y +x

. 2 D 4
Simplify | - ==+ —.
Xy vy
. 2+ 1 Jat+ 1, .
Mg = ——, express i terms of .
2m — ] 20—
: | S
Solve - +—=—=0
P—m o omm —4
Salve the equation

2 3 2

|

+ =
e+ 3 4F—90

| 4
13 Solve - o —= (),
3—a 5 " 24—95 - .
; x--3
14 My =591, evaluate < ;
. ¥ ¥
) v+ 2 i .
15 Il 4 = —, () for whal yalue oly 15
L e I
undefined; (h) for what range of values of
x5 A<2?
16 [a| For what valuels) of x 15 the expression
e |

not delined?

4+ x— 20
(b1 For what valueis| of x 1s the expression

e
' 5 o
17 a4 Solve — — ="k
a+4 a—2
G 2
(b1 Simplify e
3 Sty ga+1 a—2
18 [a! Simplify
3 26+ | 1
W+2 P —2-3 3—b
5 2+ | [ .
(b Salve e = ;
B ROV 2 P —2—8 33—
2 ] a4+ 3
19 Simplify - — mgm——— and
g+2 a4+l at+ 3042

find the value of @ for which the simplified
expression is not defined.
20 [a) Sunplify
r+ D=2V =lx—Ti{x+4
Pa—1

(b] 1) II'k is & constant not cual to zoro
find the value(s) ofx forwhich the efpression
i fr

4 — = |

X X—:3

Ii- .
— 15 not defned.
XiE 3

i) If ¥ is not eqgual to any of the values
uhtained in (i), nd die value of Fsoch that
k 2 G

s fr—
49 X —3

- - = 1],
wlr— 3




Chapter 8

Graphs (4) Velocity—time curves -

Area under a curve

[tis olien necessary to estimate the area contained
between a curve and the axes. or other lines.
There are many ways of doing this. Example
I gives two of the simplest methods,

Example 1
Estimute the area emclosed betwéon  the Ciroe
=204 x — #* gnd the axes in the povitioe quadrant.

By counting squares:

Draw the curve on suitable
(Fig. 8.1},

graph paper

Fio, 8.1

Drnvide the area under the curve into convenient
shapes, hased on the squares oF the graph paper.
In each shape write the number of “small
sqquares” that it containg (in Fig. 8.1 the small
squares have sides of 2 mm).

Estimate the remaining area by counting
anything more than half a small SEjUAre as onc

square, ignoring those bits which are less than
half a small square,

Number of whole squares = 336

Estimated part squares = [0

Total area = 355 small squares
On the x-axis, 2mm represents & of a unit of
length.
On the y-axis, 2mm represents | unit of length.
Henee | small square represents 1 % 1 unit of
area = + unit?
= 453 small squares represent 252 uniy?

=71 unit*
Area under the graph = 71 unit®,
Notice the importance of the relationship between
the small squares and the units of area.

By measuring trapeziums:

Draw the lines x=1, x =2, 2 =3, =4 tn
divide the area under the curve into a rectangle
(A}, trapeziums (B), (€}, (D) and triangle (E).
Fig. 8.9,




Fig: 8.2 shows that the-combined areaof shapes
r‘i-.h (B1, (C}, (D), (E) is approximately that
contained between the curve and the axes,
Total area =~ 20 x 1+1(20 + 18)1
+ 3184 14)1 + 3(14 + 81

' g
+35 %8 x| unit

=20+ 19 + 16 + 11 + 4 unit®
= 70 umt®

Area under the graph = 70 unit®.

The true area betwoen the curve

el s Py o)
¥y=20 4 x— %" and the axes 15 708 unit™ w
| d.p. Hence the method of counting squares
i extremely acourate, "'-lt_d-\urmg trapeziums is

slightly less accurate but is usually quicker.

Exercise 8a

In this exeroise, give all answers to 251

1 Use the method of counting squares to estimate
the area bounded by the curve and the s-axis
in Fig. 5.15 on page 38,

2 Lowk at Tog. 5.16 on page 38, Esthmate the
area bounded by the lines OM, MP and the
curve (P,

3 Measure trapeziums to find the area below
the curve but above the x-axis in Fig. 5,19
o page 3%

4 Use a suitable method to estimate the area
above the curve but below the x-axis in

ig: 5,18 on page 39

5 Draw the curve 3 = 6x — &7 [or values ol x
from 0 o 6, taking 2 em for each x-unit and
l em for each y-unit. Find the area between
the curve and the x-axis, hoth by counting
squares and by measuring trapeziums,

6 Draw the curve y = 2x(3 — x| for values of y
porresponding tox = {}I,']j. I; 1'53 2 E;._ 3: LUse
scales of 4 cm 1o | unit on thex-axisand 2 cm
to | unit on the y-axis.
Estimate the area included
s-axis and the curve.

between the

Velocity—time curves

Curved gr .11_1].“ can be drawn (o represent many
physical situations. They are very commonly
used 1o show the relationshup hetween time and
the velocity of moving abjects.

B4

Gradient /acceleration

In Chapter 5 it was shown that il a graph
connects x and y. its gradient is the rate of
change of y compared with x. 3

Hence if & graph connects velocity and time,
its gradient is the rate of change of velocity
compared with time. This rate of change is
cilled acceleration.

Area under curve distance

Fig. #.3 is a simple graph of the motion of a
car which travels-at [5m)s for s

=
T
|
|
|

Hpn

g = }.

e e i ik

B s
o

i o b

il - G Bl

H
¥
o

o

S
Fig. 8.3

In Fig. 8.3 the area under the graph is the
area of the shaded rectangle

= length % breadth =15mis x 3s =45m

= distance travelled by the car

In general, the area under a velocitv—tme
graph measures the distance travelled in a given
time interval (Fig, H 4.

=58 BRER
t

'.i'.::'

L hegliidy




Example 2. which follows, illustrates the use
of gradient to represent accelération and area
to represent distance travelled.

Example 2
The speed of a car 17 noted al S-minute intervals and
the results are ay given n Table 6.1,

Tahble 8.1

time minutes) | O % 11

2. |93

(2

velocity (km/l}| 20 (36342 37| 20

(a) FErttmate the distanes travilled during the three
minutes, (b Estimate the acceleration in mis™ al 3 min
and 2min from lhe ilarl.

Fig. 8.5 is a graph of the journey,

5

£
1

=
1

welocity (kimdh)
1

£

L ] 1 J
0 4 1 2 L

time | min;

v

Frg: 8.3

fa) Estimated number of small squares = 444
1 small square represents 2 km/h x 0,1 min

= ﬁxﬁ'ﬁ_ m/s X 5= ,;13 Yo

Dhstance travelled = 444 Him = | 480'm
1300 m

2

The car wravels abowt 1 300 m.

(b) Draw the tangent to the curve at the pomt
E;Hﬁ%_}. Tts gradient shows an increase of

velocity of 22kmfh in | min. (Compare i

following sketch, Fig. 8.6, with the construction
in Fig. 8.3}

22 km/'h

Fig. 88 Lo

22000
G0 bl

eceleraton = m/s 1n By

2000 .
= —————————Tm§ per second
Blx 6O » B
= (102 m/s*

Similarly, at the point (2; 20], the rate of change
al velocity is — 1 km/h per minute,

15000
60 % 60 % 60

~ (1.06Y m/s

(50

1{8

Deceleration® =

* Deceleration is the rate at which velocity
decreases; it may be thought of as negative
acceleration, Fig, 8.7 shows that the acceleration
of a moving body can be positive, negatve or
zero (at those points where the tangents (o the
velocity—time curve are pardllel to the ime-axas).

Fig: 8.7
351




Notice that just as the gradient on a

velocity—time graph gives acceleration, so the
gradient on a distance - ume graph gives velocity,
since velocity is the rate of change of distance
with time. This definition is needed in questions
3 and 4 of the following exercise.

Exercise §b

1

The velooity of a car accelerating from rest

is taken at |{ksecond intervals. The resalis-

are given in Table 8.2

Table 8.2
|r.:'semndsuu 10 {20 | 30 [ 40 |50 | 60 |70]
|~u~ (mjs) |0114,3|20.6(24.4 26,9 [28.4]29.4 31}|

66

fa) Draw a r—{ graph. (b) Estimate the
accelerations 10s and 435 from the start
(c) Also estimate the total distance covered
i the 70 seconds.

The depth of a river 60 m wide is found at
J=-m intervals from one side o the other,
straight across the river. The depths are ();
11; 16:5; 18; 19;5: 22.5; 24.5; 25.5; 26::24.5;
20; 11; 0 metres. (a) Draw the cross-section
of the mver. (b) Measure trapeziums to
estimate the area of the cross-section in m,
{e) Ifthe riveris flowing at 4 km/h, caleulate
its flow in litres/second giving the answer
in standard form, correct to 2 s.L

An object moves along a straight line so
that its distance, sm, from a fxed point
alter ¢ segonds 15 given by the formula
5=5t— 2,

(a} Plot 5 against { for values of # from 0 to
5, taking a 2-cm scale on both axes.

(b] Estimate the gradients when ¢ = | and
{=3.

(e} What do the gradients represent? What
happens when the gradient is zero!

Water is poured at a steadv rate into a pot
of irregular shape. The depths of the water
in the pot at 5-second intervals are 0: 2,2;
3.8: 5.0:60;6,8; 7.4; 7.9; 8.4 8.9 9.5; 10.6;
15,2 cm.

{a) Draw a graph showing depth against
time,

‘b Estimate the rate, in cmyfs, at which
level is msing 1n the pot 20 and 355 aft
the start: -
(¢] Use your graph to guess the probab
shape of the pot )

5 A particle moves along a straight line /
s0 that, alter ( seconds, the velocity vm/s
the direction ABisgiven by v = 2¢ 04
Corresponding values of ¢ and o are v
in Table B.3 helow.

Tahble 8.3
||| t] 2] 3[4 5| 6]7
LI 5 —5|—4 |1 | 16|28

Calculate the value of v when ¢ = | and ¢
value of vwhen £ = 7.
Taking 2cm to represent 1 second on L
horizontal axis, and 2 cm to represent 5w
on the vertical axis, draw the graph
p=24* —9 4+ 5 for the range 0 € (< 7
Use your graph to estimate
{1} the values of { when the velocity is zer
(i1} the time at which the acceleration is zen
i) the acceleration afier 6 seconds.
[Cam
6 A particle moves along a straight line
that its velocity, v m/s, after tseconds is giv
by
p=6+5—1*
{a) Copy and complete Table 8.4, @vi
corresponding values of { and v.

Table 8.4
AEAEREIE 5 | 6
2| 6 12 [lJ'}

(b} Choose a suitable scale and draw
graph to show the relatonship betweer
and .

Use your graph to estimate

(¢} thespeed and time when the acoclerati
15 wero,

{d} the acceleration after 5 seconds,

{¢) the distance travelled in the first
seconds.




7 A pasticle moves on a siraight line 50 tha
i selecity om)s at tite { seconds from the
Sty is given by o= 0,109,

2 Draw the graph of ¢ against #for values
of &m0 o 4.

b Estimate the acceleratiom when =2
and when = 3.5

¢! Find the distance covered in the 4
seconds:

9

A car changes its speed smoothly over G min
of continuous unning, Its speeds, in k) li,
al | -mim mtervals are successively 800054
34.8: 47 44.8; 52 T

By drawing a suitabile graph, étimate, in
misY, the aceeleraton 5 min after the first
ohservation and the deceleration after 2 min,
Find also the worad distance covered 1o the
nearest U0 m.

8 A ear travels along o struight road and s 10 The specd of a heavy lorry accelerating
speed pmjs when itis fseconds past & certiain stmoothly from rest 15 shown in Table 8.6.
point is given in Table 8.5. Table 8.6

Table 8.5 Ilime |0 10|20 |30 |40 | 50 | GO
o |5 g b | B | e | & N P -
K 5|00 15 [20] 2 )20 |55| 40 |43 [ | | speed | 4 | oy 0lg6 0149.545,0[44.2 39,0
| B A , _ . ki i
10,7 |25 | 957|27,7 | | 29,7 (266 20| 202|772 mo) LT |
| | i |

) Find the maxaimum speed ol the car in
m/'s and the dme when 10 oocurs.

(b Caleolate the aceeleration when t = 13,
(e Fined the total distanee wavelled 1o the
nearest 10m.

By drawing @ suitable graph, estimate the
distunce covered during this tme w the
nearest 10 me Find the acceleration 5 s alter
th® start and the deceleration 355 after the
start (in m/s%). What is the highest speed
and when 15 it reached?




Chapter 9

Variation

Direct variation

Fig. 9:1 shows a new pencil cut into 3 number
of pleces

Qs s s O

Fig. 9.1

The mass of each picce 1s proportional to its
length. The ruto of mass o length is the same
lor all the pieces.

If & person walks at a steady speed, the
distance travelled is proportional o the time
taken

These are bath examples of direct propor-
tion, or direct variation. In the first example
the mass, M. waries directly with the lengrth,
L. Inthe second, the distance. I, vanesdirectly
with the time, T

The svmbol @ means ‘varies with’ or ‘1s
proportional to”, The statements in the previous
paragraph are written:

Mo L
Lot T
' L A2
Do T really means that the ratio T

comstant (i.¢, stavs the samel.

Example 1

If DT and D =280 when T =35, find \a] the
.rf."r.l."."nﬁ.|'.l'}f_,fa betrosen A3 and T, (B} the value r:'_.u" 'l
witver £} = hb,

(ay Do T
then £3 = &7, where & 15 2 constant:
=80 when T =3,
hence 80 = ks 5
a0 )
= f = == I
B
The relationship between Dand Tis D = i67T.

6B

(b D =14T
When [} = 36,

56 = 16T
BB T j
== - — = =
g 2 2

Fir. 5.2 15 a sketch graph ol the relation £ o= '/

Py

0 T
Fig. 9.2

Since D = 16T, the graph is a straight lin
of gradient 16 passing through the origin.

The graph of the relation between any tw
lincar quantites which vary directly is alway
a straight line through the origin,

Example 2
Table 9.1 shows the extendion K om dnoan elost
string when it 15 pulled by a force of T newions.

Table 9.1
(715 s [u
| E |35

16,5

) Shew that 1 s divectly propertional to 1.
b Find the palue of £ when T =8,
al By calculanon:
if Foc:T
then = &7, where 2352 constant,

E

Oy ==K



ves If Fao T, then

P
7 shiould have a constant

value for the resnlts given in Tahle 9.1
When T =5, =75
&R 1.5
T 3
When =11, E= 1865
E 165 .
7 I

Since ;;I;— 1,5 in both cases, £ iz directly

propordomal to T,
Graphically: l_r]ul the given values (Fig, 9.3),

E &
o M !
|
i I T -
] i L
Fig: 93

Since the graph of £ against T 15 a straight line
passing through the origin, & o T,

th) By caleulaton;
E=14AT
When T =8,
E=15x8=12
or, from the graph;
when ©=8, E£=12

Exercise 9a
Queéstions [-5 may be done arally,
I If 1 m ol wire has b mass of xz, what will
be the mass of 23 m of the same wire?
2 If | jar of coffee costs $, what will be the
cast of 4 jars ol collee?

w

10

11

12

13

14

15

16

17

18

19

20

Px @ and P=45

It a man cveles [5km in | hour, how far
will he cvele in ( hours if he keeps up the
ST rate? '

If egps cost g cenes each, how muoch will 16
eEos CcosiE?

If a cup holds dmd o wiater, how much
water will 8 of these cups hold?

If € roand €= 28 when n = &, find the
formula connecting € and »

[T 8o and B =32 when += 2, find the
relutionship hetween 0 and ¢

If vy and x =13 when 3y =12, find the
relatiomship between x and p.
Ifdocsandd = 120 when ¢ = 30, find the
formulie connecting « and s

a2 boand a=24 when b =3, Find the
relationship beétween o and b

If Do ¥ and D= 140 when 5 =135, find
(a) the relationship between Dand 8, (b)) the
vialue of § when I = [76.

v oLy and x = 30 when 3 = 12, Find {a) the
formula connecting v and 3, (b} x when
r=U ¢] ¥ when x= 14,

when 1= 12 Find
(a} the relattonship hetween P and @,
(h) Pawhen 0 =18, (¢ 0 when P =124,

Ax B and A=1; when B=3 Find
‘al A when B= 04, (b) Bwhen 4 =75
deor P oand #=09 swhen P= 10. Find
fal fwhen P = 18, (b)) 2 when d = 1L
L s directly proportional to S,
fa) If D'=120 when 5= 30,
relatonship between D and 5
(b} Find & when f) = 143,

find the

v varies divectly with x

ta) Ify =%when x = 43 find the equation
which conneets ¥ and .

by Find 1 when & = 10,

() Find x when 3= (1),

If pecg and p= 0,7 when g=0,028, find
the relavonship between p and g

¥ yand x = JI"% when vy = [If}%.

ia) Find the equation which connects vand 5.
‘b Findd ¥ whén y= 12

The mass of 4 plastic disc is propartional 1o
its area, A dise of area 180 cm? has a mass
of 200 g, Il 2 similar dise has o mass of 250 o,
what is jts area?

bHY




21

24

25

What is the velation illustrated by the sketch
graph in Fig, 947

i

N 4]
Fig. 8.4

Sketoh the relagon Y = 4.
Two variables 4 and B have corresponding
vitlues as shown in Table 9.2,

Table 9.2
A 6 | 1| 12 .
B3t 68|

fa) Eirher graphically, or by calculation,
show that B A

(B) Find the value of 8 when 4 = [
The number of US Dallars | USS) exchansed
for a number of Pounds stertling () is given
in Tahle 9.5,

Table 9.3
£ 2 | 4 (s 8 1]
s | 3.200 | G40

960 [12.80 1{1_nn|

() Show that USS o £

(b} Find the law connecting USS and £
(e} Find the value of £7 in US Dollars.
() Find the value of USS8 in £,

Lhe heght (ffem) of liquid in a tiube and
the volume { Fem?) of the liquid afe as siven

mn Table 9.4.
Table 9.4
il 3 6 12

H# 2652104
(al Show that Hee [
(b Find ithe luw of vanation i the form
H=14V,
(e} Fiod F when H= 8.3,

(d) Find & when = 4.5,

Direct variation between non-line:
guantities

Cruantities which varv directly are not als
i hnear form. For esample. the mass, m,
cardboard square is [Iir':-r!ly proportional t

arca, A,
ma A

Heowever, in Fir 9.5, 4 =3
sov it fallows thit oo x=,

m i
\ m oy
| L
J‘ T i3 L
1 5y

Fig. 8.3 Fra. 0.6
we e T iy an example of direet proportin
which one of the vamabiles s n muadratic fi
Fig. 4.0 15 a sketch eraph of m = x5 N
=] i 1§
that the curve ssimalar 1o the curve obital
; y
i the graph of 7= =,
Sumilarhy, the volumes of spheres are din
praporiional o the cubies of therr radis
# oL L
I"'=3mr
R > 4 .
ae 17 o0 o, sinde R i o constan
Fig. 9.7 is a skewrh of the graph of T

b

[

B

Eig. 9.7

Notice that the curve in Fle, 9.7 fses n
steeply than thatof Fiz 9.6 (alsosee ['-ha].m-'r

Example 3

y i
v oand =4

JOE 4 wiire x =9 (q\ Find

reladinnslicp belteeen xaned . (00 Find vaolieiey =

i Fmd xhen v = 6. () Sketel the graphafy <.




e

(e 100 o \"_
then 7= .L\_, A, ‘n]ul: iz a
When x =% 9= 1

constant,

:L;: _\;-‘;}
=3k
43
If:=_-=_
3 2
—-‘*1'—1 fx
thy Whenx=145
3 '— 1
F T e d=1;

() When vy =6

b= 5\..*".1.'
7= 12

= Jr=7=4
=x = lk

() Fig, 9.8 35 a skewch graph of yoc ) :

¥
o il

=y

Fig. 9.8 8]

The shape of the curve m part (d) 15 ex plained
as lollows:

. I 23 %S

then 5 =€

ar x oc _'I-'3
J
= s
¥
X
la) b}

Fig. 9.

Fig.%.9(a) isasketch of 3 or 7. By interchanging
the axes, Fig: 9.9(b} is a sketch of x -
Fig. 9.8, yoc /x, is equivalent to Fig. 9.9(b),
vor 7, with the x and y-axes in the standard
positions,

The next example shows how a VATTLION
problem may be solved when the value ol the
constant & is not reuirtd,

Example 4
v b directly I.I'Jmpm.!mna! tu the sguare of y. What is

the percentage change i x i v increases by 20047

From the lirst sentence,

2

PR ol
et x = .J._:':I (1]

: 20
Let x become X il y increases to — J.

100

120

Then X = (—1') (2
100 '

]]i_\.'idiﬂj_{ (20 B (1

XM (0
100/ 100

\ rh'
Il1
Iun

Henee x increases by 4497

Exercise 9b

1 A particle moves in such a way that its
displacement, s metres, at 1m|{ { seconds 1
given by the relation ¥ = = ai*, where o isa
constant. Calewlate 4 iFy =32 when t =4

2y varies direetly as the squarc ol x, Iy =98
when v = 7. caleulate 3 when x = 3.

3 v _‘,‘: and v =45 when y = 5.
ja; Find the relationship between vand .
(b Find x when vy =4+
fc) Find pwhen z= 125

4 Ao B and 4 =352 when =14
fal Find the formula connecting +
'hi Find A when B = 6.
(¢ Find B-when 4= 135

5 Pvaries directly as the square root of ( and
P=10 when ) = 16.
{a; Find the equaton in # and Q.
(B} Find £ when Q. =9,
{e; Find € when ?" = ]5

6 .7« ¥and J=1Y when
ia] Find the relation between  and ¥,
(] Find & wheir 1T = 48
fe) Find 1" when = 6.

and .

¥=11.




7 ¥ wvaries directly as the cube of 1 and
V= 108 when D =6
a) Find the formula connecting I und O
(b Find " when D=3,
[t 1"1:1}:[ Dowhen 1= 2,048,

8 Dx /Hand D)= when [1 =21
w) Find the relation hetween £ and [
1) Find £ when H = |50
¢ Find H when D = 103,

9 Siate the relation which is illustrated by the
sketch grapl in T, 9,10,

24

o

Fig. 9.10

10 Skeich the [ollowing curves, showing both
positive and negative values of x.

R -
¥ oo X e O o st ¥

fa} ye X (b ;
11 Draw a sketch graph of the relation
Proporion al to x
12 v varies directly with x*. Table 9.3 shows
sime corresponding values of xand

Table 9.5
B

is

| y |16 ] 4
Find the relation between x and 3 and
complete the tabie.

13 The power, £ watts, used in an electri
circull s proportional to the square of the
current, ¢ amps. When the current 15 4 amps
the circuit uses 500 wans, Find the rurrent
when the circait uses 2420 wats,

14 The distance of the horzon from an ehserver
VB directly with the square root of the
height of the observer above ground level,
At a height of 8 metres the horizon 15 10 km
away. Find the distance al'the horizon from
an ohseryer at a height of 98 metres,

15 « vares directly with the square of p. Find
the percentage change in v it 3 as
a) inereased by 105,
(b decreased Ly 107,

16 i« directly proportional o the square root
of . What is the percentage clignge in a1
v is increased by $H9F

17 1 Vo K7, what is the percentage imereas
in IMif B increases by 2007

18 If 11" D*. what is the percentuge decrease

Cra

in Wil D decreases by 150

Inverse variation

Fig. 9,11 shows a circle cat into [a) 3 equa
b 12 egual seciors.

SeUlOnh,

Fig. 9.1

The greater the number of sectors, the smalle
the angle of sach sector.

If a pat of tea is shared between some peaple
the greater the number of people, the few te
cach will receive.

These are examples of inverse proportior
or inverse variation. |1 the first example, th
size of the angle, f. varies inversely witli th
number of sectors, 1 In the second, the volum
of wa received, I, is inversely proportianal
the number of people, & These stalements @
writlin:

| [
0 — [Per—
il fl

Example 5
IFV sarees inversely it mend 17 = 22V whien no= 1
Sind Viwlyn n="8.

S U . o
IV o — then 1=, where'f is 4 cinstan
f n
"= 220 when n= .




& ; 62 220 2700 % 8 -
220'= _."""T"ra: =6x2M and e —- =3
P wd
When n =4, 2700'=% 8§
=
. 6% 220 =
V= m = RO0
= b5 200 beads can be made.
e 1 Exercise Uc
Fig. 9.12 i¢ a skerch eraph of the relat "o - o Vs
g- 9. 12 s askerch graph of the relation Vo " 1 Tf d varies inversely as {, use the svmbol o

A
2

Fig. .12

Notice that the curve approaches both axes
but does not reach them. This is because

division by 0 is impossible. (See Fig. 7.1.

Chapter 7; also see Chapter 15.)

Example 6 3

The number of sphevical glass beads which can be

made fromi a giten volume of glass varies inveriely 6
wnth the cube of the diameter of the beads. When the

diameter is 2 mm, the number uf beads is 2 700, How 7

many beads of diameter 3mm can be made from the
olage?

Let & = number of beads, 4 = diameter of the ]
hends,
From the first sentence, g

I & ;
N :r, — o N= peg where & 12 constant.
P

10

From the second sentence,

.Il:.'
2700 = pE 11
<=hk=8x2700
2700
SoN= ek 12

d?

When d =3,

o show a connection between o and 1.

A piece of string is cut into o picces of equal
length L

(a) Doesnvary directly or inversely with /?
(b] Use the symbol o to shaw a connection
between n and [,

A rectangle has a constant area,
length is [ and its breadth is 5.

(a] Writecaformula for /in terms of A and 4.
b)) Writea formula for b in termsof 4 and /.
(e} Does {vary inversely or directly with §?

A Tis

1 -
If xoc—and x=22 when y =13. find the

rtf]:lﬁﬂ;’l-}hip between v and »
I
o i and T =4 when R =4, find the

relationship between B and T
I y varies inversely as x, and ;
¥ =3, find ¥ when v =6,

P is inversely proportional to @ and P =3
when @ = 4, What i the value of @ when
P =453

If x varies 1r‘1.1=r-: ly as the square of 3, and

Y when

v =4 when = 3, what is y when x is 57
1
Make x the subject of the relation y o€ —,
s
A oquantty [y — &) varies inverselv as the

the subject of an
where & and § are

square of x. Make

equation m x, & and .’J,
Constants,

The electrical resistunce B of a wire varies
inversely as the square of the radius r, Use
a constant & o show the relation between
f and r,

# varies inversely as the square root of &
and P=435 when p=25. Find 7 when
P =15

Fi




13 Sketch the ollowing curves, showing both
positve and negative values of x,

! 1 |

&) woL— (b V= (o 7=

X A \.". ¥

{Hmt: For sketching purposes, it may help
to substitute = for o and then plot some
sample points:)

14 The variables X and ¥ oare eonnected by
the relation “¥ varies inversely as A7, Table
0.6 shows the values of 1 lor some selected
values ol X,

Table 9.6
[x[10]20]30 40
|r|we]le| 2|3

What is the missing value of F?

13 The length of wire that can be made rom
a mass of copper is inversely proportional
o the square of the diameter of the wire.

When the diameter is 3mm the length of

the wire is [.Bkm. Find the length of the
wire when 1ts diameter 15 1.2 mm.

Joint variation

The mass, M, of a coin of radius r and thickness
hdependson the volume, I, ol metal in the coin,
e MooV

or Mo nrth (since V= nrik)

or Mocrih [SINCE 715 &4 Constant )
M oc ¥l means that the mass of the coin varies
jomtly with the square of the radivs and
the thickness. This 1% an example of joimt
variation.

Example 7

The mass of a wire varies jointly with its length and
the seuare of it dimeter, 300 m o woere of drameter
dmm has a mass of 31.5kg. What s the mass of
Vkm of wire of digmeter 2 mm?

Let M = mags in kg, d = diameter in mm and
L = length i m.

74

Thez. from the [irst senenee,,
Moot fzf:
ar M = kLd*, where k is a constani.
From the second sentence,
M=k =500%x3° (1)
From the hird sentente,
M=4F»T1000x2* (3}
Dividing {2} by (1.
M 1000 x 2 2x4
31,5 S00x3* 9
M=23x%415=28
Hence the minss is 28 ke,

i
q

MNotice that it was not necessary to lind £ Notiee
also that it is possible to mix dimensions, such
as mm and m. so long as this is done consistently,

Example 8
If X l’{fl and Vot & L ohomw that Xoe T,

[

1 i

then ¥ = = where £ 15 8 constant.

T
2 _ K
= =T_
I
s 7= ll,'r.
Nr

. e
g - ey . I -
Given that Yoo Y73 substitute ]_._fnr e

s
= L
:I-_-'_'. v l;:u |
- %, S T
=X o= Ve since & Is a constant,

The method in Example 8 is to climinate th
variable which 15 not required.




Exercise 9d
« 1 xo€ yz. When y=2 and ; =3, x= 130
k-i' Find the relation between x, 3 and 2
) Find x when y =4 and ; = 6.

¥ s
2 2= x=27 when y=9and ¢ = 2.

{a) Find the relation between %, v and 2
{b) Find x when » = 14 and ;= 12,

3 pa r—'i and p = 3; when ¢ =53 and r= 5.
3

{a) Find the equation connecting p, gand 7.
{b) Find g when ¢ =9 and r= 1,2,

4 The height (F) of a cone varies directly as
its volume (V) and inversely as the square
of 1ts radius (rl. Use the constant & 1o show
the relationship between &, F and r.

5 daxBCandA=6when B=4and C=19.
(a) Find A when B=3and L = 1L
(b! Find (C1f 4 = 20 and 8= 15
{¢] By what percentage does d change il B

A

is increased by 10% and O s decreased by

10%52
o
6 x varies directhy with the sguare of ;' and
withz. Wheny=2and ;: =3. x= I
[a) Find x when y =5 and 2 = -1-.

(b) Find y when ¥ = 21 and + = 33.

() What happens to x il yis doubled and
z halved?

T %, vy and 7 are related quﬂ.nLilIEs such that
x varies direcdy as p and inversely as the
square root of 2. When = 300 and y = 63,
z=25. Calculate the value of x when

y=468 and z = 144

t . >

8 If Por— and Voo R°, how does P ovary
with R2

9 v yand y =« 2. How does x vary with 27

10 x )-1 and y oo 7. How does x vary with 22

]
11 Ao B0 and B r:_-_-,_ How does A wvary
with €7
12 3 varies directly as x and inversely as 2. x
VATies m'l.-‘rwh as 1"' Prove Ehdt 2 varies

directly as 2%

X
13 :varesdirectly as— and yvaries inversely
¥

- L . 1
asx. Ifz =3 vwhenx =1 and y = ;. express

(a) yintermsofx,
(b} zintermsofx
I the value of x is increased by 10%, find the
corresponding increase in the value of =

14 The mass, m, of & roller varies jointly with
its length, . and the square of its diameter,
d. A roller of diameter 20mm is 5 cm long
and has a mass of (,20ke. Calculate the
mass. in ke, of 3 roller 30 mm 1r1 diameter
and 2 m long.

5 Given that the enersy £ varies directly as
the resistance A and inversely as the square

of the distance o obtain an eqguation
EUI:H(‘K’[IHL E, R and 4.
HE =22 when& =8andd = L.:!]CUI:I[[‘

{a} the xdlur ol £ when £= 16 rlr“l =18 3
{b) the value of d when R =5 and £ = ‘-ﬁ
(¢} the pereentage increase in the value of
R when each of L and o Imereases by 3%,

Partial variation

When feeding a lurge number of people, as in
a hotel, the total cost depencds on two separate
factors: first the eost of the overheads (such as
fuel and wages), secondly the cost of the food used.

'T'he cost of the overheads generally remains
constant. hut the cost of the food is proportional
to the number of people being fed. Hence the
tatal cost is partly comstant and partly
varies as the number of people

In algebraic terms, = o + AN, where Cis
the total cost, N the number of people and @
and & are constants, This is an example of

partial variation.

Example 9

{, is partly constant and partly varies as N, € =43
when N = 10 and (' = 87 when N = 24. (a} Find
the formula conmecting C and N. (F] Find € when
N=18:

73




iap From the fivst sentence,
. =g+ kN where a and £ are canstanis,
From the second sentence,
4 =g+ 10£ (1)
and 87 =a+ 2k 12
Subtract (1] from (2],

42 = i\-é]-ﬂ;
k=it
Substitute 3 for Lin (1),
5 =44 30
a=15
Hence €= 15 4+ 3.8 is the required formiuka.

iy When N = 18,

r=15+3=18
= 15+ 04
= Bg
Example 10

The restslance {0 motion af @ car i partly constar!
antel paretly vemes as thesguare of Hee speed . AH 40 Rm b
the vesistancg ix 530N, and at 60 Lkm ko THON,
Wit wexll be the reaistance af TOkmh?

Let ff = resistance i newtons, | =speed in
km/h, then, from the first sentence,
R=a+kV>
where ¢ and & are constants.
From the second sentence,
5330 =0o+ 1600& (1)
and 730 =4+ F3600% [2)
Subtract (1) l'am (20,
200 =20004
k= 1]D
SulstGiuting 1 (s
550 =a + 1600 x 75
=g 4+ 1bi}
a=370
Hence B = 570 + 5577
When I"'=710
R =370+ 35 > 4900
=370 + 490
= R0

Henee the resistance s 86018,

Notice in Examples 9 and 10, since there are
two unkiowis, two eguations must be formed.,
Thesc are then salved simultaneously
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Exercise e -
1 xis partly constant and partly varies as 5.
When y=2, x =30, and when y= 5,
Find the relationship between
angd v thy Find ¥ when v = 3.
- 15 partly constant and partly varies with

=5, f@

b
=

7 When p=3;x=11, and when 3y =4,
v=14. [a) Find the relatonship berween
aand v (b)Y Find & when 3= 10,

3 1 s partly constant and partly vares with
3 When y =3, v = T, aml wheny =ty =19,
(a) Find the relationship between x and .
Iy Find x when =4,

4 ) is partly constant and partly varies with
I, When =40, =150, and when
[m=>54; D= 192

a; Find the formula connecting £ and [
(hy Find 2 when "= 73,

5 The cost of making a dress is partly sonstant
and partly vares with the amount of time
it takes to make. 171 takes 3 hours o make,
it coses 840, I 1t takes 5 hours 1o make; it
vcosts 346, Find the cost ifit wakes 1; hiurs,

6 A varies partly as Band partly as the square
rool of 8, When £ =4, A4 =22 and when
f#=0 d=42 Find A when 8 =25,

7 lLahle 9.7 & an incomplete table for the

relation ¥ = -.1_.-:|'_' + &, where 4 is @ constant,

Tahle 9.7
X T |

r |65 | 4 |25 4 |65

P
e
rs

fal Whar iz the value ol §7
(b} Find the value of yat x =4

8 Two quantities, P and {1, are connected by
a linear relaton of the form P =40 4 ¢
where & and ¢ are constangs.
ta) 1E €= 60 when P= I and £} =240
when P = [0 find the equation connecting
Fand ().

il Sketch the graph of the relaton, in-
dicating where 11 cuts the twe axes,

9 The Axed costs ol @ manufacturing buasiness
are $30 000, The vanable costs, which are
proportional 1o the sales, are 34000 when
the sales are 380000, Calculate the 1oral
costsaned the profit when the sales are S90 000,




i

14

11

12

The cost of feeding a number of students is
partly constant and partly varies directly as
the number of students. Feeding 73 students
during a certain period costs $875 and
feeding 100 students during the same period
of time costs 51000, Find the cost of feeding
220 students over the same period of time,
The cost of making computers 15 partly
constant and partly varies as the number
ol computers produced. The toal cost of
making 4 computers i SIB700 and of
miaking 10 computers is 35 500. Find the
tntal cost of making 20 computers.

The resistance R o the motion ol a car is
partly ronstant and partly propornonal to
the square of the speed 7. When the speed
15 3 kmh the resistance is [90) newtons and
when the speed is 50km/h the resistance s
33} newtons: Find for what speed the
resistance is 302.5 newtons.

15

14

15

The diameter of a reel of sticky tape is partly
constant and partly varies as the square root
of the length of tape on the reel. When now,
the reel contains 250 m of tape and is 8.cm
in diameter. When all the tape has been
used, the diameter of the empty reel is 2 cme
What length of tape is on the reel when its
diameter is:5.6 cm?

The cost of runnmg & hotel is pardy constant
and  partly varies as the square of the
number of prople staying in the hotel,
Accommodating 5 peaple costs $200 and
the cost for 8 people 1z $395. Calculate the
cost of accommaodating 12 people in that
hotel.

i 15 the algebraic sum of two terms, ome of
which wvaries direetly as o and the other
tnversely as ., Wa=1] when t=2 and
= 2516 when o =75, caleulate n when
TR




Chapter 10 -

Mensuration of solid

Surface area and volume of
solids

Formulae for the arcas and volumes ol commuon
solids already found in carlier books of rhis
course are-oiven below,

Prisms
In general,
volume = ared of constant cross-section
* perpendicular heght
= area of base x height (Fig. 10,1

/
y

!
Fig. 10.1

cubeid
voluMie = i
surfiice arca = 200 + M + bh ]

cylinder
vilume = grih
curved surface aren = 9qrk
: . sl
total surface area = Prh + 2y
= 2nrik + r)

-

Pyramid and cene

In general
volume = 5 x base arca x height (Fig. 10.2)

78

Fig. H.2

square-based pyramid
vilume = 31.,'.6"-".'

cone
1 -
velume = srrh
curved surfice wrea = !
; 2
total surlace areq = mrf <+ oy
. = mril 4+ r|

Example 1
A car petrol fank 35 08m fong, 25¢m wide a
“Oem despr. How many litres of petrol can it hold
II|"r"rznrf-cin;;; i 2
volume of tank = 80 % 25 x 20 em?
| litre = 1 000 ¢m?
; . K ED)!!:'.:}XQUF_
CApacity ol [ank = — — Hres
PR R 000

= HI liires
The tank can hald 40 litres of perrol.

Example 2

A crenlar mete! sheel $8em in diameter and 2 mn
thiek &5 melted and recast into a cyitdrical bar 6 cn
i diameter. How long is the bar?

. . . 4 ’
Radius of sheet = 'lﬂ o = 2 oem




Radius of bar = i:('IIl = Jcm
Let the bar be xcm long,
Then its volume = 7% 3% % yom?
Volume of circular sheet = 73 24° % L em?
Herncem x 3* wx=nx 4% % l
o 47 % 4

= = —

% 3%

376

9% 5

B -
=128

The bar is 12,8 em long,

Notiee in Example 2 that no numerical value
of m was needed. Never substitute a value lor
= unless It 15 necessary, :

Example 3

A 2167 sectur of a circle of ridins Benn o bent o
form a cone. Find the vadius of the base of the cone
and Hy vevtical angle.

[n Fig. 10.3, the radius of the base of the cone
i5s rem and the vertical angle i5 2o,

Fag, 105

circumierence of base ol cone
= length of are ol sector

2m E]Hx‘irx'
=AM =— L 3
S =gy T
216
—— % 5=3

SNy = ‘:I = (1,600

= =3Ra7

= 200 =73,7¢

Radius of base = 3¢em

Vertical angle = 73,7° (to 0,17%)

Example 4 3

Fig, 0.4 shows a weeden block in the form af a prriom.
PR 15 a trapeziom wilh PO || SR, PO = T em,
PS5 = Scm oand SR = Sem. ff the dlock 15 12 om
long . calewlate iy volume,

Fig. 104

Volume of black = area of POQRS » 12 em”
arca of PORS =317 + 1) x QR cm?

Fig. 105

rg

With the construetion of Fig. |05,
X =0R
But SX = 1cm [the stdes of APXRS form a
3y 40 5 Puthaporean triple)
Volume of block = él’? + 4w dx 12 em”
=11 % 2% 12 e
= 264 ¢m”

Exercise lla
Use the value 35 for m where necessary,
1 Calculate the volumes of the selids in Tig.
[D.6ia)r — (T All leneths are in om.

by

j——— | ——
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Fig. 10.6

2

3

Calculate the total surface areas of the snlids
in parts (a), (b, (c) of Fig. 10.6.

A rectangular tank is 76 cm long, 50 em
wide and 40¢m high. How many litres of
water can it hold?

A water tank is 1,2m square and 1,35m
deep. It is half full of water. How many
tmes can a 9-litre bucket he filled from the
tank?

.E:.l_ litres of oil are poured into a container
whose cross-sectionis a square of side 124 cm.
How deep is the oil in the container®

The diagrams in Fig. 10.7 show the cross-
sections of steel beams. All dimensinns are
in cm. Caleulate the velumes, in em?. of
S-metre lengths of the beams,

(3}~

- ”F] ey

Fig. 10.7

7

a0

Fig. 10.8 shows the crois-séction of a steel
rail, dimensions being given in em. Caleulate
the mass, in tonnes, of a 20-metre length of
the rail il the mass of | em® of the steel is 7,04,

-

.F‘!Ig. .I'll'l.lr.l&I

8 Fig. 10.9 shows the cross=seetion of 4 ruler

ta] Calculate the volume of the ruler it
em* if it is 30 em long. :
(b} If the ruler is made of plastic and ha
a mass of 43¢, what is the density of the
plastic in glem??

(¢} Find the mass, 10 the nearest g, of the
rulerifitis made of wood of density 0,7 gjem®

li mirm

Fig. 10.9

9 Calculate. in terms of 7, the total surface
area of a solid cylinder of radius 3 enr and
height 4 cm,

10 A paper label just covers the curved surface
of & cylindrical tin of diameter 12 cm and
height ]f];j,l- cm.” Calculate the area of the
paper label.

II A cylindrical tin full of engine oil has a

13

diameter of 12em and & Height of 14 em,
The oil i poured into a rectangular tin
16em long and |1 em wide, Whar is the
depth of the oil in the rin?

A cylindrical shoe polish tin is 10cm in
diameter and 3,5 cm deep. )

(a; Calculate the capacity of the tin in e,
‘b) When full, the tin contains 300g of
polish, Calculate the density of the polish
in gfem® correct o 2 d.p. =

A wire of circular erossssection has a diametes
ol 2mm and a length of 330 m. I the mass
of the wire is 6,82 kg, caleulate its dengity
in gjem?.




14

15

16

17

18

19

20

21

22

A measuring evlinderof radius 3 e contains
water to'a height of 49 cm. I this water is
poured into a similar cylinder of radius
Tem, what will be the height of the water
column? -

N ometal dise |2 emoin diamieter amd Som
thick. is melted down and cast into @
cylindrical bar of diameter 5 cm. Hew long
15 the bar?

A solid metal cylinder, Bem in diameter
and B cin long, is to be made into dises £om
in diameter and 3 mm thick. Assuming no
wastage, how many discs can be made?
Water flows through a 7-cm diameter pipe
at the rate of 4 metres second.

{a] How many cm? of water low through
the pipe in one second?

{b) Express the flow of water as a rate in
fitres/minute.

Haw many cyhndrical glasses Gcm in
diameter and 10cm decp can be flled from
a cylindrical jug 10cm in diameter and
18 cm deep?

A cyvlindrical container 30 ¢m in diameter
holds approsimately 30 lioes of oil. How
far does the oil level fall after 1 litee of eil
has boen used?

A pyramid 8 cm high stands on a rectangular
base G em by 4om. Caleulate the volume of
the pyranmid.

A paper cone has 2 base diameter of 8 em
and a height of 3om.

fa) Caleulate the volume of the cone n
terms of .

‘I3 Make a skerch of the cone and hence
use Pvthagoras' theorem w ralculate its
slant height.

el Claleulate thecurved surface area of the
cone 1 termms ol

i) If the cone is cut and opened out mto
asector of a crele. what 15 the angle of the
stector?

Cialeulate the volume and curved surface
area of a cone 14om in hase diameter and
24 cm high.

If the cone in question 22 is made of paper,
and the paper is flattened out into a sector
of a circle, what is the angle of the sector?

24 Fie. 10.10 shows a cross-secgon of a dam

wall. How many m” of concrete will it take
to build a 100-m length of this wall?

im

Fig. 1010

25 A cone of height 9cm has 4 volume of

cm® and a curved surface area of n cm®.
Find the wvertical angle of the cone.

Sphere
Fig. 10.11 represents a solid sphere of radius r.

F.5
volume = 37{!’3
i - ri
cursyedd "iLl['fELI:t' ares = 4mare

Fig. 10.11

(The proof of these formulae is bevond the

scope of this course,

Example b
A solid sphere has @ radius of Sem and i made of
metal of density 7,2 g/em”. Caloulale the mass of the
spliere in kg

g1




Tiw
LT

4
Volume Elr-u]ll'ut::'t‘ =3 ¥ 57 ¢m

— 3 om
SUHD
= _.;IT(:]'I'I:'II
3
S0k
Mass of sphere = ;_5 ® lg
_0mx72 7w,
T Bx1000 BT gxo b
= | dn =19 5,144
= 3,770 4 kg

=377k to 3 st
Example 6

Calenlate the total wirface area of a solid femisphere
of radius 6.8 em, Use the value 0,4971 fur fmr"'

Fig. 10.12

In Fig. 10.12, total surface area
= curveil -:urf”lre area + plane surface area

= ‘}ﬂr + RI n'I‘u'.l?L!.'J*'.'
= 3mr° N i
" anfl S
When r = 6,8 - -
" > (i [ BT x 2
total surface arca =} BE5(
=3 % ax B8 cm® " 04471
= 4557 fml 3 U.L771
TG
= 436em” w 3 sf 3 <6392
Exercise 10b

Use the value 3,142 for m or 0,497 1 for log =,
whichever is more convenient,
1 Caleulate the volume and surface area 1o 3
s.L. of cach of the following.
fa) A sphere, radius 10em
ib) A sphere, diameter 16 cm
(c) A hemisphere; radius 2 em
{d) A hemisphere, diameter 9cm

82

Jjoining

2 The diameter of an iron ball used in ‘putting
the shot' is [2eme If the density of iron s
78 glem?, caleulate the mass of the ball in
ke to 3 5.t

3 A cylinder and sphere both have the same
diameter and the same volume, If the height
of the evlinder s 36 ¢, lind their common
riaclius,

4 A metal sphere 6om in diameter is melied
and cast Into balls of diameter érm. Hinw
many Of the smaller balls will there be?

5 A sphere has a volume of 1 000 cm™.

) Uze tables wo calculate irs radivs correct
to 3 5.l
(b) Hence calculate the surface area of the
sphere.

Addition and subtraction of
volumes

Many compesite solids can be made by
hasic solids together,

Fig. 10.13

In Fig. 10.13, the composite solids are made as
lollows:

(a) a cube and a squarc-based pyramid,

(b} a cylinder and a hemisphere.

(o) aevlinder and a cone,

Example 7

Fig. 1014 represents a gas tank in lhe shape of «
culinder with a hemispherical top. The internal height
and dinmeler are | m and 30 cm respectively. Caleulate
the capactly af the tank to the nearest litve,




I

i LT

With the lertering of Fig. 1,14,
volume of tank

= volume of evlmder

+ wvolome of hemisphers

= wroh o f,:lt;"j =72 4 i."l
In Fie. 10214

f'= |3

A= 100'—= 13=#85
volume of ank

= wl5%85 + 3 x 15) ¢m?

ot Wi g . Sn Lii
= 223%(85 + W) em® T
= 2957 % Y5 em? m

caparcity in litres e

295 % ox 45
1 000
= t7, 14 = 67 to the nearest litre
Hollow shapes, such as boxes and pipes; have
space inside.

The volume of marerial in a hollow aliject s
found by subtracting the volume of the space
mnsicke froen (he volunee of the shape as Pt were
soilied.

Example 8

Fig, I35 refrresents vnm ofiet rectangular oy made of
wid 1 em tick. If the external dimensions of the dox
are 42 can lomg, 32 o seide amd 15 e deep, ealeulate
the volume af woad Gy the box.

The internal measurements of the box are H em

lesnr; 30 cmy, wide and 4em decqe

External volume = 42 x 32 x 15¢m?
= M} 160 em?

Internal volume = 40 x 30 x 14cm?

16800 e

Violume ol wood = 200160 cm? — 16 800 em
= 3360 tm?

Example 9
Find to mass of o cvlindrical fran pipe 2.0 m Jong
wnd 12 em in external diameter, i the melal i 1 em

pbel

thick and of density 708 em®, Take 7 b be 22,

7~ 1

K W em 12 cm
!

P im "I -
Fig. 10.16

Volume of outside eylinder = 7 3% 62 x 210 em
Volume of inside evlinder = > 5° % 210 ém?
Volume ol fron
— 1% b %210 —mxht x210cm?
- 210m(6* — ) cm?
Hmib + 506 — 5}
= 210% % |1 em?
Mass ol iren
—20mx 1] x 7.8
MNP =x |l x78
7w 1000
= 5.6 kg to 350
IThe working of the {inal line should be checked
using tubles. )

E

em”

T
=

Example 10

Cateulate, to one place of decimals, the volumé in om®
of the metal i a hollow splere [0em in external
deqmeter, the melal being | mm ok

Chater macdins = Hom’
Liner radive = .89 cm
Vialume of metal

arRing

i 3 4 3
=3I X B —gEx 4.9% ¢m i Ling
= :H .ll_':| — '1'.(.'13 1 |--'|-|--"'1I . L (U802 =

4 e - i =iy —
=525 — 117.7) em? 17,7 2076

(i




+xax Tl = Mo Limg

=g W2 A6
) & (447
B | 65
3 ) 3 (es?l
= HLGem 1 L. . 30581 4854

*This can be donc on a calculator by Lreating
itas 1,333 3 3,142 % 125 = 4,9%:

fﬂ_’} _D.".hlifl'lﬂ_l'

[ AC | o

EREEERE 1176494
11764
HESERDDEE 7.351

BEEEDOoBE 7,142

BOEBEBEE 5060
volume = 30,8 em? (3

(1) Notice how 4.9% is done on the caleulator.
(2} Many caleulators have a [@ button which
automatcally enters the value of

{3) Thecalculatorvalue (30.8] is more aceurate
than the tables value (30,6). Thisis because the
mtermediate value in the tables calculdtion
[7.3] was slightly inaccurate.

In Examples 7, 8, 9, 10, notice how factorisation
simplifies the caleulaten.

Example 11
A right civeular cylinder of height 12 cm and radius

e i filled with waler. A heavy cireular cone of

height 9cm and base-radius 6ocm iy loswered, with
verlex doromuards and axis vertical, into the cviinder
unitl the cone vests on the rim of the evlinder. Find [a)
the volume nf water whick spills oper from the colinder,
ad () the height of the weler in the ovlinder after
the cone has heen remotied.,

Fig. 10.17 shows the position of the cone and
evlinder,

54

1) Let the cone be immersed 1o 4 depth dem.
By similar trinngles,

d 9
4 6
£ i
o = }fl:h
&

Veolume of water which spitls ever
= volume displaced by end of cone

4 s i
= fn’ wdt wdim? = : e G em?
T4 1

=ty |.'rl'I:1 = “-H:":.;I'-mt

(b} Let the height of the water after the cone
has been removed be i em.
Volume of water in Tig. 10.17({a)
= volume of water in Fig. 10.17{h)
R 2 —ixax P xb=ax4Txh
= |2—1xb=4
=h=12=2=10

The height of the water will be 10 e

Exercise 1lc
Use the value 3 lor m or 04971 for log
whichever is more cohyverdent.

1 An open rectangular box has internal
dimensions 2 m long, 20 cm wide and 22,5 em
deep. If the box is made of wooed 2.5¢m
thick, lind the volume of the wood in em?.

2 An open concrete tank is internally | m
wide, 2m long and 1.5 mdeep, the concrewe
being 10 em thick. Caleulate
‘a) the capacity of the tank in litres, and
by the volume of concrete used inm?




3 Fie. 10,18 shows the plan of a loundaton
which 1 of uniform width | mo

25m

18 m 15m
. I'm
Fep. 10.18
If 1m® of earth has a mass of 13 tonnes,

what mass of earth will be removed when
digging the [oundation to a depth of 1; m?
4 A cast ron pipe has a cross-section asshown
in Fig, 10,19, the iron being 1 cm thick. The
mass of | cm? of castironis 7.2 g, Caleulate
the mass of 4 Z-metre length of the pipe.

110 em

Fig. 10.19

5 A fish tank is in the -:‘mpr: of an open glass
cuboid 30 cm deep with a basc of 16 am by
17 cm, these measurements being external,
If the glass is (L5 em thick and its mass is
3 glom?, find (a) the capacty of the tank in
litres, and (b) the mass of the nk in kg,

6 Fig. 1020 shows a storage tank made from
a cvlinder with a hemispherical end, Use
the dimensions in Fig, 10020 to calculate the
volume of the tank in m”.

- Ycm ]

p——5cm—n

R

i""_'t-m_'1

Fig. 10.20

7

10

11

12

13

14

15

16

17

18

Fig. 10.21 shows a eylindrical casting of
height 8cm and external internal
diameters Gem and Jom respevvely, Cal-
eulate the velume of metal in the casting,
The outer radius of a cvlindrical metal tube
16 f2 and ¢ is the thickness of the metal.

‘a) Show that the volume. I, of metal in
a length, [ units; of the wbe is given by
F="mli{2R— .

(b} Henee calenlate
and [ = 20,

A reciangular box, 18 em by 12 cm by 6em,
contarns €ix tennis halls, each of dinmeter
6 cm. Caleulate the percentage of the volume
of the box occupied by the L: nnis halls
Caleulate the volume in cm? of the material
in a cylindrical pipe 1.8 m long, the internal
and external diameters being [Bem and
[ em respectively.

Calculate the approximate mass in kg of a
2-m leagth of evlindrical clay pipe ol external
and internal diameters [5em and 12.em.
The density of clay is 1,3 gjem?.

How far does the water level drop in a
cylindrical tank of inlernal diameter 35 cm
if 11 litres arve drawn off?

A conical funnel 12em deep and 15em in
diameter is full of liqend. It is empued into
a evlindrical tin 10 em indiameter, Caleulate
the height of the liguid in the tin,

A spherical container |5em in dipgmeter is
half full of acid., The acid is poured 1nto-a
tall eylindncal beaker of diameter 6om.
How deep is the acid in the beaker?

A cylindrical tin of internal diameter 8cm
contains water to a depth of § em. How fur
docs the water level rise when a heavy ball
of diameter 6 om is placed in the tin?

A solid cube of side 8 cm is dropped into a
cvlindrical rank ol radius 7em. Cilealate
the rise in the water level il the original
depth of water wis 9 em.

An iron ball. 6 cm in diameter, is placed in
a cvlindrical dn 12 cm in diameter. Water
is poured into the un until 1ts depth s S em.
If the ball is now removed, how [ar does
the water level draop!

11, nstead of the ball in question 17, an tron
rod Bem long and Gom m diameter hiad

el

Fwhem =75 t=1

o]
i




heen-placed fat in the an, how far wicLlel
the level havedropped when the rod wis
romoved? (Assume that (e other condiions
remained e s

19 A woeden bowl 15 in the shape of 2 hallow
hemisphere ol'external diameter 20 em. The
wirad 15 1 em thick, Find the mass of the
birwl 1 the wood has a density ol 0,74 g/ m?

20 A solid aluminium casting for o pulley

o, . 1 . .
consists of 3 dises. each 13em thick. ol
1

dizmeters dem, Gem and Bome A central
hole 2 cm in diamerer s drlled oot as
Fig. 10.22. If the density of aluminium is
2 Bg/em”, caleubate the mass of the casting.

>

Fig. 10,27

Frustum of a cone or pyramid

I a cone or pyramid standing on a horizontal
table is cut through parallel 10 the able, the
top part is @ smaller cone or pyramid. The other
part is called a frastum Fig. 10,25

To find the volume or surface arca ol a
frustim, it s neeessary to consider the Jrustum
ag a complete cone (or pyveandd) with the
emaller cone removed. Read Examples 12 and
13 carefully. -

Example 12

Frud the v ."“ dlttres H,l'-a'.' Tigike! 20 om e
at the top, 16 o in diameler af the Sodlem and 20 cm
'J'Ir'r'f-'

Complete the cone of which the bucket is 2

frustum, i.e. add a cone of height & em and Duse
dizmeter Vhom asin Fig 1024

Fig. 10.24

et e e b

By similar triangles,

v v 20

8 12
120 =85 + 160

v = 160

v = 4}
Volume of hucket

- '_I's':'tl"?? = Gl ';Trﬂ:' % ) em?®

= _l,‘.r-::li' G4 — 2360) em?

= 1r x 6080 em® = 6366 cm®
Clapacity of bucker = 6.37 litres w 3 5.1,

Example 13

Find. in cm?, the area of material required for o
lampshede tn the form af a frustunt of @ cone of which
tae by and bottem digmetery are 20 cm and 30 cm
respeciively, and the vertival height 10 12 em
Complete the cone of which the lampshacde is

a frustum as in Fig. 10,25,



to the base, one-third of the way down from
the vertex to the base, Give vour answers to
the nearest em?,

6 Aslorage containerisin the I"mm of a frustum
of a right pyramid 4 m square ar the top and
2.5 m square at the bottom. If the H’Jntdinl
s Am dup what is its capacity in m??

7 The cone in Fig. 1026 iz exactly half foll of
water by volume. How deep is the water in
the cone?

Fig_ 10.25

I-l———l._'llll — o

With the lettering of Fig, 10.25, by similar
triangles,
x 12
tﬂ' 5
=24
By Pythagoras’ theorem, y = 26 and = |3
Surface area of frustum )
=% 15x39 —mx 10x 2bem”
= 13745 — 20 em?
= 137 x 25¢m® = 1021 cm?
Area of material required = 1020 cm® 10 3 .

Fio, 10.96

Exercise 10d 8 A bucker iz 20¢m in diameter at the open

1 A frustum of 2 coné has top and bottom end, 12em in diameter at the bottom, and
diameters of 14em and Dem respectively 16cm df‘-_fi"- _["I‘-"'{“‘qdfplhr""“}{]d the h;“'—k”
and a depth of 6 em. Find the volume of the fill a cylindrical tin 28 em in diameter:

frustum in terms of 7

2 A right pyramid on a base 10m square 1s

15 m high:

{a) Find the velume of the pyramid.

(b} Ifthe top 6 mof'the pyramid are removed,
what is the velume ol the remaining [rustum?

3 A frustumy of a pyramd 5 16em square at
the bottom, 6 cm sgquare at the top, and 12 cm

" high. Find the volumne of the frustum.

4 A lampshade like that of Fig. 1025 has a
height of 12 cm and upper and lower diameters
of 10em and 20 cm.

) {a) What arca of material is requircd 1o

cover the curved surface of the frustum?
(b} What is the volume of the [rustum?
{Give both answers in terms of

i 5 The velume ofa right eireular cone is 5 litres.

Calculate the volumes of the two parts into Fig. 1027 Thix a5 one of the pyramids at Meroi

which the cone is divided by a plane parallel i the Sudan. In what form o it?




Chapter 11

The cosine rule

The cosine rule

Given: Any AABC [acute-angled and obruse-
angled triangles are given in Fig. 11.1),

A\/ﬁ/}

CfN

& - ——

Fig. I1.1

To prove: =0+ 5 — 2beos 0
Construction: Draw the perpendicuiar from
A to BC {produced if necessary).

Proof: A
]n Fig: 11. !-.ﬂ with € acute,
£ = u:z — x4 J.!

=0 — Qgr + 2T 4 42

= —2ax + b* (In AACN, &+ 42 = 42

(Pythagoras)

=a* + 8* — ZabeasC (In AACN, 5 = ¢ns G,
x=bcos(C)

In Fig. 11.1(b}, with ﬂ{}btuﬁt
= la + x)? + f.! {Pythagaras)

=g i + 22+ A2
=a’ +2ax + 6% (In AACN, & + k2 = 3
=a* + 6% + 2a{ —bcos C)

I

(In AACHN, ; = C05 _ﬂtl[‘\'
i

=¢ros(1B0° = )

= —cosC
x=—heosC)
=a*+ 5 — 2abcos O
In either case, 2 = ¢ + b — 2abcosC

similarly, b* = a* 4+ ¢ — 2accosB
and, @* = b* + ¢ — 2becos A

&a

This formula is for solving triangles which are
not right-angled mn which two sides and the
included angle are given.

Example 1
Fund AR i Fip. 11.2.
) A
¥
2em
B
f.g o B Jem C

By the cosine rule,
=043 20 %3 % cosBD
449—12 % 01756

— 2,0832
10,816 8 = 10,92 to 4 st
=./10,92

=335 =53 1t2sL
AB ~3.3em

Example 2
Find y in Fig. 11.5.

g2

+ 3 -2 x5%5 xcos i
d4+9—150 I—L{rwﬂn

+ S0 cos 78°

leMLU.EU?H

237

m
L]
30 LS R

Ta
i | _| +
~1'

|
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g ta
i
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o
'8

E

| 5

I e
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2 o T

Notce that in Example |, 2* < 2° + 57
g, .F 2 2
Example 20 3 = 35 +75°.

and in

a ]
e= a4 B2 P L
Fig. 11.4

Fig. 1.4 shows that

* =a® 4+ when ¢ is opposite & rgh! angle

& <a + b wheneis Oppusite an acile angle

¢ > a* + % when ¢ is opposite an ofiluse
angle

b ya

Example 3
e AABE, ¢=84m «=792m aond
B = 151.3" Calewlate AC.

First, make a sketeh of the data (Figo 1150,

Fig. 11.5

By the cozine rule,
B = B 447 + 7,927 — 2 x B4 x 792 x
vos 151,3"*
=T12534+ 62,754+ 2 x844 x 7892 x
cos 28,77

= 133,06 + 16,88 « 7.92 % cos 28.7°
= ]Eg\gﬁ o+ lj?*‘li ek
= 251,26 Vi
= 251 roidiul S -
S e 16,53 2074
b= Jony o 7.04 {.8947
b=y 2303 R . e 28T T.imtal
=15R85 =150 tn33L — —
3 3 L17:3 2 068

AC=159m

Notice the use of tables of sguares, logarithms
and suare rooty in Example 3,

* A seientific calculator mav be used 1o evaluare
this expression. Work from right fo left, sturting
by evaluating the trigenometrical function:

Ko Display
B8R BAE -0 8771451
< N7 ] -] 192

EaEOn 8 44

BEEEEEIE 117 25532
EEEEBEEDS §2 7864
el BafsN-<N-QM-| 7! 2338
(MRl | 5. 850089

=158

Note the use of the calenbaror’s memory o store
the three products. The kev automatically
adds the products.

Exercise 11a

Calculate the length of the side opposite the
giverin angle in each of the As ABC. Give
answers correct o 3 of

1 2 B
B
le S
rmy hu
b em A
2em

{ Fi Y

S
k] %

im
f Y B

Fro. £t

5 A= 20", b =Tem,c=12cm

6 B=34" r=4rm, 8= 5cm

T C=13 2= 10m; b= 10m

8 B=1355, ¢r=8em, a=5¢m

9 A=1254" =24 0m, r=3cm
I0 C=478% a=13,1m, i=242m

84




Solving triangles using the sine
and cosine rules

Example 4
In AABC., a=670cm;, ¢=23em  and
B =466 Find . A and C,
- ¢
B i
Ls 117
In Fig. 11.7, using the cosine rule,
b =237 46,72 — 2% 9,3%06,7 cos16.6°
= 5,204 4489 — 4 G50 6,7 % cos 16.6°
=518 — 2117 ol
TR LI
= 2901 M Log
WA TIET | 1 M 2
b= 2901 = 5.5386cm IE.;‘ {_J,H'riuj
Using the zine rule, o b 1R300
y i 2147 1.3259
sin G sindh 6 .
—_ = — PR g =
2.5 3,586 Ny L
Sl e 29 0,361 7
Gy &'}?]]'t ']'EL(‘) mETA 74613
1,a86 (L)
3,180 07315
¢ = 18,08 an B T 17

= |80 — (466 + 18.08:°
= 180" — 64.68"
= [15.5%"°
-I.Iii i fi.l_]..
b=54em, C=181, A=1157%

Notice the tollowing points in Example 4:

I The cosine rule is used to find b.

2 The sine rule 15 used 1o fnd one ol the
rémaining angles,

The smailer of the two unknown angles is
found lirst, since this must be an acute angle,
I the sine rule had been used o find AL log
sin A would have been 1,9561, which gives
A= 647" or 115.5" T'o avoid this ambiguity.

b

)

alwavs find the smaller angle first, €nce th
angle must be acuie,

¢ Rounding off numbers only takes place :
the jinal answer stage. Do nof use mounde
numbers at intermediate stagts of the calen
lation.

Exercise 11b

Calculate the unknown side and angles in cac
nbthe As ABC given. (ive final answers correc
to 4 sf

Hhem

am

=

Hui
Fin. 1.8 -

3A=1%6=10m,c=8/m

b B=126" r= 5,6, & = S¢m

7T 0=257,0=3850cm, d= 6cm

8 A= 14015 b=45m, r=24m

9 C=14334=38¢cm. a=2%cm
10 B=5345, c=28¢m, a=51cm

Using thé cosine rule to calculate
angles

The formula & = 6% +¢* — 2becos A can be
rearranged with cos A as the subject of the
lormmnla:

b4 & — @t

cos A = — e

% 2 gp

similarly, cosB = et —w
’ 2en

@ B =&

and C=
L11 COs za,ﬁ

This lormula can be used to caleulate the angles
of a triangle 1in which all three sides are given,




Example 5
Caleulate the angles of o Iriangle with sides of fenpth
b, Hmoand 7 m

Fig, 119

With the lettering of Fig, 11.9,

5+ 77 —47 58
A= = — =820
s 2w hxT 0 648G
= A = 34.04"

$ 4+ 7 =57 40 5
‘.'Hz L ‘_'!-.I.'.-i
= 2x4x7 56 7
= B = 44,42"

45152 — 7% M
r.‘ﬂs:ﬂf—-l;= — =

. 2x4x5 40 ?
s . = — (2000
= (= 180" — 78.46° = 101.54°
Check -
A+ B+ C=3401" + $442° + 101 51"
= 180°

In questions such as Example 5, it is advisable
to use the cosine formula 1o find cvery angle,
then to check the results by addition.

- Example 6

Caleulale the angles of triangles
(ay 400m, 500m, 700m, §
3.6 em.

wiiek here sides
2 Hom, 4,7em,

In both cases, the caleulation is simplified by
considering similar triangles (i.e. equiangular)
which have less complex nuinbers as sides,
fa) 400:500:700 = 4+:5:7
Solve the triangle with sides of 4, 3 and 7 units,
as in Example 5.
Ib) 2.8:4,2:5.6 = 28:42:56

= 2:5:4
Solve the mriangle with sides of 2, 3 and 4 units.
Fhis is left as an exercise.

" Exercise llc¢
Caleulate the angles of the As ABC whose sides
are given o cm. Give the inal answers 1o the

nearest (.17, 3
I 2
[ 4
a 3
A ™ H B
3
g ¢
B 4
A
[ 14 N i
B - C
A #
Fig. L
3 a=0b=7 =9
6 g=115,4b=133 =41
V a=582 b=865,r=78
8 o=725=63 =908
9 g=144 b=112 =76
10 ¢4 =27 . =87 r=1%1
Example 7

The sides of a parallelogram are 7em and 10 cm
and une of s diggonals tv 13em. Use the cosine
Sormula to find the length of the other diepomnal,

Fi!

M -
e L"‘f};

7m PR Tem
— .,

— S
] e
Fig. 1.1 18 e

In ABDC,
2 472 — 152
PN %T

cs 0l

_I-IHI 225
- 140
76
ET

91




In parallelogram ABCD,
"LI)( + DL.B = 180"

= \Ih’.’ = 180° — D( B P

= s "\l}( = oyl 1BIF — I)LJ::'

= ros ‘ﬁ.l}( 2 —cos DCH = Tab

In A ADC, A
AC? = 7% 4 10% — 2 7 3 1 cos ADC
49 + 100 — 140 % 135

= |4 —76

L1
mu',.:.:“.r.'.' angles uf ||™

=173
AC = /T3 em
= 8,544 em

The other diagonal is approximately 8,54 em
long.

Motice in Example 7 that it was not necessary
o find the value of O m degrecs,

Exercise 11d
1 In AABC in Fie. 11,12, M 15 the mid-peint
of BC.
fd Caleulate cas B in AABC.
(b Hence calculate AN,
{ Note: Do not find B in degrees;

\

Fig. 1112 B

2 With the data of Fig. 11.13, calculate
al ABC, (b] AC.

in cm,
A

1

Fag. 1145 C
92

all lengths being mven

3 In Fig, 11.14, find « ancl 1, Al leneths a

L_U'.!F"I'I. m CIr.

Fia. t1.14

4 InFig 1115, PORS s acyelic quadnilater
PO =7cm, QR =H8cem and PR = 7.5¢

P

§

Fig. 1115

(a) Caleulate PSR, .
b1 Henee if SR = SP. calculate SPR.
Give vour answers correct to the near
tenth of a degree.

5 In a AABC, AB=8im. BU=1lc
CA = 5em and BC s produced w Pso
CP=4cm. Use the cosine rule w 0

cos ACB. Hence find AP,

6 Given Fig. 11.16, find cosP in APQ
Henee Hud C2X

2
Fra. 11

7 The sides of a parallelogram are Sem =
5em and include an angle of 14, Find
lengths of the diagonals of the parallelogr:

8 Calculate yin Fig, 1117, (First find co
But do not work out ()




Fig. [1.17

9 In APOR pigir= \,'1311;1. Clalvulate the
P O

ratio P:Q:R in i simplest form.
10 In Fig. 11.18, ABCD is a trapezium with
sides of lengths as shown,

A fem B

B

Bem

Fug, 1118

Copy Fig. 11.18 and draw a line BX parallel
to AD to cut CD in X. Hence calculate
(a) C, (b) BD.

Bearings and distances

Example 8
Three towns, A, B and C, are situated o that
AB = t0km and AC = 100km. The bearing of
B from A is 060" and the bearing of C from A i
290°. Caleulate (a) the distance BC, (b} the braring
af B from C,

Fig. 11.19 35 a sketch of the pesitons of Ao B
and (.

L J2.19

Inﬁ&.‘aﬂ(‘._

CAB=60" 4+ (360 — 291"
= (0" 4+ 70°
= 1307

By the cosine rule,

BO? = 100% + 60% — 2 x 100 x 60 % cos 130"
= 10000 4 3600 4+ 12 000 cos 50°
= 13600 + 12000 % 0.6+28
= 13600+ 7710.6
=21313.6=213510 w4 sl

BO = \_.f"'.'-_'l F10km
= 48 km

By the sine rule;

sin € B s | 3007

i | 463
o B0 sin 1500 mnrng
sinll=——— )
[ 4 M Laiwe
- - G L7782
B x sin 50 dn S 1063
T 146 A6
146 91644
C= 1835 sy 1835 F.40m
Fig. 11.20 shows the angles at C:

Fia. 11.20

A
NC.B gives the bearing of B from C.
NCB= NCA — 18,35°
= 110" — 18,35° =091.65°
To 3 sk,
) BOC = 146 km,
(b1 The hearing of B from € iz 091.7°

Exercise 11e
Give all distances correct o 3 s.f. Give all angles
and bearings correct to 0,17
1 From a point on the edge of the sea. one
ship is 5 km away on a bearing S 50° E and
another is 2 km away on a bearing 5 60° W.
Finc the distance between the ships.
63
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A girl walks 50m on a bearing 025° and
then 200 m due east. How far i5 she from
her starting point?

Two goal posts are 8 m apart. A bothaller
15 34 m from gne post and 38m lrom the
other. Within what angle must he kick the
ball if he 15 to seore a goal?

City A is 300km due east of city B, Cie ©
is 200 km on a bearing of 123° from city B.
How far 15 1t from C 1o A7

A triangular field has two sides 30m and
&0 m long, and the angle between these sides
15 96°, How long is the third side?

Two boats A and B left a port Cat the same
ume along different routes. B ravelled ona
bearing of [50° (S 30° E) and A travelled on
the north side of B. When A had rravelled 8
km and B had mavelled 10 km, the distance
between the two boats was found o be 12
km. Calculate the bearing of A's route from
C.

A man prospecting {or eil in the desert leaves
his base camp and drives 42 km on a bearing
of 032°. He then drives 28 km on a bearing
of 154", How far is he then fram his base
camp and what iz his bearing from i?
Tweo ships leave port at the same time, One
travels at Skm/h on a bearing of 04", The
other travels at 9 km/h on a hearing of 1277
How [ar apart are the ships after 2 hours?
A bout sails 4 km oon a bearing of 038" and
then 5 km on a hearing of 0677,

ia] How faris the boat from its starting point?
{b) Calculate the bearing of the boat [rom
its starting point.

A photographer is 350 m awav from a Hon
and wants to get closer before she takes a
photograph. There s a water-hole in the
direct line berween the lion and herself, 50
she moves at an angle of 8" o this line 10
a better position 200 m further on. Caleulate
her distance from the lion.

11

13

14

£ 200§

Two planks, ol lengths Tm and 1.2 m, lea
against each other as whuun in T.'u:; [ [,
If the angle between the planks is 36°
fa) how far apart are the bettom edges o
the planks, and (h) what angle does th
longer one make with the floor?

Is2m

(7

An aeroplane flics due north from Harar
Adrport for 300 km, 1t then Qies ona bearing
ol 060° for a further distance of 300 ko
before overtlving a road junction. Calculat,
jal the distance of the acroplane fron
Harare Airport when it was directly abovi
the road junction, () the bearing of the
aeroplane [rom Harare Airport at this instant
A ship leaves port and travels 21 kni on
bearing of 032" and then 43 km on a bearing
af 2R7°

(a) Caleulate 1ts distance from the port.
(] Calculate the bearing of the port from
the ship.

An atreraft fhes along a mangolar course
The first leg is 200 km on a bearing of 115
and the second leg 15 150 km on a bearing
of 230°. How long is the third leg of the
course and on what bearing must the atreraf]
iy

Villages A, B, C., D axé such that B is Fkm
due cast of A, Cis 3 km due south of B and
D i 4km 550°W from . Caleulate the
distance and bearing of A from 1.




Chapter 12

Consumer arithmetic (2)

Taxation

A tax 35 a financial contribution which people
are legally obliged 10 make to the Stawe. The
Government, acting on behall’ of the State,
decides the various rates of tax. It uses taxes o
pay for services such as education, health,
public transport and national defence.

Sales tax

A proportion of money paid for goods is given
to the Government, The part which is given 1o
the Government is called sales tax. At the time
of going to press, sales tax was 12.5% (or
onc-cighth) of the selling price of consumable
goods (such as clothing and petrol] and 0%,
{or one-fifth| of the sclling price of durable
goods (such as cars and furniture),

Example 1

A gold and diamond ring 15 advertised as
51495, excluding sales tax

What wifl be the total cost of the ring?

A ring 1% a durable item; sales tax 1s 2079,

True cost = 120%, of $1495

5
=—x 5] 5
]

=51 7%

Example 7
A coat costs 322930 meluding sales tax, How much
tax does the Governmend receive?

A coat i5a comsumahble items sales tax on it 1s

[ 2,594,
[12,5%, of hasic cost = $229.50
429,50
120 of basic cost = —
1125

204 50 % 14,3
1125
204 50
g
= 525,50
The Government receives $25,000 sales tax.

12,57, ol hasic cast = §

-

Income tax

Mast people pay a part of their earnings to the
Government, The part they pay is called mcome
tax. In Zimbabwe the way of calculating
income fax is roughly as follows,

! Tax is paid on taxable income. The rates
of taxable ineome for married and single
people are given in Table 12.1.

Table 12.1

taxable income rate of tax (7,)

per annum

married | single

first &1 000 10 14
second 51 000 12 |65
third 51 000 14 |8
fourth $1 000 16 20
ffth 1000 14 22

and so on untl ...,

lilteentl %1000 38 42.5
sixteently 51000 4 45
seventeenth 51 000 42.5 15
over 817 000 45 15

2 Abatements are given 1o help o meet the
ot ol |.h_-r'~an_m;|l amd [mly commitments,

ar




Here are somée tvplcal abatements;

%1 8OO
55000

single person
married person
children S600 per child
dependants 400 max
iNote: other abatements are available, but
only the above will be used in this book.
A taxpaver's total abatements are cilled the
abatable amount. The maximum abatable
amounts are 36600 and $3 800 for married
and single people respectively.
3 Annual tax is caleulated as bllows
Chargeable income tax
= fax OR gross income
— tax on abatable amouni
Total tax payable
= chargeable mcome tax
+ 15% surcharge

(Note: in practice, the rate of the surcharge
increases as total tax pavable Increascs.
However, for illustrative purposcs, 15% wall
lre used in this book. )

Example 3

A married teacher has an income of $11 560. He hay
& childrin and w dependent relative. How much tneame
tax should he pay?

First:

gross income = 311 560

Second:

abatements:
marred allowance S5000
4 children 2400
dependant S400
abatable amount = ] BO0)

Third:

tax on gross income of 11560
=100 + S120 + S140 + $160
+ $180 + 5200 + 8220 + 5240
L S960 4+ $280 + §300 + 329,
= $2379.20
tax on abatable amount of 55 800
= 8100 + 5120 + S140 4 5160
+ $180 4+ 20°%, of 3500
= 860

of 3360

Hi

rhargeable income fax
= 5237920 — §860
= $1519,20 =
Finally:

chargeable income tax = §1 519,20
surcharge of 13%, = §227.88
Tutal tax pavable =$1 747,08

Exercise 12a
Unless otherwise stated, use the rates given
above in this exerelse.
1 Find out how much customers pay for cach
itern in the advertisement in Fig. 12.1.

]
FANTASTIC $AVINGS |
ON SELECTED £O000S
Three-paere suile 50
Kirchen dable and 4 chates i
Bilack pati I
Ricrle L340
Al prigew wehjert to Sader Tax of 20%
Fig. 12.1

2 Each price in the advertisement in Fig. 12
ncludes a sales tax of 12,5%. How mucl
maoney does the Government receive ineac

rase?
JANUARY SALE B
N\ L ,-ﬁ\
pack tO School
BOY'S SHIRTS $18.00
BOY'S SHORTS "§9.00
BOY S TROLUSERS $36,00
GIRLS BLOLSES %13:30
GIRL'S SKRIRTS §27.00
GIRL'S DRESSES $3%.60
TRACKSLHTS 545,59
SOCKS $3.33

Fig. 12.2




3 Ihe Young Fashion' depariment of 4 lirge
store advertises stome-washed dentm tops al
S63.99 with skirts to match a1 $72.949, A
young woman buys one of sach,

How much sales wax does she pay if the
advertised prices are inclusive of sales tax
ar 12,5500

& 3-band radiv can be houghs by paving
12 easy instalments of $22.50°. How much
sades tax is meluded 1 the wotal price? Vole
a ratlio Is a durable item.

Caleslatg the eross income tax on each
of the following salaries when carned 15
|1} married, 1) single peaple.

tal 3000 T S5 000 el 14000
d) 87300 {e; SB600 f1 $10780
Calculate the abatable amounts for the
following:

a) asnglewoman with adependent parent;
‘b1 & married man with 3 children;

el a marred woman with | child and &
dependent mother;

dl o married man with 5 children and
dependent parents.

$7000 and total abswements of 32000,
Calculate the amount ol tax paid,

A graduate trainee accountant has a salar
of 813 320, Il the wainee s single and has
no dependants. find: (o) her abatable
amount, (b; the tax on the gross income,
() thetaxon the abatable amount, o) ihe
chargeable income tax Le. the tax belore
surcharge], (el the surcharge, (f) the ol
tax tharshe pavsannually, (g} her remaining
income after tax 15 paid.

An experienced trained accountant has
a salary of $27 800, He 15 marmied, with
4 children and a dependent maother.
{a) Caleulate his abatable amount,

() Caleulate the total mx that he pavs.
{€) He is paid monthly and tax 5 mken
from his pay m equal mstalments. Find
his monthly 'take home pay’.
Companies pay 1ax of 45%; on all taxable
income. In addition, theirchareeable meone
tas is subijecr w g surcharge of 17,37, Find
thie tax paid Dy
taxable income of 388724,

o commpany awvhich has a

A single taxpaver has an annual income of

Household bills
Discount 2
Sometimes a wader will reduce thesprice of an
itern in order to sell it. The reduction in price
i« called i discount, Discounts are ofien given
16 customers who can pay in cash,

Example 4
A refrigerator costs 3899, A 0% drscount 15 given

e cash, Whal 5 the discrunt price?

fither,

Ll n
Discount = 10%, of 38498 = 100 = BEEG

= 539,50
Cash price = $859 — $89.90
S0y, 10

CIr:
Cash price = (100%, — 10%,
0% of $809

of $894

a0 :
— » 5H499
100

0,5 x 554
— 880910

Example 5
A stationary shop sells notebooks at 8140 each oy 5

Jor 86, lt piver 4 33%, discount lo sehools on vrders

af 100 notebonks ar mare. Calowlale e wnil costs of
e nedebonks @ the lhiree vales.

Afunit cost’ s the cost of a single fwem. Unit
ciists are used for compiring prices,

Non-discount rate:
Cost of | notehook = §1.40

3 notebooks for $6 rate;
Clost of | notebook = 56 = 3 =51.20

35%, discount rate:
Clost of | notelook = 63%, of 31,40
35
= 27 % $1.40
1630

= 8| prnis

Example 5 shows the savings that can be made
when bivang ‘in bulk™ '(Le, buving a lot ol o
particular item?,

a7



Hire purchase

Expensive items such as cars and television sets
are too costly for most people to by outright,
People find it easier to buv such 1tems by paying
imstalments: Aninstalmentisa part payment.
Paving by instalments is callezl hire purchase.
The buyer hires the use of the item belore
paying for it completely. Tt costs money 1o hire
an item. This is why hire purchase costs more
than paving in cash,

Example 6

A motorhike cosls 82 676 cash. Alternatively @ can b
bowght for 25%, depusit wnd 23 monthly talalment
af $1153. How much more expensive 15 it lo buy lhe
mitarhike by kire purchase?

Hire purchase price
= deposit + instalments
=25% of 82676 + M = 3115
= %660 + %2 760
= 853426

Price difference
= 53424 — B2 676
= B7h3

In Exampie 6:

I' The difference in price, 8753, represents the
cost of hiring the motorbike during the time
it was being paid for

2 The depaosit is given as a percentage of the
cost price. This 15 commonly done.

Exercise 12b
1 Find the price il a discount of
fa) 10% is given on a cost price of 359;
b 52'12"?!-{1 is given on a cost price of $42;
'c) 13 centsin the dollar is given on i hook
marked at 528;
id) 20% is given on a 315 shart.

2 The selling price of an armchair is 5220,
The shop gives a 257, discount for cash.
What is the cash priee?

3 During a sale a shop takes 35 cents in the
$ off all marked prices.

(a) What percentage discount does this
reprisent?

(] What is the salé price of a hondbag
marked wr $392

i

4 A Co-operativesells eggsat the prices shown
on the noteg o Fig, 1203,

EGGS FOR
SALE
2yc EAH OR
6 For $1,25

Fig, 12.3

How much is saved by buving four dezen

cgas i siwes anstead of separately?

A B0 g packet of miee costs 98c. A Hiky

sack of the rice cosis 865, Caleulare the two

unit eosts of the rice if | ke is taken as the
unit. What is the saving per ke when buving
in bulk?

6 The hire purchase price of 2 hi-fi set i 3678
spread over 24 equal orinightdy payments
How much is ¢ach pavment?

7 The hire purchase price of a vehicle is a
deposit of 34500 down and 36 monthly
paviments of 3950, What 1s the otal pand
lor the hire purchase?

8 A carpet cither costs 83699 cash or 30 weekls
pavments of $27.50.

{2 Find the cost ol the carpet when paving
by hive purchase,
bi Find the cost of the hire of the carpet
for the 30 weeks:

9 A welevision set costs either

8675 casl, or

52 weekly payments of $16.50, or

104 weekly payments of 3850
Find the total cost of each of the hire
purchase methods of payment.
Why should the two dilfer in cost?)

A new computer vosts £234%5, An 8%
discount is piven for cash. The hire purchase
price ol the computer 15150, dewrn-and 24
monthly pavivents of S109.65.

Calculate the difference between  paying
ciish and paying by hire purchase.

wn




Electricity and water charges

Prople who receive public services such as water
and clectricity also receive hills to pay for them,
The lollowing give some typical charges.
Remember; however; that caws and methiods
ol payment for services vary from time o 1ime
and Fom place o place.

Elecrricity and witer charges are sometims
shown on thesame bill. Fig. 12.4 shows a typreal

Wl lor these charges ssued Ly the City of

Harare and Zimbabwe Electricity Supply
Authoriiy (2AESA L

City of Harare/ZESA

FAF Hom 10l TELEPEICGINT Tu7 ¥

ELECTRIGETY ANDORWATER CTHARGES

ey —|T-..-..,._ Nlea
62, 0| LY mEC (A
Lasi g
L CHAREE . Aa
E & 2T T 1 LR E
GITY OF 1ARAHE CilARGES |
L ) oldd hitdl af i5,1%
|0PE SUPTRCHAMEE Oh ELEC AT Fa |

[T (e (T s
13 Hay i UEg W)

lE E |

8 s srrrem i ey Titmaneti

& RECEIFT N TR PO S RO VAL WAl T SE PRSI

1 b el e s ahiee har Bt BT e b e ] by e s e

Ahhough the clecricity and water charges are
shown on the same bill they are caleulated
cdifferently as [llows:

Electricity charges:

57,30
b3 per kWh
FOE, ol 1aill

Fixed monthly chiarge:
Clonsumption riwte
Surcharge:
Uhe 10, surcharge is o bandling charge and
goes Lo the City Couneil, The rest gocs to ZESAL
EWh is short for kilowatt-houar. | kWh is
the amount of eleetricity that s used when 1000
watts of electricity are consumed in | hour, The
EWhiis the basie tunit” ol electrical consumption.

Water charges:

Fig. 12,5 pives some typical water charges,

WATER TARIFF

Pievase nate ot ke NWater 'Uoriids have Bgen amended
n s pee o warer consrmeel after the normal feading dan
i Cdepalse 190, | sl il ehe asseade] Frffsoan

i bl

MUNICIPAL AREA

(RS Ml R parr by e
vulne metee
Saniwlie Farmily Wl frt 14 m? w305 vfm

st 2 el bBS o
pesd B e e B e
wver T m ar 715 ofm!

Phaelling Linits

Ciommweroal and WH T i

Bruliamtriad
OUTSIDE MUNICIPAL AREA
WH coam st Wi

sioaedm

B As warer accouists-are caleulaicd b mcione wiits all
comsumpoens shown are cubae metres anless otheewese staced

Fig, 12,5

I'he unit of water is the cubic mermre (m®)

3 s . - ~
L™ s eequaviddent o | ODO litres, or | ke, ol water

Example 7

Chenk the bidl shewem e g 124,

Electricity charges:
Mo. ol utits vsed =25705 — 22712
=093
Choree for units = 94893 = 65,650
= 866,044 3
= 566,05 to nearedt ©
Fixed monthly charge = §7,50
Tonal of electricity = 575,35
0%, surcharge = 107, of $73.53
= 57.95 to nearest

Witer cliarges:
Mo ool units used = 6 128 — 6071
=37
F=13+4+26+ 18
Charire [or units
= (13 % I3,5¢) + {26:% 48,5 +

= 84 745 +'512.6]1 4+ $10.80

=§28.1535 = $28.15*

18 = G0¢

Crrand toal;
= 57335+ 87.83 + 828,15
210681

*MNote that the 003e §s rounded down,

45




Example 8 *In practice the 0.5¢ 3s rounded down,
A household uses T16 units of electricily, What will Examples 7, 8, 9 show that a-caleulator, if
be the cost of the electricily! available. is a very usclul aid for checking

; L i b s sichold bills.
(Cost af units used = 716 x hibar houschold bills

= 4761,4¢ |E
=§47.61

Fixed monthly charge = $7.30 Housechold rates (owners charges)

Subtold = 554,91
10%, surcharge = 10%, of $54.91

Property owners miust pay for sevvices which
are supplied to their houses and [amilies, Such
cervices mclude road construction and main-

= 35,49 f | and ly of publi
; g _ renance: refuse removal and supply of pubhe
Toial cost = 554,91 + $5,49 il such a8 CIvic sentres },I(]ﬂ'., 11(1Hurn_
- f crlies sue 20 B o o A o P L B %,
= Shl) 40 P .

sireet lighting ard parks. Bills for this are called
owners charges. Lhey are also common|y
called household rates, or simply just rates.

Fie. 12,6 shows a typical f-monthly rates hil
for a property in Harare.

Example 9
Find the bill for 48 m® of waler when it i ralrulated
hy (a) Scale W1, (5 Seale W2, (e} Seale W3

ta)] Scale Wi Mo that the Bill containg three compononls
48=13+26+10 I Land

Water bill The .plot of land (known as a stand ) 1
= (13 x 36,5c) -+ (26 x 48,5¢) + (9 x BU¢] evaluated and charged ata rate o 1,166 cent
= 474.5¢ + [261c + 540c¢ = 2275.5¢c% per 5.
= 52275 2 Improvemients

(b) Scale W2 Anv improvements to the stand are evaluate

Water bill = 48 x 48,5 = 2 328 and charged at a rate of 0,818 conts per 3

Note that such improvements normally includ

= 52320 . R
P e the main house and outbutldings.
{e) Secalie W3 i -
: 4 Refuse vemaonal
Water bill = 48 % 57,5 = 2760¢ A fixed charge of $2525 for the regula
= $27.60 disposal of rubbish.
- Euvmess Hivars
Clt 5‘ Df Harare _Hlllutl;- | WK 3%
. Taearlas
Pid B Phil:y HARARE Wed el an XL R
Thursiag %
Frathia | FANE-a 1h
T RESPECT OF STAND 10073 MOUNT PLEASANT
I Fii e e Maie Liali (0 goipinisin it
Wapw il OGGD6E
Wit gmriin w10 BEAR
rese AV TE FEOIN (AR RN AR AR TR TR [h ) CREL
% sata s 4
Lk L JaN 97 3 oJuN %1 &bi0 1,180 rELY
THEROVERENTS vOAN 91 NG guM @1 1EES0 giBlS ity 7|
REFUSE REMOVAL 1 Jad 5L 40 JiK 41 2589
10 il Uigiand ludlam stien sl g i sl L I J
Fiq. 196 30 AR T 1 MAY 41 [f1, 05 PEK CENT FAROM DUE DATE
LoD

4#




Example 10

Check that the rates bifl shown in Fig. 12,6 15 corriet,
Land charge: 6,610 % 1.166c = $77.07
Improvements: 15490 % 0.818¢ = 8§126.7
Refuse removal (fived charge;, = $2 I.'._:'.'I
=-5228.04

Lotal owner’s charges

Exercise 12c
Unless told otherwise, use the water chiaryes,
clecineity charges and houschold rates as siven
above when doing this exercise.

I The electricity bill for a howschold which
uses 380 units is $50.46. Thiv includes the
fixed monthiy charge and the 109 surcharep.
Check that this bill 5 correer.

2 What would he the hill for
which wsed hall as mans
fuestion 12

3 The reading on an eler
fram 1091 0 19172 5
the hill,

was used, Check thar this I'.'ri|| 15 0

What would be the Lill for the he

gquestion. 4 1, next month, it

two-thards as: much wates?

6 At the begimmning and end OF 4 mondi the
readings on a wiler meter are 2591 m?
and 2418 m? respectiveby, Calealate (he il
Erl‘hill:'_'_;’vn' are made on the W1 Seale.

7 70 m™ ofwater arve used in e menth Catoulate
the bill when eharued ona) Seale W1, (b
Scale W2, (01 Seale W3,

Giive possible reasons why the rues are
dilferemt for dillerent tvpes ol users,

8 A property s valied as [ollows:

Fanel 33000
Improvements S10000
Caleulate the G-monthly swners charges fiar
the property. Inelude
removal,

B The mues lor the property in question § are
mereased o the following:

Land: 12250 per &

Improvements:  (.922¢ per $

Refuse removal: S97.85 (fixed|
Assuming that the valuations remain s

(&

tsedl

vharges for reluse

LEF#IL 3

befiire, caleulate the new 6- memthly awnes
charges lor the property

10 A howuse in Harare hos a land valuatdon o
SESM, an improvements viduation of 18 25
and 15 subject o Scale Wi water charges,
Readings of the water and electricity meter
shiow that in the month of June the house
held used 64 m? of water and 905 units o
clectricity:
Fiond the ol amoan thar the bills wil
come to (Leo the water and electriciiy hill
lor June and the owners cliarges for
January 1o 30 June|.

Insurance

Insurance is a lmancial arrangement for th
paymient of a sum of money o compensa
lor an unlortunate loss or injury, Those win
wish 1o insure themselves make pavments, o
bremiums, (6 insurilce companics. Fos
@9,4 the Summit Insurance Compam
at annual preminm ol $66 1o house
rinsuring the contents of their houses
loss or theft of amounis up w $5000
re wire to destrov or damage the houses
tents, the houscholder would receive Lt
b D) i compensation.

It 3s possihile o insure voursell [or nearh any
kind of "‘L[!I{l.lll.‘zl statisticians, called
actuaries are emploved by insuranee companies
ey caleulate the premivme for the varous risks
uvolved. Table 12.2 shows the premivins to be
paid by travellers 1o ensure that they obuiin
connpernsa ton in the form of beaehits which are
shicwn overleal,

bialelees

!I 155.

Table 12.2
| Period of Premium per |
cover person (3)
|« Broedies 16,20
—11 dayy 20,70
1217 days 25,40
1823 days 26,11
2431 days 2H.80
B oweeks 3780
A owieeks 4680
1 wieeks ah, 7t
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Benefits per person

Benefit A
Dreath by accident

S5 000

Benefit B
Permunent total disablement
following accident FaH00

| Benefit C

Medical and other expenses.

All necessary costs up 10
SO0 0060

Benefit D
Loss of luggage up ta 5800
Benefit E
Personal liability S300 000
Benefit ¥
Hijack of aircrafi £5300)

Benefit G

Luoss of money up o £501)

Example 11
Referring to Table 12.2, whal would be the promium
if & traveller wishes fo mswre himself for 2 weeks!

2 weeks = 14 davs
This falls within the 12
Premium = $23.40

17 davs’ range.

Noter There is no reduction in premium il the
time period is less than the upper limin el the
range.

Example 12

The traveller in Example 11 has liggage valued al
S450. If this, topether with 3210 woordk of travellers
cheques are dolen, what comifiensadten conld nexfect?
Benefil D:

Compensation for lost luggage = $430

Benelit G

Compensation for stelen money = 5210

1032

Total compensation = SH6(

Vote: Compensation iz paid only ot the value
af the losses, not oo the maximumn, amoomnt
usura bke

Mortgages

A mortgage is a loan given tor the purpese of
huving fand wndd any property | buildings: w hich
is o e Janel, Companies which sive mortzames
are called building societies. A huilding
society owns the property uniil the lozn o it
1 repaid.

Interest is charged on the Jloan, Typical rates
of inerest are 15,25%, on residential property

ez houses, and 14.75%, on commercial
properties (e.g. offices, shops .

In practice, building societivs seldom give a
mortgaee for the full valie of & property, The
maxinmim mortgage obainable is usually 957,
ol the price of the property.

A morteage s usually repaid over a long
period of tmme: anvthiog up w23 vears or more
is quite common. During this time. both the
interest and the loan are repaid.

Example 13

T fyer farrorey S0 000 fram the BE&E
Building Sveiety to dbay o 70000 progerty, The
marloage tyopicen over 23 vears and e mantily
repayments are $HTH.3Y.

ar Huowe much wes He Jootise buvee's depusl an the
freaperie.

b Ikt 1 the dotal amamnt Yt ov repard lo
BEIT Building Suelety over the 25 years?

¢ Huew sl does the hosse buyer have I ey for
Mte properiy altogether?

a Depasit = S70°000 — 550000
= SQ””'{I”
L) Potal repavments por vear

= 8571.39 x 12
Fotal repaymient over 25 years
— 55376594 » 2= U5

=3172917
i Ponal cost of property

= $172917 + 52000y

= 3192917




Note that the monthly payment includes both
the interest and some repayment ol the capital
borrowed.

Exercise 12d

1 Use the dati in Table 12.2 w vadeulaie the
premiums for a hushand and wile who
insure themsebas seainst travel losses during
a Boweek trip 1o Burope:

2 The wife in question 1 falls ill during her
holiday. She meours hospital bills of 32215
and is flown home w Zimbabswe ata further
cost ol 51207 Whiclool the benefies will she
L compensated from and how muach should
she recelve?

F A household imsurance company charges an
annual premivum of $6 per $100 swm assured.
What will be the 1ol premiim  for a
householder who insures his house contens
for $14 3007

4 A var owner insures her car for “third pany,
accrdent and thelt”, meaning that any losses
cunsed! by her or anewrred by her will be paid
under the insurance.

tal Premiuwms are charged at the rate of

3635 per 32 000 or part thercol, based on the
value ol the var. What will be the [l
premium il the car = worth $26 8002

iy A oo claims bonus of G607, s given
beeause the driver has made no clatms
against the insurance company within the
past 5 wears. Whar will be her aerual

premium;
5 Table 123 shows the premivms o be paid
for insurance of heme possessions in rural,
Table 12.3 Premiums
sum rural urban city
covered area area area
$2300 854 546 554
$3 000 837 $57 Fid
Feb 00} 543 67 82
35 000 548 £79 sua

10

urban and city arcas for varous amounts
ol cover. -

fa) What would be the premium o insure
hiome possessions for $4 000 in @t arbuan area?
) Whinl woeuld be the premium o insuree
home: possessions for 85000 in the ciry of
Bulawave!

(e Additional cover is given at a premium
rate of %1 per $100 or part thereol in all
areas. What would be tie premium for a
rural farmer who insures his possessions for
87 a0y

A Dbuilding socicty charges o monthly
repayvment of S11.54 for each 81000 bor-
rivwetl.

(a) Calrulate the monthly repaviment i a
mortgace of $15 000,

(T; What i the vearly repayvmient?

(o) Whin will be the total repayment over
25 years!

It the Social Union Building Society’s interest
rate s 13200 per oannum, how muoch
mterest s paid on each 31000 borrowed
b per vear, (b per month!

The City ol Harare sells a stand (plot of
land | o Bewerbuilder Brick Company lor
$56 750. The company oblaing an 80%,
mortgage and makes monthly repavmens
ol 375815 over 1) vears

) Calrulate the amount of the loan.

(b Galewlate the ol amount r':‘iiuid 1
the building saciery over the 1) years,

An finterest only’ mortgage s one on which
oy interest is paid. Pavment of the capital
takes place at the end of the period of the loan.
A company obtained an Cinterest onh”
mortgage ol 390000 at a rate of 11,757 per
annurm. After 5 vears it repaid the capital,
Hirw much tnterest did the company pay?
A chicken farm s sold for $230000, By
selling her previous Larm, the Duyer can
affrd a deposit of 183 G00.

) Whit size of mortgage does she need?
(b The G&C Building Society oflers her
i 20-yeuar mortgase at a mr.mﬂ'Ll].' paviment
rate of 513,83 per SO0 borrowed. Caloulitte
the tatal monthly repayments.

(e Caloulare the total nmount that 15 repaid
erver the 2 vears.

104




Budgeting

bn dadly Life it Is Bmportint 1o Keep accuriles
avcaunts of income and expenditure. This i
rite whetlier at a houscheld, business, Clo-
operative or State level Accurate
enable individuals, groups and counteies (o plan

RNy

their spending. The planning of expenditure i
called budgeting.

Budgeting 15 greatly assisted by keeping eash
accounts of rransactions, Fig, 12.7 i a simple
household cash account which shows the income

and expenditure for a household during a month.

neoms Expenditars

() oges o0 s 8l |[Foodl 126

Fﬂ#\a‘_ 25 T T ﬁfTﬂTmmp_ 35¢d (-
I ndiibred P
ELer fudal ity Yy, L7
Schml aoiz 0,00
Cow rumiuag | 5 80
Entrstaunmenl b9 30
{lzHaing F6, Y
oo i Lehi 3 ao
Soudungs 128 6%

Total 125 577 | Teled 125577

Fig. 127

Although Fig. 12.7 iz a smplified aceount, Tt
eomtiins the mnin elemenss of all ciash - aoconnts
Ace Public Transport Co-op Led.

Accounts for June 1991

DA statement with detadls of incame,

2 A statement with details of expenditure,

¢ Total income and expenditure (which should
balanee) ’

Al businesses and Co-operatives are reguired
Iy Liw to keep cash accoums which shaw
Income and expenditure. Such accounis muse
sl thiv ezl which comes n gnd thie cash
which is paid out, Fig, 12.8 is a cash acvount
showing one month's trading ligures fir o
ranisport Co-operanye.

Notice the |ill.ill'n'-il'-g’i

! The cash account is in two parts:
cash veeeired Tincome ) on the lefe
cash spent |expenditure) on the right
9 Thetotal on the lefi=hond side gives the total
Caxll |-|.‘|.'|';1J.{"'.-|
9 The total on the richt-tand side mus) babanee
the total on the lefi-hand side. To do this

‘a) the attual expenditure is added,

Iy the resulting sub-total is subtracied rom
the total cash received 1w give casd rarried
Sarward

4 This cash i« brought forward as vash received
into the aceount for the nest period.

Example 14
Llse Fig. 127

F2.7 to calenlate the freaft el dhe Rrowsehold
e from farnng.

:ASH RECEIVED || CASH SPENT
Dt Details 5 [Fate Doails s

G108 ‘81 | Cash brouphit Iwc alib,3n 07/006/91 | Wages 1512 ED
O& D6 8] | Weerly cekinors UETE 38/06/9] | Fuel Bill 326,55
13 G681 | Weekly takings 44096 47 [[12/08/91 | Has repalr 417,50
& Gb.HT | Bus hire 530,40 15/06/91 | Wapes sLld, B0
Zz - D& 31 I'u{-'_-n;-'rt"l.' takings jadd, bl 21/08/91 | Wages J412,80
29 U641 | Weeklv takings 5171 ,62 [122/06439)1 ) Fuel bill 1514,873
30 U6 Y1 | 5chool bus hire L0 Ol 25:05)81 ) b onew LyTes T49 40
Z8 0641 | Wages 412,80
10/06,9] | Garage rent 1750,0608
10/ 06/%]1 | Petty tash Th,l&
| — [F070679] | Casn carried fwd Yok, 07
5149, JBTLS,T]

Frg. 128

[ £))




Profit Irom farming
= income from farming — (arm costs
= $247,17 — 858 = §189,17

Example 14 shows how keeping accounts can
highlight the cfficiency of a small project such
as selling farm produce.

Example 15
Use Fig. 12.8 to find the dperating profit or loss of
Ace Pubilic transport Co-op during the month of Fune.

Operating profit
= cash carried fwd (1o July,
— cash brought Jwd [from May
= 59664,07 — 88 176,34
=51 487,64
Nute,
! “fwd’ is a common abbreviation of ‘forward’,
2 Ifcash carried fwd < cash brought fwd, then
a trading lexs would have oceurred,

Exercise 12¢
1 Refer 1o Fig, 12.7.
(2} Which of the items under ‘expenditure’
15 likely to be the same each month?
b1 Food, electricity ind water are essential
ttems. How much wis spent on  these
essentials?

i) LEntertamment and clothing are non
essential items. How mucll was spent o
nomn-essentials?

Reler 1o Fig, 12.8.

il The weekly takings come from by
tares. Find the taotal obtained from fares i
June 1981,

(b How much was obtained from hiring

ot buges?

¢ Find the 1otal expenditure om fixed cosrs

L. wages and garage rent,

{d] How much was spent on keeping th

buses running during the month?

el How much did each new tyre cost?

3 Refer 1o Fig. 128, Next month the incomi
was 315083, 14 from bus fares and 430,00
from school bus hire,

Expenditure amounted 1o deweek's wilg s
and garage tent as in June, $2674.37 fo
fuel and $618,20 for bus maintenance. Therr
was also 8$112.74 in petty cash.
l&) Prepare a cash account for July 1991,
b What is the balanee in hand at the end
of July?
(r) Caleulate the operating profir (or loss)
{or the month of July.
Fig. 129 is o summary account of the Cintral
Government's budget for the Anancial vears

| 986/87 1o 98889,

=)

Government Budget 1 Z Smillion | Expenditure and financing 198687 198580

1986/87 1087/88 1988/89

REVENUE AND 3 N56.5 5 IR0 4 4564
GRANTS

Ifgeome Tax 1 351.9 FaT+,2 | BR5,2

Sules Taxes | 23703 | 3867 | TR2.5

(rher Revenues #i7 .6 B30 &
EXPENDITURE 46584 4 H%0,4 54674
AND NET LENDING

Current and Clapital S 4+ 3957 4 50,2

Net Lending 252 852 fi [
DEFICIT : -9596,5 —R4E,0 11,0
FINANCING 996,85 = 8060 +1 THL0

Frrelgn Laans 0.4 147.8 (38

[humicytie Tians THE, | TR 2 SH1A

Fig. 12.9 [ Source: Reserve Bank o imbabe
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In Fig, 12.9:

The [iest row gives the total repemee or Income,
This is broken down to show revenue from
income tax, sales tax and other sources.

The second row sives the main arcas of
Government expendifure on current and capital
developments and on loans,

The third row gives the budset deficet, 1o the
excess ol expenditure over revenue,

The fourth row shows how the defieit was
firanced or funded by foreign and domestic loans,
Refer to Fig. 12.9 and the above information
when answering questions 410,

4 (a) How much revenue was obtained
from sales tax in 1987/88:
(b) In which year did net lending amount
o $507 200 0007
{c) Whichiiem always produces the greatest
source of revenuc?
(d) Which year had the smallest budget
deficit?

5 For the 3-ycar period, are the followmg
staliements trie?
(a) The Government hoarrowed less and less
forcign money o finance the budget deficit
(b} Government expenditure rose steadily.

106
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le} Thedeficit each vear was always between
$400 million and $1 100 million.

{tl] Each year income tax produced about
twice as much revenue as sales tux.

In each of the main rows, the sub-totals
usually add to give the main total
However; in the case of financing in [986/87,
there 1s & small diserepancy, Suggest how
this arses:

What was the total revenue raised from
income tax in the 3=yvear period?

What was the ot spent on current and
capital expenditure m the 3-year period?
{a) For 1986/87. express foreign loans as a
percentage of the total amount needed 1o
finance the deficit,

hy Do likewise for 198889,

() What condusion do you draw from
vour answers to parts {a) and (b)?

{a) Express the amount under revenue and
grants in [988/89 as a percentage of the
I986/87 figure.

(b)) Do likewise [or expenditure and net
lending.

i) What conclusion can vou draw [rom
your answers to parts (a) and (b2




Chapter 13

Matrices (2)

Matrix arithmetic 5 =2
Addition and subtraction () 3A=3 | | 0
1] ¥
Example 1 3% 3 3% (=2
3 =1 -5 2 = Sl 5 =0
IfA= 1|1 0 | and B= 2 5 Fx0 3x4
i 4 —1 U g —§
find (a) A+ B, (4 A—B, (¢ 3A = 3 ]
0 12
) Revision notes:
3 =2 —3 2 I Matrices A and B are of the same order. They
(a}) A+B= { | 0]+ 2 3 are both 3 % 2 matrices, i.e. 3 rows by 2
i 4 -1 0 columns,
e = S 2 Matrices can be added or subtracted only if
3+ l_J" (=)= - they are of the same order, in which case
= 1+2 0+3 corresponding  elements are added or suh-
1+ (=1 4410 tracted as in parts (a) and (b} of Example 1.
—9 0 3 When a matrx 15 multiphed by a sealar, as
. in part (), the scalar multiplies every element
= 33 ol the matrx,
—] 4
g -2 -5 2 Multiplication
(b} A—B = ! 0 - 2 3 Exzample 2
0 t LB Py i
R T | {."M:( s _) and N = =2 find the
' T . & B -] 2
= 1_|' o ? | _[“: N 3 matrix products (a) MN, (5} NM, (¢) M~.




— 2 w644 %

Ixb+ o=

—9) % 0 4 -1}:'_-‘)
=1 3 %045y

ZL

(242+a—h 0448
18+ t—5) 04 10

(e
w3903

S O T R
_( 2+ 6 —4+HJ

(U L . WA, TR
[l MI;( 'j( _)
F BN 8% 5
B ( 44+ 17 —84 im)
T h—64 15

12495
(16 12)
_(9 37

Revizion notes:

4 In Example 2{a) M pre-muliiplies N, In Example
2ib) M posi-mulliplies N,

F Mairices can be multiplied only if there are
as many cedumns in the first mairs as there
are rows in the second matrix,

fi A px g matnx will moloply a g %7 manx
o gve a % ¢ product:

Py wo gl —|

§In general AB # BA where A& and B are

mad rces,

=,

Exercises 13a (revision)
1 Simplify e following, giving each result as
a sinrle matrix,

(3 0 ( " nj
LR 1)* 6 2,

%
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s q s i‘.
2 H‘Ar( | }) sl BZ(h {) find

2 3 4 -8
(a) SA b YB o —2A
(d) 3B vl YA+B ([ A-3B

3 Express cach of the following products as a
single clement matrix,

w ()

1
By (28 =1y [ —24
1
& y
T
. I-'
X

d)l (dhh] | o

]

4 Find and pif

{5 = 2)-e) 23

3 Express cach of the following products as a
single matrx.




( I .’i) Check that:

0 =1 1 O\fa & a fl)
3 1 5 (H l)(f re'):(r.- i,
_J)(_?- *:") and

a 1 0O i b
46 7)-C 2

0\ 2 30 4 AT
{fls =1 g (“ i) 15 galled the identity matrix, [t is

wiven the svmbal L

Inverse of a 2 x 2 matrix

{f'(ﬁl i?) 1 i matrix such thit

. E
rlfa.ﬁ__ﬂj'}‘lf}rl.l
G == 90 9

‘?) i e mverse of (ﬂ

tbra of 2 X 2 matrices
matri [nu]] matrix}

=

= B =5 g (
iE % 2 matrx (r f') is pre-multiplied or
¥

-3

L
=
o T

; U .
5 flp].ifd h\r the matrix (Ii} ). e thtil(

ﬂ ¥ ¥
S A ] %
ced 1o the matrix ( ) If (‘ﬂ i ( & = &
0 r osile d oo
gck that
then e 4 ge =1 (1
Dy fa b - 0o p o =100 {2}
b/ e d 0o o a4+ =1 (4
3 tht+sd=1 (4]
(1) =d pad 4+ qod = of (3)
a V(0 0} (0 O (2) ®ee phc+ qod =0 |6}
e d/\0 0 N0 0 \5) — (B): pad — phe = d
. e mlad —be) =
0 0% 35 called the zero matrix or ;
0 () nuoll matrix, b= s
ad — e
Identit ; Similar] =
ir b ’ =
entity matrix Harly i P
a b
Mlany 222 i i - ipli g —ill
Ifany 2 x 2 matrix (1_ .-i') is pre-multiplied o1 arid -
L el — be
post-multiplied by the matrix (D 1) It remains ;
unchanged. and J ad — b
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4 . : o fa Y
Blenee the inverse of any 2 % 2 matrix ( ﬂr) 1§
¢ d,

| ( d =4
ad — he . —C f

ad — b is called the determinant of thee MaLrx
a b
e )

To find the inverse of a 2 % 2 marrix:

! interchange the top lefi-hand and botwom
right-hand elements:

< multiply the other two clements bv —1:

4 divide the resulting matrix by the determinant
of the original matrix,

Example 3
Find the muerse of

{3 =p
la) (i 1)

a) The determinant L:n['('1r [ ) 5

W) e

; L

Inl—dx{—=3+8=11

i 9
Its inverse is iT .
I 1 2)/3 2"
Chech! — _)
1A —4 4744 l
| ]
RS r_: 11

—

Il
T T
e )
—
e

=%

(2 5
b The determinant of i
i) ¢ determinant o (3 H) Is

2Xx8=3x3=16—-15=1

Iis i .17 8 =5 ( B =5
5 v 5 — =
in lﬁf‘lﬂl(_ﬂ E’) I j 2
—3 b i
ﬂ.&r*m{'.‘( i 3 (2 i . [
—3. 2/\3 3 01

110

7 O BY .
el The determinant of o 17136

bl —2%=3=10 .
The inverse of the given matrix would contair
the [raction 3. Since division by 0 is impossible

o

i T 1]
it follows that [‘.J

| =

!) has me inverse,

Notice in Example 3 that a matriz, whose
determinant is zero has no inverse, Such mitrices
are called singular matrices,

Exercise 13b

Find the inverses of the lollowing matrices
where possible. Use multiplication o check
each resulr,

1(*’ 5) 2

L
Fre o
| L
— L3
o
(=
e R iy
tn = haoLn
Jnd {e
i i L LG
- At oo —
i

(23 3. D
2 (1 2 2 (2 !
G 14 -5 8
7 il Bt 8
3 ! -1 4
g (9 —H) 10 —5 =4
(_H ti =2 0
i r) ,(u -5
> 12
¥ ‘(_!h 3; "2 o

Matrices as operators
Simultaneous linear equations

- (9 + (.‘r)_ 17)
2 1\ %

s ({_H—r-[:]" 3 1?)

thren x_‘.’..r+_|'J_ 1)

ar Ba4dy=1
snd 2x4



Hence the simultaneous equations (1} and (2}
can be written as a single mattix cquation:

) . 9 4 o X
In (%) the miatrix (., l) multiplies ( ).
£ L oy

Multiplication 15 an an thmetical CHRICTRELGND W
say that the matrix acts a5 an operator.

. F— T S |
The inverse ol (2 I) it (_2 ';l-)'

Pre-multiply both sides of (3) by this inverse

() :)(:g 1)

Example 4
Solve the {'rj.'::.u{.!'un.l. dr—4y=land Tx + y= b

Jr—dy=1
Trd =28

- NE)-(s) o

3 —4
The determinant uf'(_' 1) 5
i

Jxl —7%(—4) =3l

Lts inverse isI = Lo
: S1V—F 3.

Pre-multiply both sides of (1) by this inverse:

57 5)( )0l )as)
sl o 8)y) ~arlee)

and y=2
Chéck:- 325 —4x2=] and 7= 342 =25

Exercise 13c
Use the matrix method o splve the bllowing
pairs of simultaneous equations.

I G+ 1lp=29 27 4+4=129

v+ 39y=>5 tr+ 27 =16
3 x4+ y=14 4 9x— =15
v+ Py =9 132 — y=10
5 4x— 2 =9 6 x— =2
v+ =1 2y Hp=—1
7 2%—3b=3 Efﬂ—i:l:
i+ =4 %u-i—-l_-."-—'r'
 |hy—br =4 10 Ge—d= -2
tiw 18 =25 [0 — 34 = — 10

Further examples of the use ol matrices as
operators are given in the next chapter,

Exercise 13d (miscellaneous practice)
1 Evaluate as a single matrix

-3 —8 =2 1
5]
( 6 B)J“L—:i 1)
<

2ITM= k ) fa! find the salue of

— 1 1,
the determinant of ML (b hence write down
the inverse of M.

3 Find the value of the detcrminant of the

-2 —4 .
matrix ( q). Hence write down the

inverse of the matrix.
4 The value of the determinant of the matnx

5 =
( )Is Fil
—4 ¢

‘ai Find the value of «
‘b Hence write down the inverse of the
matrix.

L1




10

—

Find the value of & for which the matrix

(4 k—2 g o :
5 ave an OTEE,
8 6 oes nol have an inverse

L

IrA= | —1 and B={-2 5 0,
2

evaluate

(a} AB,

(b) BA.

Express cach of the following as a single

matrix,
— |
) ()

2 8 g
,.(T 4)({:1 0 3 3)
'xb.;' -

o 1,20 3 35 0

(ziven that
3 2 4 * _ m)
65 0 1 _f,;: ~ \7n,

fnd the values of m and »n,
Pis a 2 x 2 matrix such that

300 —5 0
G 3)r-==(7 2

Find the mauix P,
=t e
0 3)'

3 0
M= and N =
0 2
(b] Find the values of p and 4 if

(a) Find M — 2N.
£y qr']
M(ﬁ) N N(ﬁ

e

11

12

13

14

13

Given that

(‘ 0 J“(T—?) T 2 (n -2\
=2 I'.l)\;l 0, _(11] 1) " \6 3 )

find the value of p, of g and of r. [Camt
Find @ and & i

.Ii IJ( a =7 =1
A ]

where Tis the identity matrix,

{4 2 _f% Fj
‘&_(:_l 3)" B—(U L |40

3/

G- 12 4

- (—9 mi
{a) Evaluate A%
{(b] Find the value of £ which makes AF
the identity matrix.
(¢) Find the value of m which makes the
determinant of A equal ro the determinan:
of C- |Cﬁmbl
(a) Write down the inverse of the matrix

G )

(b) Hence find & and y il

6 7G)-(5)

Express the simultancous equations
Iy==0x+3
b

£F. =

—3x— |
a% a single matrx equation in the form

£

c20)-()

where a, b, ¢, d, p, ¢ are integers,
Hence find the values of x and .




-

Chapter 14

Geometrical transformations (3)

Transformations and matrices
Translation

In Fig. 14.1 Adsanv point | g ¢) on the cartesian
plane. OA br a is the position vector of A:

R

Alpi gl

¥

- Y : _
OA=a= J = thedisplacement of A from
: the origm.
IPA 15 the poane (12 20 and it is translated by

vector { |, 1ts tmal pasition B i< shown in Fig.
| 4.2,

L

; s

Fig. 14.2

The pasition of B is calculated by adding the
translation vector to the position vector of A;

& =n={p)+(2)- (3

Translation is a geometrical transformation

olten represented by the letter T. Hence i T
b

4
represents the translation (2) then Tia) = b,

Stmilarly,

_— ) (5 4
RE=Rtf ) S 2)
(0=
= - =
6
Hence T{T{a)) = e
This is usually written as T%/a) = e
Notice that if the cartesian plane is given a
translation T' then every point on the plane is
translated threugh T,

Rotation

Fig. 14.3 shows successive rotations of a unit
square (hrough 907 clockwise about the ongin,
[Note; a unit square has vertces at ((; 0),
0, (15 1 (0; 1]

Ry

74
RE B ' r .
« LI
e e
n| € T 7] B o g
ey
- T
P W
fa} (b}
ik Y
“ e
e L
REan
-1 0 . Apres >
O E -1 1 x
it
i =
B" A"
Le} id)
Fig. 143

113




In Fig. 14.3(a) the position vectors of the
vertices A, B, Care a, b, ¢ where

e=(%), 5= (). o= (1)

IR represents a rotation through 90° clockwise
about the origin, then from Fig. 14,3, paris (a)
and (h):

]
R :ag = (”) .I] |
Rie) = ( 1]}) (2

[t is possible to represent R by a matrix. Le

: ¥
this matrx be ("f f"r).
ros
From (1) and {2) above:

(6)-()
pa(? W)= 5]

By multiplying out the matrices,

-

-~

-5

O+ 1g = |
= g=1
Similarly y = (. p=0, r= —1.

H{-mk-_( 4 ').
=1 0

In Fig. 14.3(c), R? represents R followed by
R, ie a rotation of 180" about (.

2 0 ]( 0 I)_
& _(—-E 0\—1 of”

% &

—1 i
0 —1 J
In Fig. 14.3(d), R represents R followed by

R bllowed by R, f.c. a clockwise rotation of
2707 about 0.

R¥=RxR*

_( 0 N/=1 0\ (o —l")
=1 0o/\ 0 —1 _(1 (h,

R* represents four successive clockwise rEita-
tions of 90°, i.c. a rotation of 360°,
R*=RxR?* (or R? x R=

|14

YRR A VA A
B ( 1 o/\ i}) m
i S —1 u')
( t [ 0 =1
1 0%
= L ) i begth cases.
3

Hence R* is equivalent to the idently matrix
I, as might be expected.

Ti , 0 [') I i
12 MALrCes 1 ”I. 0 —1 )

0 =I1%f1 0
( - represent clockwise rotaton:
1 il 0 | :

of 807, 180", 270°, 360" about the arigi.

Notice that if the cartesian plane s given o
rotation R then every point, except the eentre
of rotation; 1s rotated through R, The centre of
rotaton is said o be an invariant pint.
Invartant means ‘unchanging’.

Reflection

In Fig. 14.4, the unit sepuare in part (a) is shown
(h) reflected in the x-axis, and (¢} reflected in
the Sb=i s,

Tl ¥
B ; T
_.g..g._ {
R gl
i f | Gl =N
] i [} Eimh v
i
LT
-1
o B!
(a) b
Yl
B ] |
i e
pm
cdin ] £
-] il b




M represents the reflection in the a-axis; then

bv considering what happens to OA and OC,
M(OA) = 0A’

and M{0C) = 0C

If M is 1the marrix

=

L q) then

r

¢ 90)- H)
=0 )o)=() =

By multiplying out the matrices,
g=0,s==—],p=1landr=10.

! 0
Henoe M = (” _!),

srnnilarly, by comsidering Fre, T04ic) ifF N
pepresents reflection in the j-axis it can be
mown that

.I =( :1}. [;)
Po-( -6 96 Y
e -(% D 1)-G )

fence M? = N? = I as might be expecteil.

If the cartesian plane is given a reflection M
m every point on the plane, except thase on

i,

t1ion 15 an invariant line.

ample 1
verticey of a triangle are A(1:2), B3 1) and
=2:1). If AABC s rffﬂri.rz’ i e x-axts,

ate the coordinater of e vertices of 115 tmage.

matrix M represents reflection in the g-axis

to 1)

e image of AABC s AARC, then

e line of reflection 5 transfirmed. The line of

M{OA! =0A" (1}
M(OB) — OB’ (2]
MiOC) = 0C' (3

ﬁmmih-ﬂﬁ“;(é —?)(
w-(, )
G-

The vertices of the image of AABC are A'[1; =12},
B3 — 11 G =9 —1),

From (2}, ¥

O =

From

Note; The working in Example 1 can be written
more neatly by representing the vertices of
AABC by a single matrix,

‘T % —2
(2 L)

Then, by matrix multiphcation,

AB O T A O N
1 0\/1 3 =2 (1 3 -2
T e LR ' | _(—E e,

Example 2
Triangle XY I s vertices af X354, Y(5—=1), -
£ —2:20. Find the coordinates wf the fmage of X,

()

anid then rolated through 180° about the ovigin.

Let AX'Y'Z' be the image of AXYZ alter

—2
translation ( —.)-
f 3 AR __J ==
ox-()+(9)-
f [l D
0?:('0+( ﬂ=
—1 Iy

f

nzﬂrk

Y, 7 if the triangle ix first lranslated by vector

Let AXY"Z" be the image of AX'Y'Z alter
rotation through 1807 about the origm.

115



#

=] 0y, ; .
(i | 1+ the matris ol roldalion:

b Y o
4

=) =3 i
( T =6 —':.‘J

Ulie veriiees of thie final imaee of AXYZ are
at X'—1; =111 ¥'{—3;—6) and 2"(4; —9).

Exercise 14a

1 Copy and complete Table 141,

Table 14.1

’7 transformation matrix

| identty 1 0
(_u I,)

reflection in w=nxis

refleetion in w-axis

roation of T80°

ﬂlli!lll orim

2 Find the matrices wlhich are cquivalent o
anticlockwisi- rotanons of (a) 907, (T 270°
about the origin.

3 A trianpgle hiay vertiess (110, @240 wim)
370 Find the coordinates of the imaoes of
its vertiees i it s rotated throueh 90
clisckwise about the origin,

4 PO s e ilif]'.i_L{'L' ol a line MY after a

transtation ol [

P are [G: 1), calculae the eoardinates of P,

3 A iviangle has vertioes A0, Bl —1,
and C(151). CGaleulate the position of 1ts
veruces afier a rotation of 180 abwat the
orighn,

6 Rellect the mangle of question 5 about the
Jeaxis. Compare vour answer with that ol
luestion 5,

|16

! : 0
). Il the coordinates ol

7

8

A rhombuos hias vertices (2225, 01 =1
— 2 — D pand  — 11 Find the coordinate

of s vertites when it s rellected moa) th

vraxis (h)othe p-adis !

e Fig, 143 there are three trianoles, AB(

AiBy Uy and MBS

9

10

B &,

LddS

G N B G s e Tmage o ABC dnder
singele  transhon, Wreite down 1
column vertor of this translaion,

(B ALBLCL i the image of ABC under o
anticlockwize rotation about the origin
Weite down () the angle ol the rotation
(i) the mitox af the oldion,

t vyB Oy (not shiown in the diagram) i
the image of ABC under a reflectin

3 : I i
represented Dy the matnx (“ l)
Weite down the equaiion ol the straizh
line through By and Oy,

DAY L has vertices at 40150, Y422 g

Z12:30. Find the voordinawes of the image

of X, Y, Z10 AXYZ s fivst rotated througl

FBO® ahout the ovion and then translate

;|r\.
thromsh (: )
|.'-I|
T 1 the translation ( :] and Eois

-\._I'l

clockwise rotation of 407 about the origin




fits

hi

nd

£5
jr 1
el

Bl

A i the point {—5 2] and B is the point

4; —31. Find the coordinates ol

{a) T{A) (b} RIB)

(el the point Cwhich when given translation
T tollowed by retation R hasits Hnage
at [6;—2),

Enlargement
In Fig. 14.6 AOAB is enlarged 10 A0PO by

scale factor 2 with the orgin as the centre of

tn];}.rgt'rmtm,
L
F
[=
i A
] Q
B 8 .
T T T T T T T T -
i 5 x£
Fiz, 146

From Fig, 14.6, a = (i) and b = (?)
- B b
oP — (ﬂ) and 0Q = (G)

)
1 -

I operator E represents the enlargement. then

E{a) = OP ami Eib) = 0Q,

Let F o be the matrix ('ﬂ IF). then
i v o3
i q) 4} (a
(r ¥, -!-) 3 A
h q Y 6
. (r .I.')(I!;] (3)

om which p=2 s=Lr=05s=2,

L r

(3. ) 1o
i — =1 =M
d E (ﬂ z) “(ﬁ |)

In general, for any enlargement E with scale
Ector £and centre (0;0), 4

_ £ DY i o
E = =4, ,)=a
0 & 0 1
It the cartesiun plane is given an enlareement,

there 15 only one invariant polnt: the centre of
enlarzement.

Example 3

Unadrilateral OABC hgs eertices O)(0; 0), Al6; — 1),
B{—4; 21, Ci9:9). QOABC is enlarged with scale
Jaclor —'_3, awith the origin as contre, Find the coordinates
of ity enlargement ' A'B'CY.

Enlargement matrix

S KALE

0O A B- .C

A B o

_(u -2 |
0o 4 -3
The enlargement has comdinates O'[(:0),
A'(—2:3), B' {15 —%) and C'{—3; —3),

Rk ko
|
s

s —

—14

Shear

In Fig 14.7 the unit square OABC is mapped
onto the parallelogram ODEC by a shear
parallel to the s-axis

R

A Bik 1) B E+E D

L. )

Fig. 1.7

Foints on the v-asis remain where they are,
while points above move by an amount pro-
particnal to their distance from the x-axis. 1f D

17




15 the point (& 1], the shearing matix, H, can
be found as before:

WON0
=a(; 5)0)-()

from which p=Lr=0,g=Fkands= [.

»

it T -
H is the matrix .
is the matrix (EI [)

This can be checked by considering the effeet
of the shear en point B:

J Iﬂ: I] ] +I{- - un -
(l'.ll 1)(|) = ( | ), asshown in Fig, 147,

T kY. :
‘Iustas(“ | s shear parallel 1o the y-axis

o
: il : .8
with the r-axis invariant, so the matriy h 1)

15 a shear parallel to the y-axis with the p-axis

invariant.

Example 4
G iy o transformation represented by the matrix

;)

(w) Find the fmage of (323} wider G
(b) Find the tmage of (4 —3) under G,
(o] Deseribe, mﬂjﬁﬂ'r.‘fr{v‘ e J'rn.rz__l,‘,l"rj.rar.lr.'.'."urr .

ol E-C5)

The image of (4:3) s [—2;3).

o (o )-(5)

The image of {4, —3) is (10; — 5}
{e) Fig. 148 15 a skewch showine how the
translormuation changes the line joining the
civen points.

From Fig. 148, G 1s.a shear with the y-axis
invariant. The shear [actoris — 2 which produces
shearing to the left above the x-axis.

118

L Y -

k.-'
i

| "f"'.'.?'l‘b\\ o+ 147 3|

Tl =3 T, =

Fig, 14.8

Stretch

Consicler the elfect on the vt septiare of if

3 n')
EIPMCTSELOT .
- 0 2,

.v-"._"\-\\
o I 1
o=
ey
(=
AR

(6 J()

The effect 15 1o stretch the sgquare o ow
directions 1o form a rectangle as shown in [
14.9.

R
.
i [
I‘ ! W L B2 I
il ' -
5 '
B -
{ | s 1 x

Fig, M43




ee that the square i5 stretched by a factor
B the direction olincrease in x and a factor
the direction of increase in 3. In gencral,
th, S, is mven by

8

# a two-way streich by factor £ in the
won and & in the s-direction.

- that the origin is always mapped onto
when multiplicd by a 2 x 2 martrix,

nple 5

_ 0. B'{—5;6), C'[=2—9) e the 1mages
), B(5; 2], Cl2; — 3 under a transformation

, T . qa 0

emied by q matrx of the form (D b)'
Find the transformalion n.:am':tl. & Find the
J which will fransform ANBC back o
ABC. (¢) Complete the two matrices.

G DG)-(3) o
6 )(3)=(5) e

ity be=—>5
= a=—|
and 2h=6

N . aa—— -1 0
transformantion matrix 1s ( 0 S)T a
etch. Check this result in cquation (2),

Let the mairix

, r:r) translorm AAB L
o DMABC, Hence:

From (3] —5p+ E;Frf‘;
—ar+ =2
From (4): —2p— g =12
~ 2=y = -1

The solution of these equations gives
p:—lzq_-”:'f'—_[:l’l:=.1j -

—1 0 4
The matrix 3 ,) will transtorm AABC

3
w AABC,

{¢) Let the matrices in parts (a) and (b) be §
and T respectively.

(39
(3946 )

= inverse of S,

Each matrix is the inverse of the other.

Notice in Example 5 that if 4 shape is mapped
nnto an image by a matrix A, then the image
cin bt mapped back onto the original shape
by the inverse of A, sometimes written as A~ 1.
Remember that AA™' =1

Exercise 14h
—3 0
g =i
MABC in Fig. 14100

1 Usr the

mitrix

) to enlarge

"
ZG
DA*"';.:-

Fig. 14.10

I 3
2 Ulse the matrix ( T) to shear AABC in

i
Fig. 14.10. Find the matrix which will map
the image back onto. AABC,

[14



w

Fig. 14.11 |+ - L 4

H;J
Use the matrix 6 to transform A ABC
5

in Fig. 14.10. Describe the transformation
as fully as possible.

Find the matrix E which has the efect |::1'

cnlarging plane shapes by a scale factor 13
with the origin as centre of enfargement,
Use E of question 4 to ¢nlarge the rectangle
whose verticesare (0,0}, (3;0), (0; 21, (3;2)
# *,
The matrix (; ?) represents a transform-
ation H.

(a) Find the image of (2;3) under H.

(b} Find the image of (—2; 3} under H.
(¢) Describe H as fully as possible,

In Fig. 14.11 AKLM is mapped onto
AKL'M' by a two-way stretch, 5.

L

(@) What is the stretch factor in the
x-direction?

(b} What is the stretch factor in the
y-direction?

(¢} Hence, or otherwise, find the matrix

which represents 5.

A single transformation U maps APQR

of Fig. 14.12 onto APQ LR, which

has wvertices P ((;16), Q,(13:20},

R, 82,

Describe U, writing down the matrix

which represents the transformation.

121

¥k
il m
. ] 1
1
1 | A S e EE O I I
0 % ]

Fig, .12 2% |

b)) APQLR, is the image of APQR
under a shear with the x-axis as the
invariant line, If B, is the point (6; 1
find the coordinates of Fyand Q..

9 A shear § is represented by the marrix

713
LI'I .')'
a) Caleulate the coordinates of the imaos
of the peint (2: —2) under 5.
(bl Calculate the coordinates of the point
which will be mapped onto (7, 4) by 5.
le] Writedown the equation of the invariant
line. [Camb]
10 APQR has vertices P(0;0), Q2:]
Ri—1;3). Find thecoordinates of the images
of P, Q. R if the tiangle is enlarged by
scale [actor 2 with origin as centre. The
erlargement is rotated through 90° cleckwise
about the ongin. Caleulate the coordinates
of the final image of APQR.

Combined transformations

Example 6

Trianple OAB har vertices at O[0;0}, A(2:1),
B{ —1:3). Find the veriices of the trimngle i it is first
enlarged by E, then translated through T where

[

{2 . —4
I:.:( ]nmf | =( f).
0 2 =5,




First, enlargment by E:
O A B 0 A" B

(2&&2-!)_011—2)
G 2780 1 3/ \o 2 8

Second, translation of points O, A, B' through T

(0)+(5)-(%)
+ o )=(_.
( —& -2

4 . '~3) {1

2) (—5 ~\=3
r —E) =3 =3

+ =

L)+ (5)-(
‘The vertices of the transformed triangle are

0" (—3; =3}, A"1: —3%) and B"(—5;1}. The
combined transtormation is shown in Fig. 14,13,

| T

- ¥

Fig. 14.13

|
The process in Example 6 can be written as
TEal=h
where TE means that E is done before T,
TE(a) =b
=T[Ea)|=h
The order in which the operations are carried

ot is usually important. In general. TE +# ET.
For cxample, with the data of Exam ple 6

IL(‘;) = ( ‘;) a< shown above

(6 2)(2)- ()

The rhombus whose verlices areat (0;0), (1: 2, (3; 5

and (25 1) 15 first reflected in the x-axis and then sheared
Py

2 .
by the operator 1). Find the vertices of the

l
i
resulting faure,

The matrix of reflecton s M where

Mz(l 0
0 —1

[fH is the shearing matrix, then HM represents
the combined transformation (L.e. M before HY.

wi=(o 96 -0-6 2

LN

) tor reflection in the x-axis

1 —2 : g
(ﬁ I) 15 the combined matrix of transform-

ation:

0 -3 -3 0
A0 = =8 =]
Tk
3_._
* - —
_;l 1 3, X
_5_

Fig. 14,04

L




The resulting ficure has vertices at (thD},
[—3: —92), (—3;—3] and (0; —1). The effect
al the combined transformation on the original
shombus is shown in Fig. 1414

Example 8
o'z b is the image of @ poind {a; b) after a trangformaton
given Iy

()6 96)+()

@) Deseribe the fransformation in wardy.

Bl A v the image of point Ai—1;2). Find the
coovdinates of A

¢\ Find the coordinates of o powni B which har an
image al B'(5; —5).

" X L fE Q)
a, First, the stretching matriy o ,_*) acts om

(s b, Second, the result is translated by
=7
vectar .

—

b} Substituting — | for @ and 2 for & in the
given equation:

(-6 909+

()

A’ is the point (=11, 4).
¢! Let B have coordinates (f: £, then:

(-9)-6 0+

== A=4h—7
= k=3
arl —5=5t—12
- = —1

B is the point (3511,
122

2 Lise the marrix

Exercise l4c
1 Triangle XYZ in Fig. h15 is fst rotated

through 90° anticlockwise about the ongin
i £
and then sheared by the operater 0 1
)
Caleulate the coordinates of the vertces of
irs image.

Fip, I4.15

0
]) to shear AXYZ In

Fig. 14.15. Then reflect the result in the

y-axis. Caleulate the coordinates of its final

inl:lg('.
Fach of the llowing equations represenis
a transformation.

(7)-6 906)+()
(1= 96 )

fal Deseribe the translormations in words:
b For each rransformaton find the tmage
of the polnt | — L4,

1
2
T is a rranslation H. and 8 15z stretch

(—2 0
represented by the matrix ( 0 )
3

Caleutate the image of A[3:2) under the
lillowing trapsformations:

a) BTTA)
By TEIA
(e] 5 HA




5 R isa clockwise rotaton of 270 about the

origin and H is a shear represented by the

L f1 =2 ,
mm.r]x(ﬂ i Calculate the coordinates

ol the point that P{ —3:3) is mapped onto

by the following combined transformations:

(a) RH(P] (b) HR(P} (e} HY P

In Fig. 14.186, semicircle A can be mapped

oo semicirele B by an anliclockwise rota-

tion about the origin ollowed by a transladon.

(a) State the angle of rotation:

(b} Find the matrix which represents the
TOLALIOn:

(e] Find the column vector of the translaticon,

(d) Given that A can be mapped onto B by
a single reflection in a line m, find the
equation of m.

Fic. 14.16

7 In Fig. 14.16. semicircle C is the image of
semicircle A under a transformation given
by TE(A = €, where E is an enlargement
with the origin as centre and T is a translation.
il State the scale factor of E.

(b} Write down the matrix representing E.
Express 1’ as a column vector.

The transformation can also be given
by ET(A) = C where T is a different
translation and E is the same as belore.
Express T" ag a column vector.

(¢} A can be mapped onto € by a single
enlargement with centre (f:4) State the
values ol & and &

The cartesian plane is first translated by

=} i
vector ( n) and then sheared by matrix
5
Loy ' : .
a ol Show that the image of a point
3 (€ '
(g b on the plane s (g — 1; 32 + 4. Henee
write down the coordinates of the image of
the origin under such a transformation:
("2 3"} 15 the image of a point (x;3) after a
combination of transformartions given by

()= )G+ ()

il Find the coordinates of O, the image of
the point O(0; 0.

thy Find the coordinates of A', the Lmage of
the points A5 2],

ey IPBT7:8) is the image of B(m: &), form
two equations which can be solved for
m and x, Hence or otherwise find the
values of o and

Answer this question on graph paper.

{a) Using a scale of [ em to | unit on each
axis, draw x and y axes, taking values
of x from —8 to 12 and values of y from
—6 to [4. Draw and label the miangle
A, with vertices (2; 4], (4:4) and (45 1).

b The single transformation U maps the
tnanglte Xonto the triangle UK ) which
has vertices (6: 121, (12; 19) and (12: 31.
Draw and label the trianegle UTX) and
deseribe fully the transformation UL

€] The transformation R is a clockwise
rination of 90° about the orig. Draw
and label the triangle BIX0,

(d; The translormation T is the translation

—g )
( ]')_ Draw and label the EI‘J.;J_ngiL-

£

T(X) and the tranele RT{X).
(el The single transformation V is repre-

il == D
1 0 - LATEW

and Iabel the tiangle VX)) and deseribe
fully the ransformation V.  [Camb]

123

sented by the matrix (



Chapter 15

Graphs (5) Cubic and inverse
functions, sketch graphs

Cubic functions

\ cubic function ol v is an expression in vin
which 3 i5 the highest power of 2. For example,

- il ' - '
Sy? + 35 — v — 8 152 cubic function of x.

Example 1
) Draw the graph of vy = ¥ for values of & from
—3 o +3, 1h) Hence soloe the equations & + 20 = (),

(a) Table 151 gives the necessary table of

vilues. Netice that additional values of o for
1 : y

¢t = 435 have been calculated, These will be

helpiul when drawing the graph,

Table 15.1
x| =3 -2 =1 0 L 2 ‘3|43
y|=27—-8 -1 0 1 8 27|43
Fig, 15.1 15 the graph ol ¥y = o3
(b IFa¥ 420 =0, then o = —20.
¥ = — M when, in Fig, 15,1, 3y = =20
From Fig, 151, 3= —20 atx = =27,
x = —2.7 15 the approximate solution of

¥4 90 =0

Example 2

i) Dhere the graph o) v =x{x — 2y |x+ 21 Sor
setlues ol x fram — % to + 50 (b Find the values of
v ol the points where the graph culs the limey = v + 1.

i 1
v+ 2 =xixv—4

=g — dx

Notesxlx—12)

Hence six — 2) (x4 2) 15 2 cubie lunction in 1.

Feg. 137

a) In Table 1532, the values of y for
integral values ol v are first caleulated. It
then be seen that the values of 3 for v = -
and = i; will be helpful when drawing
graph, These vialues are also caleulated

Table 15.2

THE
i 1




L

The curve in Fig. 15.2 is the graph of
= x(v— 2z + M
L 9

= ali ale i+ )

Fa=—

Fig. 132

th) Draw the line y=x +2 by plotiing the
values in Table 15.3.

Table 15.3

x -5 0 5
B4 .|' - 2 8
|

From Fig. 15.2, thevalues of y at the intersections

of the curve and lineare s = —2; — 0,6 and 2 4.
In part (h), since y=xfa—2)(x + 2
and y==x4 2. the wvalues -2 —0.6

and 24 are the roms o the cfuation
x{x— 224+ D) =x4'9

Remember that readings from graphs usually
give approximate results onlv. A bigger seale
n Fig. 15.2 would give more accurite results,

Example 3

\a) Draw the graph o y = 25° (5 — 1) in the range
x =0 lo x =35 Henge find (b)) the miaximum value
of v tn the given range, (¢) the value of x when v is
B A

(2) The graph is drawn by plotting the values
m Table 154

Fig, 153 s the graph of y= 22%(5 — x|
within the given range.

Table 15.4

A 0 1 ? % 1

247 02 8 18 32

-2y 5 4 3 9 |

1 0 8 2 Y5 392 f |
= - ' - |

S BB i o b E T
B oo S e IR A A S, E= 8 4

547 RN ERI DRI YUl i i

D METY T SIS I a4
Fig. 15.3

(hi From Fig. 15.3, the maximum value it
is 37 (approxima tely ).
(e) When y= 37, v~ 3.3,

Naotiee the following:
I ¥y=2c5 —y) = 10 — 2% Hence the curve
in Fig. 1533 that of & cubic linction in +.
L1 does not have a line of symmetry,
2 Fig. 15445 a skerch graph of y= 2225 — &)
extenided to include values vutside the given
range,
B |

L

wn
-

g, 154

It can beseen that v can have values greater
than 37 The value of v found in part (b) 15 a
maximum _for the given range only.




Exercise 15a

1

126

&) Draw the graph of y = 2% for values of
virom —4 10 44, (b} On the same axes,
draw the graph of 3y = —x?_ (¢) Use cither
graph to solve the eg uation x¥ + 50 = (),

- Solve the equation v = 55 + 2 by drawing

graplis of 3 = »* and 3= 5x + 2 for values
of x between —3 and 44

@) Given that y =" + 2v = 1,
complete Table 153,

copy and

TFable 15.5
5 -3 =2 -1 0 1 7 3 ‘
i - ==
< —27 -8 —1 0 1
+2 | —6 —3 —2 ‘
-3 = =] =}
. —34 13 —3 _|
(b) Usescalesof 2em to | unit on the r-axis

and 2 em o 10 units on the y-axis and draw
the graph of y =x* + 2x — |. (¢) Hence
solve the equation x* + 2% — | = (),

Solve graphically the equation 27 = 51 — 3,
Hint: Either use the method of fuestion 2,
drawing the graphsof » = xandy =5y —3,
or use the method of question 3. drawing
the graph of 5 =2 —5: 4+ 3. In ecither
case, use values of ¥ in the range —3 10 + 3.
Solve the equation v 4+ 3v — 7 =10 graphi-
cally. Use values of x in the range 0 o 4.
Given that y = xiv — 3) (v 4 3, copy and
complete Tuble 15.6,

Table 15.6

A -4 =35 2 o1 2 5 i
-3 7 =6 -3 b =4 A

s+ 3 ol T+ CEN T T 53

A S U T/ g |

(a) Using scales of 2em w0 | unit on the
#-axis and 26m to 5 units on the P-@EE,
draw the graph of y = x{x — 3} (x + 3.
(b Use the graph to lind the roots of the
equation x{x — 3 x + 3) = 2 + 4.

-
x~

Given that r = T (30 — x). and taking the

7 . \
value of 5 48 approximately 105, complere

10

Table 13,7, giving values correct to t
nearest whole number,
Table 15.7

(x] 1]2] 3 4 [75 |

| 30

253

BN

Draw the graph showing 1the variation ol
as x increases from | o 3, Henee find
value of x for which o = 400,

Diraw on the same axes the graphsof » = -
and 3= x{4x — 3) for values of + betwer
band 4 Use a scale of 2em to | unit ¢
the y-axis and 2 cm to 10 units on the p-axi
From your graph, (a) find the values of
satisfving the equation ¥ — 447 + 34 =
(b) find the range of values of ¥ for whic
v <x(dv— 381 (e) find§ the gradient
the curve (i) » at the point v =
(i y=x{dr—3 mxr =10,

A particle moves such that its distance,
from its searting point alter ¢ seconds is give
by d=12t— . Draw the graph ¢
d = 12{ — 3" for values of  from 0 to 5. Us
the graph to find (a) the greatest distanc
that the particlo is [rom its starting [t
during the first 5 seconds, (b) the time tha
it tukes to return w the starting point.

A skeleton box on a square base of side 1 en
is made from 36 em of wire (Fig. 15.3).

= 37

Iy v

(a) Find the height of the box in terms of
« and hence show that its volume, o, i given
by 1=x*(9 — 2x).

(b Draw the graph of 1= 279 — 2%} for
values of ©from 0 10 4

i¢] Hence find (i} the maximum volume
of the box. (i) the dimensions of the hox
when the volume i5 8 maximum,



the
Inverse functions

An inverse function of ¥ is an expresion in
‘which = appears in the denominator of 4

i

Ll

. [
Fraction. For example, = and -
X

- are inverse
X

Banctions of x.

Example 4
6 )

W=l Draw the graph of y =~ for values of x_from
X

—4 L 42 B Find the values of x at the poini
bere the lme y = 2% + 3 culy the graph. (c) Of
phat cquation in x are these nalues the ronis?

2 In Table 15.8, the values of v lor integral
$alues of v arc first caleulated, The extra values
W 7 for x= + 15 are then added.

fable 15.8

' —4 =3 -2 —1 0 1 2[+1]
6| , _
“[ =1 =2 -3 -6 6 3l4

36 B st e e s el i B

45.6 is the graph of y =

H

2 &,
Notice that when x = 0}, — is unidefined.
x

Notice that there is a break in continuity of the
graph. Itisin two branches which are separated
by the axes. As x increases towards 0, 3 decreases
in value; as ¥ decreases towards 0, y increases
in value.

This kind of curve Is called a hyperbeola.

(b] Draw the line y = 2x 4+ 3 by plotting the
potnts m Table 15.9;

Table 15.9
L,r —4 0 2 |
|__:' -5

The line cuts the curve where v = —2.6 and
el W 1}

(¢} The curve and the line intersect where 3
simultaneously equals ; and 2x 4 3. Henee the
values of ¥ above are the roots of the equalion;
f—:=2.r+'i Le: 25 + 3x— 6 =10,

Example 5

fa) Drawe the graph of 3 = 6x + é:-} Jor values of

xequal dn 3, 1,2, 3, 4,5, (b) Find the minimum
vetlieof yan the grven range. (¢} Fing the corresponding
value of x.

[a] In Table 1510, valyes ol v are calculated
to the nearest whaole number

Table 15.10

| l o |
X 5 | 2 3 4 5
b 3 6B 12 18 24 30
20
— | 40 20 10 7 & 4
x
b 43 26 922 95 4 84




Fig: 15.7 is the required graph, (Nofe: to save
space, the origin has not been included.)

D 0P Y

- 3

2

Fig. 13.7

(b} The minimum value of y is 21.9.
(¢} The corresponding value of x is 1.8,

4 . : 20
Fig. 15.8 is a sketch graph of 3= 6x + =,
X

showing values outside the range of Example 5.

4
CL

Fig. 158 |

It can be seen that y has values lower than
21,9 when x < 0,

Example 6§
Salve the equation 2x° —x —4 =10 by drawing
appropriale inverse and linear graphs withan the same axes.

124

Divide the given equation throughout by x.

2—1—==10

= e

Rearrange the resulting equation:

4
Draw the graphs of y=2¢x—1 and y =— on
=

the same axes. See Fig. 15.9.
i

[

4 -

Fip. 139

The solution of the given quadratic equarion is
found by reading the values of x at the poins
al’ intersection of the graphs. From Fig. 15.9,
the solutons of the equation are

r==]2andx=+1.7

Exercise 15b

1 Draw the graphs of (a) y=

b | —




r-'!_-‘.

B

. b
2 Draw thegraphsof ¥ = ~and y=a04 — 11

v
flom ¥ =310 x = 5. [a) Read off the value

of & at the interseocton of the curves, (b Of

what equation in x is this value a root?

; 3
(#} Given that y = X 4 - copy and com-
X

plete Table 13.11.
Table 15.11

! i 31 2 3 4
x* % = 1 4 9 18
]
- | 12 6 3 1z 1
x
1|1L§1; 63 4 !‘f_

TR

(b Draw the graph of v = * +—,
X

(¢} Hence find the minimum value of
within the given range,

: : 5
ia] Draw the graph ol 1 = x — — for values
X
ol x froemm —2 10 +4,

, ; 3
thi Hence selve the equation x — = = 2,
A

]
On the same axes, draw the graphs of y = —
T

and y = 2 + 3: Use the poins of intersection
of the graphs to solve the #quation
2 4+ 5x =1 =0,

Solve the equation »® + Tx +4=10 hy
drawing appropriate inverse and linear
graphs within the same axes,

a 4 ¢
) Drawthegraphof y =2 + —forvalues
X

of ¥ lrom —4 w0 +2,
(b} Henee solve the squation 7 — ° =

(a) Draw the graphs of y=x+

3= —xforx equal o 1, If 2,238
b) Show that the Intersections of (hese
graphssatisfy the equation ¥ — 2% — 4 =10,
and use the graph w find a oot of this
equation,

9

10

L

Il

. . L,
(i) Draw the graph of 1= w4+ — for values
B
of x Irom 0,1 o H, é
b, Use the graph to find approximately
the roors.of the equation 2x7 — 9+ 2 =1,
(Hmi: Divide each term in the equation by
2x.
Copy and complete the following table of
a=
-l
valnes for y=x+—for 2 =22 |5,
x
Table 15.12
(Values are rounded to ome place ol decimals, |
¥ by 3 |-' 5 fi | T (1] fl I | [z 'I':‘!I
;I— 3 [ I3 048 [ | 12,5 141 |
25
Draw the graphs of y = x + — and
A

2y =2+ 15, using the same axes; and a
scale of 2emi 1o 2 units oneach axis:
From the graphs, find:
al the values of x for which
il
M+ —=a1+ 15
X

(b} the gradient of the curve at x = 3.

11 Complete Table 15.13, which gives corre-
sponding values of x and 7 for which
. f
r="30— 3 ——
. -
Table 15.13
u 1 & 4 3 6 7 8 a 10
pol—= =1 | .4 3,7

12

A . Gl
Hencedraw thegraphof 1 = 80 — 32 — —.
' 3 1
la) Read off the greatest value of .

() Towhat value of ¥ does this value ol y

correspond?
Copy and complete Table 15,14, overleaf.
3 . 34
and nse It to draw the griph of 3y = ——_
4+

Lise 4 seale of 2em w 1 unil along the x-axis
and 2em 1o é unit along the y-axis.

129




Tahle 15.14

v [—3 —'_J,é a |_].£ —] __l-l
: —{k8 —1.2 | 1.5 |
NEAEYE ‘13 2 !.;; 3 |
__1' 0 12| | 1,38 1,03 J

Using the same axes, draw the graph of

i3

Zx 1}

= 3 +—3 From your graph find {a) the

, 3x 2x 1
three roots of the equation =~ — = — +
1 | i 5
th) the maximum value of within
X

the given range, (¢) the gradient of the curve
z |

alx=—75.

Sketch graphs

A sketch graph is a simple frechand drawing
which shows the main features of a line or curvie,
Some r\{amph s of shewch graphs were given in

Chapter 5.

Linear functions

Example 7

Sketch the graph of 2x— 33 = 21,

Method: Find the intercepts on the axes; Le.

the positions where x = 0 and 3 = (.
2x — 3y =24

When x = 0, —3y =24
=8
Wheny=0, 2x=24
x=12
I 12 ’
—H}
Fig. 15.10 .~
1530

Thesketch graph can now be drawn (Fig, 15.1
Always label the axes and evigin, 11 possib
show where the line crosses the axes,

Example 3
Find the equalion of the line represented by the she
arafife i Fra. 1511

1

"" r’\ '

Fig. 15.11 |

Since the graph is a straight line, its equatic
is. of the form = mx -'r--' where m 15
wradient of the line and ¢ is lht mntercept on
w-axis. From Fig. 1511, m= —%*

= 432

The equation is y= —Zx + 2
i X -2

FoZr

P

grir+ 5 =2

* Asxinereases v 5 1R v oecteases by 2 :
Asxmereases by 5 units, ydecreases by 2 unii

Quadratic functions

A qaadr.mr function has an equation in 1k
form y =ax® 4+ by + ¢, where a, b and ¢ a
positive or negative constants. When g, th
coeflicient of &%, is positive, the graph is

cup-shaped parabola. When g is negative, th
graph is a cap-shaped parabola (Fig. 15.12),

I

Fig, 15.12




Example 9
Skeleh the graph of v = — x — 12, showmg wheri
: the curve culs the axes.

y=ux

Py — 19

! The curve cuts the y-axis when = (0,

!

2

Fig- 1513

Example 10
Find the equation of the ciroe represented by the sheleh
in i, 15.14.

_]-

When x =1, 3= —12

2 The curve cuts the x-axis when ¢ = (L

When y=0, 2 —x—12=10
ey —4ix+ 31 =10
=y=4nr —3

3 The cocficient of «F s pasitive, hence the

curveis & cup-shaped parabola,

The sketeh in Fig, 15,13 is drawn using the data
i 7. 2and 3 above,

vk

-12

v
a1
=% T O = 'f
Fig, 1514
Let the  curve  have the  eguation

caxt + b+
¢ 15 the intercept on the y-axis
Hence, from Ig 15004, ¢ = 420,
When y=10. ax® 4+ by 4+ 0 = 0, Hence fom
thir intercepts on the v-axis in Fig: 15.14. the
roots of the equation di* + bx 4 e =0 are
—2 and +3.
x4 2 (x—0 =10

=3 -10=0 (1
Since ¢ = + 24, multiply each term in (1) In
=5
—2% 4+ bx 4 20=10

) - " a .
Henee 3= —2x 468 + 20 is the required
eqpuation.

Notiee that the coefficient of 27 18 negpative an
that Fig. 1514 shows a cap-shaped parabola

Inverse functions {
; . . |
Fig. 15.15 shows the graphs of (a; 3y = —
- r—+
1 (1 ]
and (b) vy = -,
- r— 3

:T o

:

Fig. 15.15

In each praph, the continuity of the curve
broken at the line x = &, where & s the vald
of x for which the froction 15 undefined. Th
imtercept on the y-axis 1§ found by substitutin
x = 0 in the given equation. Neither curve cu
the x-axis.

Exercise I5c
Draw frechund graphs throughou! this exercis
Wheneyer possible. show where the graph cu
the axes,
1 Skeich the graphs of the following.
(@) 3w — Fp=-12 by B+ 3p= 18
[e) ) = de—1
2 Find the equations of the lines shown b
the sketeh graphs in Fig. 15.16{a)—(d}.

v
I

y— dx=7

v &

la) ih) 13




(X o 3 ‘V 7 Wi ctjuttions are represcnied by th
i sketch graphs in Fig, 15,192
—H 0 r )
57§
(£} —4 ™ 73 m > \ l
Fig. 1516 fdd =3 il 7
3 What is the value of y at the point where i

the curve = %" 4+ 3x — |1 cuts thie y-axis?

4 Sketch the graphs of the following, showing )
where the curve cuts the axes: Fip, . i5.18
ta) yr=x" —35x+ 4
4 - ] . . - .
(by = 15— 2 —x= 8 Skerch the graphs of the following.
(e} r=x*—12x+ 36 | |
(d) »=16 —x* ta) = by = ———
te) y=30xr +3x—=BH - £+ | i "
| i = ) —%y il . : )
. ]-'l ,l‘_ ) lf L‘-"" | =X ) . 3 9 Find the equations of the curves shown b
3 B b dTsasketchgraphol y = 6 + x — the sketch graphs in Fig, 15.20.
_!
¥ i | s A
I |
| |
| |
i i | i
— | B Lt i —
L 2 * =7 ol =
| |
2 |
d | |
| |
Fig. 1517 ' :
Fip. 1520 18 (b}
(2l What is the value of & a1 M?
(b} Find the tangent of the angle OMN, 18 Find the equationsof the fine, £, the parabolas,
6 What equation is represented by the sketch foand the hyperbaola, &, shown in the skeich
graph in Fig. 15,187 graph in Fig. 1521,
yh
2
i
g
T —J 3
Fig, 1518 Fip. 15.21
a £




Chapter 16

Statistics (5) Frequency distributions,
histograms, cumulative frequency

Bar charts (revision)

Abar chart is a statistical graph in which bars
are deawn such that their lengths or heighis are
proportisnl 1o the quantities they represent.

Example 1

Tadie K, 1 shows the numiber itf stdmols it fewefve forens,

. Table 16.1
no. of schools 4

no. of towns |

\a! Lraw a-bar chart lo dlusirate the informalion,

b)) State the mode and median of the distribution.

(o) Culewdale the mean of the disthution to the nearest
whale wmomber,

a) Fig. 16.1 s a bar chart showing the
mformation in Table 16,1,

na, of towns

| i l ! i

ke 16.)

- no. of achpals

b) The mode s yschools (Le, the most requent
namber of schools; corresponding 1o the
highest bar in Fig [6.1). The median is §
schools (Le. the coenral value when the
number of sthonls are artanged in orden
150556677 78 8.

v Mean number of schools per wown

1otal number ol schools

tolal number ol wwns

_1x1+-‘1x:’}-|-2><t5+.'-1><?+'£><}3
|2

A+ W4 12421 4+ 16

12
b
= ]E =

=3 e o nearest whole number.

The number of times any particular numbe
oeeurs is called its frequency. In Example |
revwns have 7 oachoods; 3 ds the !"n-.:lurnr_-} ol

.'.ii.fhl il th;.

Exercise 16a (revision)

b Fig, 162 isa bar chart showing the number
el biours of each kind of progseamme broadeas
by a radio station on a cerain day,

(a) Which kind of programme was giver
mst amed

;'Ilr"nril___" -

g dama __'___'

e i "

=3

&t i

ab “I'-"NE I

= | e I

= | . s i

2 LSS R o (P § ST TR A T &
Q=i -3 & 3 G52
zil bl s hows B HE

4T R




(b) How many hours were given to
drama?
(€) For how many hours did the radio
station broadcast?
(d) Whar fraction of the programme
Ome was given o news?

2 Fig. 16.3 7% o bar chart showing the numbers
of kilometres a group of 75 students wilked
in & sponsored march,

|
200 = 2574 PERRY pyrare
Loy ) : = d
|50 454 E;? s S '//.
3 o1 | . L~ f

LI _.jﬁgnﬁ.ggiﬂ_gfiru_ 22

iz =)
B
Bgir ff??/ﬂ"’;

y :':unn_-!'mi"uullnim.

Fig, i3

(2l Whatis the mode of the distances covered ?
th) How miany studenis covered less than
4km?
(¢i What is the total distance covered Liv all
the students!
(d} If the students were listed in order
according 1o the distanees covered, how far
would the student in the median [Tl
have walked?

3 Table 16.2 shows the numibers of seeds i 40
groundnurs;

Table 16.2
number of seeds | [ 2 a |
I_freqm-_n::}r g 2] 10 ] |

\a) Draw a bar chart 1o illusteate Table 16,2,
(b} State the mode and median number of
seeds,
(e] Calculatwe the mean number of secds per
ground .

4 Table 16.3 shows the distribution of marks
inma test

134

Table 16.3 5

[

marks 40 41 42 43 44 45 4e
frequency | 7 1 6 2 4+ o 4

al Deaw b bar eluirt to shiow the distribution
(bt How many people took the test?
el Fined the median mark.

5 Table 15,4 shows the Iq;';uir'.-:_ N perceritasres,
af 200 students in a test,

Table 16.4

|g‘radc5 () |J=] 200 30 40 50600 7080 90 T

no. of |]-_:- I6 90

Y5 28030 3124 0y i
| students |

4! Draw a bar chart for this distribution of
uraches,

th' Find the mean of the distribution,

¢l Find the mode and the median of thes-
#rades,

Grouped data

Frequency distributions

When statistical data contain larae number
ol values. it is impractical 1o draw a bar chan
and often diflivult e calentate averarres, For
example, Pable 16.5 shows the weekly payv of

all people,

Table 16.5

weekly pay of 50 people (%)
82 132 19y 248 300 |
bt 145 200 245 324
. 94 L52 20 255 RRE
b 136 206 263 3448
s 158 214 265 E1Sk)
108 L6 220 2N 56
114 176 22] 2 M
1200 78 232 ZH0 L)
125 I 235 288 +77
I_ 138 a4 247 244 45




A bar chart of this data, I drawn, would

contain 46 bars of height T unit and 2 bars of

height 2 units (corresponding to the incomes
5206 and 5270). Such a graph would be difficult
to draw and the result would show no pattern,

To overcome this problem. the dita can be
recluced 10 a frequeney distribution. A
[requency distribution is a 1able in which the
prvien values are divided into class intervals,
The number of values in @ach class interval s
given as the freguency of the values in that
interval. For example, the data in Table 165
can b grouped in equal class intervals o $100
to give the lrequency distributon shown in
Tahle 16.6.

Table 16.6

class interval
(weekly pay §)

frequency B
(number of peoaple)

Table 16.7

estimations [ degr;ees]

3 58 38 60 60 61 62 63 64 64
b B3 65 66 66 66 66 67 67 68
68 68 68 69 69 69 O J0 70 T
A 72072 72 72 IR TR O™ 14
73 75 73 76 78 79 3D B0 81 &2

0~"99 3
| 00—199 16
200-299 19
500399 f
400499

[t is necessary to define the limits of the class
intervals very clearly. Otherwise it may he
difficult 1o decide the elass in whicrh windude
borderlite values, such as $199 and S200).

Exercise 16b

1 Make a frequency distribution of the data in
Table 165 taking equal class intervals
S1--5100. S101-5200, -5201-38300), etc. Com-
pare this distribution with that of Table 16,6,

2 Make a frequency distribution of the data in
Table 16.5 by taking ten equal class intervals
$0-549, 550-3%949, ..., 54505404,

3 hifty students were asked to estimate the size
of an angle to the nearest degree. Their
results, arranged in order ol 'size, are given
in Table 16.7.

Make a requency distribution table, taking
six equal intervals, 55-59, 60—64, 6569, . .,
8084,

Histogram
A frequency distibution can be represented b
a block graph called a histogram. Figure |6
is the histogram of the frequency distribution
in Tahle 15.6.

)

=

frequency

0 1] 2N A0 400 o]
weehkly pay (3]

Fig. 164

A histogram consists of a number of rectangles
The horizontal width of each rectangle is giver
by the class interval,’ The height is such tha
the area of the rectangle is proportional to the
frequency in that interval.® Hence the areas o
the reetangles show the frequency distribution

Notes:

I Since the true sizes of the class Intervals are
(-89, 100-199, etc., there should be vers
small gaps between the rectangles. In practice
these gaps are closed to give a contnuou
horizontal wxis.

2 For a histogram with class intervals of equa
widths, the vertical scale is proportional teo
the frequency of the distribution.

13E
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In Fig, 16,4, the modal elass s 200—259. since
thig interval corresponds 1o the rectangle with
the gréatest area.

Frequency polygon

Grriouped data can also be shown on frequency
poelygon, Fig. 16.5 is a frequency polyvgon of
the data shown in the histoeram in Fig, 16,4

Ir=f

frequency

4 H

|
I | FE .
i 1k | Y

wiehly pav (§)

Fig. 6.5

In a frequency polvgon, the frequencies are
plotted at the mid-points of cach class interval.
The points-are joined by siairht lines.

Example 2
vt Fhease o hestogram and freguency polyvpon for the
Jrequency distribufion grven in Table FOE.

Table 16.8
class iy By e me e
o i -h 610 11=15 16=-20 .ll!—_.'fl|
I frequency | i 3 i B 4 ‘

(& Cufenlate the mean of the distribution.

ta} Tig. 16.6(a) and (b) shows the histogram
and lrequency polyeon.

Note: The gaps between the intervals are | unir,
These are too karge 1o be ignored when drawing
this histogram. To close the gaps, the widths of
the rectangles are increased by 4 unit on both

136

f i hestopTam

treqqueney
1

ramge G viaduoes

th) Trequency polvgon

o
-L__ =
yiazl

1 | I | | | | =il

{i 5 I I H 13 I

range of values

Ji'-'!u_:_‘- I

sicdes: Compare this with Fig. 164 where the
raps were so small thar they could be iznored.
by Lot the values 1o each class imierval be
represented by the mid-value of that class.
Hence, all values in the elass =5 are counted
a3 3, all values in the 6-=110 ¢lazs are counted as
8. and 5o o,
Mean value
FTxI+IB+T 15

RE1

25

=136




d.‘-.'\LI:II'lIJLIL.'II'I in part ‘b of Example 2 leads
o some inaccuracy. However, when there 154
barge number of values, the error is likely to be
wery small and can be ignored.

E aMz I6.9 aves the marks of 50 students 1 w tesl,

3l 83 60 61 V3 44 G0 YO 93
3 52 61 43 57 #) 38 B8 64
71 25 86 79 35 73 M 71 85
33 48 78 65 98 28 72 67 8Z
24 62 35 70 41 6% F3 30 65

8| Construcl the histogram, loking class intervals
B30, 31—40, ..., 91-100. (§) What is the modal
s’ (¢ Find the mean mark.

b When the data are not in numerical order,

2 tally system to count the frequencies. Take
th mark in turn and enter a tally stroke
st the proper class interval. The frequency

pal. 50, gives a check on the accuracy of

king, The resulting frequency disurtbution
gven in Table 16.10.

e 16.10
class frequency |
21-30 I 2
3140 1 3
41-50 AT 1] 7
160 T v 9
61=T0 LA o 11
-80 LT 11 8
81-90 L4+ 5
81-100 I 1y 3
total 30 |

Fig. 16.7 is the histogram of the distribution.
Notice that class intervals of 205 501 3U1— :Hl
., have been drawn in Fig, 16.7. This removes
the gaps between the bars,

frequency
h
L

|

: 1 ]

f 1 ] il i I
] i rarks J

Fig. 6.7

(b) The modal class is 61-70. This can be
seen in both the frequency distribution
table and in the histogram.

The mode of the data s taken o be the
central value of the modal class, 61-70, 1.e. 65%—.
(c1 To fnd the mean mark, choose a working
mean and Amd the deviations frorm it

In this example, 654 is taken as the working
mean and the marks in cach class interval are
represented by the mid-mark of that class, For
exampie, marks in the class interval 21-30 arp
counted as ;!3;—. and so on. The working is set
ent in columns as in Table 16,11,

Tabie 16.11

class class | frequency | deviation (o xd)

interval | cemtre () (] Y
21+ 50 235 . 4 —An
Gl- i 55 i =10 — 150
41 50 452 7 —20 140
il 4 35 2 =11 —
Gl 70 Rt [ ] il
71- 80 755 8 +11 =
Bl- &0 g 5 +0 e (1]
CTR T 954 3 ] + 1)
total deviation | —T90

From Table 16,11,
total deviation frem working mean = — |50
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. — 140
mean dl'.'»']i:ﬂ.i[‘}ll —
a0
= —33
mean mark = 65,5 — 3.8
= K17

As in Example 2. the final result in part (¢) Is
likely to be slightly inaccurate. (1o fact, the true
mean of the marks in Table 169 is £1.2,)
Nevertheless, this method should be used when
a large number of values is given.

Exercise I6c
I Draw a histogram and a frequency polvgon
tor the frequency distribution in Table 1619,

Table 16.12

class 15

B=lF I |15 6= 2195

fregoency 2 4 4 a k|

State the modal elass of the distribution.
2 Draw a histogram of the frequency distribu-
tion in Table 16.13.

Table 16.13

, .
Id-mm |t B Y I B Y £ | L P L l
| B |

| fregquency

Calculate the mean of the data.
3 Draw a histogram ofthe data in Table 16, 14.

Tahble 16.14

clasa | 1510 =20 BE-S0 1S40 4100 |

| Freguendiy 4 12 17 1y &
|

Estimate the mode of the data.
4 Draw a histogram and [requency polyzon
of the [requency distribution in Table 16,15,

Table 16.15

D=4 1021 2008 79 35 3542 4440

Iitqmq- 3 L A 18

Find the mode and the mean of the data.

2 Table 16.16 shows the hetrhts of plants o
the nearest 5em together with the corre-
sponding numbers of plants.

] 3

138

10

Table 16.16
IT.ei;lu inom )

I 35 40 45

no. of plants 5.3 A1 1 & @

Draw a histogram to illustrate this informa
tion. How many plants have heights greale
than the mode by more than 10 cm?

Use the frequency distribution constriycter
for question 2, Exercise 16h, 1o estimate thy
mode of the data in Table 16.5.

Use the frequency distribution table con
structed for question 3, Exercise 16h, u
calculate the mean of the data in Table 16.7
Students taking a teacher-training cours:
are grouped by ase asin Table 16.17.

Table 16.17

| 15h-0 2023 2190 -2 9304 0425

uge group

mumber

Y | Kl mn & 12 i
1N ik

Caleulate the averase age of the students.
Table 16.18 shows the numbers of absentees
recorded cach day of a school term.,

Tahble 16.18

|
mumber =0
-3 I0-19 BT 30-30 40-4% i0-39
s {F 19 04 4% a0- 35
Frequency 3 18 L] 17 14 k|

Calculate the average number of absentees
per day.

The percentage marks of 100 students
in a School Certificate examination are
grouped as in Table 16.19.

Table 16.19

pércEntage (- J0-10 20=2% 30-30  a0-44
frequency 1150 2 i} 17 i
peErcentage S0=39G0-0% 7079 BO=H 8- G
Treguency 25 13 5 3 l

ta) Estimate the number of students who
scored 157% less than the modal mark.

‘b Find the average percentage for the
exaimination.
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Small nails are sold i packets which have
printed on them, ‘Average conteats 200
nails’. The contents of 100 packers, preked
out at random, are counted and the results
are given in Table 16.20.

Table 16.20
| il
packet

1Hh—[H4 190--144 FOY - 1

| frequency i I3 e

oails per

il RO 2015 =2
pac

14 ‘
[ frequency S 17 1 !
Is the statement on the packet true or not?
Tahble 16.21 gives the masses. in ke, of 30
studeits,

Table 16.21

43 45 50 47 31 58 52 47 41 54 |
61 30 15 35 57 41 46 48 51 50
39 44 53 47 49 40 48 52 51 4B |

fa) Taking class ntervals 30—, 4549,
.., construet the frequency distribution of
the data,

b} Draw a histogram of the data.

(¢ Calculatethe mean mass of the students.

Tahle 16.22 gives the heights, inom, of the

30 students in question [2.

Tahble 16.22

159 130 143 .'t'.|

145 185 1459 152 Igh [5L
1500 138 1500 4% 183 109 13 167 146 137
(52 187 44 169 162 150 ITF WA leF 17

ta) Take cluss intervals 135144, 145154,
... and construct the table of frequencies.
(b Calculate the mean height of the

students.

Table 16.23 gives the masses; in kg, of 50
international athletes,

Table 16.23

67
a4
70
73
A5

B4 76 38 80
70 62 70 62
R 73 71 74 |
67 72 66 70
62 68 52 6B

il
B35

15
63
61l
81
63

79 .56 59
78 66
833 51 74 69
6962 71 b3
8 69 73 Gl

Taking class intervals of 31-35, 5660, .. .,
81-85. construct (a) the [reqaency distribu-
tion. (h) a histogram, w show this informi-
ton. (¢ Cheose a suitable sworking mean
and henve fAnd the averare mass: of the
athletes:

15 Tuble 1624 gives the diamewers. 1o the
nearest millimetre, of 90 tins.
Table 16.24
dizmeter |(mo) =7 <i) <un <uh i
ng. of tns ] 4 13 45 £
dinmeter (mm) <y <l <20 <3130
no. of tins i 78 i ai)
(a) State the Hmits between which the
diameters of the ¢ tins whose diameters an
riven as less than 80 mm must Le
(h) Construct a frequency table showing
the number of tins in each group.
(c) Draw a histogram 1o illustrale thes:
frequencies,
‘) State which is the madal gronp and us
your histogram to obtain anestimate of th
actunl muode,
Example 4

Find the median of the marks given in Table 16.9 o
peige 137,

Since there are 3) marks, the median 35 th
mean of the 25th and 26th marks when all thy
marks are arranged inorder of size. Table 16,2
gives the marks arranged m order.

Table 16.25

25 o4 21 57 K $1 78

I

7 ooR (2 46 TP 38 32 64 42 79
g0 i3 48 LA A ¥ 43 By
4 085 M08 M Bl H T # B
59 I35 [ 6l | 8 71 4 86
§ 35 16 52 | 25 &2 | 8 T1 46 8B

F L i 52 27 63 57 1 7 B0
& 41 8" 33 2 B4 o 73 #8463
¥ o4 19 5% I b o7 449 -85

(A = 56 A B3 T3 B 1

. bl + 62 "
Median = ———= bl.5

£




Cumulative frequency

In Example 4 i1 was VEry LI ConSuming 1o
arrange so many marks in order ol size,

Lo save time and 1w avoid making eeors i
smore usual o make 1 cumulative frequency
table und 1 draw a cumulative frequency
carve.

Table 16.26 is a cumiulative frequency tahle
of the data in Table 16.9,

Table 16.26

r class £ I cumulative ]
interval requency frequency
21— 30 ] b
3l- 40 i 3 = q
41 50 ) T4+ 7T=14
al— 6o 4 04 14 =23
bl= 70 11 Il + 24=99
71=-80 B a4+ 94 =42
i S 3! 5 4 42 17
9l 100 i 3+ 47 = 3l

Tauble 16,26 shows (i
2 stutlents scored 30 marks or loss,
7 students [ =5 4+ 2) scored 40 marks o less,
amidl 50 o,

tach number in the third celumn is found
by adding the number in the secoud column 1o
the previous wotal, 'This progressive increase in
the total is what is meant by the word eundatiog,

Cumulative frequency curve (ogive)

The data in Table 1696 can be illustrated by
plotting the cumulaiive frequencies agamst the
cortesponding upper lmits of the class intervals,
The points are joined by o smooth curve called
an ogive.

Fig. 168 shows the ogive, or cumulative
frequency curve, Tor the data which were given
in Tihle 1626,

40

[ Hhs

| comulative frequency
; |

1=

| & &0 'Ju
marks

Jr'.'l_l‘!_ _'r[;i.rr;

Median and quartiles

Vhie mredian s the mark that vorreiponds 1o 1l
middle student. In Fig. 16.8 it can be seen that
the :';_‘.I;lllh student gets a mark of 62, This
estimate 8 reasonably close to the result (61,5
obtained in Example 4
Just as the median s haltway up  the
distribution, the lower guartile is one-guarter
of the way up and the upper guartile iy
thirer-quariers of the way up. I the total
frequency is my then the lower quartile is (he
vidue of the ;o4 1th flem and the uppe
cquartile 1z the value of the 3(n + Ith iter.
Henee,in Fig 168, the quartiles are 125 and
385 on the cumulative frequeney axis, These
correspond womearks of 48 aned 75 respectively.
e lower quartile is usually ealled 0.
Ihe second quartile 35 the median. .
Phe upper quartile is usnally called Q5.
The semi-interquartile range, () . is defined

b




Fig. 16:8; Q=75 and Q, = 48. henee

?J— IH "?
L

L =- =134

Tl <hows that about halt'of the students scored
gihin [i:i_a]l._ marks of the median,. Hence the
interquartile range gives a measure of the
padd of the distribution,

entiles

ang the righi-hamd vertieal axis in Fie, 16,8,
B can be scen that:

loweer quartile is abiout® 25%) ol the way ujx
median s about 50% of the way up;
upper quartile 1s about 757, of the way up.
hese are someumes called the 25th. 50th and
Sth percentiles. For example, the 90th
ereentile corresponds o @ mark of 85, This
ns that B0%7 of the students scored B3 marks
less, or that 10%, of the students scored over
S marks.

Note: In thiy r‘xdn‘.l]'ﬂi." the lower gquartile s
petually aboul "’51 Yo of the way up. However,
when the total Er(‘quu:nr.g, 15 haghy the lirst,
ond and third guartiles coincide with the
25th. 30th and 73th percentiles.

‘Example 5

n Example 4 it is aiten thal sudenty wwho seore govr
5 marks - pass he tesh, Use Frg, 16,8 to estimale the
recttage of siudents Hat possed.

In Fig. 16,8, 45 marks is at the 215t percentile.
This means that 21%, of the students scored 45
imarks or less.
Porcentage scoring over 45 marks

= 1005 — 215 =79%,
Pere entage of students passing = 79%

Notez From Table 16.25 it can T seen that 39
students, or 78%, actually scored over 45
- marks. Hence the estimate of 799, waken from
the cumulative frequency curve s reasonably
accurate.

Exercise 16d
1 T the test in Example 3, ohe studenis are
raded wecording o the markg seored as in

Tatile: 16.27:
Tahle 16.27
E::: =gt Fl=70  Fi-u 4i—100
grade: =g s credil dEtinenion
Use Tig. 158 o estimate,

ar the pereentage ol students required 1o
Te-SiT,

'h) the number of students that ebtained a
pass gracde,

el the peércentage ol students awarded &
distinction.

2 Dhraw a cumulative requency curve ol the
data in Table 16.21 on page 139, Hence
cstiniate
fa) the median diameter of the ting,

(I} the semianterquartle range.
3 Table 16.28 shows the numbers of students

who stored marks within [0-mark class
intervals in a (est,
Table 16.28
marhs
a2y o 5 =

(elasus g 1=10 =20 13 5140 41-50
number of

2 7 L] 11 |
i-nmlmts L 3
murks Lptess  duzibzee)
1 -0 Gl=F T1-80 B1-90 9]-]06
:[dmrsi:ntrn'nlal} 1l il-F0 TI-30 Bl 110
number of I 16 i= i -
siudenis b 4 o 5 =

(a; Make a cumulative frequency table and
hence drow an ogive showing the mark
dhistribution.

(b} Estimate the median and upper and
lower fuartiles,

[} Caleolate the semi-intesquartile range
for the test.

(d) I any mark over 45 s a pass, estimate
the percentage of students that pussed.
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4 Table 16.29 gives the mark distribution in a (@l Make a frequency distribution by groop
test. ing the values in Table 16.30 Tn 10-hour clze
Table 16.29 intervals, Dra\:x a histogram of the distributios

and hence estimate the mode.
| dasanva | -85 S3-50" 31— 41— 3idn (b Bydrawing a cumulative frequeney curve
= = —— estimiute the median and B80th percentile o

!Frvqumcr 3 17 60 40 7 the distribution,
= 6 56 girls were miven a test in which the
|l:'.|nss interval | G170 TI-HO #1-00 G110 | maximum mark available was 100, Talble
. 16.31 shows the cumulatve frequericv ol 1he
frequency | Hil 13 8 4 . d '
| risuliz obrained,

{a) Draw a cumulative frequency curve for - Table 16,31

the tesL T T -
F e = T i mark 30 30 40 50 60 TO B0 W) FH
'b) Find its median and semi-interquartile :
range, mumber of girls
ol E-S‘.J-.Illiiltﬂht‘ PCTE(‘nLaE‘;ED{IhF L':audidéllt‘ﬁ seoring this 1 4 & 16 M4 29 32 44 97 56
. i et mark or less
that obtained more than 36 marks, ——— =1
(d) Which mark is ar the 70th percentile? la) Caleulate how many girls seored a mark
5 Table 16.30 shows the lives in hours, w the between 61 and 70 inclusive,
nearest hour, of M) electric light bulbs, () Using a vertical scale ol 2 cm to represent
5 grls and 2 horizontal seale of | em u
Table 16.30 represent 10 marks, plot these valucs on
6% GDR A0DT RS2 BMG. 6T HI4 aTe mOM  GED graph paper and draw a smooth curve
390 g4 380 L0558 SBI GED 3R+ S9p S through yvour points,
q:ﬂ 598 45 6% 505 617 613 389 556 6l fc; Showing your method clearly, use vour
ot GBS H17 560 GL0 630 57 582 G100 507 ' I e - - :
i aph to estimate the media ark.
Bl6 594 622 597 BYG 395 BO) GO AE? Gad srap h e-median m]}‘ |
amb
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apter 17

—x=1; e <5; 5= —4 av smullancous
gualities. (a) Show on a graph the region sokich
miains Wee solution seb of the mequalities. (b) If the
ution vel contains intesral values of x and ¥ anly,
it 1ts members.

| The boundary lines of the region are
¥ y— =
f;l‘: 2_1. = 5

re o= —itx
¢ unshaded region in Fig, 17.1 gives the
solution set of all points (x; ») which satisfy the
Ahree inequalities.

' _'-M; T

o
o
e
s

il 212
R
4

i &
i
_L_

Fip. 17.1

b} In Fig. 17.1 the solution set is shown by
heavy points, indicating that the values of «
'nnridv are integral, The solution sct is as follows;
£00: 1), (L:0), (130 (2, {2:—=1 (2:0),
(2: 13, (2:2), (2:3))

nequalities (3) Linear programming

Vinles.

! Chapter 5 explains how 1o draw graphs of
stratght lines.

2 The boundary line g is drawn solid 1o show
that the set of points on the line s included
in the required region.

3 The boundary ines ¢ and r are drawn using
broken lines toshow that the points on those
lines are go! included in the required region.

4 Regons outside the boundaries are shaded
toslgw thiat they are ot reguired.

Example 2
Wirte doton the three nequalifies which define the
unsfided area labelled A m Fig, 17.2.

Fip, I7.2

The lines are labelled £, m, 2 for convenience,
Line &

ks the line x = 3, & is solid, Points 1o the right
ol £ are nol required. Hence the corresponding
inequality is £ < 3.

Line m:
m has i gradient of —1 and cuts the j-axis at
i 4), lsequatdonis y = —x + 4, misa broken

line, Points below moare not required. Flence
=1 — x is the corresponding inequality,
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Line n

a has o gradient of 2 and cuts the yeaxis al
(s 1y I equation 1 3= 2+ 1, n is solid.
Points above # are not required. Henee
A= 2x + 1 s the corresponding inequality,
The incqualities which define the region A are
r£h y>d—zand y£ 2 + L.

Exercise 17a

1 Using graph paper, show the regions defined
by each of the followine, (Use solid and
broken lines where approprinte and leave
each required region unshaded.)

@) B—rgs -y 2

b x—r=>=Zix+ 1<Kz ;>0
(e] <4 y—L T 2< <4 )

d) 68 +5r = 12 x— '.:.1, <8 r=3

2 Solve each of the [ollowing graphically for
integral values of v and 7
af pxr = v+ 25 <
bl x4+ =12 y— 52 v |

3 Write down the three inegualitics which
define the unshaded area labelled A in Fig

2 A
i} 2 4 & T
Fig. I7.3
Ly 9 i i |
B
- Y
}-.-_
R ] —_—
- !
Y S |
i ] L
} I L
E E 2
T f e -
_g¥ i T : *
: i -
L e il

Fig. 174
144

4 What are the three inequalities which defisg
the unshaded region Roin Fig, 1747

- |

In Fiz. 7.5 ind
&) the coordinates of the point P where th
line 2y = x 4+ 8 ¢rosses the y-axs,
i) the equation of the line which passe
through the origin (3 and the point [—3;6
e the three inequalities which define (b
triangular region R in the diagram,

[ Caarrit

Linear programming

Example 3
A studdent fens 32,050, She fuyy ballpens ot 25¢ ea
and percils at 100 edik She gets at feast five of ra
and fhe money spent on bellpens i over 30¢ more tha
that spent on pereils.
Find (a) how many ways the money can be shen.
LB the preales! momber of ballpeny that can be bough
¢! the greatest namber of pencils et can by bowghi

Ler the student buy x ballpens at 25¢ and

pencils &t 10e.
Then, fromm the first two sentences,
25x 4+ 10y < 250
Since she gets ar least 5 ol each;
x 25
and ¥y 23
Also, [rom the third sentence,
25y — [0y =50
Thede meqgualities are shown in Fig, 17.6,
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‘2] The solution set of the four inequalities is
shown by the twelve points marked inside the
anshaded region. For example the point (6: 8)
‘shows that the student can buy 6 ballperis and
B pencils. Hence there are 12 wavs of spending
[the money,

'b) The greatest number of ballpens that can
h(‘bc:ue‘hihﬂ corresponding to the ]'_Jmnt t8:5

fc) The greatest number of pencils is L!I
worresponding to the point (6:9).

‘Example 4

ke student in Example 3 wanty to buy as many {tems
possible. How many can she gel and how muck
thange will there be from the $2.507

bhe number of items bought is x + %

838 the toral is p, then x4+ y=n

I'he general equation ¥ + y =# ¢an be repre-
sented graphically by a lamily of parallel lines,
Fig. 17.7 shows some members of the family
wwhen n has the values 5; 10; 12,

‘,f’l' +J ||Tcrt-:?.;iné i

Fig. 17.7

Fig. 17.7 shows that as n increases, the lincs
appear to move to the right. Considering Fig.
17.6. the greatest possible value of n corresponds
to the line which is parallel to.x + y = n and
as far as possible to the right, but which also
passes through the unshaded region.

Fig. 17.8 is a repeat of Fig. 17.6 with some of
the Fimily ¥ + y = » added.

M= P T TR
| . |
|

i
|

B

Y

Fip, 174

From Fig. 17.8, the greatest value of n is. 15,
where the line x + y= 15 passes through the
point (6:9). The 13 items are made up as follows:

6 ballpens at 25¢: $1.50
9 pencils at |10c 30,80
total cost: $2.40

There will be 10¢ ¢hange from $2,50.
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The land of problem solved in Examples 3 and
4 involves making decisions inoa situation in
which there are restrictdons. Each restriction,
such as the limit on the amount of money
available, can be represented by a lincar
inequality. Henee the solution 1o the problem
van be found graphically. This method is called
linear programming. Lincar programming

can be used to solve avariery of realiste problems.

Example 5

To start a neww bus company, a businessman needs af
least 5 buses and 10 minibuses, e does pot want o
have more than 30 pehicles altopether. A bus takes up
3 untly of garage space. a minibus lakes up 1 gnit of
parage space and there are only 5% unily of garage
space avatlable.

If x and 3 are the numbery of buses and minibiges
respectively, (a) write down four inegualities which
represent the restrictions en the businessman and b
draw g graph which showr a region vepresenting
posstble values of x and_y.

Running costs ave $90 a day_for a bus and $48 a
day for a minibus. () 1Wette down an expression for
the lotal cost per day, S0 (d) Find the maximum
datly cost and the corresponding numbers of buses and
minihuses.

fa) From the Arst sentence,
x=3
=10
From the second sentence,
¥+ .y < 36
From the third sentence,
x4+ 9% 54

thl In Fig. 17.9. R is the remion which contains
thie pessible values of x andd .

(¢) €=90x + 48y

(e} Im Fig. 1759 mi1s the line 90x + 48y = T20.
As m moves to the right, the cost increases.
When m reaches m' the line passes through R
at thepoint (12; 18}, the point of maximum cost.
Maximum cost = 12 % $90 + 1B = §48

= %1 080 + 5864

= §| 444
Tt cost 51944 to run 12 buses and 18 minibuses.
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Nales:
I' In part {d). C has been chosen as 720;

LCM of 90 and 48. This value gives
comvenient line m through the points (8,
and [0,15). 'm' is then drawn using a s
square and ruler.

The working would be clearer and mo
accurale iF a larger sealeé had been used

Fig. 17.9.

Exercise I7h

1 Redraw Fig. 17.9 using a scale of 2em to

units on both axes, Use vour graph
answer the following,
When the bus company is running at [i
efficiency, the daily profit on a hus 3
tmes that on a minibus. Find the numbe
ol bug and mimbuses the businedsman shoul
buy to maximise his profit.

2 Notchooks cost 60c and peneils 36c, A gi

has $5.60 to spend and needs at least
notebooks and 5 pencils. She decides
spene as much as possible ol her 54,60
{a] How many ways can she spend he
money? (b Do any of the ways give he
change? If so, how much?
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LA car repair workshop uses large numbers
of two lypes of spare part, one costing $3

and the other 34 The workshop owner
allows 3300 to buy spare parts and he needs
twice as many cheap ones as dear ones:
There must be at least 30 cheap and 20

EXPLTISIVE Parts.

‘@] What is the fargest numiber of spare

‘parts he can by, and in what way?

th) If he decides to zet as many of the

expensive parts as conditions allow, how
‘many ol cach type can he get?
A storeman fills 4 new warehouse with two

tvpes of goods, A and B, They both come
an tall boxes which cannot be stacked, A
box of A takes up $m? of floor space and
eosts 530 A box o B takes up 13 m? of floor
space and costs 5300, The storeman has up
1o 0 m?* of floor space available and can
spend up to 515000 altegether. He wanrs
10 buy at least 50 boxes of A and 20 boxes of B,
) How many boxes of cach should he by
m order to (1) spend all the money available
and also 1o use as much space as possible?
lii] use all the space for the least cost?

& (b What i the cost in the second case?
¥ Following an illness, a patient is required

to take pills containing minerals and yitamins,
The contents and costs of two types of pill,
Frelgood and Gethetta, together with the
patent’s daily requirement, are shown in
Table 17.1.

Table I?-.l = Erﬂ.l vit = cost
Feelgood 160 mg dmg 2
Getbetla i mg Img e
Dhaily HO0 g 30 me
reuTE e

A daily prescription contains ¥ Feclgood

pills and y Getbetta pills.
i) State the inequalitics 10 be satisfied by
fx and j

by Use a graphical methed 1o show the
solution set of x and 5.

i) Find the cheapest way ol preseribing
the pills and the cost.

6 While exploring for oil, it was ngcessary to

carry it least 18 tonnes of supplies and 80
people into a desert region. There were two
types of lorry avallable, Landmasters and
sandrovers. Each Landmaster could carry
M0 ke of supplies and & people; each
Sandrover could carry 1350 kg of supplies
and J people,

ITthere were only 12 of each tvpe in good
runming order, And the smallest number of
lorries necessary for the journey,
Ashupkeeper orders packets ol spap powder.
The cost price ol a large packet 1s 32,70 and
that of a small packet is $1,20. She is
prepured to spend up to 560 altogether and
needs twice as many small packets as large
packets with a minimum of 10 large and 20
small packets.

[&] What is the greatest number of packels
she can buy?

The profit is 30¢ on a large packet and 15¢
o i small packer.

(b! Which arrangement gives the greatest
proit?

[c) What is that profit?

A dressmaker plans to buy new machines
lor her factory, Table 17.2 shows the cost,
the necessary Hoor space and the output of
vach machine.

Table 17.2
floor cutput in !
machine | cost space components
hour

Michine A | 8300 3m*
Machine B

[0} per hour

8400 2, m* 15 per hour

she can spend 33600 altogether and she
has 27 m* of floor space. Trade restrictions
are such that she has w buy at least 3 of
Machine A and 4 of Maching B,

tal What s the maximum number of
niachinee she ¢an buy?

‘b)) What arrangement gives the biggest
cutput?

A builder has $960000 and 8ha of land
available for building houses, Large houses
cost 324 U0 cach 1o build and need 0,23 ha;
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stnall hoses cost 815000 each and oceupy
11 ha, Permission 1o build s given so long
as there are art least 16 laree houses and 30
small houses.

tal Find the greatest number ol large houses
that can be huailt.

(I} Fined the distribution that (1) sives the
greatest number of houses aliogether,
(i} uses up all the land available.

A Shn[.li\'.r.'t‘lﬁt'r stocks two brands ol drinks
valled Kula and Sundown, both of which
are produced i cans ol the same size. He
wishes to order [resh supplies and finds that
he has room o up to 1 000 cans, He knows
that Sundown is mare popular and so
proposes o order at Jeast twice as many

cans of Sundown as Kula: He wishes,

however, 1o have at least 100 cans of Ko
and not more than 800 cins of Sundows
I'nking x to be the number of cans of Ku
and 3 1o be the number of Gons of Sl
which he orders, write down the [
mequalites mvelving « andfor » wlii
satlshy these vonditions,

The point {a ) represents o cans of Ku
anel p cans of Sundown. Usine a seale

| e oy represent 100 cans rI]l. mich A
consiruct and ndicate olearby, by shadis
thee unwanted regions, the reginn in whis
ixsv) must lres The profit on i can of Ku
1530 and on a can of Sundown 1s 3c U
vour graph to cstimate the number of ¢a
of each thar the shopkeeper should order

give the maximum prolit. | Claml
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Ch apter 18

ectors (2)

Vectors (revision)

ming vectors

vector s any quantity which has direction
well us size, Displacerment (or translation),
Hocity, lorce, acceleration are all examples of
ors. Fig, 1.1 shows o vector which moves
[ poin Irom position S4 to position B

L

|

W
"The vector in Fig.
By ways:

wither AB. AB. AB, AB

P

18.1 van be written 1n

Or ® @, @& A
ice the points are on a cartésian plane, AB
3 also be written a5 3 ecolumn matrx. or
pmn vector:

_—

pection is important. BA i5 in the opposite
‘tion to AB, although they are both parallel
e Liave the same size:

()

Magnitude

I'he magnitade or size of AB is represemiod
by the length of the line segment AB. This 15
written as |AB| and is called the modulus of
AB. In Fre, 181,

[ Pythaooray)
Lhe modulus of a vector is always positive:

Scalar multiplication
If o vector AB is muliiplied by a scalar £,

where £ s any number, the result 35 4 vector &
ITmes as big as AB:

5

u'AB:(U

then 3AB = J(L) = (];)
¥ G} )
and ;AB= —i(:)=(_;)

The effectolsealars can besummarised as foflows

{ a=>Ib then a is t times as hig as b and
parallel to it

2 Ifha=fb thenallbor =0 and £ =0,

Addition and subtraction

Veetors may be added and subtracied. For

examphi
g fi
Ifp = ( ”) and q = (_,:)
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—4 0 B AT S SN
Lht'np+q=( “)_(_.)) ._-].H{.+{.]I=(1 +( .1.)_ «
: = . A :
—4 —3 — 2 (—1
_ +6 )z( ) ¢ O =0D =" )= )
(4 .—2) \— 1 4
l e} f |~..) & S § lj ( -:)
and —-g= uc _ 4 —
v L {,) (\_0 (] (—lz =3
_9 4 '.i‘ - s =
= 4= { _ Exercise 18a (revision)
0 —2, 1 In Fig. 18.2 state the ¢olumn vetior wh
o S, SR would displace E 10 A,
= ( “ e ’I) —= ( ;) 2 Express the following as positive vectors
o h L =g | ( 4
Example 1 e, f) i L =3
In Fig. I82. beluie, AB, BC, CD, DE are veciors , .
ar shawn, Y (_H) id — (‘j
14 . s 8 -
-3, ¥
) —4
b 3 I'XY = ( _ | what s [a) XY, (b) YX
£ 0 :
7 E 4 A shape is translawed through ( JJ It
1 =
. 2"
3 then trunslated through (H)
2 A [ - ; ,-
1 (a) What single translation 3s this eopuividis
e _ to? (1) How far isthe shape from its startis
6] 1 234 35 & ¢ position?
it
Fig. 18.2 5 APOR s such thar PQ = ( .,) an
. =% i
(a) Fspess azh-ovatar i the firm (r. ) OR = ( Li_)' Sketch APOR and hence s
by Find IDE. (61 Show that DE.J JBC utherwise cxpress PR and RP as colum
(b} Find IDE|, (¢ Showo = —IBC. B
(d) Fxpress BC + CD v o wnple column veclor. S ‘3 £ =il
(¢) Express BC — CD ay a single column vector, 6 Il p= (.E )‘ q= ( i )_ r— ( A
(a} .-’5._],?- _ H) ]_;T(?- _ (2\) EX TS t';l.{‘l..l of the f-.[-ﬂh:-‘-':'iﬁ'.! as a sing
' -1/ " | column vector.
- e . — [a) Hp ‘h) —8q [« ;r
L‘l)=( ) lJl-:.—( ) dp+q (elr—p llp—r
i 4 =2 () 5p+ r th) p—2q
P e T B AR, (i) p—4q+r [j) Ip+q—06r
(b} 1BEL =y (=47 ¢ (—2) 7 Given p, q, © of question 6, evaluate 1
=16+ 4= ‘\.% following, leaving the answers m surd for
. whers necessary,

‘) DE - ( .E)= _'—(L)= 9B, @ pl bl e} Ir]

di lp+rl ¢ lg+= (fl [p—gq|




mangle ABC has coordinates AL1:0),
1 2), C{1;3). Xois the point [4:4), AABC
displaced by vector AX. Find

) the coordinates of the image o AABC,
b the modulos of AX,

4 Find the vector g such that

503

B Hence find g
Copy Fig. 184 to show points A, B, C and
origin ().

A
t‘l_
&
L]
a
4 »
"!n
B
L]
—
8] 8 ‘ 6 g i

183

o

, 3
Given that AP = (., , tark on the dingram

and label clearly the point P. Given
that BQ = 2AC, mark on the diagram and
@bel clearly the point Q. Calculate
1DA|. |Camb]

10 H

Pl i
-4
o)
singl psition vectors

1 Fig. 184, Pisa point (27 y) on the cartesian

ane, origin O, LY Piz

™=

g, 154 (3]

Vieelor a s the displacement of P from O.
Since this displacement gives the position of P
relative to the origin. a is called the position
vector of P,

In Fig. 184, a = OP = ( ‘)
3

Hence i a point has coordinates [xy), its

ik ‘ &
Pes1l0n VeCtor 18 ( )
3

Position vectors can be used o [ind displace-
merits between points:

Yk
P':.II- _?I:'
ag, mal
0 ;i
Fig: 185
In Fig. 18.5, by adding vectors,
OP + PQ = 0Q
PO =00 - OF
PQ: ( 3'_1.) = ( ‘ll)
¥a F
- ( A — .1'1
o T
Alsa, by Pythagoras” theorem,
PQ| = JF"-"E —x)2 + [ 35 ,1’|}2-

The above results hold for any twe genéral
points Plxg: y) and Qx,: 0, ].

Example 2
I P oand ) are the points (3;7) and (11;13)
respectively, find PQ and |PQY.

In Fig. 8.6 overleaf,
e — —
PO =00 —Op

~(15)-0)
(52000
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N -
& 4 Q13 Considering the sides OP and RQ):
[TOP = RQ. /
Er then -UP‘I |RQ| ancd ’C!P |RQ since equ
T 1P S A vectors have the same magnitude and direction
8 Hence OPQR is a parallelogram since it h:
a p:ur of Uppﬂblt{‘ sides equal and parallel,
| Let the diagonals intersect at M
rJ_'z~.1 — 100 (the diagonals of a paraliel
Fig. 186 5 —»  gram bisect each other)
— 5Y (23
,- ; _ M=4(;)=(}})
IP@=V"711-3::'+!'13—?|* “A\3 15
= /B + 6 = \,ﬁ =i The diagonals intersect at the point (23: 13)
Example 3 Example 3 makes use of the following importa
Quadrilateral OPQR ix as shown in Fig. 18.7. result:
‘b fa="hb
Q153 then |a| = |bl and a || b.
Bl Example 4
In Fig. 188, A(5;6), BI1;8), Gipid), Dare {
serttces of a rhombus m the positive quadrant af |
cartesian plane.
— s e 1
; 0 "T Bi18
Fig, 187
(a) Show that OPQR is a parallelogram, and
(b} find the coovdinates of the pomni of tndersection
of its diagonals.
{a] Using the positionvectors of O, P, Qand R,
— {4 D 9"
(}PZ(E)_(D)= (‘)1 Dign
wa=(3)-(2)-° ’
3/ \e) ) Fig. 188
FT‘Q; (5) _ (%) . ( 2) Find p-and hence find the conrdinales of D.
gl
3 : v If ABCD is a rhombus then adjacent sides a
— 3 0 3 egqual:
oaz()_(_)=() o
I 0 ¥ IAB| = [BC| (1)
Hence OR = RO and oppuosite sides are equal and parallel:
and l:’T_?_= OR AB = DG 2
152




BF + 8-6)2=,/[p—1)T+ (4 —8)?

P=lp- R R
(p—1)% = (2)F

Pz

-(4=9)

- 18b

Eiven points A(7;8) and B(2: —1), find

1 :f AB, ',b:' BJL

BGe points O, P, Q RS have coordinates
00, (1:3), (3;8), (7;10), (10;3) respect-

v. Lxpress cach of the following as a

alumn vector.

bl 08 ic) PO
e} QS i, RP
3
T LG #h
3 Mg —1)
g 85

b Given Fig, 18,9, express each of the following
2 a angle column vector.

a) OK (b OM (e} KL

d) LM {¢) OL i KM

) OK + KL (h) OL + LM

i) MK + KL il ML +LO
OABC is a parallelogram where () is the

A=

Ak L 3
origin, OA = (1) 0C = (?J

(] Om graph paper mark and clearly label
the paints A, B and C, =
bl Express as a colomn vector (1) QB,

ii) CA. | Camb|

3 Use vectors to show that the quadrilateral
P(—3;00,Q{—1:6}, R(3;5),5(5; —2)isa
ITapezium,

6 Use vectors 1o show that the quadrilateral
A% =53], B(B:5), C(6:16), D(1'6) is a
rhombus.

7 Provethat the quadrilateral O/0; (), Al4: 09,
B(7:3), C(3:5) is a parallelogram.

8 Show that P(3;2}, Q(9; 4], R(11:8),5(5;6)
is @ parallelogram. Use a vector method to
find the coordinates of the point ol intersection
ol its diagonals,

9 O0;0), Pl4;6), Q. RIB; 2} are vertives of
a quadrilateral. Find the coordinates of ()
such that OPQR is a parallelogram, Find
the courdinates of the point of intersection
of its diagonals.

10 Paoints M and N have position vectors m
and m respectively relative o the onigin O,

Irm=( ')um]m_ Y sid
| —4; 10

) on (b |m

() the coordinates of a point P such thai
OM is the short diagonal of parallelogram
MNOP.

Properties of shapes

In the previous section, position vectors were
restricted to the cartesian plane. However,
vector methods can be used in any geometrical
situation. They are often used o discover and
prove properties of shapes.

In Fig, 16.10, PQRS is a parallelogram as

shown,
Q b R

Fig. 18.10



FPR=POQ + OR or PS + SR
—a+boab+a

Hencea 1 b=h+a
This result shows that the additon of vectors
is notaflected by the order in which they are
takern.

In Fig. 18.11 ABCD is any quadrilateral with
vectors &, b, e, d as shown,

i
b
C
1]
E
A
Fig. I8.11 . B
at+b-AC
c+d=CA
adding,

a+tbt+etd=AC+ CA

but AC+CA =10
soat+b+et+d=0

If the vectors o Fig, 181 are taken 1o be
displacements and the + sign is thought of as
meaning followed by’ the above result s
hardly surpristng. The total final displacernemt
rom the starting paint, A, is zero when the
vectors form the sides of a closed polygon.

Notice how the above results are used in the
[ollowing examples,

Example 3

PORS i any quadrilateral. AL B, €, D are the
nd-pornts of PO, QR, RS, SP respecively. Prove
that ABCD &5 a parallelogram. .

Fig, 1812
154

Let PO =2p, QR =24, RS =25, PS5 =12§
shown in g 18,12, "
Considering the opposite sides Al} and €D
quadrilateral ABCIL:

AB=p+q
CD=F+43
But2p 429+ 2r+3=10
= praq+r+5=0
< E+g=—17—3
— P+aq=—IiFr+5

Henee AB=p+q=—{fr+58 =-CD
E.t':_ﬁ_fﬂ = D

[f AR = DC, then AB || DCand AB = DC.
ABCD isa p:-u'u]lu'lnurn.m since it has a pair
apposite sides which are parallel and equal

Example 6

In Fip. 1813, P dundey the line AB 0 the rat
AP:PB = 7:3. If DA =a and OB = b, exji
OF in terms of a and b -

Fig. 1815 Y

In AOAB,
— —_ ———
DA + AB=0B
=y =
i+ AB=1D
AB=h—3i

Along AR,
AP = LAB

= ITEI (h— &)

In AOAPR
— — e
OP =0A+ AP
=@ :::'E_ — &)

b 2 Ty y A
= fd s5h— g




Example 7
Fig. 18.14, OA =a and OB = b.

{:
Fie. 1414 * * v
Bl Express BA in termy of a and b,
08 I X ix the midpoint of BA, show that

X — ;E_‘I;a + b

- Ginen that OC = 3a, express BC in ferms of a
d b,

| Given that BY = mBC, express OY in termsaf
b, m I

If OY = nOX uie the vesults of (b)) and ()

. avaluale moand m
i In AOPA;

—t - —
0OF + BA = OA

b+ BA =&
— o
BA=a—"b
In AOBRX,
B_"\—;:_J"L=5|E—E
—* =& —i
O = 0B+ BA
=b+ia—b) =i+ b

In AOBC,
== —_ —
BC = BO 4+ )
=—b+3a=3i—bh
| In AOBY,
— — —
OY = OB 4+ BY
— —— - -
=h+mBC =h4+ m%a—h
OY =3ma+ (1 —mib (L]
—
OY = nC¥X

L=, T
= n3la+ s

R S Loy
OY =sna+ inb {23
— - -
50 (OO =38ma+ |1 —mhe I
Since the vectors are identical, the scalars

multiplying a and b can be cquated:

1 ! [ d
sn=3m (scalars of 4)

;-n = | —um (scalars of b
g = —mesdm = |
= m=3
It m =, then ;n =3x]

1
=n=1l3

Notice the last stage of Example 7. In gencral
iTha + /b =una + mb
thien f=un and
tora-= 0 and =10)

k=i

Exercise 18¢
Make sketches where necessary.

1 Using Fig. 18.15. represent cach of the
lollowing by a single vector,
i) PQ 4+ QR by PR+ RS
c; P8 + 8T d) PR+ RT
€ PQ+QR 4+ RS ) PO +QT TS
lg) PQ+ QR + RS + 8T
(h) PQ + QT + TR + RS

R

Fig. 1815 P r

2 In Fig, 1816 OA=a OB =h and M is
the mid-point of AB.

(8]

Fig. 1816

Find OM in térms ol a and b,
3 Given Fig. 18,17, overleal express XY, YZ
ancd ZX i terms ol a, b and e.
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4 In Fig. 1818, OP=!a, P
OR = Jb.

b—3a

.F?.g. I, JFH 0 4k

Express (2] 0Q, (b) QR in terms ol a and
b as simply as possible.
5 In Fig. 18.19, ORST is a parallclogram,
OR =rand OT =1t
R r )

Hig. 4814 : = v

1FST = 48P, express the lollowing in terms
of r and/or €
ia) RS (b) 8T (c, SP (d) RP (¢} OP

6 In APOR, PQ —a, PR =band 5 is the
mid-point of PR, Express the following in
terms of a andjor b.

fal J? iht Ef'. ¢l FE
i’ ?L el .”'\_l-} L —‘E’

9 In APOR. A is a point on P such #
PA — PR and B s the mid-point of £8
Point € lies en PO produced =o 18
PC = 1PQ.IfPR = xand PQ = y. 53

the following in lerms of x and y-
1] PA (L PB (¢) PC d) AB (¢, BC

10 In Fie. 18.20, M and N are the mid-poss

of AD and DO respectively.

!'..-‘.l'-'. frrjljl?

It is given that AB =BG =a and ik
BD =a+b Write down as Hl[[LJ!'\
possible in terms ofa and forbe Xpressions
‘al AD, (h) DG, (¢) MN. JCiamd

11 Use vectors o show lh;‘u if the diagonals
i quadrilateral bisect cach other the quas
rilateral is a parallelogram.

12 Usie vertors to show that the diagonals of
parallelogram bisect cach other.

13 In Fig, 18.71. OAB is any triangle, M an
N oare the mid-points ol OA and «
respectively. 0

M

o — — —
[a) (_lR (PS5 foh O
7 PORS is a trapesium in which PQ || SR, Fig. 18.21 i

PQ = a and QR = b, Il is the mid-point of
PS5 and PQ) is half as long as SR. Express
the following in terms of a andjor b.

8 ABCDEF is a regular hexagon. If AB =x
and ﬁ- =y, express the [ollowing i terms
of = und y.

156

IHOA —a and OB=h,
{a) express AB. OM, ON. MN i terrs o
a andjor b, (b) hence describe any peliitics
ship between line segments MN and AB
14 ARCD 5.4 qum]nl:m.rlll whaose dingonal
are equal in length, The mud-points of AN




B0, O, DA are jomned in order to lorm a
“guadrilateral. Use a vector method to show
shat the quadrilateral so formed is a rhombus,
ABCD is a kite. The mid-points ol AB, BC,
CD, DA are joined to form a l_'Ell.-lE'TilEl{“l’:ll
- Show that the guadrilateral so formed is a
l‘l:rt.d.ng‘lr.

In trapezium PORS, Q_P =a, RQ_ b,
RS = 3a and the diaronals interesect at X

— ——
{a) Express RPand QS5 in terms ofa and b.
(b) Show that PX:PR = QX:0)5 = |14,
In Fig. 18.22, P is a point on AB such that
BA = 4BP and () 15 the mid-point of OA.
: E}P and BO) intersect at X.

. 1827

L4

Given DA=a and OB =h:
(a) Expressthefollowingintermsof aand b.

(i} (i) OP (11} BOG
(b} ITBX = /BQ, express OX in terms of
a. b and &

(e} If OX = FOP, use the previous result
to find & and &

(d] Hence express OX in terms of a and b
only,

8 In Fig. 18.23, OABC 15 a parallelogram, M

= = z — —. —
is the mid-point of OA and AX = ZAC.

— —
OA =a and (M= ¢
A Y B

O c
fa) Expressthe following intermsofaand c.

G) MA (i) AB (i) AC (iv] AX

(bl Using AMAX. éxpress I'E.;i in terms
ol 2 and e.

(o) If AY = = )/ "LB use M AY o EXPress
MY in terms of a, € and p
fd) Alse lf'}'l.'[\" = q'!L'IK. use theresultin (h)

—s

to express MY in terms of a, € and 4.
(e} Hence find prand gand theratioc AY:YB.
19 InFig. 1824 OP =2 and 08 =h.

o H

Fig. 18.24 H B »

(a) Express SP in terms of & and b,

(b} Given that 88X = ISP, show that
OX=la+ (1l —&b.

(¢} Given that 0Q = 3a and QR = 2b,
write down an expression for OR in
terms ol a and b.

(d} Given that OX = fOR use the results
of parts (b) and {c] to find the values

of f and £
(e} Find the numerical valae of the ratio
PX
] Camb
x5 I |

20 ABC is any triangle. M and N are the
mid-points of BU and AC respectively and
AM and BN intersect at G. AB = x and
AC =vy.

(a) Express AM in terms of x and y.

(b) Il AG = FAM, express AG in terms of
x, y and h.

{¢) Express BN in terms of x and y.

(d} If BG = /BN, express AG in terms of
x, ¥y and k.

(e) Use the resuls of (b) and (d} to find &
and k.

(1’ What can you deduce abourt the three
lines joining the mid-points of the sides
of a trangle to the oppesite vertices?
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Chapter 19

Probability (2) Combined probal;ﬂitie

Probability

Probability is a numerical measure of the
likehhood of an event happening ar nor hap-
pening. Forexample, i1 has rained in Gwands
in 9 out of the last 12 Septembers, then.
statistically, the probability of rain falling in
Gwanda next September is -Lq'_; or 3 or 0,75,
This is an example of experimental prob-
ability, Since expenimental probabilisy uses
numerical records of past events to predict the
luture, it predictoons cannot be taken 1o be
absolutely accurate.

Alternatively, the probability of throwing a
five on a fair six-sided die i . Since any one
of the six faces is equally likely, This is an
example of theoretical probability. Theor-
etical probabilities dre exact values which can
be caleulated by considering the physical nature
of the given situations.

Example 1

Tendar and Sanmuel have played vach other at tennis
V5 demes thees season, T ertdar haxwon 12 of the matches.
Thev play each other m o championship. What is the
frobability that (a) the mateh iv drawen, | B Teredui
terny, (¢) either Tendad or Sarmel winy?

(#) Tennis matches are either won or lost, They
are never drawn,
Probability of a draw = ()

b) 'T'endai has won 12 of the last 15 matches.
Experimental probability of Tendal winning
the maich
=12=1=08

[¢) Since one or other of Tendal or Samuel
must win, probability of cither [HErSO
winning = 1,

If g is the probability of an event happening
then giliesin the range 0 = p = 1. The probability

138

aban event sl happening is ¢’ where p' = | —
For instance, in Example |, the probabiluy
Tendai not winning js | — (1,8; i.e. 0,2.

Probability ean also be described in
anguage. IfpiR ) is the probability of a requir
outcome happening, then

/R
nid)

where B = irequired outcomes)
& = [all possible oulcomes)

pilk) =

Example 2

A Adetter ty chosen at random from the alphabel. Fr
the grabability that it i {a) F, (8. FarT, (i) =
uf the letters of the word FREQUENCY, (4] »
vne of the letters af the word TABLE.

In every case,

&=1A B, Cr..; 2}
(w) Let A={F}

. n(A) |
then plA] = e
The pr{}hul}iﬂl*_- that F 15 chosgen s -_-,.1-!;.
(b] Let B ={F:. T}
n{B!

4] |
then pilB) = 8 P IS
There is a 35 probability that F or T i3 chosen
(i) Lt C= {F:RoE; O U NiGE Y

il 3 4

nfdy Eﬁ =A%

then pi{l) =

The probability of choosing one of the leten
b o = |
ol freguency 15 75

(d) Let D= {T:;A;B; L; E}




SCTL.

ters

tDj 5
en o)) = E —— %
1 ) 2

g 1

@nd p(D'} =1 —piD)) =1 —55 =35

B 21 H
here 1s a 5, chance that none of the letters.is

in TABLLE.

Notes:

1 ‘At randem’ mieans “in a lree irregular way’.
2 The leter E inpant (¢) of Example 2 was not
counted twice.

3 Part (d} of Example 2 is most conveniently
solved using the method ol subtraction as
shown. p(I)") means “the probability of net
being in 1Y,

Exercise 19a (revision)

1 A stausucal survey shows thar 245, of all
men take size Y shoes. Whatis the probability
that your frend’s ther wkes siee 9 shoes?
A school contatns 337 bovs and 323 girls.
It a stodent is chosen at random, what is
the probability that & girl is chosen?

A State Lottery sells IJ: million teckets of
which 300 ar¢ prizewinoess, What is the
probability of getling a prize by buving just
one ticket?

Statistics show that 92 oot of every 100
adults are at least 150 em tall. What is the
probability that a person chosenat random
from a large crowd is less than 150 cm all?
Fig. 19:1 15 & magic square.

1 I Q2 1 15
5 11 1 i
4 7 £ 12
B L+ 5 |

Fieg: 19.1

IF & number s prcked at random from Fig,
He1 what is the probability that it ix

(a) odd, (b prime,

ic) less than 10,

id) exactly divisible bv 3,

(&) & perfect square, (1) a perfeet cube?

6

A bag contains 2 black balls, 3 green ball
4 red balls. A ball is packed {rom the ha
at random. What is the probabilivy that i
‘al black:

[b) green,

el red,

fd1 yellow,

fer] e black,

([} either black or red?

A fair six-sided die is thrown, Find th
probability ol getling

bl Al

Thy a4

icl al

i) either 1, 2 0r 3

el number divisible by 3

i) a number less than 3

A letter s chosen at randim from th
alphabet. Find the probability that it i
fay M

(b not Aor

{e) either P. Q. R or $

id} eme of the letters ZIMBABWE

9 Table 180 gives the numbers of stadents i
age groups in a schoal,
Table 19.1
age 12 13 14 15 16 17 14
nomber |42 130 125 131 1100 84 &3

10

Find the probability that a student choses
at random is (a) 14 (b) 14 or less.

A card 1s picked atl random from a pack o
playing cards®*. Find the probability c

picking
{a) the 3 of {7 (b} the K of dp
el al {d} a black Queen

iel a diamend
(I ether a Jack, a 2 or an Ace
(gl a red card (hy @ red club

* A packet of playing cards contains 5!
cards in 4 suits: clubs -+ 1, diamonds ()
hearts (V71, spades (dp). There are 1
cards in each suit; Ace (A}, 2, 3, 4. 3, 6
7,8, 9, 10, Jack [}, Queen (O, Kin
(K 1. Clubs and spades are black, diwmaond
and hearts are red.

|5




Mutually exclusive events

Example 3

Find the probability that e letter chosen at random
JSrom the alphabet is either @ vowel or one of the letters
A Y

WD = {desired outcomes)
then D=VwlL
where V = {vowels] = {AE; 1;: O: U}
and L = {X,¥; 7}
Hence D= {ALE; LO: U U XY 70
=VA ELO: UK Y 2]
i1y n 4

II_:I'|= —— — = —
PR =@ 2 13

In Example 3, il p{V] and p(L) arc the
probabilities of choosing a vowel and one of X.
Y, Z respectively, then

,:"!UI

V) =3

Ty -3
piL) =35

and, by inspection,

p(D) = piV) + p(L)
- A o

&l -
=35 = 13 as before

The task of choosing a letter which is either
a member of V or @ member of L involves
separate events which cannot happen together,
Le. one event excludes the other, They are said
10 be mutnally exclusive events. In such cases
the separate probabilities are added 10 give the
combined probability. .

The Venn diagram in Fig. 19.2 represents
the situation in which sets V and L are mutually
cxclusive, or disjoint:

; //_\II r /—'—'-\I
\ I
I“‘\ \r /) \\_, 1 .‘,-'

Fig. 19.2

In this ease p(V) + p(L) = p(V w1
| 6

Suctor of 18 or @ multiple af 3.

Addition law

If events A, B, C, ... are mutually cxcluss
the probability of A or B or C or ... happens
i the sum of their individual probabilis
piAx) 4 piB)+ piCG) 4 ... .

Example 4

A pumber is chosen at random from the set {2 4
coor 183 200, Find the probafility that it is either

& =12 4 6; .5 18; 20
Lit ¥ = {factors of 18} = [2:6; 18)
and M = {muluples of 5} = {10; 20}
It follows that F and M are muteally exelusive
. nkF) ;
piF = T_1r§ = ;'1.
M 5
lJ'L."'p'I 1= ”II =t _I:_‘:
nie

Norice that the addition law is used to solve
problems which contain the words or or eitherfor,

Exercise 19

1 Acard is chosen at random from a pack of
plaving cards, What s the probability thai
it i ¢ither a4 heart or the Queen of spades?

2 F=1{%37} and T= {10;20; 30;40}, |
al one element isselected at random from
F, write down the probability that it is odd.
b)) Ifone element is selected at random from ‘
T, write down the probability that it s a
multiple of 5 ‘
ic; Ifoneelement sseleeted ar random from
F T write down the probability that it is
cither @ prime factor of 42 or a multiple of 4,

3 In a game of chance, an arrow spins at
random. When it stops it points 10 one of
eight sectors numbered as shown in Fig, 19,5,




Find the probabili ty that the arrow points ut
12) adorad, (bjalorad cinlor al,
A bag comains 3 red balls, 4 blye halls, 5
white balls and 6 black balls, A ball is
&t random. What is
either

fa) red or blue,

b red or white,

¢l Blue or white
dl Bue or bluck,
(e) red, white or blue.

f) blue, white or black?

A letter is chosen at random from thie wiord
COMPUTER. What is the probability that
it i3
a) either in the word CUT orin the waord
ROPE,

b neither in (he word MET nur in the
word U P?

picked
the probability that it is

ependent events

ample 5

die {5 thrown and a coin iy tossed. What s e
WBeobability of getting both a six and « rail?

(Table 19.2 contains all the possible cuteonies
of throwing the die and the coin at the SHMe e,
Table 19,2

| die |
[ 1 2 3 & 3 6
 hiead .;h.| hl h2 h3 h4 h3 ke ‘
tail (t) tl @& 13 W 5
_ | @ |

Tabile 19,2 shows that there are 12 faossibyle
outcomes of which one; ringed, gives a v and
a farl

Required probability = o

=

T RRRERRRRERRBEEEERE=.

In Example 5 if p(8) and piTL are the
prubabilitics of getting a six and a tail then
piS) = 1 .
p T =£—

Prabability of getting hoth
= p(S) x p(T)
=5 ;= 5 as before.

The task of géting bath a six and » 1l
mvelves two evernss which have no eHe

cl on
each other.

They are said 1o be independent
events. [n such cases, the separate prohiabilities
are multiplied 1o give the combined probabilicy.

Product law

IWoevenis A, B, C,... are independent, (he
probability of A and B and C and . . . happening
is the product of their individual probabililics:
Pia; X piBl % piC) x ...

I'he Venn diagram in Fig. 19,4 shows the
intersecting sets S and 1.

—
5
@ |
¥
194

Check thar for any pair of intersecting sets,
nBUT| =n(S] +0(T! =S T)
Dividing each term by n(&).

Fig.

nisw Tl niS) ol wsSaT
uld  npld nid nid

=psuT,; = DS+ p(T) — ST

The above probability equation may be used
to simplily situations in which events are
combined. If § and T had been mutually
exclusive, ie. disjoint. then SAT = & and
P8 T) = 0, giving the addition law discissed
earber.
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Example §

Frve girls and three buys put their mames in a box.
(ne name 15 picked out af random. Without replacing
the first name, a second name t¢ picked out at random.
What is the probability that both are names of girls?

Ist pick:
There are 5 girls and B names.
Probability that a girl’s name is picked = 3

Ziud frick:

If a girl’s name was picked, there now remain
4 girls and 7 names.

Probability that a girl's name is picked = 2
Combined probability that both names are
those of girls = § x 2 = &

Notice that the product law is used to solve
problemswhich contain the words and or bath/anil.

Exercise 19¢

1 A card is chosen from a pack of playing cards
then returned to the pack. A second card is
chosen. What is the probability that both
cards are black?

2 A coin is tossed and a die is thrown. What
is the probability of getting a head and a
purtect square?

3 If the arrow in Fig. 19.3 is spun twice, what

.15 the probability of getting
(&) twao 3s, (b} two 4s,
(e} a | followed by a 2,
id) a4 followed by a 37

4 Five cards are letiered A, B, C, D, E. Three
cards are chosen at random, one alier the
other, without replacement, and are placed
i the order shown'in Fig, 19.5.

Ist and Srd

Fig. 19.5

What is the probability that the cards spell
the word BED?

5 In 4 primary school 70% of the boys and
53%, of the girls can ride a bicyele, 11" a boy
and a girl are chosen ar random what s the

162

pmbahilit}- that (a] both of them can nde 2
bicycle, (b) neither of them can ride a bicyele?

Outcome tables, tree diagrams

Example 7

Two dice agre thrown at the same time. Find the
probabifity of gelting (@) al least ome 5; (8] a total
seore dizisible by 5.

Table 19.3 shows all the posible outcomes
when two dice are thrown,

Table 19.3

B 7|88

56789 (@n —
@7 [+ @
::"”ﬂri{»@if.
234;@;1’:-?&
tl2z|3|+|®]s|7
IERENET S
first dic

-
[=-]
=

The number of possible outcomes in Table 19.3
is 0| ) where n{d) = 36
[a] Referring to the shaded column and row,
P = {outcomes with 3 on the first die}
() = {outcomes with 5 on the second die}
n(PwQ)) =11
Probability of getting at least one five

_nPuQ) 11
T nlfl 36
(b) In Table 19.3, all of the total scores which
are exactly divisible by 5 have been ringed.
Number of outcomes divisible by five
=
Probability of getting a total score divisible
by five =5z

In Example 7, notice how the able helps to
overcome the problem of finding the various
numbers of outcomes: A similar method was
used in Example 3 on page 161.




Example §

A bag containg 3 black balls and 2 white bally.

(a) A ball is laken from the bag and then replaced,
A second ball 1 chosen. What 15 the probability that
(1] thayare bolh Bluck, (i) one v blael and one 12 ehite?
(B3 Find oul howe those probabiliftes are affected if tiwin
balls are chosen bl any rﬂp."ﬂrrauru{

ta] The various possible wavs of selecting the
balls are shown in Fig, 19.6 on a tree diagram_
In the diggram the brinchés of the tree show
the diflerent wavs of choosing, with the related
probabilities given as fractions,

&1 2nd
chidis il
! I
! |
I
B (BB
: ; I
' I
B i
| |
i wWoOIRW,
1 |
I |
| 1
' 8 IWB:
| 1 I
| ]
W |
X % i
b, G 1 W W

By following the branches of the tree diagram.
1 Plﬂimhlhl\ that the frst two balls are black:

piBB) =3x3i=%

(i) Probability that the first is black and the
seeond is wiLiLc'

p(BW) = r‘ >< = 5“5

Probability T.lmt the fimst 15 white
second 15 black:

p(WB) =3xi=2

p(BW) and p(WB! are probabilities of
mutually exclusive events. Hence the proability
of getting a Ilack ball and o white ball when

the order does not mater.
= piBW! + p/WE)

& , 6 12

LT T T

(B) I there s no meplacement. then there are
anly 4 balls left after the fest is taken. Compare
the probability fractions in Mg, 19.6 with those
of Fig, |97,

and the

L5t 2nd

ChH - chbiry

[ B

W

Fig. 19.7

From the tree-diagram.

(i) p:[;H.:g:-ci;;-f},-
lii] pBW) =3sci=4%
pWE) =$x 3 =15

Probability of getting a black and white |
regardless of omder

A ) )
=30t 0= s
Notice in Example 8 that there are [our pos
outcomes: BB, BW, WB, WW and that in «
case the sum ol the probabilities of the oute
{5l

al (b
L st 3%
BW 5 ik
WW = il

Sum | 1

This prowides @ useful check on calculatio

Example §
[ e cardsare chosen from a pack withou! replacer
wilter! £ e prebabidily of pelling al least fion s

Fig., 198, oyverleal, shows the varionus way
clinosing the three cards.




Ist Jud A
chivice chikre chisice
I I |
I t I .
" PR | -
|
| LS <
. i
: p: L N (ssN
L
a3 | I H -5 (5N%)
| |
| i N < |
| I TN (BN
1 ] |
| | i |
! i s AN
| 5
W < |
H : : BN INEN)
b I 4 :
I 5 IMNS]
i
NANNNI

Fig. 19.8

Pmbﬂhiiiw of choosing 3 spades

= 32 %5 %56 =550
Probability of dmm;_n?_ 2 spades

13,12 3% , 13 PO | 0 ¢ O T

=33 X351 X5+t X 51 § ﬁn +353 %51 %50
_Fxl2 ljxﬁ'ﬁ' 117

T R mSlmS0 Bl

Probability of getting at least 2 spades (i.e. 2

spades or 3 spades)

21T
= 350 + &s¢ B30
_ 128 _ 64
= B0 T 425

Exercise 19d

1 A pair of dice are thrown. What is the
probability of getting (a) at least one sx,
(h) a total score of seven?

2 A game is playved with a pentagonal spinner
with sides marked 1 o 5. The score is on
the side which comes 1o rest on the mble
For example, in Fig. 19.9 the score 15 3

Fig. 19.9
164

In two spins, what is the probability of getting
fa) two 35, {b) at least one 5,
(e} a total score of 5, i

(d) a total score greater than 57

3 When two dice are thrown what 15 the
probability of the total score being a prime
number?

4 In a large crowd, there are three tmes as
many men as women. Three people are
chosen at random. Assuming that there are
so many people that choosing three has a
negligible effect on the proportion of men
to women, find the probability that they are
{a) all men, (b) 2 women and | man.

5 In a school, 4 out of 5 students have pens,
1f 2 students are picked at random, what is
the probability that (a) beth will have a
pen, (bB) one has a pen and the other hasnot?

6 M and N are the mid-points of opposite
sides of square ABCI) (Fig. 18.10).

A » B

Fig. 19.10 B o &

A point is selected at random in the square.
Find the probability that it lies
(a) in AADM,
(b} in AADM but mot in AADN,
{g) meither in AADM nor in AADN.

7 A ball is dropped at random into one of
eight holes, numbered as shown in Fig 19.11.

Q|O|C|O0|O|0|O |0

| 2 | 2 1 ] 1 2

Fig. 19.11

The number under each hole gives the score

obtained when the ball drops into that hole.

(a) State the probability of scoring 1.

ib) Tf the ball is dropped twice, find the
probability of scoring (i} a total of 6,
{11} a total of 4. | Camlb)




In order 1o chioose an athletics wam, 100
students were each timed over 1 500 metres,
The data obtained is given in Table 19.4.

Table 19.4
ame
{min:sec) 400 4:30 5:00 5:30 6:00
osumber inside
this time 7028 63 88 00

(a) A student is chosen at random. What
is the probability that the student’s time
was inside 3 min?

(b} A student is chosen at random from
those whose time was inside 5 min 30 s. Find
the probability that this student took less
than 4 min 30 s

fe] Two students are chosen at random.
Find the probability that both took 5 min
30 s or more.

The probability of a seed germinating is i
If 3 of the seeds are planted, what is the
probability that

(a} none germinate,

(b at least one will germinate,

(e} only one will germinate?

10

11

12

13

14

15

When three dice are thrown together what
is the probability of getting & total scorc of 102
A coin 5 tossed 3 times. What is the
probability of getting

(@] 2 heads and | tail,

(b at least | head?

If two cards are drawn from a pack without
replacement what is the probability of getting
() an Ace and a King, (b) two Accs?

It is assumed that when children are born
they are equally likely to be boys or girls.
What is the probability that a family of
4 children contains

(a) 3 boys and 1 girl,

(b) 2 boys and 2 girls?

A bag contains 3 black balls, 4 white balls
and 5 red balls, Three balls are removed
without replacement. What is the probability
of obtaining

{a) one of each colour,

(b at least two red balls?

A committee consists of 6 men and 4 women,
A randomly chosen subcommittee 15 made
up of 3 of the committee members: What is
the probability that

(a) they are all women,

(b} 2 of them are men?




Revision course

The remainder of this book is a revision course
for students taking School Certificate/'O” [evel
m mathematics.

It is assumed that readers have carefully
worked through the previous chapters and
Books of the ‘New General Mathematics’ course.
For this reason, explanations have heen kept to

‘& mmimum. The revision course relies mainly
on worked examples to show ways of solving
- problems and on exercises for further practice.

In order to make the revision course £A5Y 10
wsc, each chapter covers both the elementary
and more advanced parts of a topic:

At this stage the order in which the topics
are studied is relatively unimportant. Therefore
the revision chapters may be arranged 1o suit
#8e needs of the reader. The certificate-level
practice papers on pages 267 to 28] may be
sttempted after revision has been completed.

LContents of revision course
'Chapu:r 21

General arithmetic page 174
Chapter 22
Algebraic processes page 187

Chapter 23
Eguations and inequalities

Chapter 24

Properties of plane shapes,
constructions, locas

Chapter 25
Mensaration

Chapter 26
Solution of triangles

Chapter 27
Matrices, transformations,
vectors

Chapter 28
Travel graphs, statistics,
probability

Chapter 29
Non-routine problems

Certificate-level practice
examinations

page 199

page 209

page 224

page 23]

page 241

page 248

page 261

page 267




Chapter 21

General arithmetic

Fractions, decimals,
percentages

Example 1

Which is greater, 2 or [ 2

%
g7
24 15 the LCM of the denominators. 6 and 8.
Express each fraction with 2 common denomi-
mator of 24,

5 5x4 90
6 Bx4 24
7_7x3 21
8 8x3 24

L
=

s 21 2 5
Since 53 > 55, 4 is greater than Z:

Example 2
Evalugte 22 4 | 52 = I

13 (18 4
N+ (31 =—4 (~——1—)

174

Example 3

Eraluale 6207 930,251 farvec! fo 3 ..

6.297 2 % 0.251
62672 23]
){ _ .
1000 1 000
B2972 x 25]
10000000
15805972
10000000

= L5380 5972 = | 58] 10 3 f_[p

Example 4

. A e
Find e palue of ——

1.5

kg
L1 =

223 % 7.5
4.5
025 1.5 e .
== after equal divivions by 9 and 5
= 025 % |5 (multiplving num. and den. by 10)
=375
Example 5

Comzert 330 Dewtekmarks into Francs if

£1 = 4.40 DM and £1 = 10,80 F.

1LA40DM = 10,80F (=£1)

.80
= | DM = m}'

L0180

= DM =—— = 550F = | 350F
440




6
length of a spring is increased by 8%, it
351 mm leng. What i ity original length?

the original length = 351 mm

. 5
Cof the original length = 108 Frmi

: 1
nal length (100%)) = %ﬁ w100 mm
= 375 mm

le 7
@ refrigerator is sold for $538 the profit is 249
wld be the selling price o make a profit 6f 28° 7

20 of cost pri-:‘z‘ = 8558

$558 x 135
= $558 x
=518 x 32
= 8376

o 0 cost price =

that it was not necessary to find the cost

ple 8§

sells @ second-hand car 10 Thabo and makes i
af 10%,. Thaba then sells the car to Anma for
180 making @ loss of 5%, Hoe much did Chide
Sor the car?

! 100 :
o paid TTo ol what Thabo paid.

o0 L
abo paid T ol what Anna paid.
v )

ce Chido paid

1 100
5 ol s ol what Anna paid

oo 100 ><
[0 85

Example 9 ;
Find. the rale uf simple interest in per cent per anmum
el whech $142 woill ameunt to 529536 m 12 Vears,

Amount = principal + interest

$245,36 = $142 + interest
<> interest = 829556 — 5142
= 5153.536
ERT
But /= BT, where [is the interest, # s the

principal, & is the rate per cent per annum and
T 15 the time in years.

5142 % R 12
[0
100 x 153,36,

Hence 153,36 =

R '
H42x12 °°
1278 bji.i
—t I.:I’rﬁ .__ £
|43 ;
= E}ﬂ,u

Exercise 21a

1 Arrange the lollowing fractions in order of
e
5

size from smallest 1o y largedt. 3_}i TTE:? A
2 Evaluate the lollowing,
2 R 7
(a) 25+ 13 (b :r::- 2
Vo 5 a4 !
(e} 1541 (d) 15+25—33
fe) % (13=1 () 13% 623
13%7 g b
gl —— (I} 25 = (lg=33)
33
3 (a) ol the students in a class do history.

II" 14 students do history, how Mmany students
are there in the class?

b In an eleeton there were three candi-
datess § of the electors voted for the first
candidate, § for the second candidate and
the rest for the thied. If the third ot 3 200
vites, how many voles did the winner get?

1r

4 Calenlate 129 % 54 and use the result o

write down the valye of
() 12954 () 12,9 % 0,54
o) 129 =00008  (a) 010D w4 R
5 Claleculate the fullowing wnhuul using tables.
a) 22,7 %1).38 (b} 8848 = (.28
fe] 86,13 =97 (d) 09916 = 5.96

[75
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11

12

13

14

15

16

17
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Express the following quantities in terms of
the units shown in brackets.

ia) Hhem [km)
by 158,7m [km)
(c) 905g kgl
id} 2.4 kr g

(e} 7.08km (m)

(f) 1305 mf i)
Round ofl the following numbers m the
degrees of accuracy shown in brackets.

(a) 3,7846 (9 dp
‘b 75,0794 (2dp.)
fe) 144 (2.5
fd) 984 (1 st
(el 34.623 (2340

(T) 34,625 Ldp

lt El =5h21,30 and £1 =2.10 Rouhles,
convert SIi100 to Roubles. Give vour answer
corredt to 2 d.p.

Awoman changes 862 for Lire, If£] = $1,55
and £1 = 22001r, find the amount of Lire
that she ohtained,

{a) What percentage of 2 15 37

\b) The original area of a farm is 2530 ha.
The farmer sells 13% of his land, What area
15 lefi?

The length round a running track should
be 400 m. The aciual lenoth s found o be
01,2 m. Calculate the pereentage érror in
the length of the track.

A bicyele manufac cturer reguires wheel spokes
to medsure 260mm, with a tolérance
racceptable érrer) of £0.3%,, Calcalate the
acceptable range of length for the spokes.
A rrader loses 1290 by selling o witteh for
53410, Find the rost price of the watch,
A trader makes a profit of 123%, by selling
some goods for $94.50, Find her cash profit.
A boy spends 37%, of his pocket monev, If
the amount that he spends is $1.40 more
than hie has left. how much money had he
originally?

When a car issold for $1870 the profit is
10%;,. What should he the <elling price 1o
make a profit of 1897

A wormnan's mlar? was F12 600 in 1992
and was 15% more in 1993, If she paid
a max of 124% of her salary, how much
tax did she pay in 19957

18 Afactory produced 3456 radios in 199]
2880 mm 1892, fa) Calculate the percent
decrease in production from 1991 1o 198

Bl How many radios were produced
1993 il thers was a [5% increase over |9

19 A man’s body-mass increases by 159,
then goes on a diet and reduces his ne
body-mass by 15%,. Is his final mass grea
or less than the original, and by how mue

20 The total cost of a car service consists of
basic price plus a tax of 15%. Given ik
the total eost iz 56800, caleulate the ba
price of the sorvice: Clam

21 Find the simple interest on $126 for 6 ve
at 795,

22 Find the dme in which $168.40 will e=
$29.47 of interest at 5% per annum,

23 1f 3206.40 amounts 1o $237.36 n 2 vea
find the rate of simple interest per annu

24 Tind the dme in which 5108,33 will amou
to $123.50 at 8% per annum.

25 A salesman receives a basic monthly salas
of $580. He also gets % commission ¢
sales, Out of his monthly income he pay
1% as union fees and 3% = income tax
What was hizs net incomye for a month i
which his sales were $23 95072

Ratio, rate

A ratio is a numerical way of comparing
quantities of the same kind. The quantities
should bhe cxpressed in the same umits, For
example, the rato of §2 w 40e 15 5:1, whether
wurk]m,, i centss 200040 = 51, or in Dollars
2% =51l

Example 10
IWhich ratia s greater, 3:4 or 62117

]:'(pIE'x:- each rato in the [orm 1.
ii_il—ﬁ?"rl
g:ll = “'l = 0,545 .

The ratic 3:4 1s :rrt'.ltc:r.




ress the ratio 5:9 as the fraction 3.

the meney is decreased, multiply $73,45
ired amount = $73,55 % 3
=58.15x%3
= B40.75

sample 12
S men paint @ building in 21 days, how long would
Wer fake?

tike more time than 9 men.
Bt number of men is dreregsed in the ratio 7.9,
fence the time taken is increased in the ratio 9: 7.
e is to be found, so Ume comes last in each
of working.
9 men take 2] days
7 men take 21 x 3 days

=27 days

is example illustrates inverse ratio.

mple 13
beoicbooks cost $12.15. How many can be bought
r 517,357

Boncy is increased in the ratio 17,35:12.15.

phe number ol books will be fncreased in the
e Tatio,

e number of books is to be found, o this
s last in ¢ach line of working.

$12,15 is the cost of 9 noteboaks

17.55
i b

L]

> 817,35 is the cost ol 9 x

notebooks

1755
= —L notebooks

35

= 13 notebooks

1is is an example of direct ratio,

Cluantities of different kinds may be connected
the form of a rate. For example, km/h, g/em?
ind number of people/km? are all examples of
Ries,

Example 14 -
Avear travels 132km & Lh 15 min, Calewlate the
speed of the car. 4

I'h 15min= I3h.
In 11h the car travels 132 km.

152 [32 % d
In | h the car travels T km = A km
4
528
iy 1
5 m

= 03,6 km
The speed of the car is 105,6 km/h.

Example 15

A weoden cube has a mass of 5048 . If one edoe of
the cube measures dcm, ealeulate the density of the
winod corvect fo 2 s.f.

Volume of cube = 4 % 4 x 4 cm® = 64 em®

5048 4 631

glem® = 3

Density of wood =

glem

=0,788 75¢g/em?
= 0,79 g/em? to 2 s.f

Example 16

The population density of ¢ village is 520 people km?.
If the willage has an area of abowd 3.3 km™, find its
papulation to the nearest 100 people,

The population density is 520 people/km?,

Le. 1 km* contains 520 people

Hence 3,3 km® contain 520 x 3,3 people
= 1716 people

The village contains 1 700 people (to the nearest
10 people).

Exercise 21b

1 Write the following as ratios in theirsimplest
form.
ia) 16:20 (b} 150¢ to §1
(c] 33:8 (d] 40cm:im 20em

2 Express each of the following raties in the
form lim.
{a) B:9 (by 3.7
(el 16:12 (d) 3.5:0,7
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11

12

13
14

15

In each case, find out which one of the two
ratios is greater,

(a) I7:8 or 15:6

(b) §1,70:52 or $3:54.80

(o) 15g:2 kg or (55 kg 600 ke

The cost price, 3350 of a bicvele is reduced
by $105.

{a) Find the ratio by which the price is
reduced,

(b) Express the price reduction as a rate of

cents in the Daollar.

A ear goes 60 km in 48 min. Find the speed
of the car in km/h.

A shop sells oranges at 6 for $1, A trader
sells the same kind of oranges at 8 for §1,20.
Which price is cheaper, and by how much
per orange?

A map is drawn on a scale of 1 cm w0 5km.
(a} Write thescale asa ratioin the lorm Lo
{b) What distance does 2.8 em on the map
represent?

A town has an area of 80 hectares and a
population of 2500 people. Caleulate the
population density of the town in peopleha
correct to the neiarest whole persan,

The density of aluminium iz 2,7 gfem?,
Calculate the volume of a picce of aluminium
of mass 13,5g.

The telegraph poles along a road are 20m
apart and a car travels from the first to the
fifteenth in 105 seconds. Caleulate the speed
of the car in km/h,

A train 180 m long travels through a station
at 680 km'h. Find how mariv seconds 1t takes
for the train to pass a man who is standing
on the station platform.

The ages ol a mother and daughter are in
the ratio 8:5. 1T the danghter’s age now is
12, what will be the rauo of their ages in 4
year'y gme?

A person’s income is increased in the ratio
47:40. Find the increase per cent,

A tankful of water lasis 15 weeks if' 3 Hires
a day are used, How long will the tankful
last if 10 hitres a day are used?

A train normally travels between two stations
at ckm/h. I its average speed i< increased
in the ratio min, will it take more or less
time? In what ratio 15 the time changed?

Sor ome year and B tnvests 325000 for nime mon

Proportion, mixtures

Example 17 ’
iree propld share 30 cegs i the raliv |
mary eggy does cach gel?

£2-3

 +24+8=
|5l persan grts ',], of 30 EgEs = I egus
2nd person gets : of 30 egos = 10 cpus

g
Jrd persan gets § ol 30 eges = 15 epos

Coheckz 54 10+ 15 = 50

Example 18
Mafu, Beity and Grya share $3180 w that for em
31 that Mafa gets, Brtty gets 30c, and for even
that Betty gets, Giva gets $3. Find Betty's share.

"wauti:mf_f that Mafa has 1 share; then Be
getsas ! share. Givagets ]1 tirnes as much as Ber

Hener Giva's share = 1 * ]1 = '7
|.I|t~. share the money in Lhc‘ Pl !-i' _,_
= i
4+2+4+3=9
Betty’s share = 5 of §180
= %40
Example 19
Fheee numbers o, m, 0 gre iy the ratin 3:6:4, F
p . dd — m
e paiue of e
Since dopmon = 3641,
Ietd = 58, m =0k, n = $£
- e —am 125 — 6L Bk 3
e i+ 2n Gk Bk 1% 7
Example 20

A oand Boare partners tnoa busizess, A inpests 810108

How should Heey share the first year's profit of $4 608

A%s investment = 510000 for 12 months
= 120000 Dollar-months

By mmvestment = 325000 [or 9 months
= 225 (1) Dollar-months
Rato ol myvestments, AR = 120000:225 (i3
=015




=23
i oer 3—5_.; of 34600 = §1 600
d get 15 of $4600 = $3000

21
P sells rige o bagy, 30 bagy of mee coxling %50
e mrxed with A bags of another vice costing
Ber bag. If the mixtyre 15 sold af 5366 per bag,
NIl DA
of frest 30 bags = $50% 30 = 51 500
other H) hags = 8538.75 » 40 = $2 350
e of 70 b
= §1 500 + 82350 = $3 850

$3 850
70
cash on | bag = $66 — 555 = §11
Gain %, = 33 % 100 = 20%

e cost of | bag= =%55

sse 2le

tldren divide $9.45 hetween them in the
:7:8. What is the size of the largest
er

a State lottery 328 B435 is divided hetween
Ist, 2nd and 3rd prnizewinners in the

o 4:9:2. How much does the 3rd
ewinner get?

0 15 divided between Manasa, Bob and
hie so that Sophie's share s :; ol Bah's
Bob's share iy vwice that of Manasi

w much dovs Sophio receive?

o b0 = D218, evaluate
a—=2 Loa+ b+
- (b —
Sh — . S
g—bb 4+ () 4o — dia+ 26—

the value of the ratio minif
dm = Tn iy hm— n=2m - Sn
kg of coftee costing 524 per ke is mixed
th 5 kg costing 532 per kg What should
the cost of the mixture per kg?
shopkeeper has 5 shirts priced at 523,20
h, 3 at 522,00 vach and 4 at 816,00 each.
mixes the shirts up and sells them all at
) cach, How much does he gain or lose
agether by doing this? Wl is his average
in or loss per shirt?

g

10

11

12

13

14

15

Pea costing 812,90 and 511.535 per kg are
mixed ogether in the ratio 21, What 1s the
value of the mixture per kg?
Copper sulphate is made from

32 parts of copper

16 parts of sulphur

32 parts of gxyvgen

40 parts of water,
Find the mass of copper, sulphur, oxygen
and water in 4,5 kg of copper sulphate,
Concentrated acid costing 90c per litre i3
diluted with water in the ratio 1:5 by
volume, The diluted acid is sold at 24c per
litre: What is the percentage profit?
Farut invests 515000 in a business: Four
months later Denga invests $36 000 in the
business. AL the end ol the first vear the
profit s 57 865. How much should Farai
aricl Denga get if the proficis shared according
to the amount and duration of investment?
Wines at 34,50 and 53 per litre are mixed
with a third wine in the ratio 2:3:45 If the
mixture costs 55,20 a litre, what 15 the cost
ol the third wine?
Sacks of rice costing $62 and 335 per sack
are mixed together i the ratio 5:2, Find
the selling price of the mixture per sack in
urder to make a profit of 35%,
A motorist averages 80 km/h for the first
6l km of a journey and 96 koa/h for the nexte
|20 kme. What is her average speed for the
whole journev?
sugar eosting 31 %215tonne is mixed with
sugiar costing 51 380 tonne in the ratio 5 8.
If the mixture is sold at 81 735,50/ tonne
valculate the percentage profit.

Indices

The llowing laws of indices are true for all

nom=zero-values ol @ 6 and 2

i}

PR e
NP o
=1
l

T ==

il




1
i o = \f'!;;
o e -
7 = \b,.-"r.t" or | \:’..-" Ti®
Example 22 [Table 21.1)
Tahle 21.1
simplify worldng result
1 =
{a) 252 = 95 = +5
L. 3 1L 1 —
(b 96 9F =98I =92= /9 = +3
ALY | —x ) |
Lc) 432 = 43 =4 =T - _-I-E |2 T_l'q'-\.
(d) 285278 | =20Ft-B_pere o0
" N = 1
(e} (2% =2%=0 -4
2 I
(f) 2773 NS S P
973 [ZanE 3
3 Ry
. 31y 4 4|,I' 1634 + 243 .
(g) == = =) == =33
=\TE VAT 13

Example
Simplify (o)

1
(d) [32n)3,

23

9~ x 207, (b) (24212, (¢) 2¢® + a&*,

(@) Ix 3 x W =0x2xx Y x4
= I8~ 3"3
= 18x*
(b} (2d%)* =22 x (d3)2
= 44
fed (20 = g* =9(a° = %) =244
2
=97 ==
i
1 L. .od
() (32n)3 = 325 % ns
= Y32 x Jn
il
=2% .n

180

Exercise 21d -
Simplify the expressions in 128

1 3%%33 297398 35«
4 3% - 37 5 (29 6 (5%
77 %77 8 (395 9 53
10 373 =37 11 22% x5z 12 (2a)°
13 24° x (5a)" 14 2072 x 5a
15 [(2a) *x5a 16 20 *x(5a)”
17 2°* 18 43 19 473
20 /1% 21 (43 22 93
v 116 Gl ® Ealbs
1
23 0,092 24 Frx 5T 25 ,3!
o il :
26 (5173 27 021673 28 Yad
29 Rewrite the following using positive §
only (r&.g. ab "% = fj ;
(n) 72 (b) x5! (o) (a7
(d) a™28* (e) (ah™® () 3x7%
30 Solve the [ollowing equations.
1 1
fa) 22=3 (b)) 23=2 (c) 2 *=

(d) 3¢ =24 (¢) x 3=9 (I) 5¢=

Standard form

The number 4 x 0" issaid wo bein s
form or in scientific notation if n is a p
ornegativeintegerand | = 4 < [0, Forex
5.3 % 10% and 9 % 107 % are in standard &

Example 24

P S L-L 10°
ind e value of T 10!

i standard form:

1,26 x 10° 126  10°
7x107t 7 T 107!
=0,18x10° "Y' =0,18 x 1@
(1.8 x 1071 x 10*
=1 8x 107 7% = 1.8 % 10°

s PXPTERSING Your




following numbers in standard

(b) 9500 (c) 0.95
B (¢) 23 (f1 0,00023
(h) 23000

following numbers in ordinary

10 (b} 7,01 x 10?

b 102 (d) 8x 1073
10° (fi 6,02x10°
30> (h) 87 x 10!
®x 1077+ 5% 1072 L 2x 107

B8ecimal fraction, (b) in standard

£ value of cach of the following,
BE VOur answers in standard form.
2% 1077 4 (5,08 x 103

x 10%) — (7.9 x 10%)

B 10%) x (5 x 102
Fx 1078 = (9x 1079
¥ x 10*

3 x 10—

press 10 standard form

$80, (i) 0,016.

ate 480 = 0,016, giving your
in siandard form. [Camb]

B = 9,7 % 10* and p= 8.3 x 107,
@l m+un (b)m—n, giving your

in standard form.

® = 2.4 % 10* and g="6x10 2 ¢al-

) b, (b) g expressing cach of vour

in standard form.
3.6 % 107 express (a) 2
i standard form,
that o= 5 x 10* and b =3 % 10?

. (&) \f; as

. f
the value of (a) ap, (b) a+ b, (¢) =,
a

sing cach of your answers in standard
= [Camb]
pages of a dictionary are numbered
! to 1632 The dictionary is 6,4 cn
ineglecting the covers).
How many thicknesses of paper make
= numbered pages?

*

\b) Estimate the thickness of | page. Give
YOUL answer i metres in standard form
correct to | significant figure.

Surds

Example 25

Sumplify the following, making the number wnder the
Square rool sign as small as possible.

P

- %
(a) 2y/50  (4) M= (6] /72 /75
9
(2) Q\Iajhﬂrz X J/28x2=0x JZK \r‘ﬁ
=2x5x/2=10/2
56 56 =
(b) o fﬁ:ﬁs: tx7
2 V2
= N ;o
el -\fﬁ E \fr?j = /36 x2x /95 %
s ﬁw;"‘h % 5 \;’E
=6x5x./2x./3
= 3{:'\,.-” j
Example 26
Express each fraction with o rational denpminator.
2 v AT . /8
8] —= (8) =% () o
= 2 _h_.'-_‘.:-{.\rr'rg _Evﬁ
'.vrl| - = = l,-'_': - -
NERVLT ) b
= = o i ==
by YL VTXYB_VTx/B_ /2
Vi B VI 3
€ VB _BX3 o4 0./
T 2/3 2/3x 3 6 6
_ /6
3

ol




Example 27

Simplify 5.,/18 — 3,/72 + 4,/30.

3¢/18 — 3,/72 + 4, E
—5,/9 %2 — f’sﬁ X 2 V'z:':
=5x3\f§—j>¢5 "'J+—H<
=15./2 — 18,/2 420,/
=17,/2

Exercise 21f
1 Simplify the following by making the number
under the square root sign as small as possible.
(a) /18 (b} /28 (e) /108 (d} /44
2 Express vach of the following as the square
root of a sins:ia:- number,

B
a 2\/_ 3] hxf? e} 56 (d] IEJZ
3 Simplify the following by rationalising the

denominators,
- B 9 0./3

fa) —= (b)) —= (&} _T]_ () llJ,?_
v V2 VT J12
.3 l.-'.% .zﬂ f';

(g = (f) —= g Iu" 2,
V.-' 10 ‘\.-'"15" N 75
1 5 12 | _ﬂ

. L i ] .'._ L
WU V162 312
o & 3
3/ 3 -\,r'. 27

a fTE o

3¢/ 15 % 2,/22
Fa 2oy 165
3, VBx5 fFExx
”4‘? % 2 “rj X

| =

(m) —

4 ';:'rlm}'.l]li‘r the ﬁsllu'.nng as far as possible;

(a] /20 +./5 by 43— /12
(c] 5\;5 — /28
(d) /11 + /44— S99

(e 1,".-’ !B— \,-'3‘-‘ +f ! ‘50

(f) 3/27 — /48 —2./75 + /108

P - /
() o 3 027 L 18 %
fi) <27 = \f-: 3 .r
T = S o i
() s Do f B 10X T2
k) (53] o 2) (mi 13

Number bases

Numbers are nearly alwavs expressed
ten. However, theoretically, they
expressed in any base. In each case, the ¢
of the digits indicates their value:
Base ten (demary)

693, =6x100 4+ 9= 10 +3

Base five
4 302

“=Frve

=4x57+3x57 +0x5! =

Base two (binary)

10110,
=1x2P 40P 4+ 1x22 410!

Notice that the greatest digit in any num
| less thun the base number,
Example 28

Express 271, dix @ base fioe mumber.

Use the method of repeated division,

581
5 441 fe B4xi'41x]
5 10+4 ie 10x35° 4+ 4x5!
5 240 je 2x53*40x5
04+2 e 0x3*+2x5
) =

Rt*ading the remainders upwards ;'.;h-'e:.-i

271, = 2041

(=] five
Cileerk:
204 e =2%53 +0x5 + 4 x5" +
=250 042041
= l}"l
Len




W10, 1o base five.

L 010 110, to base ren.

22+ 0+ 2404224921 £
=0t +0+164+0+4+240
= EE[EI‘I

86, to basc five.
10+ 1

i D820 and 0} = 144, calonlale
0. 5)P—Q, () PxQ, @) P=Q

mithod;

From the right,

24+ 4=0=1%5+I
Write 1, carry 1.
d+l+1=6=1x7+1
Write 1, carry |

24+ 1=3

methad

Il xb+2—-4=35
3—2=2

melthod:
AX2=8=1%5+1%
Write 3, carry 1,
444 1=17=3x5+2
Write 2, carry 3.

.and <o on

method:

As in normal long

division with
subcalculations in base five.

cise 2lg
that 15 the value of the 8 in 4312 il the
mmber 18 10 (a) base ten, b)) base five?

2 Arrange the following numbers in aseending

order (Le. from smallest to lareest),
11111

41 At
P fiwer <“ien

3 Waby, =32, what i & + 82
4 What is the value, in base ten, of the digil

I in each of the following?
a) 10000, (hy 214

Tive

(e} 1205

Five

3 Convert the lollowing viombers 16 base ten,

(&) LIOHL,. (b} 230,
o) 4134, ) 1011,

6 Express the following numbers in base two.
QR R thl 3,
(sl 1 e (d) 111,

7 Express the following numbers in base five,
(a) 62, (b) 312,

e 626, id) 355,

8 Express the following numbers in base two.

i) Il () 104,
(Nl Eﬂ?‘rivi‘ Ll-]l | ].lnﬂ:.

9 Express each of the Wllowing numbers in

hase five,
(i) IU]ﬁ!UtW

fe) 1011111,

(b} 1110110,
id) 1111001

Lwy

10 Da the following additions in the given bases.

ta) 1244+ 012 +42 4| 194 {hase five)
(b 11011+ 1011 + 11110 {daase drew )

11 Subitrac

(a) 2144, from 10023,
(bl L1011, from 1110100

twa

1Z Find the missing number if this addition is

in base five:
1230
232
ek
+123
1011

13 Simplify the [ollowing. Express each answer

in the siven base.

) 3025, % 134,
(i 1101 -, 25 & ) .
e} bR, =22

(d) 110 110, = 1001,

14 Evaluate the following binary multiplications.

fa) 1101 = 11 (bl 100111 % 10021
fe) LOITI0L % L11gy () 101010 % 110

133



15 Evalumowe the lodlowing bisaes divisions:
g 110010 = 1011
I [100TG= 1010
er TT T = 1ol
o 100D 101 = 10011

16 Tz, 21,9 shows Tuws o strap ol graph jeipo
tsens D wsived ats s punels e The Test e
remws sl L (o S|HLLY e huiles’,

IO

ooonon

fFig 204

The vext vow represents: e[St leter ol

the message. T shows dhe lanary nomber
OO0 eopuivadest we 30 Thas represents G
Ll Seel Tetwer of thie alphuler

a' Frosd oo swleat the nessie s oy Fag 21,1,
L Usein st ol geapl paser o worite die
[l lema e messages in linars coce,

i+ APPROXIAATE

ity COLLECI DT A

Ready reckoners and tabulated
data

A ready reckoner i o book which containes
tebybes of eemerical dhata s lueh assisg calonlag o
Sometimes veady reekonersane move conseniend
tor use than caleubivors, Xoaomerieal tolormation
can be presented o mamy other wins, ez in

: ¥ i A3
st e lists andd diagrans

[l

Faoreise 20 contaits extracts o
reckoners vomvemsion Gdsbos ancd othe
idenrtien Reesc) the tiles ool eoloon
vers varvbully o fmd o what cach s

Exercise 21k
Palale 20,2 fa prangar o i reaels veck
eives e cenl ol rem I oue B3 it hes

TN T |l.

Table 21.2

ﬁg centis

| L Hi 1 . au :”I._’I
- ([t ] 47 Fp- WY e |47
b 207 5 TE | BT 104
1 a6 2t} | 2 T4 a3l s {3 |
5| was | do 75| 3y (1o
6l 414 |4 | sa4da [0
2| 4m% | 42| mes | T

& | =52 |48 | auar | o

1| oL | e | anse | wm
(] 540 15 LTI LY
b | o7Tss | as | SLT | 8l
12 | &4 |47 | ‘S84 | 8z
i | owe7 | s | ssie | a3
1 4iEi | 84

Gh6 | 49
15 | iEs | 50| 2480 | 8S
1] 11,04 al W58 ]
17 11,73 ad L ER.L] a7
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Use Table 21.2 to answer questons 1-5.
1 Find the cost of the following.

(a) B articles at 6%9¢ each

(b) 22 articles at 69 each

(c) 49 articles at 69c each

{d) 87 artcles at 69¢ each

{e) 133 articles ar 69 each

() 10 articles at 69 each
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(a) 4 watches at $69 éach

(b) 29 cups at $6,90 cach

(c) 3 motoreveles at $6900 euch

(d] 69 eggs at 25¢ each

(e) 690 pencils at 32¢ each

16,9 metres of cloth ar §7.90 per metre
A trader bought 69 notebooks for 95¢ exch
and old them all for §1.25 each. Find the
profit.

Ashop bought two dozen books fosr §122.50
altogether. The books were sold for 86,90
cach. Calculate the profit.

'3 Calculate the cosp ol sending a telesram iff

it contains 6% words, each word costing S6¢c,
able 21.3 gives sularies lrom 320 unirs per
mnum to 9000 units per annum. Bach salary
broken down into mon thly and weekly rares,

Table 21.3
Annual salary 320 -9 000 units
T T
Month | Week | Wonth Wesk
i2n M5 B6T 6,154 1 Hih | Fas ey 0,764
F35 27083 6250 | 1700 | 141885 Ak Gl

350 @rs00 | B85 | 1790 | 145808 | 34,34
M0 | 28553 | 6338 | 1800 | 1moo00 | 3iats
350 | 49167 | 6781 [1oon | isedss | 3654w
360 | 30000 | G928 | 2000 | 166567 | %8 4ne
570 0838 | 7015 (2100 | 17s000 | 3098
575 | 81950 | 7212 |oonn | |ssasa | 4mse
30 BB6T | TS08 |2230 | 187500 | 45 60
300 | 32300 | 7500 (2300 | 19v667 | 4408
400 | 85338 | Teez (2400 200000 | 46 1ne
425 85417 | 8175 |ss00| sossan | 4n07e
450 | A7 500 BESE [ TR00. D1G46T 51,500

175 30,585 9,155 | 2700 25 N0 41,928
ElLH S BATE (97RO | wvaeT H2 BEG
525 48,750 100596 2800 | 235305 A0 E48
550 | 45,R4% VOE77 | 2900 | 441667 | 35,708
573 47817 LGRS | 5000 | 230,000 S7.0a0

Al 0000 L1558 (4100 | 258335 59615
Bai b 167 FEA00 (0900 | 268657 | B1.558
il 58344 13452 |3 300 | 275 d00 o Fe
T B2.500) I2a23 (5400 | 288 9y 65,535
| 6RBET IS58% | %500 | 08,667 | H7.504
=50 7,553 L6346 | 4000 | 453953 Thars
®00 73,000 17508 [ 4500 ] 375000 36,535
950 | -79,167 18260 (5000 | 415657 | Of. 154
LR 5,581 19280 | 3600 [ 454,958 105,769
100 91,667 L1534 | 600G | 500600 ‘ 115585

200 1 100000 SBOTT | GROO | 540 687 [2R.000
250 | 16T | 2088 | Tooh GH3.333 1615
B30 [ LOR 48% EEE TN T 5. 144,951
200 | 116667 | 25oen | g obo G667 | 155 846

170, 0

4500 | 125000 Feaae lanno | Ysnnoo

R

2 Find the cost of the following

Use Table 21.3 1w answer questions 610, G

all answers to the nearest cent,

6 Find the monthly pay equivalent 1o ;
annual salarv of '

(a) $950 (b)$3 100  (c)$8 000
() B8 400  (e)$18 000 (£) $17 360.

7 Find the weekly wage equivalent 1o ;
annual pay of
(@)34500  (b)$7500  (c)§9 000
(d)§12 000 (e)$17 300 (S8 575.

8 In 1942 the starting salary for a cleric
officer was §$11 340. How much was th
per month?

9 A company emplovs 1 ciretaker at 59 4l
per annum, | receptionist at $14000 I
annum and 3 clerks at $16 300 per annun
Find the total wages paid o the worke,
tach week, (Discues posstble reasons wh
the workers receive difTerent wages: )

10 A Co-operative employs 69 workers wha ar
cach paid $13 300 per annum. Use Table
21.2 and 21.3 10 find the toral wage bill fo
the Co-operative each week.

Lable 214 is a double concersion tabli for COTVET T
between litres and gallons. The central baol
numbers réfer to either of the celumns on cacl
side. For example, | litre = (0,22 gallons anc
| gallon = 4,546 litres.

Table 21.4
| litres gallons |
4. 346 1 0,220
9,092 2 U440
13,638 3 0,660 |
18,184 4 0,880
22.730 5 1100
| 27.276 6 1,320
31,822 7 1,540
36,368 B [, 76l
10,914 9 1,380
B

Use Table 21.4 to answer questions 1-13.
11 Express the following in litres. correct (o
one decimal place,

(8] 4.gallons (b) 7 gallons
el 9 gallons id] 10 gallons
(¢} 60 gallons (fl 0.8 gallons

L85




12 Express the following in gallons, correct 1o
ime decimal place,
ia) 3 htres (b)) B Ntres (o) 8 litres
id) B0 litres {ed 80 litees (1 6.5 leres
13 The pewrol tank of a car contains 42 lirres,
How many gallons does it hiold?

Table 21.5 converts aperds of km/h into vither
m/s {metres persecond | or mph (miles per hour).

Table 21.5

km bk ms mph
1 (.25 .62
o (.56 1,24
3 .83 1,46
1 1.11 249
5 1,39 4,11
T 1,67 3.73
7 1,94 435
& 299 4.97
9 2.5 5,59

Use Table 21.5 to answer questions 14-16,
14 Express the following speeds in metres per
secord.
(A Skmih b} 8km'h
el Bl kmh (d] 70kmih
(e) B9km/h () 134 km/h
15 Express the following speeds m miles per hour.
[a] 4kmih [b) 7Ekm/h
(¢} 10km/h (d) 80km/h
(¢} 8,53km/h I 44 km/h
16 Many vears ago, when imperal units were
usedd, the speed limit in built up areas was
J0mph. This was changed to 50km/h.
Which speed is slower (and therefore saler)?

Figure 21.2 may be used to convert hetween
temperaturesin degrees Celsius and Fahrenheit.
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Fig, 21.2

Thormeameter conpersion

Lise Fig, 21.2 to answer queations 1719

17 Convert the following temperatures
Clelsius, Bstimate vour answers to the ne
"L
(a) 32°F fhy 50°F () &
d) B8°F ) 23°F i 9

18 Convert the tollowing temperatures
Fahrenheit. Estimate your answers &
nearest I,
(a) —10°C (b} 20°C  (¢) W
(d}r 5°C (el 3470 i
19 ia) II the temperature rises by 10° on
Clelstus seile, how much doed it rise on
Fahrenleit seale?
(1) Henee estimate what 50 °Cis equiva
Lo ot the Fahrenheit seale.

20 Table 21.61sa table lor converting Z% to L

Table 21.6

78 ' L7S%

l 047

7 0,93

5 2 54

10 4,67

90 9,35

50 93.37

100 45,73

Usie Table 216 o change the Tollow
amounts o USS,

[a) -£F1F (b)) Z340 {c) Z39 [(d) Z8
(¢} Z5135 (I} Z826 (g) Z838 (h) Z8




Chapter 22

Algebraic processes

Sets

Refer to the list on page 285 for the symbols of

sct language and an explanation of ther
meanings.

Example 1

If &=1{1,2:3:6;9:18), X = {2:6;18} and
Y = {1;3:6}, kst the elements of (a) X' Y.
b X UYY (o) (Mu Y,

X' is the complement of X, i.e. those elements
in & which are nof in X.

N'=1{1;3:9}

Y= {2;9; 18}

fa) X'mY =1{1;3:9'n{1:3:6}

13!

{b) XY = {2:6:;18} w[2:9;18)
= 12:6;9;18}
ci (X uY) s the complement of X Uy,
XuY ={1;2:36; 18}

i
4
XUY) = {9

Example 2

Two sets A and B are such that n{A) =11 and
nlB) = G.Given that i) = 15 fiwd () the smallexst
possible value of niA v B), (b) the largest possible
velie of n{A B [Camb]

Let n(AnB) ==«

and n(AUB) =y

Fig. 221 is a Venn diagram showing the
numbers ol elements in cach subset,

Fig, 2.1

Since nid) = 13,

(Al —xj+a+(B—x)+ y=15
17—x4+ =15 f1)

fa) From (1), x=2+4 y

The smallest value of & oocurs when 3 is lea
Le when yis'(k

The smallest possible value of niAnB) 15 2
(b)) From (1}, p=x—2

The largest value of ¥ oceurs when is greate
Le, when x is 6.

Notez 615 the greatest value of ¥ which will gi
non-negative values for the numbers ol cleme
in the subsets.

The largest value of nfAUB) =6 —2=4

Example 3 _

A mumber af travellers were questioned abouwt
transport they used on a particwlar day. Each of th
wsed ome oy more of the melheds showr i the Ve

deagram th Fig. 222,

Car

Fig. 222

OF thoie questioned, 6 said that they travelled by b
and frain orly, 2 by Iraie and car orly and 7 by b
frain and car. The wamber x who Sravelted by bus or
wers eqtiad do the namberwhe travelled by bus and car on
(iiven that 35 people wsed buser and 25 peaple us
trains find La) Y value of x, (§) the number



Ewsetled by train only, (¢) the number who fravelled
&7 al least o methods of transpori.

Gien alio that B3 people were questioned altopeiher,
calculate (d) the momber who travelled by car ondy.
[Camb]

a) 1f 35 people used buses, then
t+x+6+7=35

== 22+ 13 =135
- 2x =22
- x=11

{(b) Let y people travel by train only. If 25
people used trains, then
6+74+24 =25
= 15+ y=125
= 3= 10
10 people travelled by train only.
(¢) The number who travelled by at least two
methods (i.e. those using two or three methods)
=x+6+2+7
=11+ 15=126
{d) Let z people travel by car only, then
*+x+6+74+24 y+2z=85"
1+ 11 +15+104+z=285
== 47 +z=185
- r=38
38 people travel by car only.

Example 4

Given & = {all vehicles}, F = { four-wheeled vehicles),
E = {vehicles with engines}, C = {cars} and (i) all
cars have four wheels, (1) all cars have emgines.
Rewrile statements (i) and (i) in set notation and
drame as many Venn diagrams as possible which
correctly lustrate them. Which, if any, of the folloreng
deductions follow from the given statements? (n) All
Sour-wheeled vehicles have engines. (b) Al vehucles
wnth engines are eitfier cars or have four wheels.

Fig. 22.3 shows all the possible Venn diagrams.

Fig. 22.3
(i) CSF {ii) CEE

(a) FALSE The deduction is equivalent
F € LE which is not true in eithier Fig, 22.3(
or Fig. 22.3(c).

(b) FALSE The deducton is cquivalent
E= CuUF which s not true in either Fj
22 3(b) or Fig. 22 3{c).

Exercise 22a

1 Givend = {l‘,t;\’;{};l;i;i;n;g},ﬁ = {Li;05
and B = {t;1; g; e; r}, list the members of !
following sets.
(a) AuB (b)) AnB (¢} A
(d) B’ fe) A'UB" (I A'n B
(g) (AuB) (h) (AnB) (i) A'~B

2 For each of the following, make a copy
Fig. 22.4 then shade the given ser
(a) (PuQ) (b) PuQ (¢ (PnQ)
(d) PnQ (e PUQ () PnQ

o

Fig. 224




then shade the given set

wB) O (b (AmBlwC

(Bl d An(BuQ)

nBud" M fAAACTUBRQ)

1:2:3:..,

owing subsets of &,

x 2}

:x is a multiple of 5}

x:3<x <8}

x:lx— 3= 3}

x:x 15 a factor of $60)

£ (x—2)(x—4) =1}

n that & ={x:x is an Integer,

=x = 10}, A = {¥1x is-a prime number},

= {xixiamultpleof3], (a) indn(A U B,

) list the edements ol the set A" B,
[Camly]

ven that P={a; b0}, Q= {8, c;d; 6; )

R = {a;e; £ g}, mark the members of

e scts clearly on the Venn diagram.

ke a copy of Fig. 22.6 in vour exercise
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Using vour diagram, or otherwise, st the
mnmbf:rs of PwQ)nR. [Camb]
= {books}, A= {dlgrhm books), B=
{bl’.l‘:.l]xb with brown covers|. Show, by shading
on A Venn disgram, the set of books with
brown covers which are not algebra books.
A company emplovs 79 peaple, 32 of whom
aremen, 38 prople, including all the women,
arc clerical staff. Draw a suitable Venn
diagram to show this information. Hence
or otherwise find the number of men that
are clerical staff,

8 The numbers of elements of the subsets of
the Venn diagram in Fig. 22.7 are as shown,

of the following, make a copy of

10}, list the members of

o

_Fgcr g9 3

10

11

Fig.

12

13

ff=PuQuiand nid) = 33, find
ia) & b afPUR)
ic) nfPn R d) n(R'nQ)

Sets &, P and Q are such that n[&) = 30,
n(P) =12 and n(Q) = 25. Find (a) the
smallest possiblé value of n(Pim Q ), (b) the
range of possible values of n(P Q7).

In the Venn diagram of Fig. 22.8, £ i the
set of all children in a certain chosen group,
A = {children in Youth Club A} and
B = {children in Youth Club B}. The letters
fog xoand vy in the diagram represent the
number of children in each subset.

20 8

aa

= 200,

Given

that nid;
n{B) = 35,

(a) express fiin terms of x,

(b find the smallest possible value of p,
{c) find the largest possible value of x,

niAl =75 and

(¢} fnd the value of gif # = 45 |[Camb]|
In a4 wam of 30 athletes, some have a
bodv-mass less than 70kg, twice as many
are over B0kg and 12 have a body-mass
between 60kg and 70 kg, Show this infor-
mation in a labelled Yenn diagram,. Find
the number of athletes whose hﬁd}'—niass is
‘a) Bl kg or less; (b) 70kg or more. .
There are 15( people at an International
Medical Conference. Forty are Africans;
70 are women and 110 are doctors.
Twelve of the women are Africans, 46 of
the doctors are women and 31 of the
Africans are doctors. If b of the African
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men are not doctors, (a) how many of the
African women are doctors, and (b) how
many of the men are neither African nor
doctors?

14 "T'he 50 members of a sports club play at
least one of the games tennis; football,
volleyball. 10 play tennis and football, 19
play football and vellevball and 29 play
tennis and vollevball. n people plavaall three
games. 2n people each play only one game.
How many play football altogether?

15 Usea Venn diagram toshow that il G = H,
then H' = Ghand G n H' = ¢4, Hence state
two of the conclusions that can be deduced
from the following statements.

& = {students}, G = {girls}, H = {happy
students}, H" # & and all girls are happy
students,

Simplification of algebraic
expressions
Collecting like terms

Expressions such as 2x, 3y, —7x are called
terms in . Since they are all werms in x they
are called like terms. 2x and 3y arc onlike
terms. When simplifying algebraic expressions
like terms are grouped together.,

Example 5
Stmpdify 342 — S + v — bxa — 17,

2x% — Bax + 4x* — Bag — a7

» T -
= 2% + 42 — ¥* — 3av — Bax
= 5x% — Gax
Notice that Gxg = Gax; the order of the letters
18 not L portant.

Exercise 22h
simplify the iollowing expressions.
1 6x— 9 + 10x 2 3+ 37— 8g
3 ?E—R&—Sﬁ‘ et HJ'} - ¢l
48— 3"+ 21 + 182 —6
5 &% —ay — Yoy + W7
6 Su'e— Soe® + wn® — 5itu
7 d* + Zad — 2d* 4 8ud + 347 — 20ad
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8 2a° — g+ 62 —8a*—6a+ 58 —+ 1l
9 — 345y 4 6 L4t 4+t — 0
10 m? — 2mn + 30% + 50° + 8mn — 40 — Tm

Removing brackets

Example 6

Remove brackels from the expression

—3(2x — 5y + 6z).

—3{2x — 3y + 62)

=[—3) % (2] + (=3 2 {—5p) F+(—3) % (&
= —bx + 15y — 18z

MNotice that every term inside the bracket
multiplied by the quantity outside the brackes

Example 7
Remowe brackels and stmpdify
xix — Q9] — 5l dx — Gyl

&l — 29 — 533 — by)
=x" — 2y — 150 + 30*
=z — 17y 4 305*

The expression {a 4+ &) [t 4 ) can be expand=d

in tWo ways:

either: (a+ bl(c+d)=la+bic+ (a+bid
= ar + b+ ad + bl

o e+ be+d) =alc+d) + blc+d

=g¢+ ad + be + b
=g+ ho+ ad + bd

The result is the same in both cases. Exampls

8 and 9 show the two methods.

Example 8

Expand (2n+3) (30— 7).
2n+3)(3n—T)
=(2n+33n+ Zn+F =T}
=6 + 9% — 145 — 21

= bn° — 5n - 21

Example 9

Expand {2x — 35} (bx — 2y},
(2x = 37) (Dx— &)

= 2x(5x — 2y) — 3p(5x— 2y}
= 102% — 4xy — 152y + 617
= 1027 — 1925 + 6y?




By expanding brackets and collecting terms 1t

10 can be shown that:
; 2 s
” la+b)"=a +2ab+ b
i la— b)® — a® — 2ab+ b
Example 10
Expand (a) [(4p + qr,lgf B 15— 3_}':-1,
lal  (dp+gt= (4t + “'in][-r_;rn + (g)*
= lﬁ‘b + 8 +
(bl (G — 3_}'}: = (o} — 2{5x) L'31 + (397
621 = Pt — 3y + Eil-
i cise 22¢
: (Expand brackets and collect like terms where
]:' 1 (possible.
ek 1 4(9a 4+ 1) 2 —5(6x — 3y 4 1)
3 3x(14 —) 4 —_da Sq— b+ 5¢)
58— (x4 3) 6 1162 —x(3x + 4)
7 Gxle—2) — Bl=—2)
8 5(6 % + 201 — ¥
09 (a+20)(3r+4d) 10 (x+ 1) ix+8)
1 (Za + b)) (ha + 88 12 (20 + b)(3a — 8b)
3 (22 —b) x5ﬁ' + 86 14 (20— b) (50 — Bb)
85 (9v —5)(x—3) 16 (3 — x) (4 + dx)
Ked 07 (30 + 1) 18 (b —4)°
19 (2 — 5d)*° 20 (4m — 3n)7
" Factorisation
Example 11
oles Factorive (v —a) (Sx + 2a) — (x — alt

& — i) 15 o common facter of the two parts
ol the expression.
Bx — o) (3x + 24) — (x —a)?
{x—a)|(3x + 2a) — (x —a)]
= x —al (I +2a—x+a)
= (x —a) (2% + 3a).

Example 12
Sactorise am + 36n — an — Jhm.

tThe terms am and an have g in common.

The terms Sdm and Sén have 38 in common.

Lirouping pairs in this way,

o+ 3bn — e — 3bm = am —an — Shm = 30
='a{w— n) — Ibim —m)
=im—un)la— 3

Example 13

Factorise 10x% + bhx — 25 — L.
102% + 3x — 22— |

=3x(lx+ 1) — 1 (2x+ 1) ’

= [2x 4+ 11{hx— 1]

Exa.mpli: 14
Fuetorise 3= — 13x — 10.

Iststep: Find the product olthe first and last Lerm
3x% % { —10) = —30x°

Znd step: Find two terms such that their produg

is —30x* and their sum is — 3y (the midd

term), Since the middle term is negative, onl

consider those factars in which the negati

term s numerically greater than the positive tern

factors of —30x% sum af factors

la)] —30x and +x — Py
il —15x and +2x —13x
(el 10x and +35x —7x
fd)  —b6x and +3x -

Of these, only (b) gives the required result.

Arid stepr: Replace —13x in the gn-:u CHDIESEI0

by — 153 + 2x. Factorise by grouping.

3x% — 13y — 10 = 34* — 15x + 2 — 10
=dafx — 3 + 2{a—5)

= {x— 3 (3 + 2

Notice in Example 14; that when the require
result was found in line (b, it was not reall
necessary to-do lines (¢] and (d).

Example 15
Factorise 6 — | 5x 4+ 9%,

3 i a commoen factor of all the terms, Take thi
oul first.
6 — 15x+ 9% =3(2 — 5x 4 35" )

= 3(0—9x — 32+ 3xH)®

= 3|21 —x) —3x(l —x}]

= fr I — x1{2— 3x)
* The reason why —2a — 3x was substituted fo
— 5 15 left as an exercise. See Example 14

a +2ab+ b =(a+ b

a* —2ab + b = (a — b)*
a’ — B = (a+ b){a—b)
a* + b* has no factors
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Example 16
Factorise d* — 10dm + 25m=.

d? is the square of d.

25m* is the square of Sm.

10dm is twice the Produc:i ol 4 and 3m,
d* — 10dm + 25m* = (d — 5m)?

Example 17
Fartorise 16g% — 0552,
16a* — 2552 = (44)% — (542

(4a + 5b) (4a — 5b)

(I

Example 18

Factorise Sm* — 80,

Sm* — 80 = 5im* — 16}
=3{m-+4)(m—4

Exercise 22d

Facrorise:

(Be—d)(m—n)+ (3c—d)(2m — dn)
e+ be + 2ad + 2bd
= 1627 4 4% — 9547

at —3a— 10 6 a* — 3ab — 1042
a7h% — 3ah — 10 8 5m® — 45°

B — 2fm — 2hn + 44n

10 (2a + )% — (2a + b)la— 3b)

11 3m* — 10m+53 12 &4* — 8]

13 16+° — 9a’m? 14 6n £ 131+ 6
15 44* + 20a + 25 16 9%* — 3642

17 (5a — 3b)(a — 26) — (4a 4 o) (a— 28)

L= ) R FL R

=

e 215 3 2 m-o#
18 25a7H%¢* — Od IQH_T
20 Fsu + tw — Bsy — 2p
21 9% — (24 + 42
22 124% 4 54 — 2 23 a* — 7

24 10m*n* — 7mn — 12
25 16 —au*

27 x* — (m —n)?

28: (m + 2n)(3a — &) — {a— 35 {m + 20

29 2 — h— 154%

30 2am.— bm 4+ 360 — Gan

31 o* — [5ah + 544 32 m® — 13mn — 54n?
33 (¢c—24)2 —9s

34 125 + 35xy + 1857

26 (a+ b — 2

35 (h—k)(2h — Bk + (h— &)?
36 Bavx — Bady + 4agy — 12gdn
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37 62° — 19ax — 362° 38 252% —4(m+ 2%
39 25a% — 4{a— 2617 40 94% = (3q — 942

Factorisation can often be uséd to simpk
calculations,

Example 19
Simplify 63 x 29 + 37 x 29
63 % 20 + 37 % 29 = 99/53 + 37"
= 295 100 = 2900
Example 20 .
Eoaluate 1798 — 192,12 by wsing factorisation.

17,9 — 12,17 = (179 4+ 12,1} (17,0 — 19,]
=30x58=174

Exercise 22e
Lse factorisation to simplify the following,
1 18%57 + 18x43
2 23x119—-23x%19
3 M43 x4 +243 %6
28 %752 + 28 % 248
B3 247 — 45 % 47
613127 — 77 % 61
106% — 942
3%9,2% — 5 x 4,82
nh*h —nrth, where 1= 3%, R=18:m
r=10cm and % = 15 cm.

8 8,782 — 1,992

[=RU-RLN - BN BV N

Algebraic fractions

Example 21

e Jx—2 {__5_-_|.. 1

Nemplify : .

LR j 5 3

Jx—2 x4+ 1 3E3x—2) +5x+ 1)

5 T 8

Ax g

9 —6+5x+5
N 15

Or+3x—64+35

13

[y — 1
|

an




L)

2m)

L&

mnplily

i 17T,

Example 22

. a—4 G132
Sempltfy % - 5 + L.
g4 Sp—2 )
2a G
_ 3bla—4) — a9 — 2) + Bab(]]
Bab
_ 3ab — 12b — Yab + 24 + Gab
Bab
| 24—125  2a—6h o —6b
Bab Gah Jab
Example 23 :
. b—x—x"
Simplify T

E—x—x" (34+a)2—2x

-4  (x+2x—2
o Gt xx—-2)_ 3+«
(x + 2)(x — 2) x+ 2
Example 24
Simplif 54 i 443
MY ——— Ty TR—— ]
P S Gab T 2 — ab
3 452
3 T
B0 — Gab  26° — ab
X Fa . 442
 Bala—28) ' b2 —a)
a 4b*
= i
g=—25 " B —a
B a* 45*
a—2b a—2b
@ — 46 (g +2b) (a—2b)
B = — = b
a— 2 (e — 24) o
Example 25

x— |

[ S

T
A —

X x—1, zfet+d)—(x=1}{x—3H
x—3 x+2 (20— 3p{x+ 2}
_.\'2:—'.11'— i —dx+ 3
N (x—3) x+2)

Il

Exercise 22f

NP — ¢ Ay —3

[x—S x4+ 2

by — 3
[ —8){a4:2)
3:2!’ e |

(x =3 {x+2)

Simplify the [ollowmg.

xr—4 x+3 b+5 2=10
: 3 2 Ryt 5
¢+ 6 {+ 3 Py —5 HByx—8
3 d +r 4 X - x‘
10 3 ¥ 2]
9 2 -
5;_i 55_1’_9’
Sab b g
ab + ac at — #*
7 8 -
af — ar at — ab
at + ab m: — 2mn + n®
9 — 10 ; —
ab + &% me — pt
0y — | 2 —5:+6
1] ——— 12 ———
#—=1 2 ¥ —0
15 — 2% —x® 0 — gt
15— A
*» =9 a* +6a+9
522, 9
St = l0xy 29" —ay
2 + D+ 2 —f
15:1 é_ ﬂz”_'_“xzh
at —agh ab—1h y+d =4
b a-+ b x—3 6
19 -
1% ac — ab ah 6 r— 35
1 g 8
20




A

Substitution
Example 26

Find the value of 3(x + ¥ Hfa=—=2md y=7.

Whenx = —2 and 3 =7

x4+ =

1

[(—2+

X5

(SRR~

7
15

Example 27
Foaluate wt — 5 f1° when =5, 3= —20 and
f=10.

ut— g fi = (—00) % 5= F(10) (5)®
= —100 — 125 = — 295

Exn.mple 23

LJJ:'_ 2 'r,\-"

: [ — ‘i

Eraluale — —whm 4 =2 b= —3%
;.

D¢ + 2_"'J+

and ¢ = — 9.

a.ﬁz—e'1+ ar

Db b+ ¢

I —8)2 — (—9)2 92
C2A=H(-7 T¥ 9+ (-2
__f!:-cFi—4 4

B 19 —6§—2

__”4 ¢4 7 1 7 3 9
1T -8 6 36 & 3
Exercise 22g

1 Evaluate w+ at ifa = 10, 4w = 4 and | — 2.
21 p=42 and r=3, find the value of

b G
B=1

=

3 Find \,-'F+ Z2ar when =11, e = 4 and
=13

4 IMx=3, y= —3 and

2y -z

p . [ ey
value of be R :

5 Evaluate > — 3x 4+ 3
th) @, (e) =1, id) —4

6 If y=3+x"—52—12 find ywhen x = (a) 0,
(b) 1, (c) 2, (d) 3.

z=2. what is the

when x={a) 3,

;}
7 V= AT‘ find & when =14 R—
and T = 45,

8 Evaluatex’s + *xwhenx < 5and = -

9 a=—4 b=6 and ¢= —3, find g
values of (a) 5a — 3¢ + 28, (h) 9222 — §
S

P

10 Ifs =+ 9801 (a) find ¢ whedl 4= 0 an

(¢

t=3 (b} find ¢ when = 10000 an
= F00().
Variation

Direct variation
2 varies directly 85 ¥ is written as By ol SR

means that y = Ly, where £ is a constant,

Example 29
IPax Rand P = 1Qwhen R = 6, find the relationsis
between P oand B, Henee Jfind B when P =125,

Lt = ER

10 =46 {from st sentence)
17 5

f=mes
f 3

P =3k is the required relationship
betwern P and £
When P =125, 125 = 3R
<= R=1x125=753
Fig. 22,9 is a graph of the relationship between
M and P

"4

Fig. 220



e variation
] &

B 3 varies inversely as s then yaoc— or p=—,
& A

[
where £ 1s a constant, Nouce that if r o —, then
x

| . G
% o —. Similarly, if x o )%, then 3 o %, and
o4
&0 01

Example 30
Gaven that N zartes s 12 and that N = 2 whn
D=3, find N sohen D =9,

:.. LTI ple 31

M and R =56 when M= 6. Find the law

oC o 4

& whor B = 15
Let B = ;\‘E
then 6 = #.'.\,-'ri{i

= 4£
Henee R = g\." ﬂ which is the required law.
When M= ﬂ;l.;_.

i ol 3
R=3./6z=3

=13,

25

! -
/22
5 W

bl
tbl LA

a
B e

Ny
\ ien i

= JM=15x3=10
=5 M= 10" =100

mnecting B and M. Find R when M = b and find

Notoe that i K= 'gx.f"ﬂff. then R* = Eﬂrf or
.-'l-f:;ﬂ':. It 15 often convenienl o use an
alternative form ol the original.

Joint variation

Jmint variation invelves three or more vanables.
The relationships between them can be in many
forms:

Mn

T r

B = kIS,

Mo RT, Felll- 4

-
mh=

[=&

r

Example 32

The mass of o solid metal batl vares joimtly as its
specific gravty and the cubi of ity diameter. When the
drgmeter 15 G em and the spectfic gravily 7,5, the mass
is 850 . Find the mass of @ ball of specific gravily
LD and drameter B e

Let M = mass in grams
D = diametér i om
& = spectfic gravity
Then M = £803
S =k ¥ 7.0 6 1)
and M =k % 10,5 % 8° (2}
Dividing (2) by (1},

M If].ﬁx(ﬂj 7% 64
850 7.5 \G&/ aw27

>~ 2821

= AM==5850»x-%

L=

S

The meass is approximately 2821 g,

FExample 2 shows a method that may be osed
when the value of & is not required.

Partial variation

Partial variation consists ol two or more parts
added together. For example:

S=a+bT, R=a+l?

E=aMH+ bMIT™



Notice that in partial variation there are at
least two constants, such as g and b above.
These constants have 1o be found separately.
See Examples 9and 10 on pages 190 and 191.

Exercise 2Zh

1 Express the [ollowing as relationships using
the given letters and eaither the symbal o or
any constants which may be necessarv.
(&) The length, [, of a rectangle of constant
area varies inversely as its breadth, b.
(b} The resonance frequency, 7, of a series
circuit varies inversely as the sguare root of
its capacitance, .
{¢) Thegravitational attraction, &, between
two particles of mass s, and m, varies jointly
as the product of their masses and the
mverse of the square of their distance apart, 4,
{d} Theenergy, £, of a moving body varies
partly as the height of the body above sea
level, & and partly as the square of iis
velocity, o

2 If yocx and y= 10 when x =3 find the
law of the variation. Find x if 3 = 33.

3 A M and 4 =8 when M =20, Find A
when M = 15 and M when 4 = 7.

4 Poc ) and P=14 when @ =28, Find P
when 0 =6 and ) when P = 28,

S Dx¥VFand D= 108 when F=3. Find D
when 1" = 3.75 and V" when D) = 189,

6 P Q. P =27 when () = 6. Find the law,
Pwhen (0 =10, 0 when P = 183.

T ao -i ¥ = 7% when y'=4. Find the law, x
when 3 = 12, y when x = 20.

8 Mo B>, M=40) when R=4 Find the
law, M when R = 10, R when M = 2,56,

9 /Yo Z ¥=4whenZ =3 Find the law,
Y when =15, 2 when F= 16.

10 4o BC. When B=6Gand =3, 4 =7},
Find 4 when B=8 and € =9; also B if
d=25and € = 4.

11 P E% When Q=5 and R=3, P=20,

Find Pwhen (J =6 and B = & also B when
P=216and =13

196

12

13

14
15
16

17

18

19

20

x is partly constant and partly varies us
When y=05,r=7;and when y=7,x =
Find the law of the variation and also
when 3= 11, !

x varies partly as y and partly as »*, Whe
y=4.x=3528; and when y=5, x =8
Find x when y = 6.

ror yand y £ 2% How does x vary with 2

- l
xoc y° and yoc—. How does x vary with ;

A car takes 6 hours to travel rom X 1o
ata constant speed. How long does the sam
journey take for

{a) a lorry travelling at half the speed
the car?

(b} a helicopter travelling at 3 times
speed of the car?

le] an aeroplane travelling at 6 timies th
speed of the car?

If v iz inversely propordonal 1o x, comples
Table 22.1.

Table 22.1
k 10 ) 25 30 |
| & ;L | - | 5

The illumination of a small object by a lam
varics directly as the candlepower of th
lamp and inversely as the square of th
distance between the lamp and the objen
If a light bulb of B candlepower. fixe
130 em above a table, i replaced by a
candepower bulb, how far must the ney
light be lowered 1o give the olyject the sam
illurninadon as before?

The resistance o the motion of a vehicle 3
partdy constant and partly varies as e
square of its speed. At 30kmh™' by
resistance is 496 N, and a1t 50kmh™1 it 3
636 N. Find the resistance at 60 kmh ™',
The time taken for a committee meeting 3
partly constant and partly varies as s
square of the number of members prosens
If there are twelve members present
meeting lasts only 36 minutes, but wid
twenty it takes exactly two hours. How long
will it last if there are sixteen members?




graphs

+ 2. Find (a) Fwhen k= 1.5, (h)
-3 3, (¢) x when y =4, (d) the least
T 3% — 4, (e) the value of ¥ for which

e — 4 for cach value of x, Tahle 92.9
method;

5 —4|—3] -2

hof y=x"+3x—4 ﬁu oalues of

values of 3 by adding the values of

_ﬁ

Example 34 )

i . J
On the same axes, drazo the graphs of 1 = —— and

¥ =2x — 3 for palues of x from —2 to +1 Find
their points of indersection, if any.

Tables 293 and 92.4 Ve corresponding values
(o

of vand y for each graph.
3
Table 223 ;=
X—
l«|-2=10 1 2 3 & |15 23]

L]

|
YT

‘_}' l[h?& 1 1,53 udf

—1| @ I| 2|
> 16| o 4| 1] o t| |
'l—IE;—‘J -6{—=3| 0o |

| gl —g| 4y _+|u
6l 0 ~4|=6|=6| -4 0 ﬁl
|

= 101s the graph of y = 2 + 3x — 4. Noe
fales of 2em o | unit on the x-axis and
8 ! unit on the v-axis would give a larger,
e craph.

221 1) ; ()

e dotted construction lines | aly thy, (el (d)

Bd (¢] on Fig. 22.10 are used to uhmm the
uired results: (a) p= 248 i

r=L7or =47 (d) —6.2:

= —a
[¢] £ = —1.h,

Notice that no value of y is given for x = 2.
s undefined (udl) when vy — 9 Values af 7
when r = .5 and x = 2.5 are found nstead,

Table 224

¥y=2%—3

| x

{J-l 21 4 |

| !

3 | —3 | ] 5 |
Since y=2%—=3 i3 lincar relation, three

pointsare sufficient. Fig, 22,11 shows the graphs
drawn on the same axes

L

197



The graphs intersect at the points (3;3) and
R

&;—2).

Exercise 22i
1 Copy and complete Table 22.5, giving

values for the relation v = 3%* — 52 ++ 3
Table 22.5
x|—:2 BN ERE :{I-:—‘
y| 25 | | 15 | 31 |

(2) Draw a graph of the relation using
scales of 2em to 1 unit on the w-axis and
dem to 5 units on the y-inxis,

b)Y What is the mmintum value of

) -
3y —hr + 5

() Write down the equation of the line of

symmelry of the curve.
(d) Find the values of x when v = 3.

2 Draw the graph of y=2" —3r—1 for
values of ¥ [rom
2em to 1 unit on the y-axis and | em o
| unit on the y-axis. (a) Read ofl the value
of ywhen x = (i) 4,5; (ii) 2,5. (h) Find the
values of ¥ when y= 1) 4, (1) (I [¢) For
what value of ¥ is ¥ a minimum?

3 Draw the graph of v = 45 — »* for values
ol z from — | to +5. (a) Read off the value
of ¥ at the paoint where the line x = —0.3
cuts the curve. (h)
intersection of the curve with the liney = — 4%,
{c) For what value of x does 45 — 37 have
its greatest value, and what is this ereatest
value?

4 Choose a suitable scale and draw the graph
of 3 =x + 4x + | for values of x from —5
to + 1. Find (a) the range of values of v far
which y increases as x increases, and (b the
coordinates of the point at which y has its
teast vahie,

198

-2 1o +3. Use scales of

Find the points of

3 Draw the graph of y= (x+ 1) (x —2

10

values of ¥ from —3 o +4. Find the res
of values ol & for which

la} » decreases as v increagesy

‘bl ¥ is negative.

Choose suitable seales dnd then draw
rraph of

[

ary = — from —& 1o .
: ¥+
| )
Bl 3 from —! to 45
x—=2
el y=ax—11{x—13) [rom —2 1 +3
fd] ¥=¥ —434x— 1 from —% 1 + 3.

Withuut drawcing the graph of the relas
= {d— (243, wrte  down
coordinates of the point where the cus
cuts (a) the v-axis, (b) the y-axs,

{e) State whether the curve has a maximsg
or minimum value of yand (d] write dow
the value of « at this point.

i¢} Hence caloulate the corresponding vale
of .

On the same axes, draw the graphs
y =¥ — 3x and 3= 5x—x* for values of
from —1 w46, (1) At what pormts do o
CUTVes (bl Write
cquations ol fwee lines of symmetry of the
vompleted curves,

Inlersect? down 1}

Chn the same axes, draw the graphs of » = =

and ¥ = $x — |, for values of x from —3 1a

+3. Find the values ol xand 1 at the points

ol intersection of the graphs.

On the same axes, draw the graphs of ]
==

e

=9 and &+ 342 = 0 for values of |
r+ Y

virom — 35 w +2. Read off the values of »
and 3 at the paints of inersection of the
graphs.




Chapter 23

Equations and inequalities

ear equations

ple 1
fve the equation 2{x—+ 3= — 1L

He+3 = —1I
emove brackets:
Pr4+6==11
biract 6 from both sides:
x= =17
wide hoth qidirﬁlh}' -
(o}t

r= —

ple 2

afre —— 1 =3 for .,
; :

2 =3
f

dultiply both sides by t:

g4 —1=31
dd ¢ to both sides
8 =4
ivide both sides by 4
2=
orf=2
ercise 23a

slve the following equations lor x.
13—2x=7 210—-5x+6=0
Ix4+13=5x—-7 4x—13=5406x
5 =3x—1)=9

76{(3—z)=5314—1x)

= T
|

= |- h
+
)
Il
t

i "
ﬁj—_'—t-g——* 9

- By iy =
W 505 +5 =2 - 17

Change of subject of a formula

Example 3
Make P the subject of the formula R g —FR
LWL ARE e SNOTECL @ [t ML e
e sumect of Lie formula 0+P
Q- PR
4P

Multiply both sides by (@ 4+ F) toclear tactions:
Rl 4+F = {13 — PR
Clear brackets:
RO+ PR =0 — PR
Collect terms in F on the LHS of the equaton:
PR =00 — RQ
Divide both sides by 2R:

Q*—RQ_Q(Q—R)
P=gm === ag

Example 4

(4
Make v the subject of the formula b = | ——,
v 3k
yis If*!-:l‘:r“

\ 3k

Square both sides:

. darr7
" =

Gk
34
Multiply both sides by e
o 'HT
3hb* . 3k
=y : St
e Or T in

Take the cube oot of hoth sides:

5/3355;3
oy 4w

r

199



Chapter 23

Equations and inequalities

ubus veferences 6.5.4, 6.6.4 and 654

Linear equations

Example 1
Solve the equetion 2{x + 31 = —11.
Med 3= ~11
Remove hrackers:
Yy +h=—11
Subtract 6 [rom both sides:

2x=—17
Divice both sades by 22
A= _H.It
Example 2
B
Solre s | =3 fort.
8
—— 1 =13
f

Multiply Lenh sides by i

B =5}
Add ¢ 1o both sides:
8=y
Divide both sides by 42
Te=—}
o ="=2

Exercise 23a

Solve the following cquations for x.
1 53—2x=7 2 W —Iv+b=10
Fr+13=5x—7 4%%—13=540Gx
5 —3x—1}=9

B 2dx—=1—=10=1

7 B3 —x)=5[4—=1

Change of subject of a formula

Example 3
biset of the formuda =L —ER
i B 7] L L =k
Make P the subject of the formuia q+P
P — PR
R p— g‘—
Q+P

Muldply bothsides by (@, + P toclear fractions:
RIQ + P = —PR
Clear brackets:
RO+ PR=(*— PR
Collect terms in £ on the LHS of the equation:
2PR = ()* — RO,
Divide both sides by 2K:

@*— RO Q10— R)
P=""r T~ R
Example 4
3
: . ll'il-m
Make v the subject of the formula b = \ R
4qr>
E" s T
v Sk
Square both sides:
3
3
3
Multiply both sides by e
Bhb* 4 5 hb*
et =1 or = e

Take the cube root of both sides:

' 3&53
in

ry =



Substitute 3 for x in equatan (3):
y=1-9=2
The solution s x =3, =2

Or by elimination:

2e— =4 ()
3x =11 (2
Add (1) and (2} o ¢liminate
fix=15

= =94

Substitirte 3 for xin (1)
b—3=1
= y=2

The solution is t =3, y =24
Or by graph:

Fiz. 22.2 shows the graphs of 2c — y =4 and
3x + ¥ = 11 drawn on the same axes.

In+psll
& | slole|a
FAFl i 15T

N

1o

By

Fip, 242

The point of interseéction of the two lines is
(3;21. The solution of the equations is x = 3,
y=2.

Example 9 .

Salve the equations 36 — %_}' =2 %J: == ::;_,I' = 3&;,
;.L—é_v:? (1]
x—1y=3L (2)

n2

Simplify the equations by clearing the fractions

1) = 6 vy — 3y =12 3
(2) = 1% Oy — 4y = 38 (4
Sobve in the usual way:

(3) x4 lbx—12r=48 (59
4y %3 ix—1Zy=114 (6
(6] — (5 Iy =66

= x =0
Substituting § for x in (3

24 — 3y = 12
es—Fy= —12
ey r=4

The solution is v =6, v =L

Example 10

Solve the equalions

Sx—2y+ 1 =2 — 5y — =4 — 3.

Pair the three expressions in any two different
WaAVE.

Jx—+ 1 =4—19

= r— y=1 (Ey
Py — 5y — 10 =dx — 5y

= Ex—ﬂj'z—[ﬂ

=3 r—h=-3 (21

Solve equations (1) and (27 in the usual way,
This gives ¥ = 3 and 3 = 2 as the solution,

Exercise 23d

Solve the following pars of equations. Lse
cither the substitution, elimination or graphical
method, whichever is most suitable

I s+ y=86 22— y=11
26+ 0y =14 itdr= =7
Fhx—h=7 4 s+ =7
xr—2r=73 Ta—dr=1
5 hx—2y=-123 6 5y —2r=1
I+ =7 Iy — Ty =3I
7Tx—2=1 8 u+3h=-—13
a+2y=9 D— Gh =1t
9 4p—Bd=1 10 Jx + 4y = —|
2o+ 4= 17 fa+8r=4
11 3m— =15 12 5y + 7y = -8
dm on=2"0 =23+15
13 30+ 4m =0 14 Sl =4n + 8
a=2m—>5 G+ 10 = 4d



2 Write down the three inequalitics which
define the unshaded triangular arei A in

15 5+ 3y —2=0 16 x+1y=14
3x - 32 = F_]. i‘.\' = g_]_r— |
; d
1? l:.‘?'l;‘_ I:J'_'J'I_-_l"'u‘.';l IB :II— g:ﬂ
1 Bx+ 07y =01 :
M B
2 ]

19 Sx—y+ 12 =58s4+ Y +4=x+
20 Sia+b)=2(n+ 36 + |
Sla+20) —T7T=a+5% + |
21 2,5d — 13¢ = —2
130+ g+ 46=0
Ha—6)=m—3
Ha+2) =9+ |
23 c4d+6=2% —5d—3=3c—44+2

22

M 3% —w) =g —w+1
Gu 4+ T+ 4=+ + 20
25 3y + ) =4
2x.= ${2 — 3p)

Simultaneous inequalities
Linear programming

This topic is fully covered in Chaprer 17, pages
143 10 148,

Exercise 23¢

e )
1

0/

Fiw, 233

Giaven Fig, 235, find

(a) the equation of the line through the
origin and the point (2:4),

(b the equation ol the line through (0; 5)
and (5,07,

e} the incqualitiecs which define the
triangular shape S,

Fig. 23.4.

L 9
Qe .,
=584 [|i F__.

i

il

3 S

i A -

B e

dal 255

& >

i B
Fig: 234 #~ S

3 List the three egualities which deline the
unshaded area labelled A in Fig, 23.5,

Fig. 235

e}

4 Write down

define the unshaded regiom R in Fie,

Fig. 234

5 K is the se of points (v y)

the four inequalities which
23,6,

wlich siatisfies

the lbur inequalities r— s =1, 242 5,
> —dx, y= 2

Show o a L.,mpll the region which represents
K. Use vour graph to find the greatest value

ol 5 i i

203
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(a) The set of points with coordinates (x; ¥)
satisfies the five inequalities

=0, y<0, 7+ 20 =<8,

47+ 3x = 24 and 3y = 2.

i) Using 2em to represent | unit on each
axis, construct accurately on graph paper,
and clearly indicate by shading the unwanted
regions, the region in which the set of points

x; y) must lic.

(i) Using your graph, lind the least value
of (x — y) for points in the region.
(b} Theowner ofa large piece of land plans
to divide it into not more than 36 plots and
in huild either a house or a bungalow on
cach plot. He decides that he will build at
least 20 houses and that there will be at
least twice as many houses as bungalows.
‘Taking & to represent the number of
houses and & the number of bungalows,
write down three inequalines, other than
<0 and &< 0, which satisty the above
conditions. |Camb]
Tt takes 2m of cloth to make a shirt and
3m to make a dress. A tailor has 36m of
cloth and he needs to make at least 6 of
each. If the profit on a shirt is the same as
that on a dress, what arrangement of shirts
and dresses gives the greatest profit?
A shopkeeper orders two sizes of notebooks,
large at $1.35 each and smali at 60c each.
She needs twice as many small ones as large
oncs, with minimum quantities of 10 large
and 20 small, 17 she spends up to $30, what
is the maximum number she can buy?
IT the profit is 20c on a large notebook and
10¢ on a small one, what arrangement gives
the greatest profit, and how much is that
profi?
A company plans to spend 3500 000 on new
machines. Table 23,1 shows the cost and
necessary floor space for the two types of
machine to be bought.

Table 23.1
machine cost floor space
A $20 000 fm*
B $25 000 4 m?

More of machine A than of machine B are
needed and there are only 120'm? of factory
floor space available. i

Which purchase arrangement (a} uses all
the space available, (b} is more expensive?

10 A new book is to be published in both a

hardback and a paperback edition. A
bookseller agrees to purchase
(i) 15 or more hardback copies,
(ii) more than 25 paperback copies,
(iil) at least 45, but fewer than 60, copies
altogether.

Using h to represent the number of
hardback copies and p to represent the
number of paperback copies, write down
the inequalities which represent these
conditions. The point (h;p) represents h
hardback copies and p paperback copies.
Using a scale of 2 cm to represent 10
books, on each axis, construct, and
indicate clearly by shading the unwanted
regions, the region in which (h;p) must
lie.

Given that each hardback copy costs 35 and
that each paperback copy costs $2, calculate
the number of ¢ach sort that the bookseller
must buy il he is prepared to spend between
$180 and $200 altogether and he has to buy
each sort in packets of five. [Camb]

Quadratic equations

Example 11
Solve the equation v* — 4y = (.

P —4p=0

= y(y—4=0
< either y=00r y—4=0
= y=0or y=4

Example 12
Solve the equation 3x* + 5x — 28 = 0.

3 4+ 5 —28=10

Factorise the quadratic expression (see Chapter
22).

(x+4)(3x—7)=0
citherx+4=00r3x—7=10
r=—4dordx=7
e x=—4orx=2%



Exercise 23fF

Use Ltl:'lnnsal.mn tosolve the tulim\mq equations.

1x22—10x+21=0 2ol +3m+2=0
3a4+a—-6=0 4 —5%m—10=0
58 +x—2=0 6 ¥ +3y=0

74> —7d+6=0
94 —4=1

11 28 4+7t45=10
13 8 — 180 +9=10
14 1242 -~ 194 —18=0
15 8 + 2 — 21 =1

8 424 1lei46=0
10 ¢ —da=10
1Z 3% — 10— 8 =10

Graphical solution of quadratic
equations

Example 13
Solve x* — 2x — 4 = O graphically.
Lot = ¥ —2x— 4. Make a table of

CDI‘l'ﬂprHl‘.img values of x and J (Tahle 2323,
Fig. 23.7 is the graph of y = x* — 2y — 4,

Table 23.2 5 =% — 2y — 4,
el
x —2 1 —] 0 | 2 3 4
x* 4 | 4] 1 4 9| 16
—2x:| 4| 9| 0|—2|=4|—6|-8
—4 || =4 =4 =3 =4 —4|—4
¥ Fl =1 =41 =5|—4 —1| ]
|
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2 — % —4=0 when 3 =0, ie. where the
curve intersects the y-axis at 1 =32 and
r= —1.2. These are the approximate solurions
tw the cquation v — 25 — 4 = (),

Example 14

la) Drane the sraph of v=2v + 3¢ — 6 Jor
salues of x from —4 o 2. () Use the grapd
to solve the equations [I) 4 —6=10,
(i) 22 +3x—3=0.(¢) By drawing the line
3=2x+ 1 on the same axes. solve the equation
W +x—T =1,

{a) The values in Table 233 are used o draw
the curve in Fig. 23.8.

Table 233 ;= 9yt 4 35— 6
x| —4|-3] 2| 1| of 1| 2
|
242 32| 18 8 2 0| 21 8
45 | =12 |—9| —6| =3 0 3 6
—6 —bB|—6| —6| =6 | =8 |—6|—16
¥ 14 3| —4| —7 —El -] B

F=2r+

Fig. 234

bl (i) 2¢* 4+ 32— 6 = 0 when g =i along
the x-axis; at the points A and B in Fig, 23.8.
Hencex =Ll andy = —2 6arethe approximate
solutions.
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i) 28 +3x—3=0

2 + 3x ='3
2 + 3x— 6= —b
ie. M+ 3x—6=—35
This is true at the points where the line y = —3

cuts the curve; i.e. at the points € and D mn
Fig. 23.8.

Hence v =0,7and x = —2.2 arc the approxi-
mate solutions.

(¢} Table 23,4 is used to draw the straight line
3 =2x+1in Fig, L

Table 23.4
| ¥ | —3

The curve and the straight line intersect at
the points E and F in Fig. 25.8. At these points
=27+ 8 — Gand y=2v+ |
= W+ h—6=2r+|
= 27 4+x—7 =0

Heneex = | 6andx = —2.1 are the approximate
solutions of 257 + x — 7 = (L

Exercise 23g
1 Copy and complete Table 23.5 for the
relation y= 2" — 4+ 2.

Table 23.5
o] =2 |=1]0 ||2'|3+5|
5 14 |-t |2 2

|

Use a scale of 1ocm to | unit on both axes
and draw a graph of the relstionship. Use

your graph to lind (a] the solutions of
2 —de+9=0. (b the least value of

o —dx4 2
2 Copy and complete Table 23.6 for the
relation y = 3x% —fx + 1.

Table 23.6
x| —2|=1|0 ] ‘)_’

Using seales of 2cm to | unit on the Y-lXTE
and 2em to 5 units on the yeaxis, draw a
graph of the relationship. Use the graph to
solve 3¢ —6x+ 1 = 0.

Draw the graph of y = &® — 3x — 1, taking
values of 1 from — 1 1o 4. Use the graph to
read off the roots of the cguation
a) ¥*—=3x—2=0

() x*=3x+1=0

el v =3x—4=0.

Draw the graph of v = 5% + 2x — |, taking
values of ¥ from —3 to 2, Use the same
graph to read off the roots of the equa tions:
a) 3P +2x=10

(b} 3x* +2x—T7=10

el et + 2y =3

)y 327+ 22— 12=0.

Draw the graph of y = 3x° — 5x + 3 and use
it to find the roots of (a) 3x? — 55 + 35 =0,
by 33t —5x =1 (e B¢ —x—1=10.
Draw the graph of » = 2¢ 1o cul the curve
drawn in question 5, Hence find the solution
of the equation 32* — 7x + 3= 0.

Draw the graph of y = a(x — 1} lor values
of x from —2 o 3. Read off the values of
x at the points where the curve cuts the line
=3 — x. Of what equation in x are thuse
values the roos?

Draw the graphs of y=2x* — 3y — 6 and
y=1=3xon the same axes for values of
¥ [rom —2 to 3. Use the graph 1o find the
roots of the equation 2¢° — 7 = 0.

Copy and complete Table 23.7 for the
refation y =2+ 3 — .

Table 23.7
" i|—u 5 =Y -ﬂj!‘r.llil,il 1 1 _*:!..1[' :;{|
I [ | o 12| || L2 |__4I

(a} Draw the graph ol the relation using i
scale of 2em 1o | unit on cach axis.

by From your graph, find the greatest
value of 3 and the value of ¥ at which this
CUCUTS,

{¢) Using the same axcs. draw the graph
of y=1—ux

(d) From your graphs, determine the roots
of the equation 1 + 2x — £* = 0



10 Solve the {’l_'[ll"lﬂﬂll = ,\ + 4 by drawing
the graphs of » = »* and y = v + 1 on the
same axes lor values of v from —3 ty 3.
Check your n*\ult by drawing § separale
graph of y=2x" _-,_J. — 4orthesame range
ol values of x,

Simultaneous linear and
gquadratic equations

Example 15
Sulne the simultaneouy vquilions
H—y=1; 4 + 252 =41,
2r=Gp=1 i1
4x° + 2597 = 4| (2
]

From (l}: »=

Substitution 1 (1 4+ 5y for v in 2):
$ % [F01 4 5015+ 2557 = 4]
% 31+ 10y + 2597 + 2557 = 41

== 5y + )y — 40 =10
= 31 + r—4=1
== Br—H{y+ 11=0
== ¥ = ; ur —

Substitute for y in (3}

) [ +4
When y — 3 ¥ = 1% gl
2 -
: 1 —5
When y= —1: yv= S = —2

The solutions may be wiven in the form of

ordered pairs: (25:3) and (—2: —1).

Notice that part (¢) ol Example 14 gives a
‘graphical method ofsolving simultaneous linear
and quadratic equations, Questions 6-10 of

Exercise 23g provide practice in the use of

graphical methods.

Exercise 23h
Solve the lollowing pairs of equitions,
1 ‘7'1:—'-)'—:! 2 H—y=7
2 +_‘.|' =13 =15

3 x+9=3 4 |+ = {;l
¢t — = 24 = |
F Ix—ry=> 69 — =
4t — 2 =15 e+ r=1
7 B4+ P=1 8 y -y =2
'i'fz - ?.!"-": = L7 s "|_| — 4
9 ¥4 2it=3 10 =
= 3p=12 b 4 = 21
Il 2557 — 47 = 36 12 v =
Jy— 2y 2 'l.'. — i
13 Sy —_|-: =1 14 95y — T M)
2.’1-_.”!_'. = 4 e Fr 41 i
15927 + 16598 = 52
—dr =1

Word problems

Ezample 16

The dagex af a g aid Qv son add Gt 54 peary,
Jit 3 wears e nran il e B dimes an old ax RiD ol
Find the ages af the mun e Bis o,

Let the swes ol the man aned so0 be 1 sl 9

years respeciively, From the [Trst sendee
v+ oy =30 |

From the second sentenoe:
X+ { J _]' + Fi
v—h =14 (2

Solve equations (1) and () sunulianemsly.
Suhtract (2] leamoi 1i;

5 = 3

y=1h
Huirﬁlj!:m' Golr yin |

w=-33

The man 15 5% vears o (he son s 6 VINTTE,
Cliecfc: 353 4+ 6 = 39 28 sembeney
6 =4xY Znd sentengr)

F,\uupir:s 1:_ -mI 8 which uII-n_ |-. ad 1o
guadratic equations.
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Example 17
Find teo nwmbirs whoe differvenes £x b and wwliese
Mﬂd 192,
Let the smaller number He x
Then the larger number is x + 4,
Their product is x(x + 4.
Henee x(x + 41 = 192

P44 — 102 =0

= 2416 =10
x= l2or —16

L 12 4oar

=
=
The other numbier % 4 more,
—16+ 4 be lhor —12.

The vwo dambers are 12 and 16 or - 16 and
—12.

Check:

Compare Example 17 with Example 18 which
follows, Notive theuse ol unitsand the elimination
of ane oot hecause it 35 not a sensible resel,

Example 18

The lenpth of & rectanpudar computind iy, 3 1m0 mze
than the width. Dt area i 300 m*. Figd the winllh
and lenglh of ti compound.

et the widith be oy Then, from the Ds

sentence, the length s (v 4+ 3 m The area iy
= 3 5 <

rix+ 3ime From the secomd sentenes

12% Iy=192and —16 x—12 = 9%

viw 4= &= 5l
= ¥ 5y = 500=0
= (yr— Uy + 25 =10

= = 2or —25
An amswer of —25m 1s clearly nor sensible for
the width of a compound, Hence the wadth 1«
20 m and the leneth, Sm omore. B 23 m.

Cheek: Mm% 25m = 30 m>,

Exercise 25i

I A nptebook and a pencil eost 51,32, IF the
notebonk eonts Theomore g the peneil,
find the costoof cacly,

2 Divide 27 inw two pars such that tieir
product is 18i),

3 The oren of @ pectanele i 3650em? and is
tengthiis 2 con more than its width, Find the
width,

4 A father s 28 vears older than hes daughter.
In 2 years” tme be will be 3 tmes as old as
his daugheer: Find their present ages.

10

11

12

13

14

15

The perimeter of a vectangle is 42 em and
its area isfi8 em*. Find its length and breadth.
The ages of two sisters are 11 and 8 years,
In how many years” time will the product
of their ages he 3782
When a mian cyeles for | hoar at xkm/h
and 2 hours at pkm/h he avels 32%m,
When he eycles for 2 hours at xkm/h and
1 hour at ykm/h he travels 34 km. Find »
and 1
"'L rectangular garden measures 12m by
adm. A path of uniform width runs dlﬂl’lg
one side and one end. If the tatal area of
the garden and path is 98 m*. find the width
ol the path.

A number is uub‘trar‘ttd From 20 and [rom

17 T he prudur L ol the numbers so olstained
i= L Find the original number.

IF T subtract | from the pumerator of @
fraction. the [raction becomes §. IFT add |
1 both the numerator and denominator of
the fraction, 1t becomes i What = the
fraction?

ks - 2 A
(Hm!: Lt the [raction be —.)
y

A rectangular piece of cardboard measures
2 em h‘. Wom. When strips of equal width
are cut ofl one side and one end, the area
of the remaining piece is 234 IL"IIIE. Find the
width of the strips.

A woman is 35 years old and her son is 12
vears old,. How many vears ago was the
product of their wges | 742

A table costs Sa and a chair costs Sy, 11 the
price of each is raised by 820, the ratio of
thelr prices bevomes 5:2 respectively. Tthe
price of cach is reduced by §3, the ratio
bocomes 3:1. Express the rato xy in its
lovwest ierms.

Two seetangles have the same area of
24 em?. Thesecond rectangle is 4 cm shorter
nnd | em o wider than the first. Whast & the
length and breadth of the [ist rectanghe?

A girl bought some pencils for 83,60, If she
h.u‘i paid 4o less for each penril _i]:u? ol
have hought 3 more peneilss How many
pencils did she buy?



Chapter 24

Properties of plane shapes,
constructions, locus

.Allglﬁs Adjacent angles on a straight line add up
to 180°.

Angle 15 a measure of rotation or Lurning,

I revolution = 360 derrees Elpey-="360")

I degree = B0 minutes (1% =80" o

The names of angles change with their size Fig. = ¢

244 Flg. 24.3 “
In Fig: 243, e+ 6= 180"
Vertically opposite angles are equal,

acule :mp;[r [ bietween 1F aead AF) ngh[ angle B

g ol

nbiase mnele | between 90 a0 1BUF) siraight angle | (207 fap 244
— e In Fig. M4, p=qandr =
Alternate angles are egual.
reflon angles | Levween LB and 36070 /
Fig. 24.1 L L e
s il
: . . Yl
Angles are formed when lines mieet orintersect. —- L
Remember the following fucts: /
Angles at a point add up to 360", Fia. 2.5

In Fig. 24.5, ¢ = v and m =w.
Corresponding angles are equal.

Fip. 246 .

N

In Fig. 242, e+ b+ e+ + ¢ = 360° In Fig. 246, ¢ = d and p = 4.
2000




Interior apposite angles add up to 180°.

Fip: 24.7

InTig. 24.7. ¢4+ d= 180° =+ &
Example 1

Find the aneles marhed o, b and ¢ m Fag. 24,53

i AT — ST 2RT
= 350" — 2417 = 119
b= 180" — ¢
= 180" — 119" = &

P=4f (wlt. anples)

=H¥

Exercise 24a (oral or written)
Finel the Yertored amedos i Fre, 2059,

(ertgles al a potrt)

[t wfifr)

3
e/
£
&
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4
[ 4
{
}
s

5
|
m
142,
7 = 8 ’
2
X
S0°
o 4
Fig. 249
Triangles

Angles in a triangle
The sum of the angles of a triangle is

right angles, or 180",
a

Fig. 24.10 B ¢

M A Fa)
In Fig. 24.10, A 4+ B 4 C = 180°.

The exterior angle of a triangle equnals t
sum of the two interior opposite angle

Fig. 24.11
In Fiz. 241, m=§+ 4

Types of triangle

Fig, 24.12 gives the names and properties of
commaon types of trnangle.



scalene rishit-ngled obluse-angled

isonirles

Fig. 24.12

euilateri]

Exaﬂ}plf 2
Find P in Fig, 2413,

Fig. 24.13 P Q
& A
. ﬁILJ =0 (base /5 af isos, A
P+0 =126° lext. £ of )
. 2P = |96° (P =0
g P=0)
;. P=¢65°

Congruent triangles

Congruen! means the same in all respects. Two

triangles are congruent if:

I two sides and the included angle of one
are respectively equal to two sides and the
included angle of the other (SASY, or

2 twoangles and a side of ine arc respectively
equal 1o two angles and a side of the other
(ASA or AAS) o

3 three sides of one are respectively equal 1o
three sides of the other (S35, or

7 they are right-angled and have the
hypotenuse and another side of one equal
to the hypotenuse and side of the other {RHS).

Example 3
Criven Fig, 24.14, name the friangle whick is congruent
to AXYZ, keepang the letiers in the correct order.

A
7 X
Fig. 24.14 4
AXYZ= AZWX (S48
Reason: XY =7ZW { given)

Y7 — WZY
X7 = 7X

(el Los, Y| ZW)

Leamnan side )

Exercise 24h
1 Name and caleulate the sizes of the exterior
angles shown in Fig. 24.15,

Q

Fig, 24.15

2 In each of the following, two angles of a
triangle are given. Find the third angle and
name the type of triangle,

a) B9°, 46° (b 48° 71"
(e) 43% 04° (d} 60° 80"
(e} 35° 55° () 28% 23°

3 Calculate the sizes of the lettered angles in
Fig, 24.16{a)—(1).

% v

EH (h




8] (i}

Fig. 24.16
4 Find the value of & in Fie 24,17,

(759

¥ N\

Fig, 24.17

5 Find the value of x in cach part of Fig.
24.18. Hence state which type of wiangle
cach is.

F.IE 2408

6 Lneach partof Fig. 24.19, name the triangle
which is congruent to AXYZ. Keep the

Jetters in the correct order and state the case

alcongruency using the abbreviations, RHS,
SE8, 8A8. ASA or AAS as appropriate.

212

7 InTFig 24,20, CD || ABand AD bisects BAC
Iy
It CBE = 27° and ACB = 69, find BED.

Fig, 2420

8 In cach part of Fig. 24.21. MAADBE
APOO . State the case of congruency fc
each.

fad ihi

e
NV



te) I iy

H
Fig. 24.21

M
9 In Fig. 2492, BCIXY, BXY =50,

A
BYX = 28" and AB = BY. Calculate ACB.

10 Which of the triangles in Fig. 24.29 are
congruent? State the case(s| of congruency.

Figp. 24.97

P
5
T em
Q
F Tm R

Frg. 24.2%

Polygons

Any plane figure withstraight sides is called a

AN

polygon. A regular polygon has all its sides

of equal length and all its angles of equal size.
Polygons are named afier the number of sides
they have, Fig. 24.24 gives the names of some
common regular polygons.

erpuilareral 1 ele Ly
regulir peneatn reular hexagon

Fig. 24.24

regulir ociagon

Angles of a polygon

The sum of the angles of an n-sided polygon

is (m — 2) x 180" or (2m — 4) right angles.
The sum of the exterior angles of 2 polygen
is 4 right angles, or 360°.

Fig. 2425
In Fig. 2425, a + b+ ¢ + ... = 3607,

Example 4
Caleulate the interivr angles of a regular pentagon.
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A pentagon has 5 sides.
The live exterior angles add up to dﬁﬂ

Since the pentagon is regular, the exterior
angles are equal.

Fach exterior angle = — = 72°

5
Herer each interior angle
= 180" — 7%° (Ls on asir, line)
= 08"
Example 5

Euch of the ansles of a polygon &5 140°. Find the
numdier of sedes that the polygon fas.

Kither:

Lot thee polygen haven sides.

Sum of angles of polygon = p x 140° = 140x°
Also, simn of angles — (v — 2)180°

B0 (n— 21180" = 14007

F— S & BT A6 = 1-Hw
Hn = 5360
360
=i = 9
my

.
Each exterior anghe = 1807 — 1407 = 40°
But the sum of the exterior angles = 360°
360°
0

Snmber ol exterior angles =
The polygon has 9 sides.

Properties of quadrilaterals

A trapezium is a quadrilateral which has one
prair of opposite sdes pﬂra"t‘l (Fig. 24.26).

LN

Iig. 24.26

A parallelogram is a quadrilateral which
hits both pairs of oppesite sides parallel (Fig.
2427,

I o paralellogram,
| the opposite sides are parallel,

2 the opposite sides are equal,

T4

Fig. 24.27

3 the opposite angles are equal,
4 the diagonals bisect one another.

A rhombas is a quadrilateral which has all
four sides equal (Fig, 24.28].

Fig. 2424

Fn a rhombus,

all four sides are equal,

the oppuosite sides are paraliel.

tlie oppesite angles arc equal,

the diagonals bisect one another at right
angles,

the diagonals bisect the angles.

A rectangle is a quadrilateral in which
every angle is a right angle (Fig. 24. 29).

B R

oy

Fig. 24.29

In a rectangle, all ol the facts given for a
parallelogram are true. In addition:
{ all four angles are right angles,
2 the diagonals are of equal length,

A sqguare is a rectangle which has all four
sides equal (Fig, 24.30),

Fig. 24.30




——

.
In a square; all of the facts given Tor a
rhombus are true: In adedition:
I all four aneles are right angles,
2 the diagonals are of cqual length,
3 the diagonals mect the sides a1 45",

Exercise 24¢
I Use the (2n — 4} % 90° formula o complete
Table: 24,1.

Table 24_.1

sum of interior

polygon Snigles

3 sicles
triangle

4 sides
nuadnlateral

& sicles
pentagion

G osides
hexagon

7 sides
he [ERREELISTH

B stdes
Oelagon

10 sicles
decagon

12 sides
dodecagon

2 Calculate the sizes of the lottered angles in

Fia. 2431,

la)
{h)

1)

Fig, .51

3 Caleulate the interior angles of & regular
La=sided polveon.

4 A regular polveon il interior angles of
160" How many sides has it?

3 InFig, 2052 pentagon ABC LDE issuch that

(]

."b.l;ﬁ!: [| EDuand BC || .-ﬂ.::'.:ll'.lﬁ{] = T1H7 and
CDE = 130°, calculage BUD, EAB aud
a"‘ﬂ.El‘.D1 i

W

Ik

SN

Fiag M52
6 In Fig. 24,33, QABS i< s disngonal of thom-
bus PORS and square PARRB,

l]

Foo  M.37

& . [
L' PSR =68 sl i8 the sige ol Qra?
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7 In Fig. 24.34, ABDE and BCDE are Cherds of a circle
parallelograms. Use the measurements given
on the figure to calculate the perimeter of
trapezium ABCTME.

! The line joining the centre of 2 circle to the
mid-point of 2 chord is perpendicular to the:
chord [Fig 24.36).

j
Fig. 24.56 v

2 Eqgual chords are equidistant from the centre
8 ABCD is a trapezium such that AB | bCX of a vircle, and conversely. -
is a point on CD such that GX = BA. If J In equal circles equal chords are equidistant
5_’&(: =109 and DJ-:;.X =T leulate from the centres, and conversely,
A R ’ &

ADX.
9 Two of the exterior angles of a polygon are  Angle properties of circles

o e - s e g . =t + -
63" cach. The remaining exterior angles are 7 The angle which an arc of a circle subtends

Fig. 24.34

» many sicles has 3 g ; ; :

Ffmh 26". How many siclcs has the _puiyig{m_ at the centre of a circle is twice that which

10 The angles of a pentagon are 4, 5x, ,b"" 7x it subtends at any peint on the remaining
and Bx. Find x and hence state the sizes of part of the circumference.

the angles of the pentagon.

Circles

Fig. 24.35 gives the names of the lines and
regions of a circle. Fig. 24.37

A i)
In Fig. 24.37, POQ =2 x PRQ).
2 The angle in a semicircle is.a right angle.
F

Fig. 24.58

Fig, 24.35 In Fig. 24.38, APB = 90°.
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¥ Angles in the same segment are cqual, In Fig. 2449, OT LATE. >
2 The tangents 1w a citele from an external

5 point are equal in length,
Y

Fig 24473

Fro. 2439

In Tig. 24.39, APB = AOB — Afp_
4 Anglesin fpposite scoments are supplemen (- In Fig. 2443 TA = TB. Notice also that
2 Tar i 7 i) \
Ry ATO = BTO, AOT = BOT and OT Biseets
AB at right angles,
3 The angle between tangent to a cirele and
a chord through the point of contact is erqual
to the angle in the alternate segment.

Fig, 2440

In Fig 2440, +Iy=p+g= 180" ABCD
15 known as a cyelic quadrilateral, Henee,
opposite angles of 4 cvelic quadriluteral are

. P g, 24.
supplementary. [t follows that the exterior 78 24

P T
angle of a cyelic quadrilateral js ¢« Jual to the oo e gl o L
interior opposite angle | Fig. 2441, 10 Fig: 24,44, TAB = ACBand PAC = ABE,
B
Contact of circles
Fig. 24.45 shows circles touching (a) externally,
% {h) internaliy, P 2
- D d "
g, 2441 C = T
Tangents to circles
A tangent 1o a circle is a line which meets the 0 0

circle in one point only,
! A tangent s perpendicular 1o the radius ar
the point of contact.

Yt exiernal coneme iy imternal contact

Frg, 2445

In both cases the line Jjoining the centres of
the cirgles, AB. passes through their point of
contact, T. The line of centres, AB, is at right

Fog, 24 42 A " H angles o the comman tangent, PTQ .
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Exercise 24d 5 In Fig. 2448, lines drawn through 1 are

1 Redraw the fgures in Fig. 24.46 and write tangents and O is the cenire of any given
in the dzes ol the marked angles. [Seme circle, Find the letered angles,
construction linds mav he necessary. | _ "

; (EH [l
tal ik

Fig. 2446

2 Three circlie, centres A, Band C with radii
4 em, 4 om and Zom reipectvely euch one
anither externally. Caleulate the lengths of
the sides ol AABC,

3 Throee cireles wuch one another externally, Fig, 2448
Their centres form o triangle with sides
HWem, $emeand 7 ome Find the radii of the 6 A circle is drawn inside a triangle ABC t

cireles. touch the sides H{_:'\ CA and .-"uH_\ut P, ) an
4 In Fig. 24,47, the circle touches the sieles of R respectively. IFA = 56" and B = 68", fin

AABC w X0 X, Zo I BO=1lom. the angles of APOR.

CA = I0em wud AB = Yem. find AY and 7 In ¢ach part of Fig. 2449, find the walu

BX. of x. In part (d), O is the centre of the crele

Y

Fig. 2447
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fel (el

Fig. 2149

8 In Fig. 24.50, find the sizes of the lettered

arveles,

a]® BE"

w
fe)

W
Fap. 2450

9 In Fig. 24.51, express v interms of v

¥
i
s Cy/

10 Ineach part of Fig. 24.52, find the value of v

4

D&

Fig. 24.5
Constructions

Remember the following when making con-

structions:

{ Makr__*amughskcl[‘h.Thj_f.lurE[_miu.'mli:'ipulmg
problems associated with the CONSITUCTon,

2 Leave all construction lines visible. Do jof
rub off anything that contributes to the final
result.

3 Use a hard pencil with sharp point. This
enables lines and points to be as fine and
accurate as possible.

To bisect a given line segment, AR

'.'l

With centres A and B and equal rudil, clraw
arcs to cut each other at P and Q. Join P 1o
cut ABar B Fig. 2853, Risthe mid-proimt o AR,

Fig. 24,55

To bisect a given angle, ABC




With cenire B and any radius; draw an are (o
cut BA and BC at P and Q. With centres P
and Q and cqual radii, draw ares to cut cach
other at R. Draw BR (Fig. 24.34). BR is the
required hisector.

To comstruct a line perpendicular to a
given straight line, AB, from a point, M,
outside the line

M

A\L/é ;
Fig, 24.55 ;{

With centre M and any radius; draw an arc to
cut AB at P and Q. With centres Pand Q and
cqual radii, draw arcs to cut each other at K
(Fig. 24.55). MR is perpendicular to AB.

To comsiruct parallel lines, using ruler
and set square ]

HIE

LRRERRRREEER]

[EUTTITE

P

7

bbdidiagasiil

L

jasidi

il

Place a set square with one edge dccurately
along a given line AB. Place a ruler against one
of the other edges of the set squarc. Holding
the ruler firmly, slide the set square along its
edge untl the edge that was originally along
AB passes through the required point P. Usc
that edee of the set square to draw a line parallel
to AB (Fig. 24.56).

220

Fig. 24.56

ETTUNT ORI T

To construct an angle of 60°

Fig: 24.57

With centre A and any convenient radius draw
an arc cutting AB at X, With centre X and the
same radius, draw an arc to cul the first arc at

Y. Join AY 1o give BAY = 60 [Fig. 24.57).

To construct an angle of 30, first construct
an angle of 60° as above and then bisect it

Further bisections will give angles of 15, 7;",

etc.
To comstruct an angle of 45°, first construct
a right angle and then bisectit, Further hisections
will give angles of 22}°, etc.

A
To copy a given angle, ABC

L

[EY

Q

Fio. 24.58 X
Draw any line PQ. With centre B and any
radius draw an are w cut BA and BC at M and
N. With centre Q and the same radius, draw ar
arc to cut QP at X, With centre X and radiu:
MN, draw an are to cut the urchth!'uug_;l'l. N ol

R (Fig. 24.58). Then POR = ABC.

Exercise 1ie
1 Construct angles of 60°, 30°, 757,
373, 135"

457, 120°



2 Construct an equilateral triangle with sides Tabic 24.2 on page 222 gives some common
aflength 7,2 em. Construct the perpendicular  loed (plural of locus) in 2 and 3 diménsions,
from a vertex to the opposite side and
measure its length, #

3 Construct APOR such that Q=90", Example6
P = &0° aﬂd PQ) = 8em. Draw the bisectors  AB = 4om and @ pomt t'_i\}:-w;:r.r so that the area of

of P and R 1o intersect at O, Measure OP. AABC is 6em® and ACE = 67, Clonstruct fawo

4 Construct an isosceles triangle with the  possible positions of C. Find AC and BC in each case.
equal sides 9 cm long and the angle between C be a distance hem from AB. then
them 45°. Measire the third side. IABx k=5

5 Construct AABC such that AB = 10,8 cm,
BC=64cm and AC = 7em. Draw the
perpendicular bisectors of the three sides to . .
meet at O. Draw the circumeircle of the € is a distance 3em from AB,
triangle, ic. the circle, centre O, which Fig. 24.59 shows ( a| sketch and (b) the accurage
passes through A, B and C. drawing giving two positions of C,

6 Construct the parallelogram ABCD in
""ff{i‘:h BD = |04 mm, DC=48mm and

BCD = 30°, Measure AC,

7 Construct a trapezium PORS in which
POIISR, PO =6em, PS =5cm,
SR = 11 ¢m and QS = 9 cm. Measure QR.

8 Construct 2 rhombus ABCD o that
AC = 6cm and BD = 8 em. Measure a side
of the rhombus.

9 Constructa triangle with sides of 5 cm, 6 cm,
Tem. A rhombus with sides of length 4 ¢m
has acute angles each equal to the smallest
angle of the triangle. Copy the smallest
angle of the triangle and hence construct
the rhombus. Measure the longest diagonal
of the rhiombus,

10 Draw a circle of radius 3em. Draw a
diameter RT and construct a tangent o the
circle at T. Find a point P on the tangent
such that ARTP is isosceles. Measure RP,

Ixdxhk=6
e« h=3

Locus

The simple idea of a locus is that it is the path
traced out by a point which moves in accordance
with a certain law. However, it is more correct
to define a locus as the set of all possible From Fig. 24.59,

positions occupied by an object which varies  either AC — 3,lem and BC =4 5¢cm,
its position according to some given law. or AC=45em and BC =4, cm,

Fig. 24.59



Table 24.2

a.set of poinis

Tocus

1o 2 dimensions

in 3 dimensions

which are
agaven distance,
& drom a pven

pant P
gircumlerenee af auiter shelfi ols
acircle, cenrre sphere, eenre P
T, radius ¢ radin i
7
I
A A : 3 B
.., which are
a given distance ¥
x. from a given -

strpghe line AH

3 pair af lines
cach paralle|
Ly AR

w eylhndrical surfare
with- A aq taz cemtral

WXER

which are
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from two given
JUTI LN AR

Aw—dlm—H==i-—=8

(L Ry RIR TS T AT

Fesetogr of AR

jrlane ad
right-angles th AH.
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at which o
given segment of
a strafght hiwe AB
sulnends &
given angle 8

el sPEam s ol

d vwle o chuared B
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Luliemetsions
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Circumcirele

Fig: 2460 shows how to cotistrnet the direnmeirele
of any wiangle ARC.

[t 5 1k A
I i 1] {
™ 3

L]

Few Cindu ane 2| Ry

AV Perpendicatar i tor of A

ted freopendividas bbyectin nf alf
theriee ey ety @ O 0 By
-"L'l'."lfr.u. frode st sy Hewra

ad AR e cenere 08, rande
e TR0 T T

Faa, 24,00

Exercise 24f

1 A pencil slides around inside hemispherieal
bowl. Deseribe the locus of the mid-point
o e peneil,

2 A polestands verticallv on horrzenral gronmd,
A wire is stretched tightly from the oy ol
the pole 0 a point on the eround some
distance from the ool the pole. Disserilbe
the locus ol the lower end of e wire.

3 Praw two iitersecting lines, Constrael the
loicus ol points which are crpuidistant from
this vwo Iines,

4 A _Lluui B fixed points, Poan move so that
APB =457, Usc o 15° set spre 1o plol
several positions of P, and henee deaw its
lowus,

3 vivele i elrmwn sooilin i passes through

two (ixed points Desoribie the locus of the
coentre of the circle as it varies in radins,

6 Draw two straight lines AXB and PXO}
intersecting al X at an angle of 707, Draw
the locus of points which move so thar they
are (1) 2e¢m from AB. (i) %Som from PO
How many points ave common 1o both loei?

7 On the same diagram, draw the ollowing
lf}ii: al a peint Powhich mioves so
APB = 90" and AB = 8em; (b points which
are Joem from AB. How many points are
centmon to botk loer?

B T AB = jiem, construct the locus of the set
of points € such that the area of AABRC s
Hhem?, Use a snitalile E'Utlsl]'l]t'ﬁt.l_?ll ey il
all the positions of € where ACE = 54°
Hence lind two possible values lor AC,

9 (a) Construct in a single diagram,

(i) trangle ABC such that AB = 9cm,
AC=7cm and BC = 5¢cm,
(it} the locus of points which are 4 cm
from A,
(1] the ctrcumerrele of toangle ABCL
by I = {P: Plies insdde the cireumeirele ol
SMABCH
X= P P lies nside AABC!
Y =[P AP < 4¢m]
show the région X'~ Y by shading in
vour diagran.

10 Construed the  triangle }'TZ in which
Y =hem, JI"[ = [0%10H Y =10,
Measure and write down the lengtl of YL,
Om the same diagram.

) cotstruct the circumcirele of ANYZ.

' constructs on the sane side of XY s £,
the locus ol the point P, such that the
arca of ANYP equals ball the area of
A

el mark, Tui Lahet clearly. a point O such
that XOY — 907 and the area ol ANY()
15 1l the g of AXYZ.

Given that M & a4 poimt such thar

NAY = ML find the Liroest pressibale dre

il ALY, | Chiemb|

]
=]
L]



Chapter 25

Mensuration
W references ﬁi;ﬁﬁ:?‘ 5&:&!‘ @

= 3L
TR

Perimeter

The perimeter of a plane shape is the distance

round the edge of the shape, The perimeters of

shapes are found by measurement. In some
cases there are formulae which enable perimeters
to be caleulated:

Perimeter of rectanglein iz, 25,1 = 2{{ + 4]

!

Fig. 25.1

Perimeter of circle in Fig. 15.2 = Inr
The perimeter of a circle is often called the
circumference.

" S

7 ~

/ ¥
/
/ Y
: ‘.
| O
\ /
L !

Fig. 25.2 Fig. 25.3

AR
— of 2nr

Len arc in Fig. 5.5 =
gth of arc in Fig. 25 360

fl
Perimeter of sector = —— * 2nr + 2
360

Example 1

Find the pertmeter of o sector of @ drcle of radms
3,5 cmn, the angle of ke sector being 1447,
Perimeter = length of arc + 2r

294

35cm
Fig. 254
144 _
Length of are = —— x 2 x 8. 3cm
360
I44 22: 7
== — W % — ¥ —Cm
S60 7 3
i
= —pm=§8/cm
o |

Perimeter = (8.8 + 2% 3,5)em = 15,8cm

Exercise 25a
I ake the value of 7 to be 33, unless told otherwise,
I Use the value 3,14 for 7 o caloulate the
cirenmitrence of a circle of diameter 200 0m.
2 The minute hand of a wall-clock 15 1,5 cm
long. How far does its tip travel in 24 hours?
3 Through what angle does the minute hand
of a cock move in 25 min? I the minute
hand is 6,3¢m long, how far does its dp
mave in 25 min?
4 How many revolutions does a bievele wheel
of diameter 70 cm make in travelling 110 m?
5 Anarcsubtends znangle of 727 at the centre
of a virele of radius 17,5 cm. Find the length
ol the arc,
6 Twao circles have circumferences of 10mem
and 127 em. What is the difference in their
radn?



7 Achord of a circle subtends an angle of BO°
at the centre of a circle of radius 7 cm. Find
the perimeter of the miner segment of the
circle.

8 A piece of thread was wound tightly round
a cylinder for 20 complete turns. The threéad
was [ound to be 3.96 m long. Caleulite the
diameter of the eylinder in em,

9 Calculate the perimeter of a sector of a cirele
ol rdins 27 em, the angle of the sector being
I-40°,

10 Fig. 25.5 is a skeweh of a doorway. The arc
at the top subtends an angle of 607 at the
centre ol @ circle of radinsg 75 cm

:,-""‘-._-_""‘:\

5 ’
5\

=k

r\-\‘ 3
B

; 4§

5" =m

--'P"'-'| ¢

b
iy
ey

Fig.

Use the valoe 314 Tor 7 1o calculate the
perimeter of the doorway o the nearest
| "

s-eentimetre.

Area of plane shapes

The common units of area are em®, w and
& 5 P Sl . o k. :

km=. The heectare (ha) 15 oftert used:-for land:
measure. 1 ha = 100680 m%. Formulae for the

arcas ol the commaon plane shapes are given in
Fig, 25.6.

Rectangle Parallelogram
A
v . b
Area = base X height Area = base ® height
=hxd =bx%h

E
f : h
|
|
H
A & C &
Ares = § > base % height Arca=dla+ 4y % &
= bbh on dhewin A
Circle Secior
by
%
| T~
Yoo
Area = — % @
Areg = ot 380
Fis. 756
Example 2

Caleulate the area af AABL i which AB = 8cm,
AC =4em and BAO = 58°.

Arca of AABC = :l! X 8% 4 >sin 58 em?
16 % 0,848 cm?
= [36em” to 3 5.6

Fig. 257

Example 3
Cadealate the avea of the parallelogram Fig. 25.8.

Fig. 25.%

Area of parallclogram
=2 % area of APRS
2% {3 %35x8x%sinl17") em?

SxH > sin g% em” _
= ) % 0,891 Dem® = 35,6 em?

|

Example 4
The trapezium in Fig. 259, voerleaf, has an avea of
456 cm?®. Find the distance beliveen tls parallel sides.

225



Fal

Area of wapesium = i| 17+ 31k em?
2017 + 31 wh =436
< 3 %Gy b= 456

Fig, 25.9

i
-

I cm

- Al = 456
130

s h=—= 10
24

The parillel sides are 19cm apart.

Example 5

In Fia, 2510, the chard AB sublends an angle of 1207
al te centre nf b coreley radius 7 om, e the value
2 Jur o calcwlale the area of the minar segment of
the cirele.

Fig. 25.10

Aren of minor segment
= arew of secior AOB
120

Arca of sevtor MB =— x T x 7
S60

area of AAQOB

=
I{'!‘T'I"

w2 % Tom”

Area of AAOB =1 % 7 x 7 % sin 1207 em”
% 7 % 70,866 0cm?
7 % 70,433 em®

| bt = | L b

Aren ol segrment
=1 %2 %7 —TxTx0433cm™*

= 7t x 22 — 7 % 0,433 cm*
= 7{7.3%3 — 3,001 et = 7 5 4302 e

L) em™ 1t 350

226

* Alternatively the calealation may be done on
a seientific caleulator as follows:
Area of segment
=R — :'._ o 7w 7w sir120% e
LR aiis Hpa
3 — 205 X sin bl

51.3385955 — 34,5 w sin G

On the calealiwore

Ker Thsfiiny
EEmOEEEEE oo
3G 118711

3334 =|

Area of segment = $.1 vm”

#%= Whiere pussible, always simplifv caleulations
Before wsing a calculator, This recluces the
possibility of making kevstroke errors.
Exercise 23b
Use the vidue 5 for 7 unles inbd otherwise.
1 Caleulate the aren shadedd in each ol the
shapes m Fig: 2501

fad
7om
™ -
Hem
im
3
| Fem

({4} i

1 i

(L

Al

Fig. 25.11

2 “lhe diagonals of o parallelogrion are ben
and #em long and they intersect at an angh
ul33°. Tind the area of the parallelogram



10

1

12

6, 23.12

Vwo sides of o wiangular lield arc 120m
and 200 m, I the anele between the sides
15 687, fud the arca of the lield in hectares.

Find the area ol a circle of radius 33 em, I

a sector ol angle 807 1s removed {rom the
circle, what aren 1s left?

Chareular dises ol diameter 4 om are punched
out of a sheet of brass of mass 0,84 g/cm?.
What is the mass of 500 dises?

IT350 of the discs in quesdon 3 are punched
lrom asguare sheet of hrags, 80 cm by 80 cm,
what percentiage of the sheet is not used?
What is the dizmerer, 1o the nearest melre,
ol i circular sports ground of area exactly
one heclare?

A wisher is £53¢m in diameter with a
central hole of diwmeter 1,5 cme Use ihe
vishue 3142 for oo caleulare the surlace
area of the washer correct w3 sf

Fig. 253.12 shows a cross-section ol a tunnel
in the form ol & mnl]'or seament of 4 Hm
diameter circle. The path at the base of the
twnnel s 3m wide, Use the value 3,142 lor
n o find the crosssectional darea of the
tunnel carrect w3 wf

P —

Calculate the area of the doorway in Fig.
25.5 on page 225,

A chend subtends an angle of 140% at the
centre of a circle of radivs 10 em. Caloulate
the area of the mmor seement of the crele.
The Hoor of a classroom measures Gm by
8m. The walls are 3m high and they
contain four rectangular windows measuring
L2m by 75¢m. There is a door which
measurcs 2 by B0 em. What percentage
of the wal wall area is aken up with
windows and doors? (2 wf)

Surface area and volume of
solids

Fig. 2513 contains a summary of the formulae
tor surface area and volume of commaon selid
shapaes:

Cuboid

volume =, {5k

surface area = 2ib = M = &k

Prism

volume = base area % perpendiculas heighi
==k

Pyramid Cone

et

volume = 4§ ¥ bise area % heght volume = dmr'd
=114 curved surdaoe aren = 0l )
: totad surface urea = il + wF

Cylinder Sphere

P

valume = mrh

curved surlace area = 2ok

il surface broa = Jerrk + Ot
= 2'1Tr|.i| + F)

volume = 47!
surlopr ared = 4w

Fig 2513

Example 6

An open rectangular boy (Fig. 25.14, overleafl
meaiures éxlermally 32cm fong, 27 cmyowede and
o deepr. I the box 5 made af woed 1 em thick,
what volume of woed iv wied?

niyg

———



The internal dimensions are 30cm, 25 cmeand

14 om vospectively.

External volume = 32 x 27 x 15 cm?
= 12960 cm®

Internal volume =30 x 25 % 14em®
= 10500 em?

Volume of wood = 12960 ¢m® — 10 500 em?
= 9460 cm®

Fig. 2514

Example 7

How many litres of uil does o z_-u.f:'ﬁﬁ'rfm? drum 2Bom
in diameter and 50 co decp hold?

Volume of drum = mrif = %‘E % 14* % 50 em?
22 % 147 % 50

7 % 1000
= 30.8 litres

Capacity of drum = litres

Example 8

A eylindrical metal bar 50cm long and 6cm ih
diameter is pulled oul to form a wire of diameter 3 mm.
(i) What length t5 the wire? (D) Haw does the curzed
surface area of the wire compare with that of the bar?

(a) Let the length of the wire be yem,
: ; 3\ 3
Vaolume ef wire =l — | ® som
20
Volume of bar = m x 3% % 50 em®

¥

nﬁﬁznxﬂxﬁﬂ

97 x 50 x 100
e
length of wire = 20000 em = 200m
(b) Considering curved surfaces only:
area of bar = 223 x 30 ¢m?* = 300w cm?

= 20000

e T

arca of wire = ?ﬂ'_;ﬁ % 20000 em?

— 6000mem” = 20 % 200w cm?
= 90 » arca ol bar

228

Notice in Example 8 that it was not necessary
10 usc a numerical value lor 7.

Example 9 :

Find the capacity in litres of a bucket 24 cm i dinmeter
at the top, 16 cm in diameter at the bottom and 18 ¢m
deep.

The bucket is in the shape of a frustum of 2
cone. It is necessary to consider the whale cone,
Complete the cone as in Fig. 25.15 and let the
depth of the extension be xem.

Fig. 25.15

In Fig. 25.15,

8— 1 (smilar £\s
x x+18 .

Br+ 14 = 12x

= 4y = |44

- x =130

Volume of frustum
= 1n12% x 54em? — 378 x 36 cm”
=i x 18(3* x 3 — 2?2 % 2} em”
= x 16x6x19cm® =5730cm’
Capacity of bucket = 5,75 litres

Example 10

A solid is made up of a cylinder wilk a hemiiphere |
top as in Fig. 25.16. Calculate (@) the surface are
(b the volume of the solud.

Hyem

Fig. 23.16

\_./T



Total surface arca _
= L vy + iu'—l-m'—"l
=7 + P Tx20+ 2% x 73 em?
=77 4+ 40 + 14 em?
=7x g-l;; % 61 em®
= 1342 cm?
Volume = mrk + 35w
= wx 7% 20 + 3% TP em?
= 407(20 + 5 ?
piy
= $hw — X —rm
i 3

=~ 3800 em?

¥ 7 om

3

Exercise 25¢
v, ) 1 . . N
Use the value 5 or 3,142 for #t as appropriate,

1

|
|
Fig. 25.17 :-

3

6

2

Water in a |4mm diameter pipe llows at
2m{s. How many litres How along the pipe
in | min?

What is the mass in kg ofa eviindrical metal
bar 35 emlong and 3 om in diameter it 1 em?
of the metal has a mass of 87

54 litres ol oil are poured into o cylindricul
barrel of diameter 35 cm. To whit depth is
the drum filled?

Fig. 25.17 shows a casting with dimensions
given in mm. What is the mass of the casting
i kg ilit ismade ol iron ol density 7.2 glem*?

e
|
¢

u _I :I

R, i)

an

Calculate the surface aren of the casting in
4. " 3 N
Fig. 25.17 in em?®,

6,6 mm of rain fall onto rectangular ool

8m long and 6m wide. The rainwater
drains into a cylindrical barrel of diamerer
60 em. How far does the water level rise in
the barrel?

10

i1

12

13

14

15

16

17

A apen rectangular box made o wood
1,3 e thiek measores externadlv G3 cm long,
H#em owide and S0cm dedp. Calealate
a) the volume o waood o the hox, ) the
nass OF the box if the density of the wood
is (L8 ofem,
The most evonomical shape for a evlindrcal
container s one in which the height and
dianteter are cqual. Find the capacity in
litres to 2. ofsucha tn which is 10 ¢m high,
A oylindrical tn 8 o dodismeter containg
witer to a depth of fem. If @ cylindrical
wonden rod 4 emin dismeter aned 6 enr long
is placed in the tn, 1t floats exactly hall
submerged Whatis the new depth of water?
Caleulare (a) the slant height, (B the
curved surface area, (o0 the volume, of 2
come of height Bem and Dbase diamerer
[2cm, Ledave the answers in terms of o1,
I the cone in question 10 s made of paper
which &= cut and opened out o a sector
of a civele, what is the angle of the secror?
A lumpshade s 0 the shape of an open
frustum of a cone. Tts top and bottom
diameters are 10 and 20em and its height
s [2em, Find, in terms of w the area of
miaterial required e the curved surface of
the shade,
A pile of sand &= in the form ol'a cone 20m
m thameter at the bettom and 6 m- high,
Whar is 1the mass of the sund i wones i
I m? has a mass ol 2.5 wonnes”
A leadd ball of diameter G om I webeod down
and cast in balls Hmm in dismeter. How
many of the smaller halls are ther?
A heavy 9em ball 13 placed in an empiy
eylindrical dn of diameter 12em. Enough
water 15 poured into the un to cover the
bl I the ball s then removed, how far
cloes the weater-level [all?
Nopyrarmdd 7o high staneds on g base 12 6m
separe. Caleulate the volume of the pyramid,
In Fig. 25.H% overleaf, the diameters and
lieaghts of the solids are all equal,
v Whae fracton of the volume of the
cyhnder s (i) the sphere, (i) the cone?
(hi What Is the rato ol the curved surlivee
area of the sphere to that of the evlinder?
229
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'A\

e, 20, H.r

N
Fig, 25,14

18 A solid consisis ol attached
hiemisphere as in Fig. 25.19,
Calculate the solume of the solwl if the
dizmeter ol the hemispliere 5 3em and the
overall height ol the obyect 15 7 enw

A CNTe by A

I3 A sphencal setort 13 oman diameter is hall

[l of acid. The add is poured inte a tall
eyvlindrical beaker of diameter 6em. How
deep 1y the avid nthe beaker?

A hollow metal sphere is made of metal

Fmm thick aod has an external diameter

I the density of the metal s
cwhat 3 the mass of the sphere?

ot |""-:'m
8.8¢lem’®

Areas and volumes of similar

shapes

two similar shapes Lave corresponding lengths
i the ratio azh,
(1] the ratio of their areas is ¢”:6
(i) the raio of their volumes is o? .ﬂ

Example 11
A bogrd 1 e fong qid 80 covzodde costs 54,80, What
conseded Do B castofa simdlaely shaped baaed 75 em long?

) ; faecm 3
Mt ol corresponding lengths = ——— = —

100cm 4

Roanio of costs

5
. . a8
= ratio ol vorrespontding areas= 1) T 16
. i

9
Ciost ol smaller piece = T of $4,80 = 82,70
5

Example 12

Yeow similurly vhaped cany fold 2 litres and 6,35
livres respectively. [ the smaller com o IGoem m
drameter. whal iv W digmeter of the farger?

23

Ratn of volumes =

6,75 Bitres 27 ('3. 3
9 T
9 g \2

lires

L : 3
Ratio of corresponding lengths =3

Diameter of larger can

=3 ol 16em = 2t em

Exercise 25d

1

10

. Thearen ol'a luke ia 18 km?.

A photograph is 20 em long and 15 em wide,
The length of wsmall print of the photograph
15 dem. Find (a) the widith of the smaller
print, (h) rato of the areas of the two
photographs.

Bkg af ferdliser are necded Tor a garden.
How much fertiliser would be needed for a
garden of double the linear dimensions?

1 ke ol grass seed 15 necded lora rectangular
plot 25 m lang. How much sced would e
needed [or asimilar plon whiche s LO0 m ong?
The diameter of a sphere is 3 times that of
another sphere. How many times groater is
its surlace area?

- A box of height 8om has a volume of

3 em. What is the volume of o similar
box of height 6 coa?

Two balls have diamerers of |[Dom and
Goem. Find [a) the rato of their diameters
in its stmplest form. (bl the rato of their
surfuce areas, (o) the rato of ther volumes
A evlinder is 8 em high and its base dinmeter
is +em. The height of a similar cylinder is
12¢m. (u) Fing the dipmeterof the base of
the larger cylinder. (1) What is the ratio
ol the volunie ol the Barger evlinder o that
of the smaller one?

It is represented
bv an area of 2 cm? on the HHTE .-l. Whan
area in km? is represented by 1em? on the
map? (b What length dees | cm on the
miap represent! (o) What as the eatio of
lengths on the map to actual lengths?

A school has an area of 3025 m® and it is
represented on a plan by anarer of 14 om?,
Find the actual length of o wall which i3
shown on the plan Ii‘l. i hine 8.1 em long,
Two similar boxes have volumes of 250 em?
and 54 em?. What is the matio of (a) their
heights; (h) then surlace arcas?



Chapter 26

Solution of triangles

S)I labus.reference 6.8.1

Solving right-angled triangles
Pythagoras’ theorem

In a right-angled wiangle the square on the
hvpotenuse is equal to the sum of the squares
on the other two sides:

3 B
1} : 5 W r.:'l
N é_I .
r Lt
a
I
A 8
h
la) fh)

Fig. 26.1

L Fag: 2601,
AB? =BC? 4 AQ?
ar et =a® 4+ 6
Mot also that
4 = 3
a =" —
and § =2 — gt
Fig. 26.1(b) gives a geromelrical interprettion
ol Pythagoras' theorem.

Example 1
In Fig. 262 if AC=12¢my
CD = 1lem, find AD.

A

B = Sem,

iem

12em

B S5¢m (0 Ilem ]

Fig. 26.2

Let AD = vem and AB = ven
In AABC.
=12 =5
In AABD.
V= _1!‘! + 162 = 119+ 256 = 375
=375 = 19,4

AD = |94 cm to 350

= |4 — 2= 119

Notice that o reprosented an ielermadiade length,
When + was found w be 114 there was no
need 1o tind the value of 1 since it was the
value of ‘J'l that was needed in the subsequent
working,

Exercise 26a
1 The dimensions in Fig, 2608 are all cm. In
each case © 1% a whole number of em, Find
the value of ¥ in eaeh part,

{a) (h
13 J
| ]
1%
fe1 td)
N -
¥ )
]
5 brat] fi 2
(] il
65

X
a2
L1

Fig. 6.5




2 A radio-mast 36m high = supported by
straight wires attached to its wop and to
points on the level grbund 12m Som i
base, Cileulate the length ol each wire,

3 A Ludder 8.5 m long leans against o vertical
wall so that s upper end is 7.5 m from the
ground. [How far is the foot of the ladder
from the wall?

4 Oneside of a righr-angled tdangle is 2iem
long and its hypotenuse is 25om one,

Calculate () the length of the thivd side of

the trangle, (b)) the arca ol the inangle.
5 A cone has a slant heigle of 28 cm and 2
circular base of dumeter 42 em Cladenlate
thie vertical height of the cone.
6 IncachpartofFig. 26,4, calculate the value
of ¥ correct 1o 48,1,

far) thy
) A
-
4 3
el jdi
¥ [ -1
3 4 -

e

a

Fig. 264

7T Avchord of a circle & Hhem from the centre
of the circle. Calculate the leneth of the
chiord given that the rading of the civele 1=
Jlcm.

8 A rectangle is 4.3 cm long and the length
of each diagonal is 5,1 cm. Caleulate (a) the
width, (b) the arca of the recrangle, gpiving
both answers correct to 3 st

232

9 In AABC. AT =2m, BUl=3m and C is
ahtuse, The pr.rrn:mli:'lﬂ:l.r fromy A ta BO
produced = AD. ITCD = 1 myedlenlane AB.

I0 ABCLY isa receangle in which AB = 2.8 em
and AD=35%em. L is a point on DO
produced suel thar AAED and rectangle
ABCD are equal in area, Caleulate (a) DE,
(h AE.

Sine, cosine, tangent

The ingonomeiricnl mtos sine, cosine aned
tangent are defined in terms of the hypotenese,
opposite and adjecent sides of a right-angled
triarigrde oy follows:

opp

ad).
= DT,
ﬁl"t‘n - Il
liyp.
: add].
cosinefl = =
Liyp.
G
tangent 1 = L
' acly

Example 2
Caleulate angle ¥ in Fe. 266,

Fig, %66

-+
i —= = 0,8000
o

= 38R ar 58157 { from sine tables)
Example 3

Calculate the fengths wf the sides marked @ and b
Fig. 26.7.



¥
1]
i
B ds* A
Fig. 267 Sem
a
tasr 35 ==
|
# =5 % 1l 35°
= 5% (7002 = 3,301
T T
Cixs 3.’. == Rl
ﬁ me [
IS L
5= 3 E it

i 5 [

s 007

=k, 103 T WU
On avscientific caleulator:
K Dieipley
EEEEEE ¢ 1936729

=1
Note the use of the reciprocal key G
the caleulator. "Uhis saved the peed 110 Use the
memeory ki,

Thesides are 3.5 cm and 6.1 em long (2500,

angleal
depressinn
angle of
eievathm

A . i
Fig. 2048

Fig. 6.8 shows the angle of elevation.
ol the top ol'a wwer, T, from a point A below,

Fig, 26.8 also shows the angle of depression,
d, ol a point B on the ground from a point, P,
o the tower, -

;

Example 4
Fram a window 10 me abore fevel gromnd, the angle
wf defrresatune of wnoebpect on the grownd i 2347
Laleulale the distance of the abject from the fool af the
fitileding,

Note that the angle of depression is the angle
berween the horizontal and the line joining the
window and the objeot (Fiao 26,90,

1 m

Fig. 2.8

{

Fiffier, timn 254" = —Jﬂ
Hfars M ERE ==

0 0

T tan254" T 0,4748

= 21,06 [ from recip. lables)
ar, using the complement of 25,47,
tanbl.6 = i
10

i = 10 % tan 645

1) = 2,106

21.06

The object is 21,1 m frem the oot of the
huilding (3s.f.,

Angles of 45°, 60°, 30°, 07, 90°

From Fig, 26.10,
! /2
Sy = —= =M )
I ) I
W=
N s
cos ' = —=¥
) 2 I
V2
" ;
tands" = iT= | Fig. 26,10
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Fig. 26.11 :

From Fig. 26.11,

o ighd T
sm bl = _2 sim Gl =E
= % 3
e Bl = E eos 30 = \?
/3 = | /3
anbl" = ¥X— = /% tanil’ =—= b
! Y 3 3
s 1" =1 gin 40t = |
cos® = | cos" =0
tan )" = 1) tan 40° i undelined
Example 5

Ciizen Fig. 2612, calewlate RO and RS,

Fig, 96,12
In A0S5T, the sades are in the ratio ]:Q:M.f"rE
(n 307, 6O°, BO® A4,
ST =180 =3 x8cm =4em
and TQ = Vf Bu 8T =4 \.*;3 i 1P

In AQRT, the sides are in the ratio l:l'.V-"E
fn 457 45", 80" Al

Ry = \.-"'5- «'1'Q.= \.-"';E » -1-\.-'(.& ¢m
= 1,%_.*'{31-111

254

and RE=RT —5T
=TQ—S8T

—
3 J:V’ Sem— 4em

=4 /%~ 1)cm

Exercise 26b

1 A plane takes off at an angle of 5710° 1 the
eround, How high is it when it has moved
2000 m horzontally from its 1ake-ofl poine?

2 Theangle of clevation of the top ola vertical
mast from a point on level ground 240 m
from its {oot s 51,57, How high is the mase?

3 A town B is due north of Ao A third town
Cis 10 km on a bearing 0207 fom AL B
is on a bearing of 290° from €L calealate
fay BO, (b AB

4 Caleulate the values of'a, b aned ¢ in Fig. 26,15,

Fig. 26.13

5 A chiord ofa circle 155 cm long and subrends
an angle of 2437 in the major scgment.
Calculawe [4) the perpendicular distance of
the chord from the centre, (b the radius ol
the circle.

6 In each part of Fig, 26,14 the length of one
side of a triangle is given in cm. Find the
lenirths of the nther two sides, giving the
answers in surd form with rational denomi-
nators where necessary,

n



52 8 The angle of elevation of the wp of &
Hagpole from a point on level ground is 30°.
From another point on the ground, 20m
nearer the Hagpole. the angle ol elevation
15 607, Calenliete the heaght of the Nagpole.

9 A rripod consists of twee legs cach [L05m
long. The heisht of the top of the tripod
above the ground 5 % cne Wha s the

{d] |
[ ]
3
(Tl
melination of each leg 1 the horzontal?
: 10 A man walks || km dae noreth rom oo B
[y
5
|
30°
#

He then walks 6.5 ko dbue cast rom B w
G Calenliate (n) the bearing of G from A,
"h.l .Jl'(.-:.

h 11 A plank rests with one end on the ground
and the other end on the back of a0 lorey
1.2m above the ground, How long is the
plank i it is inclined at 217 w the hon-

#ontal?
g, 2 4 12 Farai walks S km from A 1o B en o beanng
ol 035%. She then walks G km rom B w O
pit 4 bearing of 125", Culculatw (a) the

7
{4
G
(]
1) |
5
B

7 In Fig. 26,15 the given lengths are in cm,
In cach part, Oind the length marked x,

i ¥ { : distanee, (B the bearime of C !
giving the answers in surd [ormy with rational 13 & i ][‘t'JhI k 1 i‘ j'.:}rm? A,

= A - . o .
Armonitatos whete iiisthse. A mrl 160em tall stands [30m frony th

o (hi fout ol a buileling. She fuds that the angle
ol elevation of the wip ol the building is 17°,
Caleulate the height of the building to the
i Bl In‘:m.‘si %—ITH‘:E['!'-

- ; 14 The angle of depression of a pont on the
225 m contour line is 10,27 from the 1op of
a hll 915 m high. Caleulate thie horizonial
distance berween the two points. Find the
difference between s dhistanee and the

actual distance between the two poins,
15 A point Y is 400 m north-west of X A tree
i north-cast of Y and on a bearing 0157
iy from X Find the distance of the tree from

fa) X, (b)Y,

Lengths and angles in solids

{h)
Revise Chapter 6, pages 41 to 50,
1
ast Example 6
B A prvamid worth g vertes O and edges OA, O, O,

O paech 10 em g stemely an é sgware dese ABOTD
of mde Bom. Gufealale (o) the height OF of i
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pyramid, (b} the angle belween an edpe and thy base,
(o) the angle between o soping face and the base.

L

w b

Fig. 26,06

tn Fiw, 2616, 3 s the mid-point o the edge DC,

L] P

Fip, 2047

In APMOQ (Fig. 26.17),

PO2 = 42 4+ 42 [ Pythergiray)
= 1f+ 16 =232
0
|}
PoviaT

Fig. 26.18

In AOPC (Fig, 20018),
OPL= 00 — IPC”
= 100 — 32 = 6B

OP = /68 em = 8,246 em

Puthugoras)

A
(b) OCP is the angle between an edge OC and
the buse ABCI).
/32
In AOPL, cos OCP = \"1—” = (1,365 7
A
OCP = 55,55

256

A

(¢) OMP is the angle between the sloping face
ODC and the hase, Notice that OM and MP
are both perpendicular to the comrmon edee DO,

T

L8]
8246

Fip. 26.19

In AOMP (Fig. 26.19),

: 2
tan OMP = ¥ = 20615

i
OMP = 6:4,1°

Example 7

An azea of slofang growmd i 16m wide, 12m e
and slopes e 25° to the horvzontal as in Fig, 26,90
Find the angle of stope of the diagonal BLY.

Fig. 26.20

In ABDE,
BE = 124im25%°
B = 127 4 162

| from ABCE
Pythagoras i ABCD

— 400

BD = 20m
. A BE  125m25°
5171 EDIJ — Eﬁ e 2”

N 0.6 % 042965, = 02556
BDLE = 147417

Notice that Examples 6 and 7 wepe answerc
by solving the appropriate right-nngled tnan ol
Fxample B shows the value of sketching th
various triangles used.



Exercise 26c

1 A cube has edges of dem length, Caleulate
(a) the length of a diagonal of the vuthe,
{b) the angle between the diagonal of the
cube and its base.

2 The vertex of a pyramid on i square base
afside 12 cm is 7 em above the base. Caleulate
(a) the length of cach sloping edge, (b the
angle between each sloping edge and the
base, (¢] the angle hetween cach sloping
face and the base.

3 A triangular prism like tui of Tig. 26.20
has BE =4, AB=20em  and
AD = 16cm, Make 2 suitable sketch and
calculate the slope of (a) BCL (b} BD.

4 A room in the shape of a cubod has a floor
which mieasures 3m by 4m. The longest
diagonal of the room makes an angle of 357
with the floor. Find the height of the room.

5 A pyramid OABCD stinds on o square base
ABCD und OA=0B=0C=0D=

16em. BOD =80". Caleulate the angle
between wsloping tace and the bse.

6 A prism like that of Tig 2620 has
AB = 24 ¢em, AD = Temoawd BE _‘— Fem. X
is » point on AB such thi ADX = 43",
Calculate the slope of BD and of DX

7 A pole is resting in the comner of a4 room.
The top of the pole 15 2.5 mabove the oo
and the bottom i | m from each wall! Find
the length of the pole and the angle wlich
it makey with the floor,

8 A mast 45m high is supported by 4 equal
stradght wires attachod o the wp of the niast
and 1o the comers of & square of side 60m
on the level ground. Caleulage theinclination
of each wire to the horizontal.

9 Fig. 26.21 represents an open door, Assume
that ABGD und ABEF are rectangles cach
measuring 2m by 1.5 m.

A | Jem F

2m

Fig. 26.21

1f I};”’LF — 0" caleulate the slopes of (a) DE,
b} AACE.

10 Fig, 26.22 shows an open rectangular box
7 om long, 6em wide and 6em high. A rod
12 em long rests with its lower end in one
bottom corner and s supported by the
mppn&it: COTTICL:

i v
Lr'cmmi Tem
ng. Ef |-._!.’£'

Caleulate (a) the inclination af the rod to
the horizontal and (b) the height ol its op
end above the Tevel of the base of the box.

Solving non-right-angled
triangles

The sine rule
Revise Chapter 4, pages 23 o 3.

A

Fig. 26.23 "

Ihee sine rule stites that
a ] c

sinA sinB sinC

sinA sinB sinGC
i —— = =
B c
for any triangle ABC in which A, B, C are the

237



angles of the triangle and 4, &, ¢ are the lengths
of the sides opposite these angles.

In obtuse-angled triangles,
sin = sin (180" — ),

Example 8
Sofve completely the AABC in which a = 12,4 cm,
¢ = 14,7 cm and C = 72°¢",

To ‘solve completely” means to find all the
unknown lengths and angles.

A
14,7 em
8 72%% e
24 cm
Fig. 26,04
In Fig. 26:34.
sin A sin O rwrking.
a a P N Lo
W e L 144 L5
i E = sin 72°4 an 12990 | Tonvas
2.4 147
LO71E
: 12,4sin 7274 L7 L, IAzs
= 5nA = =
4.7 win 532 | Tt
A =353"3" or 126%37
But ¢ < ¢, therefre' A < (.
A= 5343
and B=>54"33" (/Zsof A)
. IJJ = & kg
sinB  sinC Sl Ly
I, 7 LG
—E’. — = i slee 37357 LA 10
sin54°33  sin 7278 ——
:_I."?H."i
{ 14,7 5in 54°33' sin F2 | LT
h = ——
sin 72°¢ 122 R

~ 12 6em

238

=1

This expression may be evaluated on a <cienti
calculator as follows:

Aoy . Bisplay
OEBEEDEEEI o5
EEEEAES R g gl4s2
BHEE 11 9748
- VR - 12,5884

= 126em o3 sl

Henee A = 553°25' B = 3733 and b = 126 ¢

The cosine rule

Revise Chapter 1, pages 88 to 94,
The cosine rule s used for solving triang
i which two sides and the included angle o

given. A

Fig, 7.5 B 3 B

In AABC,
a =8 + ¢* — 2beccos A
b° =a* + ¢* — 2accosB
= a* + b* - 2abcosC

L

(=]

These formulae are true for body acure ap
ohtise angles: In obtuse-anclod triariel
cosll = —posi 1807 — @,

Example 9
Fiad x in Fig, 26.596.

Frg, 26206

rcm
BT — 2w B x5 % cosds
= 64 4+ 25 — B0 %0694 7
= B0 — 553,576 = 495,424

r= /33,42 =75,78] =578 em



Example 10
Find v in Fig, 2627,

Fig. 26.27

15m

V=6t 15— 2% 6% 5% cas 1127
= 36+ 225 — 180 x [—cos 687
= 261 + 180 % 0,3716
= 261 + 67,428 = 323,428

= /3284 = 18,12 = 18,1m
When all three sides of a triangle are known,

the angles can be caleulated by rearranging the
basic formulae as foliows:

B4+t —at
s A = -
z r_ g2
msB—a + e — b
2ac
b a 2
a’ + b —¢
cosC=———
' 2ab
Exampleﬂ

Clalewluic the angles of a trangle which has sides 5 cm,
Hemoand 1] cm.

- N a
Fio, 26.28 11
Lettering the angles of the /A as in Fig. 26.28,
O e

CUs et =
Frfwll
160 _IG_UHUI]I
Clexll 11 T
|1=21‘5u
rd - L. ol
rn:@ﬂfM
2x il
HNN
= — =740 5
1g A
f= 418

g2 4 55— % g9
I _ = = —04

¢ IuB %I 20

o= IR0 — 664 — 11467

Chock: 2+ f + ¢y = 18

Exampif&ﬁ which show how 1o use o sciennhbe
caleulator with the sine and cosine mles e
given in Chapter 20, pages 166 10 172,

Example 12

A witluge P oov Wk friomea poinl 25 we g lvarig
(25" from X, Aunther willoge, O 0 Gk fram X
ot a esrong of 1627, Calvalate the distanece and learing

of B from ),

Enter the detatls on aoskerch such
as Fig, 96,29,

N 4

Fig. %6.29

M :

PXQ = 162" — 25" = 137"

POX= 107+ 52 — 2% 10 % 6% cus 137"
= [0 + 36 — 120 ® =i 43
=136 + 120 % 0,731 4

196 + 87,768 = 229,768

PQ = /2238 km = 496 km
= 150km toJ st

sn()  sin |37°

0 1496

€34



10sin 437 * aoTkIng

Q=56 No | Log
A

Q = 278 LR R

From Fig. 26.20, sin 43° |1.8530

# = bearing of P from Q. ~ [nJs3e

= 278" — 1§ 1496 (L1744

= (0098’ i 27°0" | 6589

#This calculation mav be done on a scientific
calculator as fullows.

Key Display
EMEESECEER - -
Exercise 26d " i
LIn AABC, B=38" C =48", ¢ = |88 cm.
Find &, . .
2In AABC. A=98,C=38", s =34 4:m.
Find ».
3 lnﬁ_‘f\B{ B =20 b=86cm, ¢ =131 cm.
Find ( 2
¢ In MABC, %—QG"JE'. i= 394 em,

10
11

12

13

14

240

b=112em. Fmd B

In AABC, ﬂn =60", b=3cm, r=3cm.
Find «, i

In AABC, B=2 =4im, c= Heom.
Iind 4. :

In AABC, € =125, a=5m, b=9m,
Find ¢ A

In AABC, B = 143" a4 = 95 em, ¢ = 40 0m.
Find &

ln MABC a=3m, b= 6m, ¢ = Tm, Find
B. .

In AABC, agth:c= 15:21:24, Find B.

In &:}EC, a=H8km, b= |4km.s= |8km.
Find C.

In &fuﬁ[f* a=89m b=6m ¢=48m.
Find A.
A boy sturts from a peint X and walks 220 m

on a hearing 063°, He then walks to a point
Y oo a bearing 156% Y is due east of X,
caleulate XY,

Three villages X, ¥ and Z arc connected
by straight level rosds. XY = 5km,

A
YZ = 4kmand XYZ = 160°, What distan
is saved by walking from™X to Z direcs
instead of lhrDuE;h AT 2
15 InFig. 26.30 thelengths are incm, Caleuls
d and o

¥ 10 e R
Fig, 2650
16 In Fig. 26.3] the lengths are in m. Find
and {1, . X
fi
5 5

Fig. 26.31

-'HHLD
%_E—l:run DC = |4cm, D‘di 60" am

AD || BC

Z
17 In the quadrilateral

ADB = = 40°. Caleulare (a) BD, to 2 sf

[b) BCD, correct to the neares, degree.
ABCD is a evelic quadrilateral in whid
AB=53em, BC =4 cm, CD'=7im
DA = Bem. Caleulate ABC,

An ’i:_n:pfant‘ leaves an airport and fies du
north for 13 hours at 300 km/h. Tt then []a
400 km on a bearing 053", Calculate its f
distance and bearing from the airport.
Two explorers ledave camp at the same tir
One walksat 5 km/h on a bearing 039°. T
other wialks at 7,5 km/l on a bearing 26
Adter two hours how far apart are they a
what is the beanng of the second from ¢

first? :

18

19

20



apter 27

atrices

A matrix 15 a rectungular pattern of elements,
sunlly numbers. A matrix can be used as a8
EOI'C OF &5 41 OPETalor

Addition and subtraction

Matrices can be added and subtracted ooly 10
v have the same number of rows and calumns.
Dly corresponding elements in cach matrx
ay be combined.

9 ) =] 6—9+8 J
| =0+ (=3 —t — (=5 T
4 12\ 1 g

¢ g/ 9

Example 1, notice that 4 is a factor of each
Emen| in the resultant matix, The 4 can be
jen out as a sealar factor,

juitiplication

B rrices can be muldplicd only if the number
columns in the first or pre-multiplying
trix 1 the same as the number of rows in
sweond or post-multiplying matrix. A
¢ miatrix will multiply a ¢ % r matrix to give
% ¢ product. In gencral AB +# BA, where A
il B are matrices.

o multply matrves, lind (he sum of the
fucts of corresponding elements in cach row

atrices, transformations, vectors

ol the pre-multiplving matrix and each column
of the post-multplying mawix. The following
examples demonstrate the method of matrix
multiplication.

Example 2
I produdt grneral case vxample
| [ b Y e .:'J"_:, L :I-’]

= i -

sy i), )
g my 4 iy
|~.-"; ! ij [ 7 |,I
SR e | ORL TR Y (] LR A
'-r. ;_JI' i i s -Ilr s 1)

|"..p e oap |'u'l|
O

Identity and inverse

Iis the 2 x 2 identity matrix where

S o
1= )
& 1,
Any 2 % 2 matrix is lefi ynchanged when pre-
ar post-multiplied by L
In most cases a matrix M has an inverse,
M suchthat MxM '=M 'xM=1L

I['M—(T rjrf]

| ( d —b
:!f.!r—;.!' e i I

Tl L':':u_-:-|;:ul_]l_u*[—-.lilfr:'rmv, el — b, 15 the
determinant of the given matrix.

then M ™' =

941



Example 3
Emd the imverse of the followmmg where ﬂriﬁ.'-'ﬁrft’-

. 5 =2 /i 1. 3 6 4
b2l
I._|’-'r (” _ 3 L ( ? E i 4- ﬁ

(a1 'The determinant of the given matnx
=% (—3) —=9%(—-2)
=—13+16=1

=8 2
lts inverse is )
\—4 3

(b} The determinant of the given matrix
= 0x2—=7x3

=00 =81 = —]
) ) 2 -4
Les inverse is —1 (_? H-.J')
—2 3
ur( . —]ﬂ)'

(c) The detcrminant of the given matrix
=hHhx6—9%4
=36 —96=10
The inverse of the given matnx would
contain the undefined fraction §. Thisis an
example of a singular matnx: such a
matrix has ag inverse.

Further examyples and inlormeation on nEirices
can b found in Chapter 13,

Exercise 27a

1 Find the derermimint of the matrix
e 9
i 3 . Heneewriiedown the inverse

of the matns.
2 Fined the value of & for whiclh e matrx

=5 7 P
hias no Inverse.
Py 44 2

9 0 | 2
3 A-— and B= ]
L = Q

] Find A+ 2B.

F - i
(I} Given thai A(T;)z(:) find the
[Clamb]

witlue of ¥ and,
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i Gt =2 = 0
awven that A = 2 0} = 1 m)

9 4

=" . find (a) A% (b} m if
4 n

B=A"' (¢ nif A and € have equal

determinants.

5 Given that the value of the determinant of

¥ =3\ .
the marrix( l 2) 15 5. fnd the value
of x. Hence write down the inverse of the
matrix.. [Claenby

6 Find a, b, ¢ such that

G 6 -6 0)-G =)

2 Hl —%
tah Eiren thi ==
7 (a) GiventhatP (E:I I)(H [}).ﬁml

the matrix P.
(b} Find the

(3

fc) Given thatRisa 2 x 2 mamix such that

L
R4+ (- ﬂ) R= (] 2)', find K.
L 3 4

inverse of the matrix

8 Find two wvalues of & such  thi
Rt 2 " i ineular matno
15 A 5 L X:
M—% k+3 "8

9 [(a} Write down the inverse of the matrix

(53

{lby Hence wr otherwise find » and 3 if

(3 96)-()

10 Express the simullaneous equations
h+H=7
x— y3=7

is a single matrix equation

x 7\

M = ;

()=()
where M is a 2x 2 matrix. Pre-multiply

both sides of the matrix equation by M~
to find the values of x and .



Geometrical transformations

A figure is transformed when its position and/
The image of a L.h.ip:: is the

or shape changes.
figure obrained after a transformation.

I the image has the same dimensions as the
original shape, the transformation is called a
congruency or isemetry. Fig. 27| shows a
shaded triangle ABC and its images after a
typical translation, T. rotation, R, reflection.
M.

m*

o )"

Fig, 27.1

1" translation
R rotation of @ clockwise about ()
M reflecdon in ling m

Isometne (congruent) shapes have corres-
ponding lengths and angles equal.

Fig. 27.2 shows riangle ABC and its images
alter enlargements [ and [

Fig. 272

E i [ E & il i O (}Iij
LeTHarFene o Fawliere 4 = b=
cnanrement ol [actor willkre QA - O
{H, E Hi‘}

E'; enlar t ol factor & where A =
crlargement ol factor whoere ('_L‘s OB

Notice the following:

ta) Enlarged shapes are geometrically similar
and have corresponding angles equal.

(b} IT the enlargement factor s & then the
original area “will be enlarged by factor £~

e} In Fig. 27.2, K is negative and [ractonal,

Shear and stress are shown in Fig, 974

B
(bl

Fig, 27.3
H: shear of Fctor & where § = U(;' and the fine

thriugh A i5 invariant,
S h of Bictor & where Fim o = DN
5: streteh of factor & where i =——= —— and

ch of facuy o0 —on ™

the fine through OF iz invariant,
£

Notice the [ollowing:

‘a) Any shape has the same arca as its image
after shearing.

by I a shape is stretched with factor 4 then
itsimage has an area K times that of the shape.,

Matrices can be used as operators which
transforim shapes drawn on the cartesian plane,
Table 27.1, on page 244 mives a summary of
the mostcommon transformations of the cartesian
plane: and their related matrices.
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Example 4

APOR has poordimatis: Pl—3: 110 Q0201

R4,

() Af APOR S gioen a shear of factor 1 itk the

x-axiy invarianl, find by drawing or calcwlation the

coordinates af iy image, AFPOR

b A AP QR i given a trans formation represented
' 1 0

iy the matrix (L‘J J Sind the coordinates af the

mem dmage PR

(a) Jaiher by drawing as m Figo 27,4

Fig. 274

APOQR has coordinates P{—20 1), Q' 2:4).
R'(4:4).

Or by caleulation;

i
I 7Y ;
(U | is the matricwhich reprosents the shear.

F Q R PR

b Ay f=% =2 0% [—2 2 4

(u t)( ! 4'+)_( | 4 +)
APOR has coordinates P —2: 17, Q7 2: 1),
R4, as above
) P QR PR

| D =2 2 4 _ =& !
(l} ~1)( 14 -1-)_(—| —4
APTO'RY has  coordinares P -2, 1),
"2 —4), R4 —4),

See Chapter 14, pages 113 to 125 lor further
coverage of marrices and transtormations.
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Table 27.1
"Framlifidation sketch = Mlarrix
tlv @
1 1
Identity T T |.1| |.|
___________ e —— e ——————
]
ol .
Translation JV |-.'.«}
ks T
____________ P —— e
Reflection i |:|"|
i -AN A i ||._|" =1
St et P A ]
________ - ' B
Befection | qa? |: | rf]ll
11 Bty & oo
Rotatie 1l =40
TR bt 18110 El % 1 —l.I'
_________ o T IR
Enlarprment 0
cemtre (0.0 vk
_(r p
————————— e B
Shear I
AT [“ ||
v iant
i T
__________ o e e
Shear é (14
Faxls e |
LErh el F1ainsg )
[I i
wa . 7| o
yea%is |

R R RETT

Sireich
FeAKIS
i

4




Exercise 27b

1 Describe completely the single transform-
ation which maps APOR onto AKLM in

Fig. 27.5.

Fig. 27 5

2 InFig. 27.6 AOPQ 15 enlarged to AOP'Q’

by scale factor — 1.4 with O as centre.

Fig. 276 B &

If PQ=5em, OQ =3cm and OP =
4.9cm calculate (a) P'QY, (b) OQ' and

{c} OP.
3 AABC is as given in Fig. 27.7.

Fig. 2.7

5 1s a stretch of factor 3 in the x-direction
with the y-axis invariant. If APOR is the
image of AABC under 8, find xd
fa] the coordinates of APOQR, I

area ol AABC

srea of APQR’

(b the numencal value of

=~

I
Th i
€ matrix (G |

) represents 4 lrans-

formation Q.
fa] Find the image of (5; —2) under 3.
(b} Find the image of {5;2) under Q.

|'

(¢] Describe completely the transformation

3
T is the iranslation (2) and R 1= an

anticlockwise rotation of 90° about the
origin, A is the point (2; —5), Bis (—1:4)
and C is (—4:4). Find the coordinates of
fa) T{A), (b) R(B), (¢} the point D if
RT(D) = C. [Camb]
A shear H is represented by the matrix

i
(l; ']') Line A'B’ is the image of line
AB under H.

{a) Ifthe coordinates of B and A" are (1;4)
and [4; —3) respectvely, lind the coordinates
of B and A,

b} Write down the coordinates of any two
puints which remain invariant under H.

F is a transformation of matrix (g E:)
The images of A(2;2), B(—2;4), C(0;8)
under F are A'(5;5), B'{—5; 10), C'(0; 12},
(a) Using a suitable scale, draw triangles
ABC and A'B'C’ on the same graph.

(k) Describe fully the transformation F and
write down the value of £

{c) Find the coordinates of the vertices of
the image ol ABC after rotation of 270°
clockwise about the point [3; 2],

Pi0; 01, Q'(3;13), R'(—2; —11) are the
imagesol P(0; 0), €{3; 1), B (—2; —3) under
a transformation represented by a martrix

a b
of the [oy :
L ©i0rm (: d)
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a) Find the rranstormation nstrs.
(b Find the matrix which will translirm
APOQR back o APQR,

9 Pis the point (—1:7) on the shape given

m Fiw, 7.8,
| ok
r
-
e e P L T T T >
—% 5 \
_-_»J_

Fig, 27.8

f

M is a veflection in the line 2 — 1 = (),
N is o rellection inothe line v + 3= 0.
) Find the image ol P ouader (10 MNP,
(I NMP
(b} Deseribe fully the single transformation
Kk such that K|MX~N/Pi] = P.

10 Angwer the whale o this question on a sheer
of graph paper,
The triangle ABC has vertioes A2 00, Bidi 4,
ik 1. The lrmnqlr FLQJR has vertces
Fis, =2), Q40 Ri The miangle
LMN hasvertives L, —:3.'. —?., M —6:—,
Ni—% =51 Draw these triangles au eraph
paper, using a scale o Ten 1o 1 unit on
cach axis, and label the vertices. AABC can
be mapped onte APQR by an anticlockwise
rotation about the orgin ollowed by a
transkhiation,
a) State the angle of rotaton.,
(b)) Find the matrix which represents this
robiation,
fe] Find the column vector of the transhution.
(d] Given thar AABC can be mapped onto
APOR by a single rowation. find the
coordinates of the cenmre of this retation.
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vet Arrven that AABC can be ma e arto

i
MALMN by a translation f.]‘(‘ ;) [allowed

v o pellection in e mirror lige m, draw
the line m on your graphoand lahel it clearly.
(Y Find the equation of m. | Carmh]

Vectors

Chapter 18, pages 49 to 157, contains complete
revision potes on vectors. Read the content and
worked examplesof Chaprer 18 belore attempting
the following revision cxercise.

Exercise 27¢
1 Fre, 27 Sshows two vectora and T

L Y

Fig. 279

Copy Fig, 279 onto squared paper. Draw
and clearly lubel the Ines OP, OQ, OR,
(S such that o) OP = da, (h) 0Q = —2h,
¢ OR = 3a | b, d| O8 = 52 — 3hb.

2 PORS 5 oo rhombus. PQ is shown in

: . 4
Fig, 27 1hamd QR 15 the column vector (1 )

fig, 2700



() Onacopyof Fig. 27.10, mark and label
the points R oand 5.

by Express the llowing as colunin vectors,
i) SR i) PR (i1 Q8
OABC is a trapezium such that € is the

— ) G
origin, OA = (3)‘ OC = 2AB - (-—,)'

(i On squared paper, mark and label the
points O, A, B and C.

(b Express the following as column vectors.
i1, OB i) BC i) CA

= 6
0OA = , OB = 3 % B 3
( ‘:})' O (_3) il M ois the

mid-point of AB. Express the lollowing as
column vectors,

la] AB (b AM fel OM

In Fig. 27.11, €, D and F are the mid-points
of BE. CE and AE respectively. AB = aand
AC=a+ b

B

Fig, 2711

Write down as simply as posable in torms
ol @ and b, expressions lor the lollowing.
la) BC i) CF (v) FD

id, DE ey FE i1 BF

_ I .
OF = ( ?) and OO0 = ( ) Find
i ¥,

(a)l |[OP|, (h) ¢ il O, P and ) are vertices
ol a square OPQR.

It s given that z =4a +5b. v="5a — b
and w = fa + (& + fib, where & and & e
gonstants, IF w= 5% — 9%, valculaie the
value of fand £ [Clamb|
1N OA=3p—12q, OB=p+ 7q and
AB = Zmp + (m— nig, find the values ol m
and n.

Fig. 2712 0

10

In Fig. 27-12. OABC isa square and X, Y,

Z are the mid-points ol OU CR. BA

respectively, OA =a and OC —¢

B
r

A

{n) Express XY and GZinermsofaand e
(b I XP = /XY, express XP o ferms of
a, ¢ and /.
(¢) If CP = kCZ, cxpress CP i terms of
a, ¢ and k.
{d) Usc the Fwt that XP = XC + CF o
evaluate frand £,

, 16 4
fa) Given that OK = ( ﬂ). OL = ( .1)
andd that M and N are the mid-pomnts of
OK and OL respectively, (1) express MN
asa columnn vector, (i) fnd the value of [KL|.
()

Lo} da A

Fig. 27.13

Given that OA = 4a. OB = 4b and
BP — 3a — b, express ws simply as possible;
in terms of a and b, i) OF, (ii| AP,

The lines OA produced and B produced
meet at (3. Given that BQ = mBP and
0Q = #OA, form an equaton connieeting
m; , & and b, Henpe deduce the values ol
m and n. [Camb]
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Chapter 28

Travel graphs, statistics, probablhty

Travel graphs

Distance-time graphs

Fig. 28.1 is a typical distance—time graph of a
journey which is in three stages.

distance &

(1

Fig, 28.1

In Fig. 28.1,
Stage 1: Distance is changing uniformly with

time. The gradient of the line is 4 measure of

the speed, or rate of change of distance with time.
Stage 2: Distance does not change with time
The object is at rest.

3 The grmlu,m of the tangentat any pmnt
‘‘on the curve gives the speed at that peint,
During this stage the speeds arc negative, This
shows that the object is travelling in a direction
oppaosite the original dircetion, )

1
At 0800 a cypelist left home and r]'r.-’f'a" af 15kmh o
a village 20 km away. She stayed for 2 hours at the
village before t_';u:?.!mg home at 9km/h. Use a araphical
methed to find the time when she arnived home.

Fig. 28.2 is a graph of the cyclist’s journey.
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5
|

fom o
i

- 1
S = ,
{o-=rt) |
9
o@0 | 1obo .. 1opd
5 | ’ Gime of day |
fip. 282

From the graph, the time of armival 1s found at
E, approximately 13435.

Methad

Choose suitable scales with time on the horizontal
axis, Then:

{a) In 1 hour the cyclist covers 13 km. Plot
the point A (0900; 13).

{b) Produce the line through OA 1w B, 20km
from the start.

{¢) On the horizontal through B, mark C, 2
hours after B. C represents the starting point of
the journey home.

{d) Going home the cyclist covers 9km in |
hour. Plot D 1 hour and 9km lrom C,

(¢} Produce the line through CD 1o cut the
time axis at E.



Speed -time graphs
Fig. 28.3 1s a typleal speed—time graph.

speed
2

i1 (4 {3)

Fig. 22.3 Hme
In Fig. 28.3,
Stage I7 Speed is changing uniformly with time.
The gradient of this line is a measure of the
acceleration, or rate of change of speed with
G,

Stagr 20 Speed does not change with time. The
horizontal line represents a peniod of constant
speed.

Stage 3: Speed is decreasing with time. This
wives i megative acceleration or deceleration.
The gradient of the tangent at any point on
the curve gives the deceleration at that point.
fegion 4 The area under the graph is a measure
ol the distance travelled. The area can be
cstimated by counting squares or by considering
the areas of trapeziums.

Chapter 8, pages 63 1o 67, gives a full explanation
of how o estimate the gradient at a point on
a curve and how to use trapeziums Lo estimate
the area under a curve. Also see Example 3 below.

Example 2
Fig, 284 15 the speed—time graph of a train journéy.

spreid &
(mul
o A B
I I
I I
1 I
I I
i i i EI-
0 15 i HiJ
rime (s
Fig. 284

I Whe dotal distance fravelled n the B0 seconds i
Q20 m, ralenlate (a), V, (b) the acceleration of the
train durimg the first 15 seconds. () the distance
trapelled in the final 1) seconds, !

(a) Thstance travelled
= area of trapezium OABC
=1{AB 4+ OC)V = 3{35 + 80) 1
Heuce, 920 = }(35 + 80}
<> 1810 = 115V
. 1840
V= N L&

(b} Acceleration during first 13 seconds
= gradient o (A

oo g
=— =—m'3
B 3B
= Il"-g m/s”
fe
speed &
[emis)
1]
. B
1
|
1
|
0 1 C
0 40 50 80
Fig. 283 bismie 1}

Distanee travelled during the fast 40 seconds
= Area under DBC in Fig, 28.5
— 1(DB 4+ 40)16m
= 1(10 +40)16m
=400 m
Example 3
A partiele moves i strazghl fee so thal afler { secondy
its velocity ¢ mis is given by = 31° — 12t + 8.

S corresponding values of vand { are givén in Tubhle
28.L

Table 28.1
rlo 31 8§ 2 2

k|

3 3L 4

v |8 31 p 13 4 ¢ 1727140
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v Galeulate b oand g ‘d) Distanee travellid
() e e graph of 0= 507 =120+ 3 for the = area under curve

rapae V=0 =0, ~ -.1”11 of areas ni' reapewitms o Figs 24

-

h: { i !r'.!.:; ::{Ir.'lﬂl.'r.' i .'.'.-.'iim.rfslr J.IJ.'II bt :::'n.rr.; et n'ﬁ;rf'z ., o+ ':_ + + 1 ‘}_1_ -I— ] II-I. Y4 I_:_.l
I aeorilrailan ry Zeva, M i QErete ol LN e 14 T t :u' |
f="20 1d] By owsiy drepesoans aoeth é-.“.t'{'l}:llrI ok glaEd If".' T £ H,-‘
utherals, estimale the distance travelled during the 4 = ;] M8+ M+ 8541+ ]_ +h+ 9
ﬁ"ﬂﬂ“dﬁ. ET + El‘lz]. Im
= —Lpi ¥
fa) When =1, =3[24 +63]m
p=35(113=12(1) + 8 =43im
—a—12+8=1
When 1 = 2;. Exercise 28z
= 1ol 1 Fig. 28.7 shows the journcy ol a var fre
=325 — 12 ol 8
¢=3{ ﬂ 1 2) + Harare to Kadoma and of a bus fic
= '“ — 3+ B= '-?- Ko 1o Harare on the same rond,
by Fige 28.6 s the required graph. 154 SR | LI -
Harage ™ ) !
v L ] g : i o i ‘v €3
B ' ' : i =1 ARG b : Farc]
P Y GO VOGN WO P00 N 1 I =1 ci vl i <1 i
| | 'r—u e ! F bus |
[ g E |
=512+ I8 25 :
| B _aa | |.
3 2 ' '
: ilf}hrgm_ - .
Koo it - - - —
ag Toam fam Sam FOam 1l &
T o iy

Fi. 267

fal How oy tmess did e bos st
hetween Kadoma and Harare?

() What is the distance beeween Kader
and Huarare?

tet What was the car's average speed
Fig. 284 the whole journey?

o il What was the bus's average speed
i e SR g the nearest knafhe lor the whole jourmey?
(eh1i) Pheaceeleration iseero when the tangent . p ; ;

S i O _ el What was the car's averame spe
to thee coeve s lorssontal, esat the lowest bet i | Chegutu?
. : R : . etween Harare and Cheguiu!
point of the curve in Fiz, 286, At this point ke g
Y S 1 What was the car’s average spe

G e ) Between Chegurn and Kadon?

1] I Fiee 286 0 venient hias bheen drown ; : .

) How far were they both Irom Cliego

when they paesied cach other o e poaw

= o
-
.
N
3

b the poml wleee { = 3

L8 s ; : :

Ciradient of tangen Rt o 18 m/s* 2 Fig. 288 shows how Sola walked e
b sehaed o (he Post Office and how Go

When ¢ = 3, the nceeleration is 18 m/s?. walked from the Post Office 16 (he sclio




Lrpzpaly of Sola’s and Gione's [uurmeys

Pl'JEt
nffice 5|'-{I—h
WF
= \ it
E 0 N
3 N
T 300 \
E ™
\
- 1.\\
5
school - g T |f 3,
12745 1290 12t [ESTTS
{ I

‘J‘I.f-r e e (pm
la] How far were they from the Post Office
when they meg?

(b How long did they stand alking?

fel Alier leaving school, ‘Sala suddenly
remembered a letter she had to pest. She
returned [0 school lor the leter. At what
time did she remember the letter?

(] Gono stopped for 13 min 1o By some
bread. How far is the bukery rom the school?
(e} After leaving Gono, what was Solu's
walking speed in m/min?

(1) How much further did Sola walk than
Gone!

3 Throe cars, A, B, C, start one after the ather
i alphabetical order at S-minute infervals.
They trivel ar 80, 100, 190 kmih respectively.,
Given that A leaves at midday. draw a
distance —time yraph which enables VOu Lo
find when (4) B passes A, (b € passes A,
(e} € passes B.

4 An aireraft travels ar an average spoed of

B00kmih. Ir left airport A a1 1930 and
arrived at airport B at 1345, After stopping
al wirport B for 45 min it lelt (or airport €,
arriving there ar 1900,

Draw a distance - time sraph ol'its journey
using a seale of 2em to 1 hour on the time
axis and 1em to 400km on the distance
axis. LTse vour graph o find (a) the distanee
from A to €, {b) the distance of the pHlini
from B at 1500,

3 A eyclistsers out at 0705 (o reach his office
13 km away at 0B00. After 5 min he finds
he has forgotten his briefcase. He rides home
again at 16 km/h and then takes 2 min to
find the bricfease. Use a griphical methaod
to answer the following, (a) How last must
he ride 0 get 1o work on time? (b) IF his

-top speed is 17 kmjh, how many minutes
will he be late for work?

6 During a journey a rain accelerates uriformliy
tor & min, Its speed, & km/h, is given in |-min
intervals in Table 28.2.

Table 28.2
'ﬁme{min}|u‘r 2 3 4 5 §

v (kin k) |I" 1625 34 43 32 6i

By drawing a speed—time graph find,
() the train’s aceeleration in km/h [ min,
(b} thedistanee travelled in km during the
whale 6 min.
7 Fig. 28.9 i< the speed - time graph of i sprinter.
tperd

—»

|
I
I
I
1
Fig. 289 .y
z time (g}
Calieulate (a) the aceeleration of thesprinter
aver the irst 2 seconds, (b)Y the deceleration
of the sprinter over the next 18 secunds,
{c) the distance covered i the 20 seconds,
8 Fig. 26,10 is the speed- time grapl ol a

Journey.
speet
[km/h)
e
20 ) . !
|| I
I Nidiig
! |
J' |
| |
i s =
] 3 ] 1

L (i)

23l

Fip. 2800



{a) Describe the three parts of the journey
in vour own words.

(b Caleulate the accelerations represented
by parts (1) and (1) of the graph (answers
in kmi/h per minute),

e Calculate the total distance travelled
(answer in km).

9 Fig. 28.11 is the speed —time graph of a car
inurney.
sperd &
lmifal
30) -
[ I
| |
| 1
I I
s >
0 a0
time (al

Fis. 28.11

10

fa} Calculate the acceleration of the car
during the first 20 seconds.

(h] Given that the hOnal deceleraton is
0,5 m/s?, caleulate (i) T, (ii) the total distance
travelled by the car,

Fig. 28.12 is the speed—time graph ol the
last ten seconds of a car journey. It travels
at a constant speed of 31 m/s for 4 seconds
and slows down uniformly bt 1o [6mfs
then to rest after a further 5 seconds and |
second respectively.

L 4

Thme (8}

Fig. 28.12

Calculate (a) the speed of the car 2 seconds
belore it stopped, (b} the average speed of

the car durnng the whaole 10 seconds.
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I .
per minute until 1ts speed is 540 kmh. |

- 3l
then travels at this speed for 25 h befor

An aeroplane acoclerates from rest at H) k|
P

decelerating at an average of 15km/h pe

12

=
i

speed (mis)

minute wntil it comies o rest,

fa) Skerch the journey on a speed [kmjh)-
time{min| graph.

(b Caleulate the total time taken for th
fourney in o minues,

o Claleulate the distance travelled in km
Fig, 28.13 is a specd—time curve af part o
i tAND journey.

g - 1T £ & ook

time £5)

Fip. 28.13

fa) What is the scceleration of the taxiat A
il Use the tancent drawn at B 1o estimat
the aceeleration of the taxi at that peint

(¢ By using suitable trapeziums or other
wise, estimare the distance travelled by th
taxt in the 6 seconds.

13 Table 28.3 pives the speed, rmfs, ol a

object taken at 1-second intervals.
Table 28.3
o1 2 3

fis) 4 3 6 7 B

32 35 36 35 32 27 20 11 0

vim/s)

b e




14

15

ta) Draw a vt graph of the motion.

(b} By comstructing a suitable 1angent,
estimate the acceleration of the olyject after
3 seeonds,

[} Estimate the wotal distance travelled
during the 8 seconds.

The velocity, emijs. of an uhject aficr ¢
seconds Is given by the equation

1=4 = 19411

Table 284 contains some corresponding
values of » and 1

Table 28.4
1) Dz bty 288 538l a

[IF'IIT'l.'lH] IT6 3 m 326 11 » '3?|

ta) Calculate moand n.

th) Taking 2em to represent 1 second on
the horizontal axis and 2em 1o Fepresen
anfs on the vertesl axis, deaw thie araph
ofn = 15 — |1y LD b e vl S = |,
fe) From yonr graph, lind the timis wlen
the velocity s B mjs

{ed) By drawing o wangent, find e aceckor
ation of the object adier 3 seconds.

{e! Estimate the distinde travelled during
the 1 seconds,

The velocity, amfs, of a car after seeonds
is given by

v=7+ 61— (%

Fable 285 contains some corresponding
viadues of o and £

Table 28.5

G?J

r'?!HHMTEIE’?fJ|

vl Caleubae o and b

e Dhvaw thee graph of 0 =7 + 61 — 2 for
the BnEc V5 = 7 wsing seales ol 2em o
second horeonally: and 1 em 1o L mjs
vertically.

el Ese yonr graph w lind the speed of the
caralier 1.9 sevonds.

(] By drawing suitahle tangents, find the
acceleration of the car after (i) | seeond,

i1 i seconds,
el Estimate the distance travelled during
the 7 sevonds, -

Statistics

Bar charts and pie charts

Example 4

Table 28.6 showes how a wage of 3150 &5 spend.

Table 28.6

item amount

foeadd &30
renl BUR
clothing 520
Savings 530
other expenses 825

St this sformation on o bar chart.

Represent the items by baes of the same width,
-l-|li'|Jl'i!.:‘|l|.I'II'Il'llglll.irrl‘ilt'hJ’iii:l’:i.\.|1T{JEH!I'1ifIII;l]
te the oot of money, Fig, 28,14 shows that
the bars niay be verticd or horizonal.
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Example 5

The number of studenly admitted o a unzersily ina
particular vear i distributed among five faculizes ay
bl

Felueatton, S

Medicine, 150

Engmmecring, 200

Foe, 100

Arts, 100,

Divaw a e chart do rigresend ihiy wfarmation.

Talile 28,7 <hows how to ealeulate the angles
ol the sectors of the pié chare,

Table 28.7
Faculty number of angle_nf sector in
students pie chart
Ldueation 3o 45 o e
— ¢ JENT = 144}
LK1
Medicine 150 130 B i
—— % 3R = G
Gy
Engimnesrin S 20 =
B M e 360t = 80
i
Law L0 T )
—— w BHF = 40
SO
Mrts L iy ;
—— 360" = HF
(T,
totuls RN 50"

Fig. 26.15 is the required pie chart

Fig, 28,75
254

Mean, median, mode

Given a set of values, the miean i tie sum of
all the values divided by the number of them.

Il a set of numbers i€ arranged in onder ol
size. the midele werm is called (hiéd median. IF
thers is an tven number of wrms the median
is taken as the mean of the two middle rerms,

The number of times any partcubar value
aceurs in o set is called its frequency. The
number which oocurs most often, Le. the value
that has the greatest frequency, is called the
mode.

Example 6
Find (a) the mean, (B the median. (o) M made i
the follmeing sét of mumbers: 127 167 8; 115 127 8
2817 14

i Sum_ni' the numbers
=34+ 16+l +12+-84+248
+ 1+ 14
= 42
Number of numbers = 10

49
Aban = 10 = 9

(h) Arrange the numbers moascending orden

B 8 8 8: 10 12: 12 145 16

g+ 11
Median = ——=14%3

¢! The mode s 8,

Example 7

The woes of 15 studenis tn years and monthe are 145
152 145 138 Tk TRTT; 13:8; 153 146
15.6; 15.8: 16.1; 15,4 144 VLT Fand the averag
age of the students o the meares! meanth.

The ages range from 158 w 161 Take 15
as o working mean, Make two columns o
numbers. The one marked [+ shows all th
deviations o monihs for ages over [5.0: 1th
other, ( —, gives the deviatons in momnths fo
ages under 15,0



(Y [0 (=
2 7

t 9
t L5
8 2
14 |
: 16
G

i

]

a6 9

33 (ie. 69 — 56)

The working shows that the total deviation for
the 15 students is 33 months less than 15.0.
Hence:

£ —33
mean age = 15 yrt) mo+ 5] ™o

Ly yrll me— 2.2 mo
= 14 yr 10 mo 1o the nearest month

The method m Example 7 is useful when given
a large set of numbers of ronghly the same <ize,

Exercise 28b
b Astudent spent a full day as shown in Table
28.8.

Table 28.8
activity time
at lectures Gh
rescling ih
ﬁfﬁ'}}hlg 7h
HPHOTS 2h
others +h

Show this data ona bar chart and a pie chart.
2 Table Y8.9 shows how a wage of 5200 was
-‘aI Wi,

Table 28.9

| item amount
lenoel l 60
rent 40 :
clothing $20
savings $4)
alhers 530

Show this data on a bar chart and a pie
chart.

3 A umversity admited the following
numbers ol students trom FOSHE 1o 1942

Table 28.10

— number of
students

1988 a00)

14944 1200 |

19490 1 350

19491 1570

1992 2O

la) Represent (his information on a bar
chart.
ih) Caleulate the mean mumber of students
admaitied per vear.

4 Table 2811 shows the numbers of differen
types of booksin a schoaol library.

Table 28.11
Vi number of
R books
mathematics 48
sClence [ 1)
CILEITHCTING 5l
novels 4916
elhers 374

Draw g pie chart to show this information,
3 Find the mean, median and mode of the

tollowing sces of numbers:

fa) 2 dr 0 7

(b 3085 B 2000

fed d09 6 40080 12: 15605

. 255



6 Usea working mean of 115 to lind the mean
ol the ollowing
PRO; 120: 1152 116: 11
1927 V0008 118 LG
7 The ages of 16 students in years und montls
are as [ollows:
7.2 150 182 195
30 1% BT 193
9.3 198 1601 179
17.10 175 185 i8]
Choose 1 suitithle working mean and use it
to findd the avernee aee of tie students,
8 The heighes, in e, of 10 boys are
|45 163 159 162 167
149 1500 160 170 155
Clalealate the mean and wedian heighes.
9 ‘The misses, 10 the nearest kg, ol 15 givls are
45 38 Al H 43
6 A3 47 45 42
52 46 41 5B 53

Find the mean and median misses,

10 Table 28.12 sives the age distribution ol

mictthers aof a school choir.

Table 28.12
age 12 13 14 15 16 17

) Floaw many students are in the choir?

(1 Wha i the modal age?

(¢) Draw a pic chart to show the age
chisiribuotion.

(d) Caleulate the mean age of the choir
members,

Grouped data
Histogram, cumulative frequency curve

Example 8

Table 2813 ts the frequency disiribution of the masses
af 40 pupils i o class.

(av Dvawe a hivtogram of the distrebuiron.

(b Stute the madal class,

256

Table 28.13

sy () I number of
pupils 3
=45 9 ’
46— 5i) 7
5150 12
aG-60 10y
61-H3 5 |
HH—70 @

(¢] Culenlate the mwan mass of e pupils.

d) Draie a cumudative frequency curze ol the
disdribulin.

le\ Hence estimnte 10} the miedian, (i) the semi-
interguartile range.

(a1 Fig 24,16 is the required histogram, Notiee
that the gaps between the bars have been elosed
by inereasing the width of cacl rectangle Dy 3
wmit on hotl sides.

111 —l

firequency

T T T T T -
HE K. Al iy i

Fig. 2816

'b) The modal class is 51-35. This class has
the highest frequeney.

(¢} The mid-value of each elass can he taken
lo be representative ol that class as a whobe:
Pable 28.14 shows the mid-values and the
corresponding deviations from o working mean

ol 53 kg.



Tahle 28.14

mass | freguency | - | deviation rd I
(kg £ | vatee d
+1-45 3 I3 - 0 - 30
A 7 15 —3 -35
5155 12 | 38 i n
St—hil 10 ah o -5k
Gi-65 1] %] + 10 4 [l
il 70 2 fif + 10 + 30
futad dhiovintion = 75

FErther, using the mid-values only:
Mean Thass
B ot I ) O R RV SV ST -,.-ﬁftL
R - Ty K

‘”gill. HAHT K
- 4-”— W= Hakip kg

or ngitig o working mean of 53 ke, from Table
28.14:

+ 75
L = 1875 ke
g F o Tk

mean mass = 534 (+ 1875 ke = 34875 ke

mean doviaton =

fehd Table 28,15 1 used oo draw thee eumukative
freqquency curvie in Tie, 28.17.

Table 28.15
'I cumuiative

| mass (kg) frequency frequency |
H—45 ' 3 3
650 ¥ 10
31-53 12 2
5660 10 32
6165 f [ 48
6670 2 H)

(e} From Fig. 28.17, (1) median = Q.=543kg
(11} semi-interquartile range
o 2_3 == {-?.l
= :

59 — 50

o

hy

ke

Il
b
B —

5

f
7=

Cannnlitice Foerpuinin

i —

i Fd L,
(3 = 4 ==y
] i 1l i

Aass Ihet
Lo 2807

Further inlormation on frequency distributions,
hi:;l.ugrums and comuolanye fregqueney. curves
can be found in Chapter 16, pages 133 (0 142.

Exercise 2Bc
I Table 28,16 shows the FBequencics, [, ol
children of age v years in o hospital.

Table 28.16
p 1{2’:% ¢ a5 l6 ?1.'-:—‘
rlale|slels ’

|

At What s the muodal chass?

(b How niany ehildren are in the hospital?

o) Clalenlate the mean age of e children.
2 'Table 2817, owvereal, shows the lenetle ol

life of 200 clectrie light bullss,

G| 5 -I|
|

257



Table 28.17

length of life| number of
(hours) bulbs
201-300 L
01400 16
401500 532
1600 4

| Gl 700 s

(%] Draw a histogram of this distribution.
(b Use a working mean of 350,53 hours Lo
caleulate the mean life of the light bulbs.
Table 28.18 shows the number of work-days
lost through illness among 500 factory
employvees during a l-vear period.

Table 28.18

puriiber of days number of
employees

0— 4 250

-8 158

10-14 33

15-19 o4

20-24 13

25-20 10

S0—34 a |

(al Draw a histogram ol the distribution.
(b State the modal class.

fe) Caleulate the mean number of days lost.
The masses, in kg 1o the nearest kg, of 40
students wre as ollows:

58 &+ A1 36 59 Gl B0 61 38 58
62 Hl1 63 B+ 3B AT 3G 60 B2 G0
§1 B3 3% BT 3¢ 5% B2 67 69 49
36 538 B0 B0 G2 33 31 &7 V0 63
(a) Take class intervals of H—50. 51-535.
v and make up a table of frequencics.
by Draw the corresponding histogram.
{c] Find the median mass,

(] Caleulate the mean mass.

2o

5 The examination marks of 30 students are
as Ei]llﬂw.ﬁ: -
G5 58 51 36 2% 40 33 49 70 3l
46 59 50 67 46 80 61 62 73 6D
1 51 47 32 44 4 40 5l 38 &7
G0 GO 43 52 37 26 38 o0 oY 10
41 §4 42 47 BB T4+ 45 30 48 55
ta) Make a frequency distribution using
class tntervals ol 21-50, 91 M) oo
() Diraw a comulatve frequoncy qurve.
{¢] Henee estimate (i) the median, i) the
semi-intergquartile range.
(d) Find thie percentage ol students that gor
more than 45 marks.

6 Table 28.19 is the frequency distribution of
the heights of 40 pupils.

pariES .

Table 28.19
[31=140 2
f41-150 11
151— 160 L4
161=170 [
171=180 4

a) Diraw a histogram of the distribution.

hi State the modal class.

ey Caleulate the mean height of the pupils.
(d] Draw a cumulative {requency curve ol
the distribution:

¢) Hence estimate the median hagho of
the pupils.

Probability
The probability of an event happening can
be given a numerical value ¥ where

number of required outcomes
r=-

number of possible outcomes

and 1 =x =0

If ¥ = |. then the event is certain w happen.
If x = 0, then the event eannot happen. [ —x
is the probability of the event not happening.



Example 9
Tably 28.20 dhaws the nembers of students in cack
g groud i oa elass,

Tahble 28.20

age (years) | 16 | 17 | 18

number Tl 2214

What ts the probability that a student chosen at random
Srowt the clas 0 (a) LT years old, (b} nat 17 yuaers
wld, (o1 woer |6 years old?

(&) Probability that the studentis 17 years old

number of 17 vear olds

" total number of stuclents

ED; 22 ||

T 7+2+ 13 2

1b Probability that the student is nat 17 years old
1T 10

91" 1]

(c; Probability that the student is over 16 vears

ol

numhber ol students over 16

total number of students

2?4153 35 3

49 T 12 6

Probabilitics u[‘:.uunmlly exclusive events and
independent events together with the wse of
outcamy tables und tree diagrams are explained
in Chapter 19, pages 158 w 165,

Exercise 284

1 A box containg 40 oranges, 12 of which are
unripe. | pick one at random. What is the
probadality that it is (4] ripe, (b) unripe?

2 A bag conting 10 white balls, ¢ red balls
amd B black balls. ' a ball is selected at
random, what is the probability that it is
@) white, (b red, (0) black?

3 A card is picked at random from a pack of
32 playing cards. What is the probability
that it is {a) the Queen of diamonds, (b a
black five, (¢] a nine, (d) a black heart,

4 A class contains 15 boys and 21 girls. A
student is chosen at random:” What is the
probability that a bov is chosen?

5 A fhir G-sided dic is thrown. Find the
probability of getting |a) 4 our, (b an even
number, (¢! a number less than five.

6 Three coins are tossed at the same time.
(al Write down all the possible ways that
they can fall, nsing FT for head and T for tail.
(b] Find the prabability of getting | head
and 2 tails,

7 A bag conrains 24 tennis balls, some whire
and some green. If a ball is chosen at
random; the probability of getting a green
hall is 2,

How many white balls are in the bag?

8 A worker s chosen at random [Fom among
the 300 employees in Table 28,18 on s
258. What is the probability that she had
been absent for less than 10 davs during the
vear m guestion?

9 A number has three digits formed by
arranging 4, 5 and 6 10 & random order.
Write down all lllt‘_pt‘r‘iﬁii)]t numbers. Henee:
find the probability that the number is
divisible by
@l 3 hi4+ (e 5 (d) 6
e ¥ M8 (&9 th

10 Fig. 28,18 shows & target made from four
concentric rings ol vadii, r; 27, 3¢, 4r. A hullet
hits the target at random.

Caleulate the probability that it hits the

shaded region.

11 Table 28.21 shows the numbers of students
in each age group in a class.

Fig. 28.18

Table 28.21
age (years) | |6 | |7 18 | 19
frequenecy | 1V 13] 5
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Chapter 29

Non-routine problems

In each section the questions have been
categorised into problems, puzzles and invest-
gations.

Problems can usually be solved in a fairly
straightforward manner, using conventional
methods,

Puzzles arc less straightforward. You may
have to consider unusual approaches. Do not
be afraid to use the method of trial and error
with puzzles. Allow time for thinking.

Investigations tend to be open-ended.
Sometimes it is difficult to know when to stop.
I[nvestigations are best approached systematically.
If a problem seems too complex, try a simpler
example of the same problem. Find a helpful
way ol setting out your working and recording
your results. This usually means making lists
and/or rables. When enough results have been
collected, it may then be possible to discover a
rule.

Number, algebra and pattern

1 Arrange seven chairs in a row and ask three
boys and three girls to sit on them as in Fig.
29:1.

HEHABRHH

Fag. 29.4

The aim is to change over the boys and
girls. Here are the rules:

(i) a studenl can move into an adjacent
empty chair,

(i} a student can jump over one adjacent
student of the oppaosite séx into an empty
chair,

(i) neo backward moves are allowed.

{a) What is the minimum number of maoves
needed? [Puzzle]

3

(b] What is the least number of moves
needed if there are 5 chairs, 2 boys and 2 girls?
| Puzzle|
(¢} What if there were 9 chairs, 4 hoys and
4 girls?
(d) Generalise for # boys and » girls.
[Tnvestigation|
(¢) What if there were 2 empty chairs?
(1 What if there were unequal numbers
of boys and girls?
(g) Investigate some ideas of vour owi.
[Investigation|
{a) Choose any number less than 100 {e.g.
57).
(b) Form a new number by squaring cach
of the digits and adding.
(57—5% 4+ 72 =125 + 49 = 74)
(¢} Repeats
(74— 72 + 47 =49 + 16 = 63)
(d) Carry on doing this. You will know
when to stop!
{e] Repeat the above with a different starting
number.
() Investigate forall numbers less than 100.
Choose anv four-digit number, eg, 1 852,
| Investigation|
Write digits in descending order: g 521
Write digits in ascending order:  — 1254
Subtract: o262
Repeat the process on the answer
(8262 — 8622 — 2268
Keep on repeating. You will know when 1o
stop! | Problem]
Investigate with numbers which have three
digits, five digits, ete. [ Investigation |
Find a four-digit number which is exactly
four times greater when s digits are reversed.
| Puzzle]
Make up a similar puzzle lor 5- and 5-digit
numbers. | Puzzle]
123 5 45, 54321, 421 »x 53, D x 41 x 32
are all products using the digits 1, 2, 3. 4,
. 26]



3. Use a caleulator to find the arrangement
of these digits which gives the greatest
product. [Problem]
Extend the problem to the digits 1, 2, 3, 4,
3, b Try to ind a rule.  [Investigation]

6 Make a copy of the grid in Fig, 29.2.

Fap. 292

Fig. 29.3

9

10

Place the numbers 2, 2, 2, 3, 8. 3. 4, 4, 4
i the cells of the grid so that when any line
ot three numbersis added upin any direction
the total & always 8. | Puzzle]
Make another copy of the grid in Fig. 29.2,
Colour the squares either red, white or blue
so that:

eiach red touches a white

each white touches a blue

each blue touches a red | Puzzle|
In a copy of Fig. 29.3 replace the asterisks
by the numbers | 10 12 in such a way that
there are three numbers totalling 17 along
each side. [Puzzle|

*

xand yare numbers such thatg = 1000 000).
Find x and » il neither of them contain any (s,
[Problem |

69]15] 24 | 30

Lo make the above row of numbers, start
with & and 9 and add them 1o ger 15, Then
add 9 and 15 to ger 24, finally add 15 and
24 to wet 39

11

The same rule has been used in the nex
row, but the numbers in the middle an

missing.
SALT _|E:_ 5 ] 4§

Find the missing numbers: [Puzzle
If the first number was m and the las
number was r, what, in terms of m and »
would be the middle number?  [Problem
Lnvestigate for rows of various length.

| Investigation]
Refer to the following set of whole nunthers:
{1, 2,59, 16}
Which is the smallest prime number?
Which is a multiple of 47
Write down all the square numbers.

fa ::
(bl
(e}

ld) Write down three Bctors of 18,

(e] Find three numbers a, b. ¢ such that
(a+ b =c

(f) Find three numbers v, 3, ¢ such that
=y

(g) Find the numbers p, ¢, r such that
P=da—r [Problem]

{a) Extend Table 29.1 as far as 35,

Tahble 29.1

4 bi number of ones
i I |
o 14 1
3 11 A 2
4 100 1
] 101 2
B 110 i
7 111 g
8 [TH00 1
1] (001 b

33 |

(b] Classify the denary numbers into sets,
according. 10 the number of 175 in ther
binary equivalents. For example:

Sy=-{1, 2,4 8, v}

S=A8. 08, 6.9,
Sy=1{7.11,..}
B==113, wa} [Problem|
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14

15

16

17

18

X

m momom

X

i) Investigate the members of S, 85, S,

S4. 8, ete,
{d} What patterns can vou find?

[ Invescigation]
A tin of cooking il costs S10. It the oil is
worth 39 more than the tn; what is the
value of the {in? | Puzle]
A company proposes a choice of two pay
plans to a Union negotiator:
{a) Initial salary of S10000, 10 be increased
by $500 aiter cach 12 months:
(b} Inigal salary o’ $10 000, to be increased
by §125 alier cach 6 manths,
Which plan should the Unjon negotiator

recomnrend? |Puzzle]
Whit is the value of
(v —ah{y =8 [a—e) vis [x —2)7
[Puzzle |

There are some goats and some hens on a
farm. They have a total of 99 heads and
legs, There are twice as many hens as poats,
How many hens are there? [Problem]
A herd boy counis his cattle, When he
counts them in threes there & one left over.
When he eounts them in fives there are two
left over,
How many cattle might he have? |Puzele]
Investigate the possible numbers of cattle
hie could have and sugerest a rule,
[Tnvestigation]
A student types some patierns using x's and
m’s; She makes the patterns according to o
rule, Fig, 29.4 shows three of her patierns:

®OE KR WX
mm B omomom
X X X X ¥

XX TR X N R X
mmmmmmm

ki L A a1

Fig, 29,4

(2} Draw another way she coguld have
typed the patiern, -

ibl How many x’s would she need to type
if she made a patem wllich had 13 m’s?
(c) How many m’s would she need to t‘ypr
i she had a pattern which had 90 x%?

{d] If' X stands for the number of %' and
M stands for the number of m's, find the
rule, or formula, that conmects X and M,
XK= .

19

1

tel Another student tvpes x's and m's
according to the rule X = 3720 + 2. Find
the number of x's il this studenit types 20 m's,
iy Find the value of X in, the second
student’s rule when M= 10, Wit does
your result tell vou?! [Problem]
Start with any two single-digic numbers,
cg. + and 9 Here is a chain made by
starting with these numbers:

AR R Y e S, S

(%) How is the chain made? [ Przzle|
b Continue the chain. What happens?
[Puzzle|
(¢) Make similar chains with other stirting
numbers,
(d] Investgare what happens.
| Lnvestigaion ]
{¢) What happens il you usge numbers in
base Ave?
You have a large supply of e, 2, 3¢ and
[Tl eoins.
‘a) How many ways can you make up a
il ol 10c? | Probilem]
(b} How many ways can you make up a
total of 15¢° |l“rnhh=.m|
(c) Investigare for other sums of money.
[Imvestigution]

- Spatial awareness and pattern

A farmer gives the licld shown in Fig. 29.5
to his four children, provided they can
divide it up according to his instructons,

I ARTH

Tl m

iy

- S

Fig. 29.5

All pieces should be equal in area. They
must also be similar in shape to the original
ficld, How can the childgren divide the field?

| Pruzzte |

263



2 (a) In Fig. 29.6(a) find the ratio between
the areas of the twe crcles,

Fig. 29.6

(h) In Fig. 29.6(b) find the ratio between
the areas of the two trangles.  [Problem]
3 How many squares are there on an 8 x 8
chesshoard? (64 is sl the correct answer.
MNor is it B3.) | Problem]

Fig. 99.7

It may help if you consider simpler cases,
e.g.a2x 2ora3 x 3 chesshoard (Fig. 29.8):

o E

4 Make a paper rectangle 8om by Scm like
that m Fig. 28.9.

Ham |

S

Fig, 29.4
9264

Cut the paper into two pieces which can be
rearranged o make a rectangle which
measures |2 om by 2 cm. - |Puzzle}

5 Fig. 29.10 is a view of a crate which can
hold 24 bowle: of Caola. !

Fig. 20,10 =

‘a) Place 18 bottles of Cola in the erate so
that each row and gach column hasan soen
number of bottles in it
(b) Find three different ways of doing this,
[Puzzle]
(e Is it possible to do the problem with 17
hattles?
{d) Investigate with different numbers of
bottles,
(el Invesugate with crates of different
dimensions, [Investgation |
6 How manv acute angles can vou see in Fig,
28117 [Puzzle |

7
A~

Fig. 29.11

7 Fig. 29.12 shows two dissections of a 4 x4

square  into rectangles  (note  that
{squares) = {rectangles} .

Fig. 29.12



The rules for disscetion are;

(i1 1o each case all the rectangles must be

different;

(11 the edges of the rectangles are a whaole

number of units,

Find other dissections of a 4 % 4 rectangle.

Ii]\'E‘SE[gaLE for other st:u'liu;{ S UATES.
{Investigation|

Arrange some matches to make live squares

asshown in Fig. 29.15.

Fig. 29.13

9

Change the positions of just two of the
matches Lo reduce the mumber of squares
o lour (No loose ends’ are allowed., |

[ Puzele]
In Fig. 2914, three squares and three
diagonals are arranged as shown.

/ u b

/

Fig. 29.14

10

There is a simple relatonship between the
three angles, «, @ and ¢, Guess the
refationship, then prove it. [Puzzle]
Fig. 2015 shows a 3% 3 egrid with one
diagronal drawn.

The diagonal cuts 7 of the grid’s squares.

Investigate the numbers of squares cut by
diagonals of grids of various dimensions.
How many sgquarcs would be ot by the
diagonal of an m x ¢ grid? | Investigation |

Fig. 29.15

Miscellaneous

1 A vellow hali, a blue ball and two red balls

are placed in a bag. The bag is shaken.
Somenne takes two balls out of the bag,
looks at them: and savs. "Au least one of
these balls is red.”
What is the probability that the other ball
is also red? [Przzle]
It i recommended that the water i a
swimming poeol should be a 1%, chlorine
solution, How would you decide how much
chiorine 1w add 10 a swimming pool near
yeurr sehool?
You may hove o ask your chemistry teacher
what a “1%, chlorine solution’ 1s.
[Real problem]
Nine people arrive at a meeting. Each
person shakes hands once with every other
porsun present. How many bandshakes are
thewe? [ Problent]
How many if only five people are at the
meeting?
What if there wire 300 people at the meeting?
[Mnvestigation]
The maths teacher sels an exam pap}-:-.r for
hor elass and left it in her desk overnight.
Next morning it had disappeared. Four girls
were in the classroom that morning: Aquilina,
Bernadette, Cynthia and Dora. Of these
students, only one of them tells the wuth.
Aquilina said, ‘Cynthia ook it
Bernadette saad, T didn’t ke 1o,
Cynthia said. ‘Bernadette is lving’.
Diora said, *Cynthia is lving’.

Who took the exam paper? [Puzzle]
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Fig, 29.6

Rwar 1

Sealdic | emcta Y kim

5 Fig. 29,16 15 1 map showing two rivers

Howing intg a lake: A road runs northease.
To negotiate the cstuary, a cvelist eiffier has
to make a detour, via two bridges, or can
travel from X to Y with the help of a ferry.
(a) Measure the distance in em from X to
Y using the lerry.
(b} Measure the distance in em lrom X 1o
Y using the hndges.
(e} What are the actual distances in km [or
each route?
{d} What is the saving in km if the cyclist
uses the lerryv?
(e) The eyelist eycles at 20km/h and the
ferry travels at 8 km/h. How many minutes
does the journey XY take by lerry? | Assume
that there is no waiting for the ferry.|
[Problem|
A var has travelled 30 000 km altogether. Tt
has vne spare tyre, The tyres were changed
at intervals so that each tyre had been used
lor the same number ol km. For how many
km had cach tyre been used? [Puzzle]
One day four university students sat together
at Junchtime. Their names were Tembao,
Festus, John and Henry and they studied
geology, history, biology and law though
not necessarily in that order.

Juhn and Henry ate fruit for lunch, The
law student ate sandwiches. Tembo and
Henry often play tennis with the biology
student and the law student. Henry sat

! i River 2

Take

between the hiology student and the history
student.

COne of the students did not cat lunch.
Whiat was he studying? [Puzzle|
How many times will the long hand of a
clock pass the short hand between midday
today and midday tomorrow? [Sinee both
hands are wogether at the starting time and
finishing t']m{:.sT these do not count as passes.)

[Puzzle]
Twi students, X and Y, run a race of 100
metres. X beats Y by 5 metres, They decide
lo race again, but this time to introduce a
handicap system. X starts the race 3 metres
behind the starting line. therefore giving Y
a i metre start. 1t both students run art the
same rate as before, what will be the result
of the second race? [Puzzie]

10 1 am thinking of a whole number.

It is odd,

Tt 15 less than 1000,

All the digits are different.

The sum of its digits is 12,

The difference between the At two
digits is the same as the difference
between the last two.

The hundreds digit is greater than the
sum of the digits in the tensand units
columns,

What is the number I am thinking of?
| Puzzle]



Certificate-level practice examinations

This chapter contains two firll-scale practice
examinalions in Mathematics at School Certifi-
cate* 0’ level. They areincluded asa linal revision
of the senior secondary school course and 1o
provide practice m examination technigue. To
be effective, each paper should be done under
exanunation conditions, i.e, the times for each
paper should be observed and neither the
texthook nor notes should be referred 1o,

General advice
I Be sure 10 read and undersstand the examin-
ation rubric (instructions). Twpical rubric is
given on the papers which [ollow. Nute,
however, that the Examinations mvndicate
way change the rubric if it wishes, So. always
check the rubric ca refully,

Waork out roughly how much tinie you can

afford o spend on eacly nuestion, Allow ume

tor reading (he questions aned lor checking
your answers at the end. This advice is
especially important in the short-answer paper
where approximately 30 questions are to be

answered in 21 hours (i only about 5

MUNULES por uestion |,

3 If any question involves drawing, make a
rough skeich first. This helps vou o position
vour final answer on the paper, whether it is
a graph or a scale drawing,

¢ Cheek your answers 1o see that they are
sensible in terms of the given data. For
example, 2 car costing $27 or walking speed
of 3600km/h are sure signs that a slip has
been made,

F Show all your working in the body of the
question you arve answering, Do not be
ashamed of your rough working. Examiners
know what to look for. They may be able to
give marks for such working, but only if they
see 1t on the paper.

b

Examination 1
Paper 1 {2 I 50 min)

Instructions to candidates:

AL guestions may be attemitod.

Amsivers are o be written in the shaces frovided ®
If working is needed for any guestion, it
must be shown in the space below that
guestion.

Omission of essential working will result
in loss of marks.

Urestions 1 to 19 carry 3 marks euch.

Cluestons 20 1o 27 carTy A marky rack.

Chuesiron 28 carrive 5 marks,

Cuestion 29 carvies 6 marks,

= The examination paper contains spacesfor working
and answers. Tiosave space in this hoak, thiese spruces
have been omitted.

NETTHER MATHEMATICAL TABLES NOIR ST
RULES NOR CALCUTLATORS MAY BE USED 1§
THIS PAPER,

1 Find the vahie of

' L] 1
&l 13 =3
(L) 25 x I3

e Ly 1
VR g g =+ 3

2 Find the value of
a) 6,5+ 2,87
{h) 0.8 = 0,05
ey OLES6 e 0.003.
3 The universal set
& ="{usn; i vi ey i 1},
R={riv; e+ and V= {vawels),
fa) List the members of V',
(hy) Find n{R!,
el List the members of R u V.
4 50 students were asked, “How did ot trave
to school today? An incomplete list of
results is given in Table R overteal:
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Table R1
method of travel bus | ear | bieycle | walking
ne. of stodents 13 1 &

{a) How many students walked 1w school?
(Iby) What percentage travelled by bus?

5 (a) Express 924 _ in base five.
(b} Find the sum of 10 100,,, and 1 100,
as a binary number.
(e} Find 2033, — 4244,., giving the
answer in base ten,

6 If p=09x 10° and g="4x 107, And the
value of the following in standard form.

(b \/ﬁ (e} -

i

o

() p+gq

Fig. RI

Given Fig, RI, find 2, 3, 2.

8§ Whatis
{a] 20 mm as a fraction, in its lowest terms,
of 9m?

(b} 0,004 09 correct to 3 decimal places?
(c] 0,3125 as a common fraction in its
lowest terms?

9 [a) Threestudents measure their body-mass
to the nearest kgas 39 kg, 42 kg and 51 kg.
What is the greatest possible value [or their
combined body-mass?

(b} Ifx is an integer such that 3x << 40 and
27 — 2x £ 3, list the possible values of x.
10 A straight line joins the points A(1;3) and
B{4; 7).
(a) What is the length of AB?
(b) What is the gradient of AB?
(c) Aline parallel to AB passes through the
origin and the point (3; £). What is the value
of &2
11 Fig. R2 shows points (3, P and () drawn on
the cartesian plane.
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T T =

4
- L5
-
i 2 | i B :
Fig. R?

Express each of the [ollowing as a single

column vector;

(a) PQ (b} OQ (c) OP—-0Q
12 Fig. R3 contains two regular pentagons A

and B drawn on a common basc-line as

shown.

Fig, B3

Calculate the angles x, v and z.
13 Fig. B4 shows the minimum and maximum
temperatures recorded on a particular day.

C —T T b L L LT
1
Fig. R4 _';ﬁ;: ok

{a) How many degreesdid the temperature
change?
(b) Calculate the mean of the two temper-
atures.

14 Factorise
(a) «® — l4x + 49,
(b) Gab — 26* — b + 12a.



15 Selve the simultaneous equations:
224 y—2=0
42 —35— 19 =1,
16 Tig. R5 is a graph showing the journey of
a cychist who left home at 11 am ta visit 2
friend 5km away, before returning home.

3 km

distance v
Lo

| Fam 2 T M Sparn
]

theee ol tlay

Fig. R5

(2] When did the cyclist arrive at his

friend’s house?

(b) On both the outward journey and the

homeward journcy, the cyclist called 1o

greet his mother. How far does his mother

live from his home?

(¢} What was the cyclist’s average spred

for the whole journey?

17 A mattress is priced at $200 plus sales tax

of 2007,

(a) Find the total price of the mattress

including sales tax.

{b) A shop offers the mattress for sale with

a discount of 209, of its total price. What

is the discount price?

I8 Adrinking glass is in the shape of a eyvlinder
ofinternal diameter 7 em and height 12 em.

If the glass is two-thirds full, how many mf

of liquid does it contain? [Take 7 to be 3

and assume that I mf of liquid occupies

I em?.|
19 A large cake is divided into n pieces, each

of mass m grams.

{a) Which of the llowing describes the

relation between m and o?

(i) mocn (i1) m-x‘%
(b) Ifm = 360 when n = 15, write down a
formula connecting m and n.

{c] If the reciprocal of m is 00,0025,
calculate m,

20 A cinema can hold n people. IT all the seats
are taken, then 540 people are in the cinema.
(a} Represent this information by an in-
equality in n. !
(b) If a school party visits the cinema, the
manager insists that there must be one
teacher for every 30 students. If a school
party of 120 students visits the cinema, how
many seats will be left for members of the
general public? '
{t] Seats normally cost $3,00 each, but the
manager gives a 159 discount for parties
ol 20 or over. What would be the total bill
tor the school party in part (b)? (Include
all the eachers,) -

21 Fig. R6 is a sketch showing the relative
positions of Muotare (M) and Harare (H).

Fio. R&

{a) What is the bearing of Harare from
Mutare? (b) What is the bearing of
Mutare from Harare? (c¢) Use Fig. R6
and as much of the information below as
is necessary to find how far Harare is
north of Mutare (sin 37° = 0,60, cos 37°
= 0.80, tan 37° = 0,75).

22 Fig. R7 shows a circle ABCT, centre O with

PT a tangent at T.
I

Fig, 17



(a) TATP = 60°and OTB = 30°.
ABC,

(b} If the radius of the circle is 5em. show
that the total area of the shaded regions is
in the form &7 — \,E], State the value of k.
23 In Fig. RB. AABC is similar o AAPQ.

calculate

Fig. R8

Given AR =3 am, fi()-—- Ziem AC ="3.50cm.
PQ) =4 em and BCA = 56°, and as much
of the information given below as s 1 eCessary,
calculate (a) BCL (b) the area of AAPQ.
(sin 56" = 0,829, cos 567 = (.559)

24 Solve the eguations
Lo x=1 x41 x|
&) -=—— =

]2 3 4

(b) (x4 29 =(2x — 532

25 Table R2 shows the number of fish caught
by a fisherman in one week.

Table B2

I

Sunday %
Monday

Tuesdav

Wednesday [
Thursday 48
Friday i
Saturday 2

oD

JYor this data, caleulate (a) the mode,
(b} the median, (¢) the mean.

26 A bag contains 3 red discs and 4 blue discs.
Twao discs are chosen at random, without
replacement,

‘2] Copy and complete the probability ree
diagram in Fig. RY.
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I-'ur_:u S‘-mm_ i disc

dizc

redd
Tl
. blue
red
f baee:

Iig. RY
tb Find the probability thar both dises are
red.
27 Here is a number pattern:
P=1
B=845
=74 8411
st%+r+1;rm
3 =

in) Write down the line of numbers lor 5%
(1xy How many numbers will be in the line
for 10072
el Use the pattern to hnd the value of
1+ 22 8344 574 52

without working out each cube separately

28 The grid in Fig. R10shows AABC, A'(3:2)
i5 the dimage of ALLi2) after a DI WY
sirelch with (he kxS invariami.

A ™

i Nl I L

Fig. R10

fa] What is the stretch factor?
() What are the coordinates ol B and €',
theimages of B and C under the same streteh?
(o) What is the matrix which represents
the stretch?

29 Fig. R11 (overleal) is a conversion graph
which gives the rate of exchange from 25
to Irench Franes.



i Examination 1 )

Paper 2 (2 1 30 min)

i Instructions to candidates:
Anserall the guections in Sectinn A aud an three
cpmesiiony frem Seciine d3

i

-

= - The intended el far efmestians or firts af auestiony
‘:E arve given in bravkets | |

ARE All working must be clearly shown. It
z should be done on the same sheet as the

A rest of the answer. Omission of essential
working will result in loss of marks, If
the degree of accuracy is not specified in
the questionand if the answer is nol vxact,
three-figure accuracy is n_-q_urt ol
Maihematicad tubfen Loy slpotinnie cloufaies (% iy
Be tivedd to eroliaty O'Iplli.'.ll PR T e i e,
Mathematicad tabils wnd _;‘-:Ea,’n".- ja-.-l.fm dia fovecded

i i ) 5
Fig. RI1T

(a} Use the graph 1o And

(1} Thenumber ot French Francs equivalent
to 810,

(it} The vost in Z% ol a wateh bought in
Franee for 33 Franes.

(h} A new exchange rate gives Z§1 = 4,95

e section within the stiulsre Barie ke ts s it
i the non-ealeidnwr version ol e [

Section A |61 arks]
Ansioer all the questions i Has seetion,

Francs. L ia} MsDuabe sived §35 200 iy ot Bioasee,
() On a copy of the graph; draw o wee she patimares that she will bt o use S500
lo.represent this. for begal costs and $E00MOE toving expenses,
(it} Lse your line to estimate the new cost She will wse the remainder as o deposn for
in 2% of the watch above, the house,
Table R3
Use this Ready Reckoner to decide which plan is best for you i
Plan A | PlanB |I Plan G | Plan D
. -
Minimum cover von get 310000 S22 000 350000 SR
Double cover if death is aceidental - S20 000 S0 R70 D _| S100000
Age (nearest) Amount you pay monthly
2030 $500 | SGO0 | S7.35 | $i0.50
F1-35 5300 | 56,20 S0 S0
36-40 8540 SH. 440 S12.95 S50
41-45H 56,00 ST200 B14.25 H2T 51
46-50 $4.30 S18.60 S40,80
51-35 S1-L70 S840
971




(i} How much does she have for the deposit?

[1]
(if) A building socicty offers her a maximum
lpan of 95%, of the cost of the house. The
other 3%, represents the deposit, which she
must pay. What would be the most expensive
house she could alford? [4]
{b) Table R3, on page 271, 1s a ready
reckoner which can be used to work out the
cost of life iInsurance premiums.

{1} Ms Dube, who iz 29, chosses Plan B,
How much i her monthiy ]:rrv:ml'mrn-J [1]
i) A 4f-year-old man wants a minimum
cover ol $35000. What total premium will
he pay in-a year? [2]
(i} Whar is the maximum age of a person
who can be insured for an accidental death
benefir of $100 0007 [2]
{iv) A teacher pays an gnnual premium of
§109.20. What is the age range of the
teacher and what plan was chosen? (2]
(a) In Fig. R12, the rectangle on the left is
twice the area of that on the right.

x+4

x+ 3

x4+ F

Fig.

272

Ri2

(i) Form a quadratic equation in x and
show that it reduces to #* + 3x — 40 = 0.
" [3]
(ii] Solve the equation, stating which solution
is realistic in terms of the given data.  [3]
(iii} Find the area of the larger rectangle.
[1]
(k) When the weather is cold, a strong wind
makes 1t feel colder. The following formula
gives the effective temperature, ¢°C, when
the actval temperature is 2 “C and the wind
is blowing at i kim/h:

= (] + E)a — (3 + 2m

For example, when the mnd is 10 km/h the
formula simplifies to

e=1,2a—9
(i) Find the simplified formula when the
wind is 25 km/h. 2]

(it} If the actual temperature is 7°C when
the wind speed s 30 km/h, find the effective
temperaturs. [3]
In Fig. R13, ABCD is a parallelogram in
which AB = 7em, BC = 10 cm and diagonal
AC =9em.

\ 1

Lo em [

Fig. RIS
Calcuhatt:
(a} BAC, [4]
(b) the perpendicular distance between AB
and DC. [31

4 (a] Ice lollipops are made of frozen fruit

juice. They are in the shape of a triangular
pmm 11 em long whose regular cross-scetion
is an equilateral triangle of side 2,5 cm.

e

Fig. RI4

Caleulate

(i) the area ol the triangular cros—section,
_ : _ [3]
(i) the volume of the prism, [1]



(iil] the volume of frozen fruit juice if the
stick takes up 4 cm® of the prism, [n
(iv} the volume of liguid fruit juice required
to make one lollipop if the fruit juice increases
in volume by 6% when it is frozen.  [3]
(b} A model shipis made to a scale of 1:200).
(i) The mast of the model is S9em high.
What is the height of the mast on the ship
in metres? [2]
(i} The volume of the part of the ship below
the water lineis 3.2 x 10* m?. Calculate the
volume of the corresponding part on the
model in em?®, [3]
5 (a) InFig. R}lﬁ, tangent PO touches circle
ABT at T. OAB = 12° and BO || TA.

Fip. RI6
6 The coordinates of the vertices of AABC

are A(0;0), B(2,0) and C(};2). AA,B,C,
15 the image of AABC under the transfor-

0 1
\ (a} Find the coordinates of Ay, By and C,.
12]
AALB,C, is the image of AAB,C, under

. o— o T
mation T} whose matrix is ( ;

3 0
ransformation T, whose matrix is (“ 'i)‘

(b) Find the coordinates of A,, B,, ,.[2]
{¢) Find the matrix of the single ransform-
ation under which AA,B,C, is the image
of AABC. (3]

Section B [36 marks|
Answer three guestions in this section.
Each guestion carries 12 marks,
7 A manager and a crafisman together form

Fie. RI5

Galr:ulaite, giving reasons,

(1) OBA, i [1] a small Co-operative making two models of
(if) reflex BOA, [2] chairs: Standards and Specials. The craftsman
(1) -"E'T’B (] works for not more than 42 hours per week,
s H Due to administration commitments, the
(av) Q}‘B* (2] manager cannot spend maore than 34 hours
(v) ATP. (1] a week in the workshop making chairs, The

(b) In Fig. R16, OA = 3a, OB = ib.
OP:PA = 2:]1 and OQ: QB = 3:1. M is the
mid-point of PQ and N is the mid-point of AB.

(i} Express OP in terms of a. [1]
(i) Express QP in termsofa and b. [2]
(iif) Find MN in terms ofa and b.  [3]

Standard chair requires | hour’s work by
the craftsman and 2 by the manager. The
Special chair requires 3 hour’s work by the
crafisman and 1 by the manager, At least
6 of the Standard and 6 of the Special
models are made each week.
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i) 10 i e week, x Standard and y Special
chairs sre: made, express e aboveé infor-
mation in the form of four inequalities in x
and [*H]
(h) Taking scales of 2em 1o 10 models on
each wxis, dhraw these inequalities. Show the
region inowhich & and yare valid by leaving
it clear. [4]
(¢} I the profitom a Standard chair is 324
and on @ Spevial chair s 340, find
1) how wwany ol each model should be
made each week in order o obtain the
greadesl ot 3]
{11} the profiv in this casé, [L]
8 21 people work in an oflice. Fig. R17 gives
some details about the people. In the Venn

dingram,
A = |adio-typists )
= |shorthand-typists)
W = {word-processing uscrs|

Each person is a member of at least one of
Lhest sots

A

Fig. RI7 W

() 15 people tan do shorthand-typing.
Find a. 2]
) 1 people cinnaot do either avdio-typing
or shorthand-1yping, How many ¢an do
andio-typing! [ 4]
fe) Mo oot doees only audio-typing. Find
the puniber of peoph: who can
(1) use a word-processor, 2]
(i) use a word-processor and do audio-ty ping.
2]
(] Make o copy of the Venn diagram and
shade the region W A'n 5% [1]
Write a brief deseription of this set. [T}

9 VABCD is a right pyramid with & squar
hase ABCD of side Sem. Each of th
pyramid’s four triangular faces 1 inclinet
at 75° to the base. Calculate
(a) the perpendicular heightof the pyramic

[2
(b) the length of the slant edge VA, [
(¢! the angle that VA makes with th

hiomizontal, [2
(d) the total surfuce arca of the pyramid
|4

10 The container of a petrol lorry is a cylinde
with its axis herizontal. Tts internal lengt
is 7m and its internal diamcter s 3m.
Fig. R18 shows a vertical section of th
cvlinder when the maxirmum depth of petr
it contains is 0,75 m. AB indicates the uppe
surface ol the petrol.

.
3,75 m
. 2
Fig. RIB

Calculate
(a) the angle AOB, where O is the cen
of the circular section, I
') the area of sector AOB, ]
(¢ the shaded area in Fig. R18, [
id) the mass of petrol in the lorry, if 1
of petral has a mass of 700 kg. 1

11 The chest measurements of 100 people wi
found to the nearest em. Table R4 gives
result of the survey.

(a) Make a cumulative frequency tal
which shows the numbers of people w
chest measuremnents of 80 cm or less, 85
or less, 90 cm or less, ..., [15em or less.



Table R4
chest (cm) ||?ﬁ'—HD }Hf ah }B[’:—-HU | 91-95

ﬁmmmq” 3 |u1‘ 14 |2[W

] |
chest (cm) [9{; -Jun[lm-rn—‘ailg_rm r111r|-115_l

|
0 | s |

5|

freqngncyll P J
|

(b] Using u horizomal seale of 2 em T
represent 3 cm of chest measurement and &
verteal scale of 2cm 1o 1) people, driw a
cumulative frequency graph of the SUTVEY
measurements (rom 80 em o 115 cm. 4]
(e} Use the graph (o estimate the median
chest measurement. 2]
(d] Use the graph to estimare the n utrther
ol people with a chest measurement less than
or cqual to 103 cm. [1]
el Two people are choser at randam from
those surveyed. What is (he prabability that
both people have chiest measuremenis gTedter
than L) em? [3]
a
12 Given y == ja) copy and compliete Table
R

R3, giving values of y to 2 decimal places

where necessary, ]
Table R5

¥ | 1] 2 Hf+ 3=ﬁ ?fa 9‘

: Q}ai ]zﬁ‘ J }us JJ

(b} Using scales of | cm 10 1 unit on both
i 8
axes, draw the graphof y = Z fir | < o <9
X

[4]

) On the same axes draw the graph of

J=8—u [2]
(d} Find the values of « ar the points where
the straight line mects the curve. [2)
(o) OF which quadratic equation are the
above values the solutions? Give your answer
n the form ax® 4 br + ¢ =0 [2]

Examination 2 _.

Paper 1 (2 b 30 min

Instructions to candidates:

Al questions may he attompied,

Ansicers are o be written in the sfries prauided ¥
If working is needed for any question, it
must be shown in the space below that
guestion,

Omission of essential working will result
in loss of marks.

(ueitions 1 lo 19 carey 3 marks each,

Ouestions 20 to 27 carry 4 marks each,

Question 28 carries 5 marks,

Chursiion 29 carrics 6 marks,

* The examination paper containgspaves for warking
tnd answers. Tosave space in this book, these Spies
hase been omited,

NEITHER MATHEMATICAL TABLES NOR SLIDE
RULES NOR CALCULATORS MAY BE LSED X
THI% PAPER.

1 Express 603500

(a0 two significant Ggures,

‘b in standard form.

() as 4 product of prime fotors.
2 Exvaluate

(a) (3 — § ® 15
L 0,640.75
") <05
3 Ifx=4uand y= —1, evaluate
(a) x+ 45, (b & — 42 () (g— gyt

4 Show the solution set of the inequality
32 4 8x) <« 2x—1
on & copy ol the number line in Fig. R19,

T T L T T T T L T ¥ T T T
=B - i—1 ==y - LS T R (A ||

Fis. RI9
3 (a) factorise a7 + Hax — Sax — 1552,
(b} Express m dollars and » cents in cents,
6 A ABO 4 righi-angled a1 B. X is :Hn‘.sl'nt £
AB such 1l ﬁﬁx = X‘L;E Il ACB =717
calenlate (a) BAC, (h) BXC.
275



7 Fach of the small circles in Fig. R20 is of
radius r cm.

Fig. R20

(a) Express the radius of the large circle in
terms of
(b) Express the ratio

arca of large circle

area ol one small circle

in its simplest lorm.

8 Write down the positive square roals uf the
following.
(a) 0,0025 (b)) 76 (¢} 254°°

9 Two geometrically similar tins huve heights
of 7em and 21 em. If the smaller tin holds
250 g of milk powder, how many kg docs
the larger one hold?

10 Find ﬂ;e value of ,
(4) 32% (b) 0,047'3; (¢} 252 x 873,

11 In a family, the average mass of the five
children is 34 kg, the mother is 59kg and
the father is 72kg. Calculate the average
mass of all 7 members of the family.

12 A‘jug of water has a mass of 3.9 kg when
full and 1,5kg when quarter full. What is
the mass of the jug when empty?

13 A Tom 3
u
Yoem
- sl
Fig. R2! 8 — G

Given Fig. R21, (a) L;%dcul:ur CD, (b find
the value of cos BCD. expressing your
answer as a decimal.
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14

15

16

17

Given that x is an even integer, find the
values of x which satisfy both x> 4 and
Si+ 7= 10 o

A hall contains 175 people. 1274 of them
are children and there are 56 men. How
many women are in the hall?

Ife=ab—-,
i

ia) find ¢ when & F'i and b = —b,

(h} express bin terms of a and e

Fig. R22 is a regular pentagram, Le. a fully
symmetrical five-pointed star as shown.

Fig. R22

18

Fig. R23

Caleulate the sizes of e angles marked a
and & A

T,nf‘ Fig. R23, BC=10cm, A= HE,
¢ = 50" A

C

Use as much of the given inlormation as is
necessary to calculate (a) AB, (b) AC.
isin 40" = cos 507 = 0,64

cos 407 = sin 5307 = 77

tan #0° = 0,84, tan 50° = 1,19)

19 A machine part is made of metal. The metal

is a mixture of copper and zing whose masses
are in the tatio 13:7. If there are 147 g of
zine in the machine part, what s its total mass?

20 Given that § = {1;2;3;...:9; 10}

S = |perfect squares)

T = {1;53,6;10},
(ay Mark the members of these sets on a
copy of the Venn diagram in Fig. R24.



21

24

Fig. R |

(b} Using vour diagram or otherwise (i) list
the members of %'~ T, (31 find ni T w 5.
In Fig. R25. AC reprosents the column

2
veoior E) 4

f L

AU 1 oadimsoral a a square ARG such
that AD = (J”) where B oand o o Diith
W

fera Ve,

() Sketeh the squuare ABCL oo oocopy of

Fig. R25.

(h} Write down the yvalies of ¢ i

(c) Writedown ABiv coimr vt lorm,
(d} Write down .7 % lun noveetor Torm.

4y =0 _ . .
. | Pl daverse mialrm Hf

v S—a
B — 1 dx

Find twii values of x lor which this is truc.
A straight line passes through the pomnts

(3;0) and (| —4:3). Find [a) the gradient of

the line, (b its equation. (o] the conrdinanes
o the point where it cuts the line v = 7.
I“hFi"':' R%ﬁ, ABCD isa trapesium such that

ADB = BOD, AB = 4om and BIY = 6em,

Fin. R2G

o

=

(a) Caleulate e leagdy of O

arei ol AGABRD
avea ol AT
25 In Fig. R27, O is the centre of the

(i Fioel the rutio

APB and OAB

. 27

Find the size ol (a) _"\(}H, ils) ATR
26 Fig. R28 shows a shape S draws

A

CAriesLi F]IE'I'!'IL'._

1
i -
. R2E




On a copy of Fig: R28, draw the mmage of

5 under a
. ; ==
(2] ranslation by vetior | (label the

image 17,
(b} refleetion in the line ¥ = —x (label the
image M,
(] clockwise rotation of 90° about the
point (0; =2} (label the image R.

27 yvaries inversely as the positive square root
of vand =12 when y = &
fa) Express 3 in terms of ..
{b) Find y when x = 12,
te) Tind n such thaty = y=an,

2B The curve in

A - L Iy
y=7—a—x lor values of v from —4 10
4. The region above the y-axis betweon
x= =3 and x = 2 has heen shaded.

Tk

Fig. R2Y is the graph of

T T
= 1
=T
—4
—#H

Fio. R2G

Lstmate
{a) the preateit value of 7 — o — 5%,
(13} the solution of the equation
T—v—t =1,
{e] the area of the shaded region.
28 Fig, R30 is the speed—time graph ol a car
Jolrney,
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specd &
EL AL

fa
b

'
-

¥ ailt
FTFF® 50 4t rincds

Fia. R

Cilealate

i) the wiat distance ravelled during the
G zeconds,

(b the aceeleration ol the cardormge he
frrst Bs,

fe) the speed of the cor ar the emd ol the
Ath secondd.

Examination 2
Paper 2

Instructions to candidates:

Awsieer all the guestians o Secin A wnd any three
gaestions fram Section 8.

The tnteinded wiarky fur gt Erons el el |'-|-".'I.lrn'.l'.n'."l.lu.'.
are groem m brackets [ ].

All working must be clearly shown. It
should be done on the same sheet as the
rest of the answer. Omission of essential
working will result in loss of marks. IF
the degree of accuracy is not specified in
the gquestion and if the answer is not exact,
three figure accuracy is reguired.
Muathematical taliles [or electvane valowlators | ® may
fe wied to evaluate explicit numerical exfiresnnns.
Muthemetical tables and graph paper are frovided,

(2% 30 min

= The secton within the sgquare hrackets s dmitied
il the pem-caleulator version of the paper.

Section A |64 marks]
Awaacer all Mie guestiony i dh ection,
1 o A farmer has 350 ha of land, Adier

selling some lund heds belt winch 329 hee, Wlho
pereentage of his land did he sell? |2



! 4 0 ] —5
i M=(_E 9‘);||11»:|.:’Nl=(1 _2),

Tind
(i) MN 2]
(i} NM |2

(it xand yil

G-

() In Fig. R3L O s the centre of vivele
P?_RB, PO is:a dimmerer, QR = RS and
PSO = 42°,

Fig. R3I

Caleulate the angles ol quadrilateral PORS.

[
‘b1 The intermal radiug and height of o
cylindrical il drumt are 30ent and 90
respestively. The dron eontios oil e a
depth of 0o Use the value 3142 o @

to calrulate '
i) the arca of the evlinder which s
contact with the oil, [ 4]
(i) the extra volume of oil required 1o Ll
the dram (o the top [+]
2 5
fa) Simphify —— — 3
SHIRIEY o+ 2 Hr— |
3 5
(b} Selve —— =———. 3]
42 Sa-1 |

(¢] Tactorise 16a° — 9. Hence or otherwise
Express L 39 ax the product of two prime
numbers. | H]
la] In Frgo RB2. (s the centee of thombuos

PORS, PQ —a and P§S = h,

g

oy

Write dloswn expressions loe e Jollosdng
terins oA noed b

i PR _ (2
il OP 12
i) 3]

o N sald an article o Y ar w0 pradie ol
U N then soldl Tt ot B Toss ol 20T,
ol w00 et eer Conlondate the cutdon e
frecespeagined frice in s singtlest oo 5]

aA mangle D sides of length e

v — liemand 2y 4+ e s perimeter
=

o find the lengths.of the sicles ool the

TR | 4]
Al snte thestee ol the largeseang e ol Che
trianele, giving 6 tesson: (4]
i) calenbste theye stze of thessmandlisst noefe
wl e trisingle, [ 3]

Lo Fined e walue ol ﬂ; wlien

1

L 10 b =44 % 10
ATISWET i -x'l;lni.hlrt.ljin:'m'_ | |-|'
a Inoa lifng meeleoisn the elition
b oweeny the boad 17 wennes and the effort
Pke s oot the forme # = all
azitd il o oorubmnte: bl B& whves the
and 4 are constamis. Toble BOoemves the
resilis ol o lifting experiment,

Tahic Rb6

e
Pt i

Pody o wliere o

lead, |17 nnes |4

| effort, ke A2 | 314

a1 Fing sl dand the erpoation conmeeling

Foaud 117, |
iy Shewh acgraph of the relation showngs
where The Hoe enis the axes: |5
b ol thee sadues of f feeswhicly

d—2 7 d + W= 1k | 1]

Rt



Section B [ miTss|

=5

!

214

wsmer Sz

Frcl) QIeralion Lrree

rsedinan ey vendeon.
i marka,

fzd The vertex Vool pyrammid i verticadly
above the contpe, O ol is reciangular base
PORS. I 20 =fean QR =12cm and
\ 1, calvudide

) |3

i vy
it the anghle hepwoen the Bees: PVS and

QVR. &l

P— .
i f—a 1

() Fhe mattix |) PePTeRCLE . it
L S I

Fansformation O

(21 Fimd the tnage of 12: 71 under €. ijl

Gil IV oG =11 s the lmage of poant 104

under O, linwd # and [2]

{iiny Deseribe O g completely an posible.
12

The hourly eas nives ol 30U people are given

in Feilc 7
S % =5 i
Taklle 27

CATRINPE DY

bo :;.i;::m]wr of ;mp_lr i

{ezmen) (freguency)

151175 ! |

78 M) |

2] -2 17 ‘
231 5 |
275 L |
WK ‘b |

ol Tsrls

1]
the mean
| 4]

T aoumindatvey ['Il. l.|l||-'|l|i b |.|1P.|1'

! e mmmdal ol
earnngs?
s Uise mpedsvadires 0000

ol pairninn

EHER Y

| i
FSaaathi

(e Lo
! drpw the vorresponnding cammelnn
|F":'r;|'.]l_='ﬂ_'l-' CuTr. | st ths oo esprane ithe
il
fely CIne person sehovenil sanecdom. Wi
i the probadbdl iy et s peeson edrcis les
fhian 32,26 mr hoir! [1]
o) P prople e clic o at syndesn B
the B0L Froud tlae ]
Pl bastdy o

mecizan honrdy carmnes:

Llliss vl

e o 1]

LT L LTRNT)

1) omie i it greup and the atheris o

9 Shapes .00 Rand Sare .'L_"‘?’.;i\-'{"ﬂ inkig. K

T T ] T T
—&

e
|
i
|
=1
fives
]
e
o

Fug, #EY

i Wirate dosen the colutin véctsr wep
sentini dhe single franalition which magp
il L3

by RBoas the bawe of P under a clockw
rutation. Find

it the anele ol notatinn,

il thieroordinstes ol t e contte of rotid i

v st refivetion of B ana ine me I

i COLTIANEON ) ool e

il 1% s rrsdoe e by ashear cepresen
LT A

Isv thie snagrds (.J. NE

1 st the crpuation of the itvariant 1

71 hnd the eperdinares of the vectices
Ui Tressngoe of B
10 Fiw. Rl vepresiens Held XBCDE
ao Dlse il prs i ellvacosivns w cialdends
I B,
il BCE

0l e af the fedd i ime,



HT

e

f'.lg FEH
i,h';l IF D pduee East o B, hue) the ht'uring'nf'
{i1 B from (0, [2]
i) from B, [1]
fitt) A from B, [2]

11 -An ohjevt moves oo sevaioh e s that
it vedovity s aller Cseermuls i given by
=% e Bpig B,
Table RY gives some corresponding values
of & and 1

Table RE

fl 00 82 3 4+ 5 b

i o 6 20 Nt

e Copy and camplere Fuible RE8 1 tuding
thevudae ot rwhich correspond tor = 1,35 5.
P
(b} Using 2 cmto 1 second horizontally
and 5 mfs vertically, draw the draph of
p=22—5t1 Blorthe nmge B =1=10.
41
(el Ulse vour graph to stigeae
) e perdod of tove during wueh o
object s decelermung. 1
fit) the velocity when the aerelomiicn veem,
1]
fui) the acceleration afier 4 seconds. [2]
chszeer Hiei apoewton o el af plain pridier
Comsiruee triangle ABU s ol

BE = I0em, ABC = 60° and BEA - 157
s Ccthe dioeram wrile the boner oo AT

o
Hyl Dheavw thir carcumerscle of rmngle AR

12]
e Construet the loiud of o st wl poinig
which are equiddistant T A and B |2
[dl Henoe piark o paind Posoch th

_\ﬂli = 43" gmf A= I A 2]
fe) Mark o peint 0 such thie AOQE = 447
and AB= AL 12
I Measire P02 (]

s



Mensuration tables

four-figure tables

SI units
Mass
Plis gram is the basie unil ol nidss.

unit abbreviation basic units
| kifogram | hegr L 16 g
;;:.'L.h'.tu'nu'n | he Il ';
| lil:"-'.ilf.fl':im 1 dag (g
:_I.'J_i;"_ | o
| thechzman | dg oL
I_- |?n1;|-:'.T.'=111 | cer - - _-_i.' ;
! pulligram Pang N __-.E. g
The tonne [t 45 wsed for large mess . Uhie st

common measurts of mass are the milligran,
the pram, the kilogram and the o,
le = 1000 me
ke = 1000g
[t=1000kg

P OO0 000 mg
1 00GO00 e

Time

The second is the basie anit of time,

it abbreviation basic uniis
I hr-.:r:*: |_'=- - 13 N
| minute - | min G«

| hour | b b L'l'f""h*- -

282

and formulae,

Length

The metre is the basic unit of length.

umit abbreviation basic unit
Tliill.m‘lt[l't" 1 krﬁ 1000 m

| hecwymetre 1 hm 100

i decameire [ dam 110 m_
| metre I m I'm

[ decimetre 1 dm 0.1m

| centimere | em .-"J,?Jl n
| millimetre lmln- 0,001

The most common measures are the millimet
the metre and the kilomeire.

L = OO0 mim

[ ko= 1000 m = | 000000 mm

Area

‘Thie square metre is the basic unit of are
Units of area are derived from units of lengt

abbrevi- relation to othe
wmit ation onits of area
sejuAre
nuillimetre T
Sq‘u.‘irr:
centimetre et lem?® = 100 mm?
Sejuare metre M tm? = 10000 em®
-‘!.fiLliiTl'

- i

Lilometre km® 1 km™ = 1000000 -

heetare (for

land measure)  ha | ha = 10000 m*



Volome

The cubic metre is the basic unit of volume.
Units ol velume ave derived from units ol length.

abbrevi- relation te other
unit ation units of volume
cubic
millimetre rmm?
cubie
centimetre em? Lem? = 1 000 mm?
cubie metre m? 1 m?® = 1000000 cm®
Capacity

The hitre iz the basic unit of f‘ﬂ.}}d{ 1I1rr I litre
takvs up the sume space as 1000 cm?

relation to  relation to

abbrevi- other units units of
unit ation  of capacity volume
millilitre ind lmf =1em?
litre { E=1000md 1 =100 em?
kifolitre o Ik =1000f [kf=1m?
Momney
Some African currencies
Limbabwe 100 cenes (e =1 Dollar by
Botswana 100 thebe (t) =1 Pula (P)
Kenya 100 cents (¢ = 1 Shilling (Sh)
Malawi 100 embala (1) = | Kwacha (K)
Mozambique 100 centavas (c)= 1 Mcticai (M)
Nigrria 100 kabo (k! = 1 Naira (N
Zamhia OO ngwee (n) = | Kwacha (K]

Other currencies

Britain HU pence (p) = 1 Pound (£)

USA 100 cenis (¢) = 1 Dollar (§)

Exchange rates

At the tme of going w press, §1 iZimI_rahwe,-
was equivalent (o the following.

LS dollar 50,50
UK sterling £0.30
Botswiana P1,05
Kenva Shll,00
Mozambique  M318,00
Lambia K520

Note: Exchange rates change from dav to dav.
The above rates may be taken only as approxi-
tale.

The calendar

Remember this PO

Thirty days has September,

April, June and November.

Adl the rest have thirty-one,
Excepting February alone;

This has twenty-eight davs clear,
And twenty-nine in each Leap Year.

For a Leap Year, the date must be divisible by
+. Thus 1964 was a Leap Year,

Century vear dates, such as 1900 and 2000, are
Leap Years only if they are divisible by 400.
Thus 1900 was not a Ltap Year but 2000 will
be a Leap Year.

Multiplication table

x| 1 2 3 4 5 6 7 8 9 10
L1 2 8§ 4 5 6 7 8 9 10
202 4 6 8 10 12 14 16 18 20
303 6 9 12 15 18 21 24 27 30
o4 8 12 16 20 24 28 32 36 40
¥ 3 10 15 20 25 30 35 40 45 50
6 6 12 18 24 30 36 42 48 54 60
717 14 21 28 35 42 49 56 63 70
8| 8 16 24 32 40 48 56 64 72 80
90 9 18 27 36 45 54 63 72 &1 90

10110 20 30 40 50 60 70 80 90 100

2683



15iuisibility tests

Vi Diode nmser is exactly divisible by

il s bt diadl i even

vl b s ol s digits s divisible by 3

ool s last two digits form o number divisible
i"l l'

s bast eligie 15 3 oor 0

il s Jast digit is even and the sum of s digits
i tlivasible by 3

i Fase thiree digits form a nomberdivisible

1y T <1 il 1s {llEiiH s thivesthle h\. L]

1 ain bast digin is 0
Measaration formulae
Pl o :;halli‘.ﬁ

perimeter area

s e 45 e
"-I.!Il. L1

reciungle S+ b i
Iv ||:'|111 a'. biviaalidy b

irizaple E.M
Poavsie o, hoedehin B

pasrullelogram bh

Do oy, Dyigrket By

Lrapezinm i-:_:‘e + b
Bagh &, parallels o
aad B

circle Yy e
raclitis 7

sector of cirele e il G (L
riediug w anele il dr jﬁn"ﬂr q‘.‘ff_] =

e

Solid shapes

surface wvolur
area
cabe (i 57
e«
cuboid

length £, breadth &, 200 + b + ) 15
bzl &

prism
hieighi 4, Dase area .l A
cylinder .

padius r, Leieht &

Ik 4+ et wrt

COme g r
radius 7, stant heighe £, o+ m® _!,;'rr'
hedght &

sphere -

. 2
radius r A o

Trigonometrical formulae
Right-angled triangles

A
- 4
B 3 <

Fig, T

In the fght-angled wangle shown,
F=a + 67 (Pythageras thearem)

] i

tan B = and =—
i b

2 b : ft

sinB = - g A ==
{ i

i i

vos B = - Cos = -
e r



symbaol meaning -
= is equal to '
# i nul equal (o
ry = is approximately equal to
= is identical or
Fig. 72 CONgruCnt o
= leads 1o
sin ) = sin (180" — @) < 15 cquivalent to
costl = —cos (180° — ) o is proportional to
tan ) = —tan (180° — &) = s greater than
<= is less than
= 15 greater than or equal o
= is less than or equal 1o
; deoree (angle)
. i degree Celsius
A.ny tnangle VICIPCTATUrE |
A A B C, potnts (geometry )
AB the line threugh poinis A and
‘ 4 B, or the distance between
points A and B
B n { AABC triangle ABC
“:’":\BCD parallelogram ABCD
ABC angle ABC
L 15 perpendicular to
I is parallel 1o
n &)
Yo per cent

Fig. T3

In both triangles,

a f

3

[sine rule]

A={pgr

B=1{1:2:3:. !

C=lx:xisan
integer |

Adsthesetp, g r

Bis the mfiniteset 1, 2, 3 and
50 011

Set builder notation. C is the
set of numbers 1 such that x
is an intéger

number of elements in set A

sinA - sin B - sin ()
E=a* +4* — 2abcosC

is an element af

S
(vosine rule) & 15 not an clement of
A

b= af + ¢ — 2accos B A complement of A
at ="+ ¢* — Yrcos A P hor g the empty set
and & the universal set
pis P4t —g? AcB A 15 a subset of B
R e A=B A comtains B
’ 2 &, P negations ol = and =
P e av—b AuvB union of A and B
Zea AnB intersection of A and B
3 2 3 aoraaora voctor a
e = - +‘5 : AB or AB vector AB
2ab |AB| modulus ol AB
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cise la (p. 2}

(2] 3m (b lm o) 86 ha

d) 342cm el 496 km i 163 mm
{g) 53 (hy 818 {1} 130 lirres
(a) 0,1 (h) 18,0 (¢} 19,0

Id) 0.8 (e} 7.9 (1 20,1

la) ‘37 (b 110 (e} 00093
d} 50 (e} 0,024 (] &6 HH
(g} 140 th) 9,0 (i) 3.0

i) 0,030

&) 7580  (by 52100  (¢) 352000
W) 1790 (e} 00892 () 170
) 834 thy 0,906 (1) 828 000
il &0l

2389 million, 3390 million,

Almest S400 million, $0.59 hillion

4} | town

population

SO O

Bulawave

Chirtungwien | 200 000

Harare TO00H00
(L] | townm population
Bulawayo | 300000

Chitungwiea| 170 000

Harare GE 00

51,45 billion and %1,55 hillion

{a)

984 1985 19846 1987 1988
000 (400000 | 400K | 500000 | 500000
(b 21000600 (rue value s 2 141 872)

) 28 (bl 300 () 400 (d) 0,002

{a) 34,62 (b) 827.9 (c) 742.8 (d) 0002135

Exercise 1b (p. 4)

1 (a) BShemto9icm (h) 1.745m to 1,755 m
[c) 6350kmto6450km (d} 975 m to%85m
(el 8.5 million to 9.3 willion
(i 7.45 litres 1o 7,55 litres
(g] 519500 $20500 (k) 73.35kgt0 75,65k
(i} 301570 o 30.25°C
(j) 839.,5¢em? o 860,5cm?

2 (a) D,667%  (b) 0.83% {c] 04%
(d) 2% (e} 2,5% ) 0.806%,
(g) 6,25% (h) 238% (i) 1.25%

(5 563,

pad 000 (4ha) (b 4 140g (4,14 kg)
l:l":l '—5;1'_?/,;

ral R550

e} +2.5%
—8.0%

244 0 kg: 235.2ke
6175m?, 7875 m?
fa) llmwem, I3nom (b SD;i-n em, 424w om®
(a) 337 5em?, 4335 cm”

{hl 421 875 cm?®. 614,125 ¢m?

W

() $340.06

6 102g 100e

=R

Exercise 1c (p. )

1(a) 13h  (b) 60kmih

2 39000 cm?

3 132om

4 [a) S0 ‘ht 33.256 ic, 14 id} 0,11
5 (a) 0,095 ar 0,10 (b)) 0B3ar08 (&) 23
6 250 mm 1o 280 mum, 3H) o G70

7 (a) 56m  (b) 39m

8 800 kmih

9 1000cm®

10 2800 cm®

Exercise 2a (p. 7)

1 (&) XY =4,]lcm, CY =#25¢m

2 ) a rhombus e [L9cm, 33cm
3 (¢) 55em 4 (b 8,7 cm

5 {h) 825¢m 6 (b)'99em

Exercise 2Zb (p. 8)
I i¢) The alotudes meet at one point inside the
eriangle

2 (¢| Yes (oumside the triangle)

301




3 (ch 45mm 4 [¢) B9em
5 (d} The circle touches all three sides of AABC
fel 2,05 cm

& (¢l 1.7em

7 (d) (1) 34cm, () the circle rouches all fur sides
of ABCD

B (c) X.Y.Zleinastraight line () yes

Exercise Ze (p. 10}

1 o spiral

2 an oval shape or ellipse

3 an arc of a circle

4 (a), (blrmajor arc of a crcle; (¢) a semiciecle

5 u circle of diameter 2om

6 (a) asemicircle by aarcle
(e] an are of a circle subtending 307 at 115 centre
id1 a stralghe ling ie) a eircular are

(F§

] -
\-uﬁ" w/
'{:';E n .-.-"-:.L"..i':\.-'m”-'.l:_}. ! .;*..'r".-;'_’. % L -F 3 ‘.' k]
Fig. A

7 astraight line at an angle o the direction in
which the ar is moving
8 a hemispherical surface fsmaller than that of the
howl)
9 a stroight line 1,5om from AB
10 a circle with the foot of the pole ar irscentre
11 a semicircle
12 the dicalar bisectar of the line joining the
WO potnTs
13 two strakght lines, parallel 10 and an either side
ol AR
14 £m
15 BHBcm

Exercise 2d (p. 13

1 twor 6.7 cm 2 four

3 87cm BTom 4 1.8cm, H,2cm
5 23°, 564" 6 5.7ecm

7 Gem 842 m

10 Hem 11 b 11 4em

Exercise 2e (p. 16}
1 Pisthe ;:HJ]'.I‘{I of intevzection of 2de YZ and the
bisector of &
2 two
4 32cm or9.2em
BAB=4]lcm AU=64¢m
10 (¢) D8cmorl,lem

s02

12 the circumieentres lie (a) mside (b) outside
l¢) at the mud-point of the hypotenuse of the
triangles respectively

13 P£ =46cm

14 (b AC=96cm -

-

Exercise 3a p, 18]

| P hy 45% (e} 63° (dy TO°
2 (1) 3K b 42 (o) 124%  (d) 707
3 a) 15em (b)) Som
4 (a) 43° (b B3* (e} 48 {d} 3%
5 4.59¢m 6 3.53cm
7 141" 8 8em
9 (a) |'|_:n:'!31ﬂ — %), (i) (90 — x)

ih} GBA = ABC
18 (a) ":'I'U; s} (HF— )7

A
ic) ADB = < (sum of angles of AADE)
 BAT=ADB ="

Exercise 3a |, L&)
1 {a, 4" -;'}1] 5 el 46" id) 12¢m
2 TAO = TBO = W {radius L tangent)

S TAQB s cyelic (appustte angles are

supplementary)
345 4 106°
5 59" or 127 10 1347
Exercise 3¢ (p, 21)
1 5em: tom; Yom
2 Pemy 3em: 4om
3 5em: Gemy 1dem
4 a) ldem (b & em
8 86em

Exercise 3d 'p. 23
4 Y

A i s A
1 (a) ABY = ACY (b} CBY, CAY

A A
i¢; BCY dil BAY
e} 38 i e
{2} 55 [hy 8
T thy 52° (o) 43*
i) 102 e) 78
3 ZYG 4 B4
3 7r 6 B2%; 49" 4
7 5% 8 4
9 1017 747 10 347 777 68"
11 50% 607 700 12 44°; 1087

Exercise 4a |p. 26)

1 09507 2 —0:3420 3 —9.747
4 DAS20 5 o903 6 —i,2758
7 —0.7880 8 —10;2309 g —19.08




10 —0,6157 11 0,3987 12 =0,1139
13 —D9478 14 —1,122 15 (19984
16 —0,7145 17 —0,2267 18 (.8771
19 00054 20 —21.45 21 02719
22 —0,4822 23 —05228 24 09960
Exercise 4b [p. 27)

1 36 2 144 3 75

4 105" 5 7. 113" 6 117

7 160" 8 23°, 155" 9 Gy

10 148 11 1367

12 37.57, 1425 13 747 105.3°
14 1154° 15 162453 16 115,17
17 564", 1236° 18 14413

19 73.62°, 106,387 20 141,68

21 1208 22 15.9%% 164,77
23 48,15% 131.45° 24 945"

Exercise 4c (p, 29)
x 4
sin®0® A 30°
The answer 1o questions 2

Lsin B
P

sty 30"
12 have been rounded

w3 sl
2 13.0em 3 I45em 4 91.5em
5 488" 6 41.6°

TEB=24,C=385", r=4+6m
BA=30"0="50m, h="05m

9 X=988" y=9%cm, 2= 150em
108 =209, 0 =1123% r=376m
11 A=674", B= 164" ¢ =36,6cm
12 A =D20°26", B=34"38

Exercise 4d [p. 30

133,1m 28 15km
3 20487 188 m 4 190m
5 4,06m 6 240Km

79%6m,21,7m
9 254 km

18 (a) 556 km

11 {a) A%

12

8 165m. 116m

(k) 141 km
(b} 7,51 cm

Exercise 5a (p. 33

1 23 33 4 -3 53
6 3 7 —2 8—-2 93 10 - %
Exercise 5b (p. 54

13 23 3 -2 4792 5 —3
6 -3 7% 8% 93 10 —3

(@) 060 (by 340° () 954 nmic (d) 5 nom,

Exercise 5¢ (p: 35)
1
F .
x
[=) ih)
g y
T
&)
id) iel
Fig. 42

2 @) 2(b) 4 (o) 3
Fo(n) W2y, (120
ey k=06, 1 10;0)
fe] (Ta%), (3100

i)

4 (a) 1 by —2 {e) 13 fd) —3
5 (a) —1 (b undefined )

el 1 oy (o] 5
Exercise 5d (p, 37)

15 y=53-—3 () =5

¢l x4+ 1=6

el x4+ p+h=0
2a) Tx=—3r=0

le) ¥4+ =73

re) Sa 4 16y =67

3 I\E'L:- é

4 (a) 2 =09x—42
3y =x~13

6 (a) 2

7 (a) =1

8 (a : ﬁ-[;"‘;ﬂ
9 AB; y=0,BC:3x +»
10 (a) £ = —4
Exercise 5¢ (p. 4]

1 (a)x=73

2 (ol (1) 6 (W) —2
3 a5 2 dH] —4
4 (el (1) & (u)y —1
5 (a) 12

6 (4] x="]

7 (a4

e) Sx+ 4 =18

if} 2y=0x+19

bl 7T+ 5r=10

) 3x— 1y =42

() Jx+2p+12=10
(b 5
(by 2y=09x+1
m:ay= 13x — 3

(b 4x 4 =17

I
=R

b 2+ y+3=0

=21, AC: 3= 15x

ihy Zy=w+ 14

BV x'=0

(. =5 ey x=3
by 4 fe) x=—
(d] x=13 (e} 2%
(h] (L6 o) —08
k) A el 1

th (e} —%
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8 i v 5 g 1 i —7 by v 1
9 iy 2 il 0 o= d —4
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e
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3 AOB
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A
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Exercise b . 4

'ﬂ I

Y s
(i AV
4 o) PORS TV \'1. My SPCROOWNTU
) '.I” EARCH (_}_‘ln 5
tdd P AT | il {EL\ e R
11 PRL JI0) H.L".'a il Rk:[,l

et lalse

i VOM (or VOR
VNG

ik )..{‘1 )
by Ru' o FED

fl \I!{‘ wor EFTY

6 il L}ﬁ“{ I {J_\w e a0t

7 ia BIOY or GSR) 1 3

§ a1 PXO IR AR SR

9 juy OOMCY (6r QNN 1l L e 2
i ]‘%{) [ 6T l'i‘:' ieli2 "

10 ) VMO o] NS

1 i) 19em ik Giem
I Y il 2Hem o s

2 a) Wem (b 15.6em (/244
LU 1

3 184 4 418

5 [a) 38.9° i 23 o

& 937

7 a) Bem tlyy BT A" o) 130cm

G111

8
9
10
11
12

i3
14
I5

16
17
18
19

20

i HGT e
[ Tem
T I X 11
PR i

gt faem
e 2t
el LG

vt Bam
e ML em

a1 em®
o HFem?

las 1257 v
a2t
ar dm

ai B

o 86T
e Hbem

I 54T
| YR (=
I
lsi GL1L4®
lvi I7¢m
RN & R
e nst
il o m
BT
vl Bavm
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e HaT
Ay 3EAE
Iy H6.9°
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Exercise 6d |». 32

1

2

3
3

e AR o EF

v XP TRnY (9

el sb AN o XN

T )

a AN e DV g
I i,

457517 2
i 6 |

e
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Exercise 7a . 01

bl oy LR O o
A

+ Noosampler
2 — i
3 liirm
5 adh 6 .":{n sinpahier
Lt | lesrns
iy —k i
8- g
& Felnr
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2Elac+i'i_l' a4 3 Sa+ m
=y x+35 4+ m
a+4 4a—m a—
2a4 1 a4 @+
91 W= o mim—al
w—u+u bh—a=—r¢ alm + )
34 hte 35 omil
h—r ¢ —ar
Exercise 7b (p. 33}
i Bn? " 4
1- y 3 - i —
Fi b 3 Su
EE E&+2 ?m+3 3u3r.l'
2 i@ m 16m=
9 — dd—2) __a m—3
0 - 11 — 12
2 2 n
i 2 e+R 410 5=t
m at 3 4
oo — ) w— 4
17 — 18
S(e—1) Ju
19 [x_—_!—_ll_j x4+2) 20 i
t{x— 2} fi
Exercise Tc (p. 36)
Ba + O Se—a+b o — 144
Gabe & 30b6e
7 : Fa— 1
4 - 5= —
Bix +_¥] a— 24 & — B
; x+4 g — 9 tt — G
x4+ 2y 0ju— 1) 25+ Ao
fa — b 19mn 3
10 11 = i 12
2idn + & 6im™ + n7) 2(2x — )
— — 2 5d 47
13— ¢ 14 ”[“_"3' 15 +_
ft i Gid— 4
Sa+ 7 I+ 2+ 4
16 —+ 17 T—rx_+_
g+ 1)la+ 2 {2.—1){x+72)
1 4
W . ap
fe 42V [¢+ 3 (m—n)?
e—d 2o— b 3
W -— N — ’B—-
e+ d)" g — 2h)* c—d

2 m4+n 2
4m + Sn n e+ 53 (c—2)
7d 6 a4 11b
- : R it e
(d+2)d — 21 [d—4] Gla + b) g — &)
Td 4+ 12 g 2
= id— 4 (d + 4 x—3
ot 4+ Ta+5
(@ —12)(a—3)(at+4]
Exercise 7d (p. 58)
11 21 38 4 2]
4z + 3 5
5d 6 ———
Sa+ 8 5m
S — 8 3—a=a -5
B — 5 ¢ Tao+ 4 -~ =]
Exercise Te (p. 39) -
13 -1 252 33 -3 A58
521 6—h=6 7 -12 TN
9 —: —210 (; 2 5 —= 1
13 24 14 ;3 15 6; —13 16 1
17 —1 18 58 19313 2 -2I%
21 3 —7F 22315 2393 24 2, -3
% —3 26 —1; 270 7! —4
2 —3 30 -2
Exercise 7f |p. 61
13 24 3 -7 40
5 24 6 —3 7 63 80, —!
903 10 —4; —311 +1 12 6
130, —%0 402 15 10; =12
16 5 -2 17 =6 18 0; +3
19 0; +2 20 1; -3 -5
Exercise 7g (p. 62
= T —5 P T
1 y+z 2 m J;:ﬁ 3 3::.1."::_ 2
y—z m—3 2ia— 1)
6—x + 10x 5
— —L 5
4 Dy Glx—12)
a4+ 2k 1 Tx4+32
6 (a) —- B 7
o bla— b B d+ b 4
2 2y — Bm + 1
= s i =
b A Im + 3



11 =1 {Nater m = 2isnof asolution since the terms . 14 @) (1,9 (B) 43 5
of the equation are not defined when m = 2| 15 (a) 0,56 (b 545
12:x=1 13 a=4 ar 43 16 o D=48 (b §=48 .
14 10 17 (a) _u=;.l. by y==8 'e) £ =30
15 (a) —35 ) =4 lbut not —3) 18 4= 25g
16 I,'d' 54 (b _ﬁ% 19 [al —1%1' (bl e=20
' )l 20 225 cms 21 yecx lorxog ¥
e — &) :
17 ial a=6 i L, ST 22 N
a4 e — )
4(6—5
1B (a) - -—.—-—]----— (h) =5
B+ h=0
19 iy - Fig. A3 »
at2 5
) 23 ih) & = 563
20 (a) —2 by A 0:3 (i) &= =2 24 (b) £1 = 8160 (e S1L,20 dy £
) 25 (b) f =131 {or, by graph, 4 = 0.9F)
Exercise 8a (p. 64 - - ¢l =73 id) H=1419
1 4.3 unit® 2 226 unit= 3 10,7 unie®
4 149 unic® 5 56 unit® 6 9 unit?
Exercigse 9b ip. 71|
Exercise Bb (p. 66) 1a=2 2 y=3l
1 (b) 0%mi® 0,15me (o) 1600m 3 (a) x =" (bl x =180 e 1=2a
2 (b 1100 m® (o) L2 0% liteesscooned 4 (a] A= iﬁ-"’ (b 2= 108 e} B=3
3.(b) 3 —1 N _ -l i = |
() velocity in m/s; the object is not moving 5 '_'“ "r_j e Q’ I. b _’_ < i# t_{'_ L]
4 (b) 0,18cmfs: 0,10 cmfs 6 ia) J°=31 (b I=12 (] F=12
fe) round-bottomed flask with thin neek CToa) F=3D% (B F=18] el =156
Swhend= 1, p= =2 when{= 7, r =4 7
i} 0,65; 385 (if) 225% (i) 15mjs’ g 0= " 4y 5ais i H=73l
6 N2
= ' 9 ra ¢’
rl0 1 2 3 456 | 10 -y - r B
{ T T o L
co| 6 10 12 12 10 6 0 \I} D I/’
T 4 r l "
fe) ¥ =1225m/s when = 2.5 i T
(di —3mjs’ (adeceleration)  (¢) 31.5m
7 (hy 1,2mis%; 3.68m)s° i) Bdm i T
8 (a) 29.8Bmfswhen ¢ =27 i
(hi 0,58 ms” ey PaGhm tig- A4
9 0067 m/s7 —0.047 mis™; 5600m 1

10 600m: 0.60ms3; —0,15m/s%; 45.3km/h afier * L
o I//——
L
Exercise 9a (p. 61 0 v
1 P5xg 2 54 3 (5tkm 4 lbw cenis
58 mf 6C=7n TD=16 8s=1i;

9 4d=4s 10 o= L.Bb Fig. 45

11 &) ﬂ‘z'ttﬁ' (by 44 '

12 (a) & =23y (b) 23 el 5"5 12 1= -1-.-.':._|' = | when r = 1:

13 |a) F=i{{_ thi & ic] bt 15 H.5H amps i+ 45 km
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15 (a) » increases by 219
(b} x decrenses by 199
16 x increases by 2007

17 72.8Y% 18 273

Exercise 9¢ (page 73]
1

lﬂr'IE'

1
{n) inversely (b} nf.x:ll:

|
ajl=—(b) 4= 7 {c) inversely
bty 32
4 x=— 5 R=—
3 T
y=1 TQ=%
1 1
8 yr=— 9 k3
V3 y
i K
y=k+— 11 A==
x 2
r="225
¥
¥ ¥
1 L . 1
[
_s“ i 5] ¥ 0 (-—f
(i) {1 ()
Fig. A6
14 =4 15 11.25km
Exercise 9d (p, 75
1 ja) x=2pz ihy 120
G
2 (a) .1:='T}I by 7
G
3 (a) p=—2 (b) p= 374
2
£
4 h=—
=
Blaj A=5 (b)) C=8 |[¢) Adecreaseshy 1%,
6 (a) x=1373 (b) y= 14 (¢| xis douhled
1
7 =800 - 8 Pu—
x e

26.1 kg

ihy 2

10 xor 2*

o

TR
From the given values, &= =

(&) 3%1%

(@) R=136 (b} d=y2¢ (¢) 9.2%

Exercise % (p. 76) _

Eia) 2=20+0y (hy 35

2 (a) t=24Yy (b} 32

3 n) x=5+ 3'. (b} '}'%

4 (o) D =730+31 {h} 249

5 53550 6 4= 100

T k=2 by =10

8 (a, P=10—10

Fig

& coats: §75 000, profic; S15000

10 §1 600 11 %65 500

12 45km/h 13 90m

14 §795 15 15

Exercise 10a (p. /%)

1 (a) 120em® (b} 6l6em® (o) 480em’

id) 48ecm? ‘el 77em? i1 420 ¢m?

2 ial 1380m? ‘b 484 em® (o) 528cm”
3 152 hitees 4 108 times. 5 16om
6 (a) 5000em® (b 3500cm® (¢ 7300cm?
7 1. onnes -

8 (a) 27em? () 13glem® (¢! 19g

9 42xcm” 10 396 em® 11 Bem

12 () 275em? (b)) L09gjem?

13 6,2 ¢/cm? 14 & cm 15 28,8 cm
16 64 17 {a) 15400cm¥/s (b) 924 {/min
18 5 19 | 4rm 20 64cm’
21 (a) lGmem? by Hem

() 20mem? b} haT
22 1232cm’, 350 cm?
23 100,87 24 6750 m’ 25 389"

07



Exercise 10b ip. 82|

1 {a) 4 Iﬂﬂm:‘,lﬁﬁﬂum
{e) B8 em®; 37,7 am?
3 27em

2 7.06kg
5 {u) 6,20cm

Exercise 10c p. 84)
1 38125¢m?

2 {a) 3000 hires

3 1213 tonnes

5 (a) 7,08 Ltres

(b} 2140cm?, 80 em?
(di 191 em?, 18] em?

41798
(b 484 em”

(b} 1,224 em?
4 57.6 ke
(b} 3,94 kg

6 57.0em’ 7 352em’ B (h) V=880
9 532.4% ( * lﬁﬂ/h)

10 9610cm® 11 165ks 12 11 4cm
13 9em 14 3licm 15 21em
16 335 em 17 lem 18 2em
19 420g 20 0,345 kg

Exercise 10d [p. 87)

1 218z cm?

2 (a) 500m’ (b} 468 m?

3 155%em?

4 (a) 195mem?

{hy 700w em?

5 cone: 185 wmf | frustum: 815 md

6 16m’ 7 12.7em 8 5iem

Exercise 11a {p. 8Y)

1 a=%79cm 2 bh=149em

Fr=138m 4 a=23Im

5 a=166cm 6 bH=4%18m
7¢=572m 85=121em

9 o =0068cm 10 ¢ =182 m
Exercise 1Ib [p. ™}
1 e=49cm B=473 C =667
2 :=987cm B =297 A =76,8"
3¢=122m *’L—"::n*i“ B=158"
4 45=375m G =31 A=529"
5a=908m B = 59,57 C=52.67
6 h=945cm C =287 A=79535°
7 =323 B=281° A=1262"
Bae=20(53m B= ?6,_'?.‘ C=1586"
9 ¢ =58lem A= 13T B=25

0 6=321cm C=2458 A=11505

Exercise 11¢ (p. 91
I 29.9% 65,9% BG2°
362,77 817 3.5
5 33,6% 50,7% 95,7
7 41,47 55,8 B8
9 98,27 50,3 31.5°

S8

2 81,8°% 38,2" 60°

4 108,2°; 22.3% 49,5°
6 110,57 45,2 25,%°

8 446,57 2947 94,17
10 457 79° 55.%°

Exercise 11d (p. 97)
(a) (b) Tem -
jaj 117" (b BH0em
=636 0 =614" ’
(a) 120,4°

1

2

3

4 (he) 29,87
5 — 3 424 em

7

9

]

6 75; 740m

7.6% em, 3,12 ¢cm 3 yr=35
4:1:1
10 (o) 828" (b 8849 cm
Exercise 11e (p. 93)
1 5% km 2 226 m
I 4 171 km
5 B2 0m 6 0672
7 36,1 km, 0752 8 192 km

9 (a) £,72km
10 154m

by Da1"
11 0,706 m, 364"

12 (a) 700km (bi 021.8°
13 (a) 44.5km (b) 134,2°

14 19%km, 3399°
15 5.65km, N95"W (or 350,57

Exercise 12a (p. 96]
b three plece suite: F460, table and chars: 84
black pors: 516,80, bicycle: 418,80
2 52 %1; 84 $1,50; 33; 54.40; 55.11; S0.27
respectively
3 515,22 4 §45
5 {a) (1; $900 {it) 51 140
{k) (i} $1620 (i) %1980
fe) (i) $3220 (i) $3780
i) i H1240 (i) $1340
fed (i} $15316. (u) $1860
(0 (i} $2134 (i) $2565.20

6 (a) 52200 [b) B4 800 (o) B4000
(d} $6 800

T 51265

8 (a) $1800 (b) $3508  (c) $268
d) 85240 [¢) F486 (f) $3726
() $9504

9 /a\ $5800 (hi $0688,75 (¢} $1509,27

10 54651282

Exercise 12b (p. 98]

1 (a) $53,10 (b) $367,30 (¢} $23.80

id) 86
2 $165
3 [a) 35% {(b) 525,35
4 159 '
5 51,56 and $1,30, a saving of 66 cents' per kg
6 328,25 7 338700
8 [a) 3825 (b} ¥126




9 5838 und 5988 | the higher price reflects the longer  Exercise 13a (p. 108}

hire pered) p -

10 5833,65 1 (a ( ! 9) (b} (15)
Th—4 3 9 £
Exercise 12¢ (p. 101] o = 1 =T

2 32024 3§71 vl 0 6 il ( 3 1)

5 51493 & 528,15 —0 7 :

7 (a) 33595 i 833,95 v RS

B $142,03 9 S156,80 3 o f ¥R

10 $356.90 (ie. $250.32 rati, $32,35 water and 7 Lag -8 6
374,23 clecticiy) - _3 15 . (”_ ﬂ)
i ( 5 !‘3) J g —16

Exercise 12d (p. 103 4 -

1 $57.80 each o ( 2 - “3*) d G “)

2 henefit C, $3422 | = 852215 + $1 207, VRN R TN =

3 858 . i

4 ) 5910 (b 8364 | (i ID) (T ( 2 ?_)

5 'a) 867 (h) S99 fe] S164 B =12 =105

6 'a SETEN ihyS20IT.200 (el 551830 e e L . |

7 (a) S132,50 (b) $11,04 (el 3y —1 (d) (4x+ 3y 4+ Bz

B (ai S45400 (v 39097560 4 x=8 y=—5

9 SHRETH =

10 (o) $45 000 (b) S622.35 o ST4 564 5 [i) ( _H"l}) (by (T4 11)

Exercise 12e (. 105 i ( + 5) [\ (_'1 24-)

L ja) mortgage, insurance, school coses =2 =11 : 2 =5
il 8320.78 [er B150.84 T .

2 ia) S195493,33 by F480 el ( 3 _'4) ify (f 7 !E)
(¢} $15401,20 (d1 $3608,28 -8 1 w o=k
e $124.050

3 (b $63ROTO
[ uperating loss of $3 283,57

4 (a) 8153867 million (L) 1988/89
(e} income 1ax i} 19R7/88 Exercise 13b (p. 110)

5 (a; yes [l ves el no idi no _ ;

6 it is probably & rounding off error, Tor example, 1L 2 -3 2 l( 3 _3)

possihle real velue rematidedd el =1 (F =2 3
210,77 2108 T g 3

+ 786,06 786, 3 _-1( ) 4 _g( 2 ‘1)
U5, 85 (sum) B, i s 4 ==l 43

7 $4831.5 mllion 8 513078 million 95 —3 1 —9

9 (a) 2L,1% (b} 11,6% 5 ( i g) 6 —(_2 5)
!¢} the proportion of deficit fmanced by loreign - &

loan was virfually halved during the two-year ) L
period 7 singular 8 — 5 | —5

10 (a) 142.53% (B 134.9%

(¢} Dboth are rising, however, revenue [incomel o 1 (—E 9) 3 1 (ﬂ 4)
i msing at a greater rale thun expenditure; #l—p ¢ 2 -5
this: means that Government had a fom ;
control of Zimbabwe's inancal affaisduring . 43 _%( B = ]) 12 ( 0 ‘i)
the given two-year period 16 4 -2 0

309



Exercise 13c (p. 111}

3 2
4 a) 1=3 b (:4 5) 5&=3
—6 150
6 ia) @ <=5 0 ) (11)
—4 100
, ﬁ {012 15 3
il _? "o 4 3 0
} _ =1 @

) ﬂ=9¢=—ﬁ

Ieg=1Lg=—%r=512a=54F=1

16 14
13 [a) ( 0 9)
2

(e} m=—

1 @ 4(_
s (3 3)(0)

310

-

)
(2

(E R |
L=

(b k= -é

(b) x==2 wm= —1

). f Sy — 14

Exercise Ha (p. L16;

2

=1 AN e LS

10

Exercise 14b (p. 119]

1

2

3

&

transformation

identity

reflection 1n x-axis

reflection o p-axis

ratation of 180° (—! U).

about orign

o0l =
o (0

=1L (% —=2) (T1 =3)

Pi—=1:5

00, (—1:1), (—=h=1)

[0, (=1i—1): (=L

(@) =20 1 =220 (=13 —=1]
(b) (=22, (=L =1 &=, (=K1l

o()
al2]

) [—=2;1)

(by (i) 270",

(c] y=-—1

(B) (=% =4 (¢} C[=1;7

Al —8:-3), B'(—6 —9), €'{—12;: —6)
[} L L1 I _3
Al 1, B S, G 1052, (ﬂ !

AYZE), B4 15), O 10, a two-way stretch
of factor 2.in the w-direction and facror § in
J-direction.

15 0
g 13

(00, (43:0), (053, (45:3)
jal 12 15) by =2 —5)
() mshear of factor 5 in the p-directon with t

p-axis invariand

-3 0
(4} —35 el
L . g 2

2



an enlargement ol seale factor 4 with the

. 40
S
Origin as OCiire] 0 4

Py (16540, ,(24:5

[—d: =2 b [—54)
), (42, Ry —2,6)
L (0 0), Qa8 —4), Rai6:2)

(el p='0

ise Mo (po 122

U BT N M YR AW

(=2 18], ¥4 =531, Z5 — 4 210

al enlargement, seale fctor 4 with origin us
ventre [ollowed by a transianon of vector

=%
( Ij-' shear of factor 3aith y =10

variant followed by.a twosway sireich

] 4= 10 122 12) i
V= 100301 by (=4 14 (e (—14:%
=313 b =118 (e} (=225

g —1 —1
960" b ) ()

@ ) @)
xt ==

()

I b
] (—1:3) by (10;7) (&) m=—4 =73
LF s
13
{5
N,
T 5 15 %
\’1’)%.‘-1 J-ijnqx;
~—{#}

(bl U is an enlargement of scale factor 3 with
the origin ds centre. vy
() Vs reflecdon in the line ¥ = —a,

Exercise 15a (p. 126

j ) e T y=—2 0424
3 o) x=05 4 v =—250718
5r=14 6 b =~ —31—0435
T y=5%8

Bia) x=0:1or3 (b) | cx<3 (c) (F (i) 13
9 (a) 3cm (bl 349s

0 ic) (1) 27iem® (i) Jemx Jem x Jom

Exercise 15b (p. 128)

1
1
1

2 la) ve=2]

3 el py=39

5 v=00 =27

T x=—=01:140r
8 v=2.0

0 (a) »x=05: 0

1 {a) ye=32

2 () #=324L1: 1,55

ih) ¢* =% —5=10

4 (b v = —1.45; 345
6 r= —06 —64

1.7

9 (b v =02 43

thy —1.8

(h] x =43
(b 153

) | 1'1‘

Exercise 15¢ (p. 131

1

B e ]
{dy dx— =12
(b mmOMN =2

2 (a] 5x— Gy =30
(¢! x4y =—8
3 —11 & iph 2=3%
6 )=+ —x—2 )
7 {a) y=4—58s— . ikl 7= 2t 42— 12
1 |

by =

9 ) w= 3,

2 2o N

e

0 Liy=x+lpry=0"—2—3 hiy=
F=ik P2 . = x4

Exercise 16a (p. 153

[EL 5

al mmsic (b 3 hours
fet 16 lowrs idj 4

ja) Bhkm ik 28 soudents
(e 3akm id) +km

(b mode = median = 2 oy 41

b} 3l people e 42 marks
by 52.85%,

el tmode = 60%,, median = 50%,

Exercise 16b (p. 133)

1100 | 101~ 2000201300 | 301 -H'H'I-|-H".ll—5ﬂ[}]

a I

(9 3t | ¢

There is very little change in the pattern of the
distribution,

3l



2 | 0-49 | 530-099 |100-149|150-199|200- 3249
i} A 7 9 11
D50 299|300 349|350 - 599|400 449450 -394
i 4 2 2 2
3 |55-54 |60—64 | 65-69] 7074|7379 |80 B4
3 7 16 14 fi K
380

Exercise 16c [ |
1 11-15

2127

3255

4 mode: 32, mean: 31,4

5 6 plants
6 F224.50

7 69.5°

8 222 years
9

07% nhsentees (98 w0 nearest whole person)

10 ja) 25 srudents (b} 50,1%
I1 ves fmean = [99.75 = 200 to the nearest whaole
niail)
12 ia)| 4044 | 4549 | S0-54| 53—59 - GO-63
5 ) I 4] ] 1
) 50 ke
13 (2| 135-144 | 144154 | 155-164 | 165-17+4
N 4 12 ] b
(b 154,Bem
14 (a)| 51-55 5060 | 61-65 | 66-70
4 G [0 1%
71-75 Th-80 185
4 4 4

() 67,9 kg
312

15 (a) 70mm o 79 mm

iyl 70-79 | #0-89 9&—_94 B5—
4 ] 12 6

100- 104 | 105100 | 110-119 | 120

29 15 # 4

') modal group 100 mm-104mm,
mode =102 mm

Exercise 16d [p.

41}

1 () 28% i) 20 students (el 5%
d 4] d = )

2

1'*’--1

B~ v

md '._.
1
it = |
z |
; Wi e :
g o |
s w- L
= Vo
E L i I
J (.
————— — | ]
Hi | 11
I | |
i | I J
T ;
. Qy 04 Q4

70 I;U 'ar IH1|! I!Ii
Muss (g)
Fig. A9
{a) 101 mm by about by mim



s interval | frequency mqi‘::;e |

1-10 P i
11-20 7 9
2130 O 18
31—40) 11 2t
$1-50 I3 E S
5160 16 58
61-70 16 7t
71-80 15 89
81490 8 87
91100 3 100

class
interval frequency

tally |frequency tive

Bl

£

4

8
15
30
38
43
Gt
5

T yhelabe

_E:'E'-.G:.'.: L B0

551-560 | I
561-570 | I
; : 571-580 | HA
= . 58150 | 1) I
g 591600 | LHr 4 41l
T ROT—610 | g4 (1)
GLI-G20 | JT
10 G21—-630 | T
631-640 | 1

E_
T

i3
il

E s

el 5 T T - L REEE RS T i

Q) (median) = 35, Q, = 363, Q) = 703
130’_“‘“'” mindal group: 391-600, mode: 596 h, 0 nearest
63% hour

314



(b) Exercise 17a (p, 144
2 (a) drl:2), (k8 (23} b} {i0:2
Fx>lix+trei Sp>x ~
4 >0 y i34 9> =0
5 P4 thl "= —92% {ur 2x =

e x€hiZ+ > v< et 8

Exercise 17b |p. 14,
1 14 huses, 11 minibases
2 (H4) twn wavss 3 notebooks, 5 peneils
4 notebuoks, 3 penels
b yes, the 2ad way: 12¢ change
3 {al 9% either (72211 ar (73,20,
(bl 60 cheap; 30 deur
4 (a) (1) (96;34) (i) (T40: 20 (b
I (o ode 4 =20, dv & 3y =30
) 4 Veelgood pills and 5 Getbetia
6 15 lorries |5 Landmasters: 10 Sand

70 370027 1) elchioe T 10: 273
e] %7.05

8 (a) 10 by 4 of Aand 6

9 (u] 20

(b 13) 11638 (@) cither (20500 or
10 v+ 3= 1000 32 20 x b
333 cans of Kula, 667 cans of Sun

médian: 397 h, 1o nearest hour

& ?;]Jthapcmt:mﬂe: 613 h, 1o nearest hour Exercise 18a (p. 50

(b) ! (_3)
o0 e

— 8
3 (a) /89 (k] ( 5.)

cumulaiive requeney

] 50 1001 et {h W 3
Fip. 13 mark . 4 5
o) mediin mark =43 {approx) el ( “;_) 1) (1)

314




) s el

 F— ﬁﬁ) = (A || CB and OA = CB -
; ( 24) ) Ll (] 1 == OABC iy a parallelogram F
(a) 5 (b ,Lf:ﬁ (el 4 8 PO - 5R[=(ﬁl)]
(d) \fﬁ (& \f? 4 3
(a) A'i4:4), B3 6) O K7 = PO} || SR and PQ =5R
by a <= PORS is-a parllelogram
5 d'l::-L‘uH.:i\ intersect ar (71 5]
) ( 1&) b 1D 91 1. 8 _ diggenals intersect ar (64
Pi:6;, Q1 1:3). |OA =3 10 fa (D i 10 (e] Pi—7—10)

Exercise 18c (p. 153

1 () PR by P8 () PT it PT
-_v': PS ) Ps vz PT [h) P§
2 '-:’l+|:l

XY =h-aYl-c—h ZX=a—c
i Th—=a ) a+hb

U‘llﬁhmlﬂ

1
[a) ¢ ) —rx Cf —afF

g L
(a] (3) (b} (IE}) e (3) dj t i &) Grobt
8 3 'i> al b—a [T él:l ] éb—a

=]

(d t ) 7 [ (—ﬁ 7 (a] 2a My br—a
[+ §] 9 €\ _z i1 = an ]é‘ﬂ b il l]‘i“""!ib
y ; B (o) 2x b ox+¥ fe] =+ ¥
(a) _-]) ih] ( H) ) x 42y () dx+y () exTY
3 ,— | 9 in) ‘;—; (hy dix+y) e sy

) d) sy — u,wlr. e }r—éx
10 ia) 2a+ b ih) —h o) a
13 :ubdna_.-a th:ﬁb—a
9 b MN || AB and MN = 1AB
16 7 RP=a+ b, Q,S—'-‘aa—-h

5 0 17 () (i) b—a (i) o+ b, i a-b
e (4) _ th) ( i) (b ha + (1 — kb
¢

=% k=% {d) %‘.’l-{“ih

o =3 f il =gy R o

i) 5 L1 | 18 (a] (i) 1=, (i e, (iii] e—=, (V] Fle—a]
) : bl A+ e T

Y ALy, Bie: gy, Cibd) 3 2

) 6 i (e 1-1-'?9-+'.r‘|"€

by (1 (_) (n) ( 2 ey =30 = 23 AN B =2:
b & 19 4y a—Db {e] éa + b

: 0\ _of * s (]
QR=(_i)ﬂndP5=(_E):2(_]) 20 a T+ () _;_'-‘-'I+§|’ry

3 Ao ST T
~QR P8 o % L
AB=ROC=CD=DA = v’:i‘i‘.ﬁ | = ABCD 1 i the lines uh el el other at a 51nj-_t|:t' poinl
a rhombus and divide each other in the ratio 2:1

3la



i) ETJE ) ‘-’;’ (k) ‘“;- iy &
(m} /5

) 3/5 (b 2,3 (0 3/7T @0
) /2 @ 5 (@9 (hY 12
@ 95 (j) 60 (ki 3/3 ()8

(m) 52

Exercise 21g (p. 183)

1

W ek W

10
11
12
13

14

15
16

(a) 300 {3 % 108 (h) 755 %53
Higeer 22, 10111,
B
[a] 10 (b 5 (e} ‘B25
[a) 27 (b) 85 [c) 108 (dj 11
fa) 100001 (b LETIRE (el 1 DOHR(HY]
(dy 110 1m
Laj 222 |_h:l ] o, JE3 (R ]
(dy 42n
Cfa) 10000 (b) [LIGD () NIO0E
(d) 11111
{a) 131 (b) 433 (¢} 340
[d) 441
fa) 14125 [} T 0 DO
fa) 2324 (b 11110
53321
fa) 1021 by WOTLLED]  (e) 4
() 110
fal LT by LD ILDMOY
o) LOIO0OIGTIL0
) LLILLI00
(w) 101 (b} 101 (¢} 110 (d) 111
fa) CALCUILATE X
[y 1) (i1}

{001 (0011

{0 AR

100 TR

1610 (106

01111 (M3

11000 (HHIL]

01001 L0100

ol (NI

00001 CHH O

0100 LD

00101 L0100

(O

Exercise 21h (p. [U4)
| Answeers given to veady-veckoner accuracy only.)

1

2

fa) %552
() $60,03
) 3966

) 17,25

iy 15,18
(¢; 80177
by 200,10
fe) 322080

) %33.81
(f) §75,85

i) S54,51

318

=]

520,70

fal 87917
id) $700
in] 586,54
(d) $230,77

4 §43,10

‘bl §258,33
(el F1300
'h) $144,23
tei 5336,54

5 524,84

el S666,67
(T} $1 446,67
fe] 175,08
(f] $164.50

(¢} 534,500

8 5845
9 51 405,89
10 517 648,08

M {ay 18,2 ‘b 51.8 (g] 404
(d) 45,5 vl 2728 i 4.6

12 (a) 0,7 L 1,0 fe) 18
id] 22 (el 198 (ry 1.4

13 9 24 wallons

4 (a} 1.39 (b} 2,22 el 167
id] 19.4 fel 247 if] 374

15 (a) 2449 by 4,33 {e) €2
id) 49.7 (e) 5,28 (i 274

16 30 mph (since 30kmh = 311 mph)

17 {a) O vhi 1 (el 34
id) 20 vl —5 it} &7

18 (a 14 (h! GR fa) 86
id) 41 (£).-95 irn a7

19 (a} 18°F (b} 122°F

20 (a) UIS57,01
e) USS4.20
i) LIS8R3.09
(#] USBIT.76

(b USH18.70
d) US$10,28
i1 LS§1L16
(h LISE45.99

Exercise 22a (p. 188 _
Iia) {iormpegrer) bt i}
(c] {mewingl  id) {viesln}
(&) {nevialumgl (1 {v]

Z) ihi {mevioihonig
(1) Temer)
2
ial ib) el
idl | i
Fip. A4




3
{a) 1] 1)
id) il ir
Fig. 15
4 (a) |1;2) (k) {5100
fevy 5'—!-;::;5:?',- (ed) 42}
ey {13084 50608 9:10) (f] f2a)
5 b6 ihy |45 8; 10
6
Fig. AI6

lave )

7

Fip: 417 -
& 11 men

% fa) k=3 (b 23 el o) 13
10 (u) 7 bl 1m0 3 55 yi5 an integer]
II ja) p=T0—x (bl T T

| R e Y
13 (a) 8 thi 1
14 57

13 seme boys are unhappy: oo girls are unhappy

Exercise 2Zb (p. 190)
1 16x— 9y

3 de— 10

5 — 10xy + 97

2 2% — §y
4 9% 4 [5x°
6 2ty — dur?

idl 5

7 2d*— | Uad 8
9: 7u? 4 4 et 10

Exercise 22¢ (. 191

1 564+ 4 z
3 42— 3wy 4
55 —ux b
7 6 — 17x+ 10 8
9 Har + dad + Ghe + Bbd

10 +3 + 49y + 8 i1
12 |0a® — Tlah— 86 13
14 (g — 2ab + 86° 15
16 |2 + I'ly — 5.7 17
18 i° — 8 + 16 19
20 16m> — 2w 4 U

Exercise 22d . 102

1 (3¢ —d) (Sm — 4n) 2
3+ (v — S 4
5 [+ 2(a—-5) 6
7 jab 2] ok ~ 3} 8
8 (k=24 im— 2n) 10

I (3m— 11m— 3 12
13 (4v + %am 4y — Sam i 14
15 (224357 16
17 (a — 24} 00— 48

18 {Hahe + 3 Sabe — S

19 (E . Jr)(m " f)

3 2403 2
20 (Sr4 ) le—2!
21 (3y— 27 22
23 (W + e = 24
B 4+ 24002 —w
26 a4b+cila+ b —0
27 b +m—alix—m+ fy
28 P L Dy 4
29 945001 =38
30 (Za— b (m— 3
3L (e —6h e — 59
32 (m— 18 (m—+ 30

=% o
Aat 4 an

y .
mE— A .

— 30y 4 Ly — 3
— 0™+ Dab — Gar
Hat — 4

32— 76

10 + 2]ab 4 84*
1062 — |lab — 86°
%2 g+ 15
G2 + by + |

I — 2+ 3547

fa =80 20
(2454 (20— Bd)
(o260 (o — 5F)

3 we— B (e 3n)
(240 (e +-4b
(e = e + 9
(A0 (34 2
Qih— 280 (h <+ 2%

4 — 1) 844+ 2)
(2mn— 31 (5mn + 4

33 o — 2 —800c— 2d + 30

3 Sy + 2 by Uy

35 h— 43— W

36 Zailx 4 Oy (e —2d)

F7 (2a — Oy (S8 4+ 4y

38 Se+ 2m 4+ kel (Ha — Im
39 (7a'— 45} (3a + 18)

40 i Fe — 0

Exe¢rcice 22e (0. 192

1 1600 2 2300 3 2430
6 3050 F 2400 B 75.6

iy

4 28000 5 540
9 408 10 10360

319




Exercise 22f (p. 195)

15.1'—5—1 2|2‘|EI+IJ 194 4+ 48
6 35 A
13 — 29 8¢ — 9a fig — p
7 P ) = : b M
21 ¥ 1 2ahe &
& i
7 +c aﬂ+ gf
h—t a b
motn 42
10 11 2241
m—n T 12.'r+3
5 = P
P . g = 15 2
x+3 34a x =2
a+ b | i
16 —: 1
ah ?x-—ﬂ . bla— b
19 {e—11) 2+ 1) St — wr)
By — 3 (m— 1) {2m + 3] {m -+ 4)

Exercise 22g (p. 194
1724 211

5 (=) 8 (b) 8
6 (a) —2 (b —4
718 2 —30
9 (a] 1 [1)}
10 (a) 4900 by 7

4 =9
(d) 36
dy 10

3 +13
fe)] 12

[e] O

1
) b5 e

Exercise 22h {p. 196)

I
1 (a) 1c€EurI=£

(b} roo ! or L
{ o= —
e e
o ymy

My y
orify=-: di

ey G PE

(d) F.'.—.m":+f_u;-z
2 y=20x x=12 FA=6,M=17

4 =108 0=16 5D=135 =5
6 P=30% P=73,0=>5

7 =30 x=25 p=1

8 M=3R M=0(25 R=16

9 Jr=%zr=100, z=4

10 A=30 8=7% 11 P=13L, =5
12 x=d3+4p =10 13 x=1152

i
14 x oot 15 xor —
=

320

16 (a) 12h (b 2h el Lh
17 « | 10| 15 | 20 |25 | 30 | 35
B EIEEREIE
18 3l 4em 19 756N 20 84 min
Exercise 22i (p. 198
1| = | =2 =110 | 2 3 R
¥ 25 Il 3 I 3 15 21 [
(b} 0,92  (c) x=0,83
id) x=2,z=-03
2 (g} (1) 2,75 (i) —3,23
(bl (i) 47 0r —1,7  {ii} —1lor4
lg) m= i
3 (a) =225 (b} £850r—0865 (c) x=24
4 (a) x> -2 (b (=2, —3)
3 la) x= % i —l<x<2
7 (al (40) and (=2;0) thy (8]
[e] maximum dl x=1
{#) y=19
B {a) (0:0) and (5:00

(1)

3 =10 (the s-axis), ¥ = 2§

9 (2,64:0,76), (—1,14: =1.75)

10 (—1:—1), (—3;:1)
Exercise 23a (p. 199)
1 -2 23 35 4-4 5 -2
62 7-2 84 935 10 - i
Exercise 23b (p. 200)
. lood v =
1 Trae 2.#-)'41,;{—*./:
PR y o
I e i 4 M=N—ED
F
T 337
5.'l||'= ——E ﬁr: —
fr i
§— Yt
7 hi=—
‘ 2my
2 ol 2
8a= I_._,r,{.'=J|—.:—2=1'}fa !
Jl i i a
i af
9 f= L= s
! R4 r v—




A
Wa=——(a—1)d
"

4 2l @ < —0

|
L

P{';n+.5r| {h) C
1 g= — 3y 5 ' I
2t ) &
12 & Ei_"-".z:l ,nr:i.uh: -+ Pas .[: ¥ n
|4 28 O - ')
13 0= T o — g o f 1
) led =
14 _Pl;—rTj £ o
— it n ® : o
T i =
15 H""—'_ff_z f'zg. A1 9 &
el
f:if 50 6 (a) —S=gx<]
— 7 (a) {—6;—3—4} (b {-2-LO:LZ
g = 02 8 {—1:0:1;2:3: 45} '
- 9 (a) (i) 6 (i) —14 (i) =9 (v} —45
17 h=— — =y (hi 1) 14 Gy —6 () 16 {iv) &7
mr 10 17. 19, 23
gl v~ Exercise 23d (p, 202
32 z 14;2 23 -5 3 —3% —4 41;2
F—%4 6 =2:=5 751 8 -7 -2
TR 9 2,_, 310 —215 WE0 125
Vet 13 -2 1% 140, -2 15 24 —3116 &5
P dQ_ i7 '.!.,-5 188 —12 19 —2;:4 2 112
2 Q=—+PP= 7 2,222 %1 23 -3 224 —3% —2
d I +d 25 1 —%
21 ([a) i = -—w(u- = ) ||]| b years Exercise 23e (p- 203
1 (a) y=2x bt x4+ y=5
3 o) y<2x+r2hrsl
22 (b) 38tem B a=—mr, $o 2 x> 4 xd y<—5 yEx—2
1= 3 Jy<lx+5<5, 5=
Ve 4250, y>l,xs+ 24 x+ 26
24 (a) "’=T(I_1) 5 greawest value is 45 at (23;2)
6 (a) (1)
J &
(B ——
£ 24000 =
25 & =2 | i
la}) r=— { F = — :
m dn = I /
; ol
Exercise 23c (p. 201) TE /;i-
1a) x<! {b) x<4 () x &2 *T ST
(d) x=4 {e] 2> —H - X 2 |
i x>—5 gt b ok i 3
2 a) x<2 (b} x=6 (c) p<47 _ ' =
d) x<3 e} x=>1 H <11 *-jf' a0
g} x= =10 (h) y=—-47 il »r<4 O U i P i G T a *
Uy =<3 Fig. A19 VA B I T I L P




i) The deast value of ¥ — yis | fi)

4.300 11L56

Ly 2.6a2:038

thy k4256, 0 =20, <2 cf 4 =1
7 9O shirts, 6 dresuey 4 (a) 0 —0K7 bY 1w =10
8 Maximum 37 (10 large; 27 small) oy DR — 0 [ T.69: —2.56 =
(zreatcst profit from either (10 large; 27 Small) 50 a) dmuginary roets (BT 16T
of [11 Large: 25 small) 34,70 o) lada: —0,148
9 (a) (4ol A el B) (b 2ol A 1 ol B)
10 (i A 1S (i) p=25 (0] A4 <60 6 v= 1,77 or 1,57 7 £175 7 —3=40
8 +1.487
i |
.,%L\..i_ _
S = ’ ™
o 9 X 2 L | =1 | =5 i (s
m\ -'ﬁ,l\h \rﬂ. |
i b i |—-1L75 b ‘ I25 | 2 | 235
x I 2 &5 =
e | 2| tas | 0| =tas| —4
) o=2.00 whena =03 (d) 3,415 =04
10 227 —1.77
i Exercise 23h (. 207
\ 1 [0:3), (% —3) 2 {350, (=155 — 1)
iy iy iy s nkaEy
. .. Y 3 1.0 4 (% =5, (=246
LI e 5 %1 B il —2y (=313
Fig. 420 T -438 § [k — |}
—|; TR 5% I e
25 hardback: 30 paperback : : !l'l » (T =3 ;g I: ; ! lﬂj' ;
=4 (ks 11, [—8:—59!
Exercise 23f (pp. 205, ! yoa : I a3
157 9 _L: =1 3._::'_::: 13 |:_E| '_3-.—: 14‘|]:¢;—=|..—|]3;3
45 —90 5 1; —2 60, 3 15 1210, 1= —15)
T3 8=%-3 8%
10 0; 4 =k =2 1243 Exercise 23i . 208)
13 154 14 2% 3 15 14 — 13 1 $1,03; 29¢ 2 1515 3 18¢m
4 v, J'?v.r 5 17cm. 4im 6 bvr
9
Ewercise 2 (pi206) 7 e=12, y =10 8 9m
. el =] o e | 95 {1 LI Som
L e | =2 =00 1 2 3|4 13| 2 6gcarsage 13 4
3 14 = Y Y | z |5 4 12em, 2om 15 15
(A x= 341 or 01,59 thy =2 Exercise 24a (p. 2[0)]
1= 6R" b=E8, c= T2
N 2al= 70 e=99" J'=I5
2 kS -2 — 1 i l bl ) | i 3 o= |5 =_|'I k= -IE“. {= 45k
4./ =H", k=08, f=152"
¥ 250 10| 1 | =2 |1 10 | 25 5. = 34" = |4
— b= har 1'-:}—““-3'I
»=0,18 182 8 r=1307 = B0

322




Enermt 24b (p. '31]
1 F;"LL— L5, Qﬁ\— 135” F.L"L— 1207

2 |a) B3, scalene {hy 717, dsosceles
(w] 43°, 1sosceles :_Lijn 607, equilateral
o] 9, right-angled (1) 977, obruse-angled
3 (a h=65_ k=848 b)) m=p=71%
(o] p=235", g=00F r=25

(d) &= 68 (=44", u=24"

(6] =47 w =29" y="]51"
(fy p=70° £="385"
4 5=17
5 (a] v="05" lsusceles (b v = 21", scalene
6 (a] ANAZ RHS) (b ABYZ (BAS)
(L} AYXLON(835)  id) ALDX (AAS)
ey AXEZ (5AS5) i) AGHF (SAS)
7 54
8 (a} BAS (b)) RHS (g0 ASA or AAS (d) ASA
g 7o
10 AABC = ARPO (BRS),
ARLM = AXZY (AAS)
Exercise 24c (p. 215)
1 sum of
polygon interior angles
triangle i3] LBO®
guadrilateral i+ Sai
prnLiron (3] SH)°
hexagon ) 720"
heptaron ) a0
pelagon 8 1 0B
decagan (10] | 40"
chomleciiron (12 1 B
2 (a) 100" (hy 170" (e} BO® () 30°, 1507

3 IHP" eieth g 4 ]R;idr-s

3 BED = 11, EABR = 62°, AED = 118

6 11 7 3rm 8 5% 9 01 sides
10 == 187727, 907, 108°, 1267, 1447

Exercise 24d (p. 218)
I fa) p=95, 4=133"

(b E=="863" &= 108", I=9", 'n/=43"
(] m=2267, p=11F, 4 = 67

fd) #=60", +=80"1="28", »="T72

e} w =4, x=42% y="12"

£y z=48a%

Tom, Gom, hem F Scom; 4em, Heom

2

4 AY =4om, BX = 5Hcem

5 (a] A=90% 1=, j=4" k=50
by m=w=61"

(¢} p=123", ¢ =067" r=67", =143

(d] t=n=00" = IJ;-
fe) ar= 128, y = 61
N =BT e =66
6 (2% hR°, 62"
? g 62 by 1297 o) 38 (d] 106
fa) f=86", g= 068", #'= 56
thYy a=707, F= rﬂ..:=?1
:.p—%ﬂ d] r=46" [e) =25
9 =25 — 160°
10 (a 35° by 72 e 26" dro19°
Exercise 24e p. 2211
2 52om 3 58 em 4 6.90cm
6 A3 mm 7 Sbcm B llcm
8 7.4hem 10 8.5 cm

Exercise 24f (p. 225
1 hemispherical surface 2 circle
3 construct the bisecwors of the angles between 1he
[111es
5 perpendicular bsector of line joiming the hsed
poines
b 4 T4 & temori2em
10 Y7 =8, 7cm: mocamum area ol ANMY i
235 cm*

Exercise 23a (p, 224

1 62 8cm 2 1hB84m (158+tcem

J 150, IG5 em 4 50

5 2am 6 lem

7 l4iem B G.3em

9 120cm 10 53535 cm
Exercise 25b (p. 226

I a0 BBcm® il B4 m

el 10%em? () 14400 m*

2 147 em” 3 1.115ha

4 3850 em?; 294 cm”

5 528 ke 6 313%,

7 15m 8 142cm?

9 U7 5m 10 153310 em?

11 90,1 em? 12 5,199

Exercise 2Z3e . 221

11848 Hires

3 16m (160cm) 4 1,188 ko

5 29157 (705w cm? 6 [.1%m

T oiah 20250 em? by 16,2 ke
B 1,74 hitres 9 43em

(b Gildr cm T e O cm®
12 195% rm*
14 1 728

10 (o) 10cm
11 217
13 1571 (500

324



15 32 em 16 336cm?

17 () (i) 5 (i) 3 (b} ;1

18 200 ¢m* 19 3lzem

20 1, 4%9ke

Exercise 25d (p. 250)
(a) 3em fb) 25:1 2 32ke
16 kg 4 9 rimes 5 135cm?
{a) 53 (h) 259 ) 125:27
fa) Bem (b] 37:8

{a) 9km? (b) 3km

8.5 cm 10 (a) 53 ithy 23:9

fmy 3 (B9 (¢ 7 (d) 9 (el 14 ([ M

1
3
6
7
8
9
Exercise 26a (p. 231
1
z
4
i

37m 3 4m
(a) Tom (b) Bfem? 5 Z0em
fay 539 (b 3,74 el 6,48
id) 7.28 (&) 7,55 ) 9,54
7 58,7cm 8 (a) 2,74cm (b 11 8em®

10 (a) 56ecm (b 65cm

Exercise 26b (). 234

1 l8lm 2 147Tm

3 (a) 3.64km by 106 km

4 a=110cm, #=114¢cm, ¢ = 15%cm
5 (a} 5,54 ib) 6,08 cm

6 (a) 5;3/2 (b) 2./2;2.,/2

72 e
) i
g * s

(€] ?\/E; 4\/’;

(g) 10;5./3 th) 4 4./3
7 (a) 12 (b) 6,/2

(] 6/3 d) 8

(e] 2/6 ) /6

) 3/2-6 (b aJb
8 10,/3m 9 59"

d) 6;3,/3

(f) 2%;25./3

10 {a) 030°33' (b) 128km 11 3,35m
12 {a) 7.81km (b} 085.2"

13 473m (45 9m + 1.6m)

14 3835 m, 6l m

15 (a) 800m (bj 400,/3m

Exercise 26 (p. 237) -
1 fa) 6,95cm (/48cm)
2 ia) Nanm (b)) 3931
3 (a) 145" (b) 9

324

[b) 35721’
(¢} 49724’

() 3000001

4 448m 5 54T

. 6 %547, 1738 7 2.87 m, 605"
B 457417 i
9 (a) 5H3%8 ib) 37°

10 (a) 334 th) Girem

Exercise 26d (p. 240,

1153,1cm 2 04em 3 10y
4 16°25 5 436cm 6 .98 cm
7 442m 4 6l.8cm 8 571"
10 60° 11 106.6° 12 1124°
13 2405 m i4 155m

15 d=123cm, x = 30°3"

16 r=8.90m, § = 107,7°

17 (a) 202cm (b) 68,17 18 110.8°
19 1 (4] km, 01752 20 23,1 km, 246°51'

Exercise 27a (p. 147
-3 =1
ok i ik
17, 7(“4 _5) 2y 83

(b) x=4 2=7

7T —3
tia (1; —g-) (bY m=13 (e} n=—2
%
5ix=d, g
w4} )
Bao=4 p=—5% =1

Exercise 27b (p. 245)
1 Reflection in the line x = »
2 (a) Ycm (k) 4.2cm i
3 (a) P(%5),Q (3:5, R(%1) (b} 5
4 ja) (% =2 (b} {L2)

(e A shear of factor —2 wirth rhe x-axis

invariant

5 (&) (5 —3) (b) (—4 —1) (&) (1;2)




6 (a) B'u,’—?;-l-j,:"l.-;—.’!-_:—ﬂj (b KP:_%&:+;.&::
(b) any point of the form £ 0), ie any point e) CP=ja — Lje
on the x-axis s 5 i -
7 () enlargement, centre ar origin, fcwor £ (d) A=3, k= E
k= 2} i =B -
() A"(3:1): BY(1;—8), (-2 10 {a) G (—-3-;-)‘ LR
8 (a 10 i 0 (b) fi) 52 — 3b, (i) —a + b
Ly | [ 1) =g i b+ mija—b) = Aldaim=4 p=14
9 (a) () (7;5), (i) (—3;—1) . :
(b} Rotation of 90° anticlockwise about (2;2) E"““’F 28a (p. 250, " "
. - 1 (@l 53 (B) 145km ie) 38km/h (d) 36km/h
B =] N (- i) 100kmih  (f] 70km/bh (¢} 10km
1 Y f i Ve ! } my L&
0 (&) (1 :;) V4 (_4) 2 (a) 280m (b 4min (o) 1217
— , o \d) 400m  (¢) B0mimin (1) 120m
d) (6;2] SHESE ol 3 {(a) 1250 (b] 1300 o) 1310
. ; 4 (a) 4600km (b 400 km
Exercise 27¢ (p.- 246) 5 (a) 17.9km/h (b) 2 min
6 (u Skm/h o b 34 km
7 {a) 3mjs*  (b) $mps? (€] 172m
& 8 ja) (1) constant speed of 120kmth for % min

) uniform acceleration from 190 km/h ta
I30kmh in 2 min
fit] uniform deceleration from 150 km/h 1o
rest in [ min
thi (i} 15kmh PET min
0 P (i) —150km/h per imin
(e Il%ﬂm
9 (a) Lomp? (1) (B 225 (i) 6675km
10 (2} 19mfs (b 24,95 s
11 (b} 227 min ey 2639 km
12 (a) Omjs*  (b) —6m/s? fe} 16m

e 13 {a) —~6m)s* (b) 212m
Mam=2 =18 ic) 0.3%and 2,74
5 (d] 12m/s? (! 33m
15 (a) a=16,4=0 o) 14,3 m)s
Fig. A21 (d) (i) 4m5% (1) —Bmp? el B
S | 3 - (n: 555)
2 (b} (i) (__ 4_). 1) (__3). (i) (;) E;E?Tj? e
h 5 (a) 4.6 44 (bl 6.5 77 i) B3 6:6
b =% 3, 8 |1580m, 1595 cm 9 477k kp, 46 kg
0 5 I 10 (a) 20 students {by Liyr td) hyr
() w(d) e e
xXercise D7)
5(a) b (b -—%n [e] %a-j--;-h 1 (a) Syr Pujb] -{Iﬂ children () 4.7 ¥r
(d) % fe] fa +b (f} b—4a 2 (b) 547,5h
6 () 5 (b} g=7 3 (b} 0-4 days (€] 6,51 days
Th=2 k= 4 (c) BOkg (d} 595kg
Bm=—1n=—1p0 3 el (i) 51 (it} 9,5 i) 68Y,
9 (2 X¥=ja+ic,CZ=a—1c 6 (b) 151-160em () 155,75em (e} 135¢m

325



1{a) 5 ()1
21 % (b3 (€] 15
3 (a) '513 b ",_la O (dy o
4533
5 (a) & b} 3 () 3
6 (a) HHH, HHT, HTH, HTT. THH, THT,
TTH, TTT (b §
715 L
125
9 (a) | (b) 4 {e) 3 (d) %
i ms wo Mg
10
i (&) (B &, (i) 3. (i) 3%
(b 17 vr4mo fe) o4
12 (a) 2 (b} 35
13 (a) 33 ih) 3_13 el —12
i @ Bid @3
15 (3) 3% (b) 75 (€] ia3 (d} 135
Chapter 29

Note: answersto investigationsare generally not given,

Number, algebra and pattern (p. 261}
I (a) 15 (hy 8 (c) 24
) mf +2nor n+ 132 =1
(e 21 Tor 3 boys and 3 girls

4 2178

5 431 = 52

[
4 4 3
2 | bt
3| 4 9

7 heére are two solutions; thore are others

B | R B K |W| B
W W[ W W | B | R
R B | R R|B | W

326

8 n
12 TR
Fig. 422 i
9 64 % 15625 -
16 41, ig, 27, Am 2
k]
11 (=) 2 ‘b] 18 ey 1,9, 18
d) 12,8 (e 1,29 (f) 50916
(g) 2,9, 1
12 (b 5, = {148 16: 32}
S, = {3569 10 12; 7] 1B; 20 24 35}
§, = {7: 115 13; 19, 19;21; 92: 95; 26; 28}
8, = {15; 23: 27: 29, 30}
Sy =131}
13 50 cents
14 plan (b)
15 0
16 8 hens
17 7 cattie or 22 cattle or 37 cattle or ... 7+ 9
cattle where =10, 1,28, ...
® % LR )
18 (a) mmm 7 mmomman BAc.
% AEAF
by 98 (o) 46 ) X=2M-—-2 [e] 20
(1) 73.itwould be impossible 1o miake this pattern
19 (! the first two numbers are added and oly

20

the units digit of their sum s written down
10 become the 3rd number; the 2nd and Srd
numbers are added, writng down the

units digit of their s as the 4th number:

and soon
(b the chain repeats itself after 2 while
(a) 11 (b 44

Spatial awareness and pattern [p. 263)

1

Fip.

423



2 ja) I:4 (14 8
31428 =0
4

Fig. JA26
Fiii, A2¢
9 3 +iw=a
5 [a) here s one of many solutions: 10 m + » — thighedt common Rctor of m and )

— | = Miscellaneous (p. 265)
O U O_‘ i3 J
O 40 = GUU)

3 36, 10, 124 ?.":H-(: -

O 4 Bernaditte ook the exam paper (Oynthis is

01000
O|O|0|0O

Q10100

O truthiul

| 3 (a] Laem (b)) ILfem (o] 3.2km, 25.6km
i) 204km (e H.F; i

24 (HH km

Trembo, the hisioey student, did oo ean lunch
cnly 14 times

X overtakes Y oside e Tast 5 moand wins

741

iy, 425

& [0

="~ - - B -

e
3
e |




Examination 1
Paper 1 [p. 267

1 (a) 1% by 4 (e} 2%

2 (a) 9,17 () 16 (e} 0.000 168

3 () ‘fasernul by 4 ey Japeriruir v}
4 (a) 25 (B 26%

5 (1) 12144, (b) 100000 o, (c) 154,

6 (a) 49107 (b) Ax10% () 25=x107°
7 x=39 y=19, : =38

8 (a) o3 (b 0,004 fe} %

9w 1355k (b Il 12 or 13

10 (a2} 5 units (k) I; c|] k=4

3 ) B . R
11 ia} (_4) (k) (3) (] ( 4)

12 2= 187 y=186", z= 1087
13 {a) 20 ' (b} 7°C

4 ia) (x=Tie—=T)0or (x —T7)2

My (3a — ) (20 --—1.-1 =2 (3 -5 (F+2)
13 2 =235 7= =13
16 4] 230 pm (b 3km (e} 2,5km/h
17 (a)] 3240 (b ‘$192
18 308 md
19 ia) (i) b m:ﬁ fey 400
20 (a) 2= 540 bl 416 fei $316,20
21 {a) 325° or N37T'W (b} 143" ar 837°E
fe} 176 km
22 fa) 120° ihy £=25
23 (a) 2.8cm (b)) 8.2%9cm’
24 () =6 (b x=1lor7
23 (a) O (b 2 ey 11
26 fa)

Sewandd dese

s i vl
i ;

Fig. AZ7

(b '15;17
27 (a] M1 +23+254+274+29
by 100 feh 441

328

(b B(9,3), €167

. oS e -
Ve a1 !

29 (a) (1} 30 Francs (i) 7518,30 approx.
b} .1: line should join origin 1o (20,63)
fu) ZH16,90 approx,

Paper 2 (p. 271
1 (a) (i) 33900 (i) 78000
(b) (il $6,00 (i) $369.60
{ivl 31- 5% years, Plan ©
2.ia) (1) (x+ 49 r4+ 4 =2x+ T x—12)
ifi} x=3 ot -t nnhr & =5 1s realistic
i) 72 units®

(11} 45 years

by {i} e=L3a— 18 i} —987C
3 {a) 85° (b)) 897cm
4 (a) (i) 54lcm® I||} 58,5 cm?
di) 55,5 cm® [iv) J24|:m
ib) [il 1Bm (i) $000em?
5 (a) (1) 12" [hase angles, 1505 .&J

{ii) 2047 = 360" — obtuse Bm (angles
point)
= 360" — 156" {angles of /A
(angle at circumference = h
anglt at centre)

fiv) 12" = B AT (alt, segment) = OBA

{alt. angles))

[vi 66" fangles om a straight line)
(by (i) 2a (i} 2a—3b (i J=a+1b
) A0 07, By(2:00, G328
(b "'ul_"'-’.ﬂ ﬂnﬁ 0 €y (9; )

_ (3’ 3)
e
"o 3

7 ia) x<6, 36, 24928 x+ D1 <

Gii) 102"

F3=4

Hi

)

] /




tey (i} 12 Standard and 10 Special (i) S688

(a) ¥=3 (b 8
(d)

A

o A2

el (i) 1T, (=] &

W

those who can do only word-processing

ral 9,33 cm
(e} 69,25 or 63°15'

(k) 9,98 em
fd) 121.6cm?

10 {a) 12(° (h) 2,36m* fe) 1,38m?
d} 6760ke (or 6,76 tonnes)
1l {a)

chest |
(em)|

=80 [ =85 [ =5 | 205 (=100 =105 E‘J]lljl"p"llﬁ

| 3 13 27 a7 it} B 94 10

(c) 96em  (d) 77 people (&) 4u5

s|1|z2|s] e ]s]s 7 [s [@

12 113 |

L_; | ni 5| don |14 | 1A

2

] x =185 and 6,65 (&) FF —Be4+U9=10




Examination 2

Paper 1 (p. 275)

1

1
13

14
15

16

17
18

4|

fe
22
23

24

fal 60000
(b) 6,03 x 10*
(e) 2° x 3% x 5% x G7
(a) 15

(b 3

fa) O

(b} 15

fe) 25

a< —1

(4} & by){a— Bl
(b} 100 4 2
fa) 19

by 38"

{a) f+rJ2
(b} 8 +2/2
fw) 0,05

(b) 23

I:C} de

6,70 ke

ial 8

by 123

) 1

43 ke

0.7kg (700g)
fal Hem

(b 0,6
2ord

98 wiimen

f4) &

‘ ar

(b} = =i

a= 108", b =36"

ta) 11,9em

(b} 15,6em

400y

(b) i) 12;3:7:8}, (i) 7
(b} p =—1,¢=-3

(1) @)

:'—-E;::r-?.:-
(a) —3
(b} 3= —fx+ 15 (le.x+ B=5)
(), (=3

{(28) 9cm (b} 3

(b 124°

25 (a) 1127
330

Fig, A3

27 [a)

28 o

P aeh
¥ |'_'I|

29 (a)

Paper 2 (p. 278)

1 (a)

b

2 {a)
15T

F {a)
4 (a)

{ hj
5 (a)

__x—l!'E e s
(421 B — 1] W=k
(e (e —3) 4 +3)

A 1

p=—z (b) y=23 (o] =4
NE

795 (b] —3.2:99

area in the range 25- 26 unit”

1272m (b) 3m/s {¢] 16mjs

6%

- (‘4 —‘Eﬂ) -'ii:(_ﬂ —In‘]
LA 6/ g8 —4
fili) £ = —3,3=14

&

i T ot
P=4%,0 =05 R =138 PSR = 11
() 16000 (16 024,21 em?®
(i) 56600 (56556 cm®

LS = 1600 — 9 = 40 — 3 (40 + &
ifa+b i) —la—1b i la
24:25

(¥ Bem, L5em, 17 cm

{ii) 90° (17% = 15 + 87 = rr-angicd
(ifi) 28%4' or 28,07



6 (a) (i) a=029b=174P=0290+ 1,74 ) (i) x=10, () (—1:=2) [—1;0)

(i1} ‘stratght line curting W-axis-av [—6:0) (=2 —5) (=2, —2), (—5; —6h)
and P-axis ar (0 1,74) 1o () ) 138m,
(bj d=3or7 (i1} 139 m,
7 {a) (i) 3RS0 or 3866 (i) 73%44 or 73.74° () 10 O o
(b} i) (—0b;7) M) r=—23= —1 (b) (1) 3207 {or N4PFW),
it} one-way stretch of factor —3 parallel (i) 1407 for SHIPE),
to the y<axis with the p-axis invanant (L) 055,87 (or NG5"HE'E)
8 (a) e — 125 by 131.53¢c el 181 IR {a) (1:5) (301 (548
(dy A (e} (1) .{151 (i) 3 (c) {i] during first 125 seconds,
| (i) 4.9 mis,
_ P
9 (a) (__1) (b i) 270°, (i) (0;5) — gj;“:m” s
) y=x— | (f) 2.7 cm (enswers to nearest 0,1 cm)
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