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This chapter is going to remind students of  some basic arithmetic
they might have already met. Elementary work in arithmetic often
creates problems for ‘O’ level candidates, hence, the need to revisit
some basic concepts in arithmetic.

Basically this is a revision chapter of work hopefully covered
previously.

By the end of this chapter, students should be able to:

demonstrate familiarity with the concepts of odd, even, prime,
natural, integer, rational and irrational numbers.

use the 4 arithmetic operations on these types of numbers.

find and use factors, multiples, HCF and LCM.

recognise the relationship among common fractions,decimal
fractions and percentages and convert these from one form to
the other.

apply the 4 arithmetic operations (+, –, V, )) and rules of
precedence on natural numbers, common fractions, decimal
fractions, percentages, integers and directed numbers.

state and use place value i.e. write a number, in a certain
base, in expanded form and vice versa.

convert numbers from one base to another.

add and subtract numbers in given bases.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that pupils are
able to:

carry out the four arithmetic operations with ease.
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appreciate place value and different formats of numbers like
wholes, simple fractions and decimals.

A. REAL NUMBERS

These are numbers which exist and are used in various aspects of
life. The opposite of real numbers is imaginary numbers e.g. /–4.
These are not going to be dealt with in this chapter.

Real numbers are thus classified as follows:
Natural Numbers
These are numbers which are used in everyday life by society.
Thus numbers 1,2,3,4,5,... are natural. They are also called
counting numbers.

Whole numbers
Natural numbers are whole numbers. Zero is also a whole number.
Thus 0,1,2,3,4,5 ... are whole numbers.
Note that some whole numbers are even, odd and prime.
Why is 1 not a prime number?

Integers
Consider the number line below.

This number line can be extended to the left thus introducing
negative numbers i.e.

Note that e.g. –5 is not a whole number but it is a negative whole
number. It is the 5 part of –5 which is a whole number.

Rational numbers
These are defined as integers

         naturals
Any number which can be expressed in this form is a rational
number. Do you notice that all the numbers discussed above are
rational numbers?
Notice that the definition introduces fractions. Natural, whole
numbers and integers are also rational numbers.

0 1 2 3 4 5

0 1 2 3 4 5–3 –2 –1
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Irrational Numbers
These are numbers which are not exact. Examples are pi (π)
=  3,14286 . . . or /2 = 1,414 . . . In practical/real terms only
approximate values of these can be obtained.
Also note that      or 3    for π are only approximations.
Those irrational numbers whose square roots are not exact like /2
are called surds. These will be dealt with later.

 Consider the following examples:

1. From the list of numbers –1,0,1,5,8,9 give all:
a) whole numbers.
b) integers which are not natural.
c) prime numbers.
d) integers which are not whole numbers.

2. From the list –10, –1    , –3, –     , 0, 1, 5, 3    , 7, 9
List all:
a) whole numbers.
b) natural numbers.
c) prime numbers.
d) rationals which are not integers.

3. Given natural numbers between 40 and 50, list all:
a) prime numbers.
b) odd numbers which are not prime.
c) even numbers divisible by 6.

         Solutions

1. a) 0,1,5,8,9 b)   –1,0
c) 5 d)   –1

2. a) Whole numbers = {0; 1; 5; 7; 9}
b) Natural numbers = {1; 5; 7; 9}
c) Prime numbers = {5; 7}
d) Not integers = {–1    ; –     ; 3   }

3. a) Prime numbers = {41; 43; 47}
b) Odd and not prime = {45; 49}
c) Even and divisible by 6 = {42; 48}

1. List the elements of the set of:
a) Natural numbers.
b) Whole numbers.
c) Integers.

You two are
irrational
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2a) –10, –3 included.
These are negative
whole numbers.

2c) 1 and 9 included

3a) 45,49 included.
These are not prime
since they have other
factors besides 1 and
themselves.
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0 is usually left out in
(a) and (b)
1 and 9 are taken as
prime numbers. They
are not.
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2. From the list of numbers 11; –2   ;     ; π ;      ; 0 ; –19; 1; /3; 5
list:
a) all prime numbers.
b) whole numbers.
c) rational numbers which are not integers.
d) irrational numbers.
e) surds.
f) integers which are natural numbers.
g) integers which are not whole numbers.
h) whole numbers which are even numbers.

3. Is it true or false that:
a) 2 is not a prime number?
b) 5 is a multiple of 1?
c) 1 is a perfect number?
d) –2 is a whole number?
e) 0 is not a whole number?
f) 14 is a rational number?

B. DIRECTED NUMBERS

These are numbers with signs before them e.g. –5 read as ‘minus
5 ’ or +6 read as ‘plus 6 ’. Note that +6 is usually written as 6.

 Consider the example below

1. Using the line below, simplify the given problems.

  –8   –7   –6    –5    –4   –3  –2    –1  0   1   2   3   4   5   6  7   8   9   10   11

a) 10 – 7 b)   –5 + 2    c)   7 – 12 + 5

         Solution

1 a) Begin at 10 on the number line and move 7 steps to the
left (negatively). You get to 3, therefore 10 – 7 = 3.
The diagram below illustrates this

b) Begin at –5 on the number line and move 2 steps to the
right (positively). You will get to –3 therefore –5 + 2 = –3.

c) From 7, move 12 steps to the left to get to –5 and then
from –5, move 5 steps to the right to get to 0.
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Thus the number line can be used to simplify any directed number
problem. These results give us some idea of a general rule i.e.
when two numbers have different signs, ignore the signs and
subtract the smaller number from the bigger number then
use the sign of the bigger number on the answer. (Compare
with a and b).

a) 12 – 17 = –5 (sign of the bigger number 17)
b) –6 + 12 = +6 (sign of the bigger number 12)

When the signs are the same, ignore the signs and add the
numbers and use the common sign on the answer.

e.g. –5 – 2 = –7          10 + 11 = 21

(Use the number line to check the answers above).

Simplify:
1. –13 –1    2.   –1 + 13         3.   –13 + 1

4. 1 – 13 5. –121 – 99 6. –121 + 99

7. 99 – 121 8. –99 + 121 9. –15 + 37

10. –15 – 37 11. – 6 + 9 – 10 12. 7 – 9 – 14

13. –13 + 99 + 13 14. 15 – 37 + 20

C. MULTIPLICATION AND DIVISION WITH DIRECTED
NUMBERS

Can you use the number line to multiply?

 Try the following examples with the number line given earlier

1. 2 V –5 2. –2 V –5

        Solutions

1. 2 V –5 means 2 lots of –5 i.e. –5 –5 = –10. Thus from 0 move
to the left two fives.

2. –2 V –5 means 2 lots of 5 but in which direction? The first
minus on 2 says face to the left and the second minus on 5
says change direction to face to the right. So the answer will
carry the sign you are facing. Thus –2 V –5 = +10.

Since division is a way of multiplying, the results in similar
circumstances have the same signs.
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e.g. 2 V –5 = –10       Multiplying and/or dividing numbers with
–20 )+4 = –5      different signs give a negative answer.

–2 V –5 = +10     Multiplying and/or dividing numbers with
–20 )–4 = +5      same signs give a positive answer.

Thus, there are four rules under directed numbers – two from
combining numbers (+,–) and two from multiplying/dividing numbers.
Revise these thoroughly and make sure you understand the correct
situation to apply them. Make sure you are comfortable with the
use of the rules before you continue to the next section.

Simplify:
1. –3 V 7 2. 5 V –20 3. –15 )–3

4. –144 ) 12 5. –7 V –11 6. 154 ) –7

7. –11 V –12 8. –108 ) – 4 9. –21  V 6

10. 5 V –13 11. 77 ) –11 12. –308 ) –11

13. –3 V – 4 V 7 14. –7 V –5 V –3

D. HCF and LCM

Remember factors of 12 (F
12

) = {1;2;3;4;6;12}

Multiples of 12 (M12) = {12;24;36;48; ...}

When dealing with more than one number, there may be  common
factors or common multiples. Consider 12 and 18.

Common factors (CF) are 1,2,3,6 therefore the Highest Common
Factor (HCF) = 6.
Common multiples (CM) are 36, 72, 108, . . . the Lowest Common
Multiple (LCM) = 36.

 Consider the following examples

1. Finding the HCF of given numbers e.g. 18 and 24.

Method 1
Determine the largest factor common to both sets.
F

18
 = {1;2;3;6;9;18}

F
24

 = {1;2;3;4;6;8;12;24}
∴ HCF = 6

]

]

Hint
1 and the number
itself are factors.

The number itself is
the smallest multiple.

Hint
Make sure you have
listed all the factors of
each number

The HCF may be
skipped in one list

                              Common Error
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The product is given
using numbers which
are not prime. Not all
CFs are pulled down to
the factors of the HCF.

                              Common Error

PETROL

DIESELMethod 2 or 2  18 2  24
18 = 2 V 3 V 3 3    9 2  12
24 = 2 V 2 V 2 V 3 3    3 2    6
HCF = 2 V 3       1 3    3
        = 6       1

Note that  2 and 3 are the common factors in the products.

Method 3
2  18    24
3    9    12
      3     4   No more common factors

∴ HCF = 2 V 3
= 6

After studying these 3 methods, one sees that Method 1 appears
simple when dealing with fairly small numbers. As the numbers
get bigger, methods 2 and 3 become more convenient.
Method 3 gives the factors of the HCF straight away.
Practise applying each of these and choose the most convenient
method for you.

2. Find LCM of 18 and 24.

Method 1
M

18
 = {18;36;54;72;90;108}

M
24

 = {24;48;72; ...}
∴ LCM = 72

Method 2
18 = 2 V 3 V 3
24 = 2 V 2 V 2 V 3
LCM = 2 V 2 V 2 V 3  V 3
∴ LCM = 72

Method 3
Prime factorise both numbers simultaneously.
2     18   24 both ) 2
2  9    12    12 ) 2
2  9      6      6 ) 2
3      9      3 both ) 3
3      3      1      3 ) 3

1      1
∴ LCM = 2 V 2 V 2 V 3 V 3

     = 72

Tip
Express each number
as a product of its
prime factors. Begin
with the lowest prime
number (2).

Tip
Pull out any common
factors between the
numbers until there
are no more common
factors.

Tip
List the multiples of
each number until you
meet the first common
one. That is the LCM.

Tip
Prime factorise as in
method 2 for finding
HCF. Take the biggest
list of each factor to
make the product of
the LCM i.e. 2V2V2
from 24 and 3V3
from 18.

The LCM may be deep
into the list. So
candidates give up
before getting there.

                              Common Error

PETROL

DIESEL

Taking all factors for
the LCM i.e. 2 V2 V2
V2V3 V3 V3. The
answer is no longer the
lowest/smallest.

                              Common Error
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To multiply before
there are no more CFs
stage.
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3. Find the HCF of 24, 56 and 72.
Method 1
F

24
= {1; 2; 3; 4; 6; 8; 12; 24}

F
56

= {1; 2; 4; 7; 8; 14; 28; 56}
F

12
= {1; 2; 3; 4; 6; 8; 9; 12; 18; 24; 36; 72}

∴    HCF = 8

Method 2
24 = 2 V 2 V 2 V 3
56 = 2 V 2 V 2 V 7
72 = 2 V 2 V 2 V 3 V 3

∴    HCF = 2 V 2 V 2
= 8

Method 3
2 24 56 72
2 12 28 36
2   6 14 18

  3   7   9
HCF = 2 V 2 V 2

 = 8

4. Find the LCM of 18, 60 and 90.
Method 1
M

18
= {18; 36; 54; 72; 90; 108; 126; 144; 162; 180; ...}

M
60

= {60; 120; 180;...}
M

90
= {90; 180; ...}

∴ LCM = 180

Method 2
18 = 2 V 3 V 3
60 = 2 V 2 V 3 V 5
90 = 2 V 3 V 3 V 5

∴ LCM = 2 V 2 V 3 V 3 V 5
= 180

Method 3
2 18 60 90 All ) 2
2   9 30 45 Only 30 ) 2
3   9 15 45 All ) 3
3   3   5 15 3 and 15 ) 3
5   1   5   5 5 ) 5

  1   1   1
∴ LCM = 2 V 2 V 3 V 3 V 5

 = 180

Method 3 for LCM again seems most convenient. The idea is to
end up with a chain of ones at the end of the division process.
Thus use the smallest prime factor i.e. 2 until there is no number
divisible by it, then move to the next prime number.
Notice that where the factor being used is not applicable, that
number is carried down to the next line. Study the method carefully
and try it in the next practice questions.
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Find (i) HCF   (ii) the LCM of:

1. 32 and 40. 2. 18 and 90.

3. 6, 15 and 18. 4. 24, 36 and 60.

5. 30 and 45. 6. 18, 24 and 84.

7. 18, 48 and 60. 8. 78, 108 and 390.

9. 120 and 196. 10. 84 and 147.

E. FRACTIONS

These fall under rational numbers and can be expressed in different
forms. There are common fractions (often called simple fractions),
decimal fractions, as well as percentages. Remember percentages
are fractions.

Parts of a common fraction

Numerator
Denominator

A common fraction always has these three parts and hence you are
expected to show the three parts when you are dealing with fractions.

Reducing fractions to their lowest terms or to their simplest
form.
This is a very common requirement in examination questions.
e.g.        is a common fraction but not in its lowest terms.
To reduce it to lowest terms we require common factors (or better
still the HCF) between the numerator and the denominator.
Use the HCF or just the identified common factors to divide into
the numerator and denominator until there are no more common
factors.

          Solutions

e.g.       by 6   =       by 2 or       by 12  =

                =
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2

 72
 60

 72
 60

 72
 60

 12
 10
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  6
  5

The division line (2) is
usually ommitted or
candidates think they
can use the lines on the
writing page as part
(2). This is not
acceptable.

                              Common Errors

PETROL

DIESEL
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Addition and subtraction of fractions
Fractions can be added or subtracted.

 Consider the following examples:

Simplify
1.       +

2.          –

3.        –       +

Solutions

1.          +       =                       or         +        =

        =                    = 1

        =  1

2.           –       =                     or                   –     V

 Make the denominators the same
        =  by multiplying by one in the form

 of     and

      =

3.           –        +         =         –       +          or         –        +

                    =        –                =

                    =                       =

Thus in 1, 2 and 3
a) find the common denominator (LCM).
b) divide each denominator into the common denominator

and multiply the result by the numerator.
c) simplify the numerator.

4. 4     – 2    + 1

          Solution

Method 1
(Deal with whole numbers and fractions separately).

 = 3

 12
  7

  9
  5

  7
  3

  9
  7

  6
  1

  3
  2

 12
  7

1.              =

    subtracting the
  numerator and

   denominators

2.              =

  adding the
  numerators and

    denominators

or       +       =

Multiplying only the
denominator by the
appropriate factor but
not the numerator

                              Common Errors

PETROL

DIESEL

 12 – 9
  7 – 5

  3
  2

  71

  31

  93

  71

   7 + 9
  3 + 7

 16
 10

   1 + 3
  1 + 1

  4
  2

  2
  1

 12
  7

  9
  5

 36
  1

 12
  7

  9
  5           V

 36
 21 – 20

 36
 20

 36
  1

You cannot add or
subtract fractions
unless they have the
same denominator.
Think of the common
denominator (LCM)

  7
  3

  9
  7

 63
 27 + 49

 63
 27

 63
 49

 63
 76

 63
 76

 63
 13

  3
  3

  6
  1

  3
  2

 12
  7

 12
  8

 12
  1

In 3
2 – 15 from 2 – (8+7)

 12                  12
making 7 negative
also
=  –13

  12

=  –1
Remember directed
numbers 2 – 8 = –6
then –6 + 7 = 1

                              Common Errors

PETROL

DIESEL

 12
  2

 12
  7

 2
 1

i.e.
 30

 24 – 20 + 153
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Tip

 63
 13

 12
  1

  6
  1

  3
  2

 12
  7

        12
  2  – 8 + 7

  5
  4

 2
 1

 3
 2

 30
 19
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Whole number 3 is from 4 – 2 + 1.

=

=
 36
 21=      –  3

  3
  4
  4

  4
  4
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Method 2 (Change to improper fractions first)
24     8      3         144 – 80 + 45
 5      3      2                 30

             109
              30

             3

1. Reduce the following fractions to their lowest terms.

a) b) c)

d) e) f)

2. Simplify, giving answers in their lowest terms where
necessary.

a)       + b)          –

c) 1     +  2 d) 1      –

e)         +     + f) 1     –       +

g)        + 1    – h) 3     – 4     + 2

i)  3    + 1    – 2 j) 2     – 1     + 1

Multiplication and division of fractions

 Consider the following examples:

Simplify:

1. 5     V                         2.   1     ) 1

3.     2      of 1    ) 4

         Solutions

1.                      =

                         = 4

  8
  3

  8
  3

 24
  5

 18
  7

 16
  3

 12
  7

  6
  5

  8
  5

 16
  7

  3
  1

 15
  4

 10
  7

 14
  5

  7
  3

 12
  5

  5
  1

  2
  1

  3
  2

  3
  1

  2
  1

  6
  5

  2
  1

  5
  4

  2
  1

  4
  1

  7
  6

  4
  3

  6
  1

  3
  2

  2
  1

Tip
Make sure all
mixed numbers are
expressed as improper
fractions first then
simplify by dividing by
common factors.

 30
 19

 140
  77

 165
  60

  65
  5

  78
 39

 260
 100

 245
 140

  5
  4

  2
  9V  4

  21
  7
  6

2

3

1

3

  2
  1
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2. Express mixed numbers as improper fractions first then change
the division sign to a multiplication sign and invert the divisor.

             )     =        V

      =

      =  1

3. 2     of 1    ) 4      =      V

              =

Simplify, giving the answers in their simplest form where necessary.

1. 6 V 1 2. 1      ) 6

3.            of 4. 4     ) 2

5. 6.     ) 4    V

7. 2     ) 4     V 1 8.      of 1    )(    of 1   )

9. 7    V  2    ) 5 10.  3    )(3    )  ) V 1

Mixing Operations

So far we have met problems with mixed addition and subtraction
as well as multiplication and division.
Addition and subtraction can be done in any order as long as you
keep the correct signs for each number. e.g. 2 – 8 + 9 gives 3
using any of the following combinations: (2–8)+9 or (2+9)–8 or
2+(–8+9)

Division becomes multiplication when the divisor is inverted e.g.
4 )   V 3   =    V   V

A problem may arise when addition and multiplication are mixed.
e.g.  2 V 3 + 5. This can be viewed as meaning;
   (2 V 3) + 5  =  6 + 5     or 2 V (3 + 5) = 2 V 8

       =  11      = 16
This brings us to the rules of precedence (BODMAS).

B    O D   M      A        S

  4
  7

  6
  7

  4
  7

  7
  6

  2
  3

  2
  1

                              Common Errors

PETROL

DIESEL

  4
  7

  6
  7V  24

 49=

                        = 2

2.

All fractions are
inverted.
3.

After a correct stage

By adding numerators
and denominators
1 + 1 + 5 = 7 and
1 + 2 + 3 = 6
We are multiplying not
adding.

 24
  1

  7
  4

  6
  7V =

1.

  3
  2

  2
  1

  5
  4

  3
  8

  2
  3

V   24
  5

  6
  5

  4
  3

  3
  8

  2
  3V

 5
 24V No!

  31

  81

  2
  31

V V
 243

  5 =   6
  7

  17
  5

  5
 24

  9
  4

  2
  1

  8
  5

  15 V 63 V 8
 27 V 56 V 35

  4
  3

  5
  2

  2
  1

  6
  1

  8
  5

  3
  2

  5
  2

  4
  3

  5
  2

  3
  1

  2
  1

  8
  5

  6
  5

 2
 3

 3
 2
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introintrointrointrointro
Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

1E2

  5
  1

  7
  3

  5
  1

  7
  5

                              Common Error

PETROL

DIESEL

 4)  V3 = 4 V    V

 only     is dividing

  3
  2

  3
  2

  3
  1

  2
  3

  2
  3

Hint
‘Of’ means multiply.

 1
 4

 1
 3
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 Consider the following examples:

1. 7 + 25     2.        )   –      +           3.      of (1 – 2   ) + 3
21 – 5

          Solutions

1. This should be viewed as (7 + 25) )(21 – 5) meaning the
numerator and the denominator need to be simplified before
dividing.
thus   7 + 25       32

   21 – 5       16
      =  2

2.        )(   –     ) +

There are three operations in the problem (use BODMAS).
Deal with them in their order.
   )(       ) + =         )    +       brackets first

=          V   +      then division

=           +          and lastly addition

    50 + 27
        45

   77
   45

=  1

3.    of (1 – 2    ) + 3 =     of (    –     ) + 3   (use BODMAS)

=       V     + 3

          +

=  1

Simplify, giving the answers in their lowest terms where necessary.

1. 2.      of 35 + 7

  9
  5

  3
  2

  6
  1

  5
  3

                              Common Errors

PETROL

DIESEL

 7 + 25  = 1 + 5
 21 – 5      3 – 1

             = 6
                2
             = 3

  9
  5

  3
  2

  6
  1

  5
  3

  9
  5   4  –

6
  1

  5
  3

  9
  5

  3
  6

  5
  3

  9
  10

  5
  3

 45
 32

 20 – 5
 20 + 5

( )   5
  3

  8
  7
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Hint
Each operation must
be worked out as
presented. Do not re-
write the question
rearranging the
numbers to create the
order of precedence.

  9
  5

  6
  3

  5
  3

  5
  3

  8
  7

  5
  3

  8
  8

  51

  3

  8
  7

   8
  23

        8
  –153

   8
  24

   8
  –9

   8
  15
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1E3

=

=

=

=

=

B

Hey Division, remove
Brackets first from
the cave, then you can
go in followed
by Multiplication
then Addition then I
will come in last.

O
Brackets Division

Multiplication

Addition Subtraction
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3. 30 )     + 6 4.     of (35 + 7)

5.     )(   +     ) – 1 6. V    –      )

7.     V (    –     ) ) 8.     )   of 1

9. (   )  ) of 1 10. 2   – (4)2   ) + (   –   ) of 2

F. DECIMALS

Remember
Simple fractions can be changed to decimals and vice versa

 Consider the following examples

1.      Change      to a decimal fraction.

∴          = 0,6 Divide denominator into numerator
0,6 is a good example of a terminating decimal; meaning
one which ends.

Change the following decimals to proper or mixed fractions.
2. a)   0,16 = b) 2,25 = 2

          =   = 2

Some decimals are non-terminating (do not end)
3.           = 0,2857143 ...

Some decimals are recurring
4.       = 0,666 ... In this case the 6 continues to appear (recurs)
The best way to write this decimal is 0,6.

In some cases more than one digit recurs
= 0,142857  142857  142857 . . .

= 0,142857,  or 0,142857 the dot/s stand for recurring.
This means 0,6 = 0,6

We can add, subtract, multiply and divide decimals in the same
manner we can do with common fractions. Consider example
5(a to d)
5. a)        6,93 + 69,3

       6,93   Maintain the place value of digits by making sure the
          + 69,3    commas are under each other.
             76,23

    b)   0,76 V 0,25        0,76   Multiply as 76 V 25
                  V 0,25
                    1520
                      380
                 0,1900

                              Common Errors

 a) 6,93 Wrong layout
     69,3
   1,386 Wrong decimal
            place!
b) Wrong decimal place
(Misconception from
addition/subtraction)
19,00

                              Common Errors

PETROL

DIESEL

      =  0,666 ....
or  = 0,667
rounding off when
not told to.

  3
  2

 5
 1

  9
  2

  9
  2

  18
  1

  8
  1

  3
  2

  7
  6

  14
  5

  21
 10

  3
  2

  7
  6

  14
  5

  21
 10

  7
  5

  7
  3

  6
  5

  7
  5

  7
  3

  6
  5

  3
  1

  3
  2

  4
  3

  5
  2

  7
  1
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  5
  3

  5
  3

  100
 16

  25
  4

  100
 25

 4
 1

Hint
Watch out for the
layout.

  7
  1

  7
  2

  3
  2

  24
  6
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c)                 0,18
                   6
           =   0,03

d)                 180
                  6
           =   30

We can change decimals to percentages and vice versa.

NB: Decimals to percentages – simply multiply by 100.
Percentages to decimals – simply divide by 100.

 Consider the following examples

1. Express the following as percentages:
a) 0,85   = 0,85 V 100 b) 0,308  =  0,308 V 100

          = 85%     =  30,8%

2. Expressing the following as decimals:
a)        0,2 b)         65,6

      100         100

         2          656
      1000         1000

   = 0,002     =  0,656

1. Simplify:
a) 27,64 – 7,856. b) 69,3 + 6,93 + 0,693.

c) 2,4 ) 0,08. d) 57,3 V 0,01.

e) 0,024 )  0,8. f) (0,05)2.

g) 0,64 ) 8.

2. Change the following to decimals:

a) b) 1 c) 3%

d) 2,5% e)  33   % f) 2

                              Common Errors

PETROL

Changing the decimal
fraction to a common
fraction then finding
the percentage. This is
a correct process but is
prone to mistakes.

                              Common Errors

 0,18  = 0,3
     6
One is not used first.

Hint
Make the divisor a
whole number first.

Hint
To multiply by 100,
simply move the
comma 2 times to the
right, one place for
each zero.
To divide by 100, sim-
ply move the comma 2
times to the left.

 8
 5

 9
 4

 20
 7

1F
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0,18 ) 6     =

1,8 ) 0,06  =
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3. Change the following to decimals:
a) 1% b) 0,25% c) 45,7%

d) e) 5

4. Change the following to percentages:

a) b) c) 4

d) 0,27 e)   0,027 f) 0,0027

G. SEQUENCES

Many mathematical calculations would be made easier if our
perception of number patterns was better. Some patterns are visual
or geometric whilst others are numerical or algebraic.

A sequence is a set of numbers arranged in a particular order, for
example 2, 4, 6, 8, 10, .... In this example 8 is the  4th term of this
sequence. Notice that, if a set of numbers, such as 2, 4, 6, 8, 10
are not given in any particular order such as 8, 6, 4, 2, 10 or 6, 10,
4, 2, 8., the numbers no longer form a sequence.

If u
1
 is used to denote the first term of a sequence, u

2 
the second

and so on. A particular term of a sequence is generally referred to
as the nth term and is denoted by u

n
.

Note that n is a natural number.

A sequence may be defined by giving a connection between one
term and the next. The connection can be given in words or as a
formula.

 Consider the examples below

1. The first term of a sequence is 2 and the next (Un +1) = 2un – 1.
Write down the next three terms of this sequence.

 Solution

u
1
 = 2

u2 = 2 V 2 – 1 = 3
u

3
 = 2 V 3 – 1 = 5

u
4
 = 2 V 5 – 1 = 9

The next three terms are 3, 5 and 9.

2. The first term of a sequence is 1 and the next term (u
n+1

) is
given by 2n + 1. Write down the next 3 terms of the sequence.

 3
 2

 5
 7

 10
 7
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 9
 7

 11
 3
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  Solution

2. u
1
 = 1

u
2
 = 2 V 1 + 1 = 3

u
3
 = 2 V 3 + 1 = 7

u
4
 = 2 V 7 + 1 = 15

Another way to define a sequence is to relate a term to its position
in the sequence. i.e. to n, and give a formula for the nth term.
Suppose the nth term is 2n + 1, then the 3rd, 4th and 5th term can be
found by substituting n by 3, 4 and 5 respectively giving

3rd term = 2(3) + 1 = 7
4th term = 2(4) + 1 = 9
5th term = 2(5) + 1 = 11

3. The nth term of a sequence, u
n
, is given by the formula

u
n
 = 2n + 1. Find the third and fifth terms.

  Solution

u
n
 = 2n + 1

3rd term = 23 + 1 = 9
5th term = 25 + 1 = 33

In each question 1 to 5, the first two terms of a sequence are given
and the rule for finding other terms are given. Write down the next
three terms.
1. –2, 4, ...... multiply by –2
2. 1, 3, ...... add 2
3. –8, 4, ..... divide by –2
4. 2, 4, ...... add the previous two terms
5. 1, 0, ..... multiply by 2 and subtract 2.

In each question 6 to 10, give the next two terms in each sequence
and state in words the rule you used to find them.
6. 25, 22, 19, 16, ...
7. 1, 5, 9, 13, ...
8. 48, 24, 12, 6, ....
9. 2, 6, 18, 54, ....
10. 1, 3, 7, 13, ...

In questions 11 to 15, one of the terms of a sequence and the
formula for finding the nth term are given.

a) Write down the first four terms.
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11. nth term = 2(1+ n); 5th term = 12
12. nth term = 2n+1 ; 6th term = 128
13. nth term = n2 – n; 7th term = 42
14. nth term = (n-2)2; 5th term = 9
15. nth term = 2 V 3n–1; 6th term = 486

In questions 16 to 20, the nth term of the sequence is denoted by
u

n
 and the first term is given. Give the next four terms.

16. u
1
 = 3, u

n + 1 
= 2u

n

17. u
1
 = 2, u

n + 1 
= u

n
 + 3

18. u
1
 = -2, u

n + 1 
= u

n
 -2

19. u
1 
= -1, u

n + 1 
= 2u

n
- 1

20. u
1
 = -3, u

n + 1 
= -3u

n

H. APPROXIMATIONS

Sometimes it is possible to give exact answers to questions.
However, certain answers cannot be or need not be and are
approximations.

Rounding off
Some calculations or measurements are required to a desirable
degree of approximation and are rounded off.

Numbers can be rounded off to
the nearest unit e.g. whole number, ten, thousand etc.
the nearest fraction of a unit e.g. tenth, hundredth. etc.
the desired number of decimal places e.g. 2d.p. etc.
the desired number of significant figures e.g. 3s.f. etc.

If the digit following the one to be rounded off is less than 5, the
digit remains unchanged. If the following digit is 5 or more the
number is increased by one. Zeros are used to hold place values.
Study the number below and its various possible approximations.

726, 4987 =  726 (to the nearest whole number)
4 is used to judge whether the 6 remains unchanged
or is increased by one.

726, 4987 =  730 (to the nearest ten)
6 is the number used to round off the 2.

726, 4987 =  726,50 (to the nearest hundredth)
8 is the guide
or (to 2 d.p)
or (to 5 s.f)

Remember decimal places come after the comma. Thus 726,4987
has 4 decimal places.

726, 4987 =  700 (to 1s.f)
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726,4987 = 7 (1s.f.)
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Note that this number has 7 significant figures counting from the
first 7 to the last 7. The first significant figure is 7, and is not changed
by the 2 in rounding off.
The answer is 700, the zeros having been included to maintain the
value of the number. Also in 0,07073, four significant figures exist.
7, 0, 7 and 3 i.e. start counting from the first non-zero digit. Thus
0,07073 = 0,07 (1s.f)

   0,071 (2s.f)
   0,0707 (3s.f)

Estimation
To estimate is to make an intelligent guess.
To make estimations easier, numbers in question are rounded off
to 1 significant figure.

 Consider the examples below:

Estimate 1.  9,235 V 18,767 V 30,779
= 9 V 20 V 30  (Round off to 1 s.f and multiply)
= 5400

       2. 85,3 V 9,7      90 V 10 (Round off to 1 s.f and multiply)
   19,6       20

         900
                      20

            =  45

       3.     398  =    400    (to 1 s.f)

            =  20

Limits of Accuracy

When a number is rounded to the nearest whole number, it means
the rounded answer has a range of values which round off to it.
e.g. Given that 7 is a result of rounding a number to the nearest
whole number. This then means the number can be 6,5, 6,6, 6,7,
...7,4 (to one decimal place) the lower limit  = 6,5

      the higher limit = 7,4
Notice lower or upper bounds is also applicable.

 Consider the following example:

1. A rectangle measures 6cm by 4cm, the sides having been
measured to the nearest centimetre.
Find: a) the smallest possible length of the rectangle.

b) the biggest possible perimeter of the rectangle
c) the difference between the biggest and the smallest

possible areas.
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  Solution

1. a) 5,5cm

b) Biggest possible measurements are 6,4 and by 4,4cm
∴   Biggest possible perimeter = 2(6,4 + 4,4)

= 2 V 10,8
= 21,6cm

c) Biggest possible area = 6,4 V 4,4)cm2

= 28,16cm2

Smallest possible area = (5,5 V 3,5)cm2

= 19,25cm2

∴   Difference = (28,16 – 19,2)cm2

= 8,91cm2

1. Estimate the values of the following by rounding off to 1
significant figure first.
a) 7,3 + 9,7 b) 9,3 V 7,67

c) 192 + 306 d) 98 – 37

e) 16,8 ) 0,98 f) 38,8 V 2,76
     18,7

g)    3,7 h)   411

i)   863 j)   96,9

2. The measurements of a rectangle, measured to the nearest
cm, are 8cm V 5cm.
a) Find the smallest possible length.

b) Find the largest possible width.

c) Find the largest possible area of the rectangle.

3. The side of a square is given as 10cm, measured to the
nearest centimetre. Find:
a) the smallest possible perimeter of the square.
b) the largest possible area of the square.

4. The sides of a triangle are given as 6cm, 9cm and 11cm,
measured to the nearest cm. Find the largest possible perimeter
of the triangle.

/

1H

/

/

/
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I. NUMBER BASES

Whilst our number system uses base 10 i.e. digits 0,1,2,3,4,5,6,7,8
and 9 other systems use different bases. Just think of time. Time
uses base 60 and we cannot say 2hrs 70min. This is 3hrs 10min if
we apply the base on the 70min.

This section introduces you to operations with bases 2,3,4,5,6,7,8,9
and 10.

Numbers in base ten or denary system
A number in base ten or denary system can be expanded using
place value. For an example 5207 means 5 thousands + 2 hundreds
+ 0 tens + 7 units i.e. 5 V 103  + 2 V 102 + 0 V 101 + 7 V 100.
Notice that we are using the powers of the base to expand this
number. This fits very well with the elementary ideas of place value.

         Th   H     T    U
         5      2     0    7
        103  102  101 100

As we move into other bases, this basic principle still holds. If we
are in, say, base 3 we expand the number using powers of 3. But
before we start expanding and doing other things let us study the
digits used for each base.
Remember base 10 uses digits 0 to 9. It then follows that base 9
uses digits 0 to 8, base 8 uses digits 0 to 7 and so forth. Give the
digits for base 2.
In fact, the biggest digit in any given base is one less than the
base.

Notation in Number bases
1058

9 
is a number in base 9.

Notice that the base is indicated as a small number below the
last digit of the number. If the base is not indicated, this implies
base 10. Normally base 10 is not indicated.
What is wrong with 53645 as a number? 6 is not a digit under base 5.
The bases can be written in words as well e.g. 5364

seven 
, 5364

nine
 ,

5364
ten 

.

How is 20324
6
 pronounced?

It is not twenty thousand - - -.
It is two, zero, three, two, four base six.

A very common form of examination question on bases is as
follows:
‘Re-write 3021

4
 in powers of 4.

This means 3021
4 
= 3 V 43 + 0 V 42 + 2 V 41 + 1 V 40

The question wants the number in ‘powers of 4’ as shown above.
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                              Common Errors

PETROL

DIESEL

3021
4
 = 3 x 43 + 0 x 42

             + 2 x 4 + 1
Powers don’t exist on
the last two terms.
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Hint
Remember any
number to the
power zero is equal
to 1 e.g. 30 =1.
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Another form of the question asks the student to give the number
being shown in the expansion.
e.g. 2 V 54 + 3 V 52 + 2 V 5 + 4
This is 20324

5

Notice in this answer, 0 must be inserted for the missing 53 and
the base in use has to be shown. Notice also that the powers in
the third and fourth parts have been deliberately left out of the
question. The 5 of 2 V 5 has the power 1 and 4 = 4 V 50.

1. Expand the following using powers of the given base
a)  10 748

10
b)  70 016

8
c)  302

5

d)    1 011
2

e)    2 022
3

f)   1 100
2

g)  71 064
8

h)    3 450
6

I)   3 405
7

j) 11 011
2

2. Write down the number being shown in the expansion
a) 1 V 23 + 1 V 2

b) 4 V 64 + 4 V 63 + 3 V 62 + 2

c) 3 V 54 + 4 V 52 + 2 V 5 + 3

d) 6 V 83 + 4 V 82 + 5

e) 4 V 75 + 3 V 74 + 5 V 72 + 2 V 7

f) 1 V 24 + 1 V 23 + 1

g) 3 V 43 + 1 V 42 + 3

h) 7 V 95 + 4 V 93 + 6 V 92 + 8

i)   1 V 25 + 1 V 23 + 1 j) 2 V 44 + 1 V 43 + 3 V 4

Converting from one base to another
Numbers are very flexible. Remember, a fraction can be changed
from a common fraction to a decimal fraction even to a percentage.
It is the same with numbers in different bases. These numbers
can be changed from one base to another.
Let us begin by changing an ordinary number (in base 10) to
another base.

From base 10 to another base
Convert    1.   37 to base 3 2.    5764 to base 7

1I1
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PETROL

DIESEL

Remainders are copied
from the top to bottom
such that 37=1011 and
5764=34522. This is
wrong.

                              Common Errors

PETROL

DIESEL

Mixing up methods i.e
Method in question 1
applied in question 2.
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  Solutions

1. 3  37 2. 7  5764
3  12 r 1 7  823 r 3
3    4 r 0 7  117 r 4
3    1 r 1 7  16   r 5
      0 r 1 7   2    r 2
∴   37 = 1101

3                       
0    r 2

       ∴   5 764 = 22 543
7

It is as simple as that!  Continue dividing by the base you want to
go to until you get zero. The remainders, written from the bottom
to the top, form the answer.

From any base to base 10
Convert
3. 1 011

2   
to base 10 4.  432

6 
 to base 10

Method 1
3.    23 22 21 20 4. 62 61 60

            1  0   1  1 4  3  2
   = 1V23 + 0V22 + 1V21 + 1V20 = 4V62 + 3V61 + 2V60

   = 8 + 0 + 2 + 1 = 144 + 18 + 2
   = 11 = 164

Method 2

3.     1   0  1  1 4.    4   3    2
     V2    V6
       2 + 0 = 2      24 + 3 = 27
               V2                  V  6
                   4 + 1 = 5                   162 + 2 = 164
                          V2
                             10 + 1 = 11

Method 1 is based on place value. It is a matter of expanding the
number in powers of the given base then simplifying.
Method 2 is slightly more tricky. Here we are multiplying by the
base, and adding on each digit before multiplying again, until the
last digit is added.

It should be noted that questions 1 and 2 are very common in
examination papers. These are very useful techniques to use if
confronted with tricky problems. Consider the situation below.

Converting to a given base
Convert the following to the given base
5.  100112 to base 5 6.    4325 to base 7
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Since we are able to change from a given base to base 10 and
from base 10 to any base, the above question can be tackled via
base 10.

          Solution

5. from base 2 to base 10 6. from base 5 to base 10
24  23  22  21  20 52  51  50

1   0   0    1   1 4   3    2

= 16 + 0 + 0 + 2 + 1 = 100+ 15 + 2
= 19 =  117

Then from base 10 to base 5 Then from base 10 to base 7
      5  19 7  117
      5  3   r 4 7  16   r 5
          0   r 3 7  2     r 2

    0     r 2

∴ 10 011
2 
 = 34

5
      ∴ 432

5 
= 225

7

1. Convert the following denary numbers (base 10) into the given
base.
a) 102 to base 8 b) 18 to base 4

c) 77 to base 7 d) 39 to base 3

e) 147 to base 6 f) 83 to base 9

g) 230 to base 5 h) 111 to base 2

i) 111 to base 4 j) 147 to base 7

2. Convert the following numbers into denary (base 10)
a) 10011

2
b) 132

5

c) 132
7

d) 103
6

e) 3334 f) 10113

g) 1011
9

h) 246
8

i) 1025
6

j) 102102
3
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3. Convert the following numbers to the given base
a) 124

5
 to base 2 b) 124

5 
to base 6

c) 432
6 
to base 8 d) 356

9 
to base 3

e) 1213
4
 to base 5 f) 10111

2
 to base 4

g) 87
9
 to base 7 h) 1202

3
 to base 2

i) 5
6
 to base 5 j) 20015

8 
to base 9

4. Which of these numbers is even?
101

8 
 ;   101

3
  ;   101

2
  ;   101

5

5. Arrange the following numbers in order of size starting with
the smallest.
57

8 
 ;  101

10  
;   111

7
  ;   211

3

Addition and subtraction
Have you ever thought of how addition and subtraction is done in
base 10? Carefully study what is happening here.

a)            7 5 0 9
                   + 8  7 9 2
                    16  3 0 1

Do you notice that we are working in base 10? In addition, do you
notice that the digits of the answer are remainders after using the
base to divide each sum? We started with 9 + 2 = 11. We are
saying how many tens (base) are there in 11? There is one ten
with a remainder of 1. That is why we automatically say ‘put down
1 and carry 1’. The one we put down is the remainder and the one
we carry is the number of tens!

Look at the subtraction. Since 2 is smaller than 9, we give a ten
(base) to the 2 to make it 12 and then subtract the 9 to get the 3.
The method above is that of ‘giving diagonally’ i.e. adding the base
to the top line whilst adding 1 to the bottom line.
Conversely you can borrow the base from the digit to the immediate
left and not do anything to the bottom line.

i.e.
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b)        8 15  9 12
– 87  7 01 9
        8  8 3

           87 15  89 12
– 7   7   0  9
          8  8 3
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 Consider these processes using other bases

1. 6 786
9
 + 2 570

9
2. 2 403

6
 – 542

6

3. 1 031
5 
 – 444

5

         Solutions

1.   6  7 8 6
9

             
+ 2  5 7 0

9

               
10  4 6 6

9

In (1) 6 + 0 = 6 and the 6 was put down as it is because it is less
than the base 9. Or one can view it as 9 into 6 = 0 remainder 6, so
put down the 6 and carry nothing.

8 + 7=15, then 9 into 15 = 1 r 6. So put down 6 and carry 1.
7 + 5 + 1 =13, then 9 into 13 =1 r 4. So put down 4 and carry 1.
6 + 2 + 1 = 9, then 9 into 9 =1 r 0. So put down 0 and carry 1.
That is how the answer 10 466

9
 was arrived at!

2.  2 104 60 3
6

          
–   1   65  4 2

6

 1   4  2 1
6

3 – 2 =1. Put down the 1.
Give the base on 0 to make it 6 and give 1 to 5 in the bottom
line to make it 6 and then 6 – 4 = 2.
Give the base on 4 to make it 10 and give 1 to below 2 and
then 10 – 6 = 4 and 2 – 1 = 1 to get 1421

6
 as the answer.

3.  1 50 83 61
5

      – 1   45 45  4
5

  3  2
5

The addition and subtraction process can have numbers in different
bases.
 Consider the following examples:
1.  Simplify 1212

3
 + 24

5
 giving the answer in base 3.

i.e. 51  50

2   4
= 10 + 45

= 14
10

      3  14
      3    4  r 2
      3    1  r 1
            0  r 1
∴ 24

5 
 = 112

3
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Hint
Change 24

5
 to base 3

first.
                              Common Errors

PETROL

DIESEL

1 212
   +24
2 020

3

The numbers are in
different bases!
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Thus     1 212
3

            +  112
3

             2 101
3

2. Evaluate 45
8
 – 1101

2
 giving the answer in base 7

i.e. 81  80 23 22 21 20

4    5 1  1   0  1
= 32 + 5 = 8 + 4 + 1
= 37 =13

        ∴    37 – 13 = 24

Now to base 7
           7   24
           7   3   r 3
                0   r 3

 ∴  45
8
 – 1101

2
 =33

7

1. Simplify the following:

a) 11 011
2
 + 1 011

2
b) 312

5
 – 134

5

c) 5 652
8
 – 4 776

8
d)    3 204

6
 + 524

6

e) 4 0157 + 3 6047 f) 1 0123 – 2213

g) 11 010
2
 – 1 011

2
h)    2 032

4
 + 3 313

4

i)   71 247
9
 – 60 358

9
j) 71 247

9
 + 60 358

9

2. Evaluate the following giving the answers in the given base.

a)  333
10

 + 33
5
 in base 5      b)   57

8
 + 57

9
 in base 8

c)  2222
3
 – 222

4
 in base 5      d)   432

5 
– 123

3
 in base 4

e) 34510 + 3458 in base 8 f) 34510 + 3458 in base 6

g) 321
4
 + 12

3
 in base 3 h) 356

7
 –101

2
 in base 2

Hint
Change both numbers
to base 10. Subtract
then change the result
to base 7.

1I3
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Multiplication and division in other bases (optional for
enrichment)
Let us consider multiplication in base 10
1.    4 758 V 3 = 14 274

We are saying 3 V 8 = 24, put down 4 and carry 2. I hope you now
appreciate where the 4 and 2 are coming from. The idea is to put
down the remainder and carry the quotient.

2. 4 758
9
 V3

9
   = 15 486

9   
                i.e.  8 V 3  = 24

24 ) 9 = 2   r 6
 5 V 3  = 15

                                                                  15 + 2 =17
17 ) 9 = 1   r 8
  7 V 3 = 21

                                                                 21 + 1  = 22
22 ) 9 = 2   r 4
  4 V 3 = 12

                                                                  12 + 2 = 14
                                                                 14 ) 9  = 1   r 5
                                                                Answer is from here

3. 436
8
 V 315

8

                4 3 6
8

     V      3 1 58

         
  1 5 3 2 0 0 Please study these three lines in relation

     4 3 6 0 to the process described in 2. Make
     +      2 6 2 6 sure you understand how each digit is
       1 6 2 4 0 6

8
arrived at before the addition.
The addition is done as before.

How about division?
Remember in 2 above,  4 758

9
 V 3

9
 = 15 486

9

This means 15 4869 ) 39  = 4 7589

            
  and     15 486

9
 ) 4 758

9
 = 3

9

How is this possible? Let us consider the first one

4.             4 758 Multiplication table for 3
9

               3  15 486
9

3 x 1 = 3

                              –13 3 x 2 = 6
                     24 3 x 3 = 10
                   –23 3 x 4 = 13

      18 3 x 5 = 16
                   –16 3 x 6 = 20
                       26 3 x 7 = 23
                       26 3 x 8 = 26

Make sure you appreciate the multiplication table for 3, before
going through the division process.
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The multiplication table for 4758
9 
is:

        4758 V 1 = 4758
4758 V 2 = 10627
4758 V 3 = 15486
4758 V 4  etc

This means to carry out the division correctly, multiplication tables
for the divisor need to be established first. With practice one will
be able to make an intelligent guess as to how many times the
divisor will go into the part of the dividend under consideration.

 Consider another example

5.  162406
8 
 ) 315

8

                        436 Multiplication table for 315
8

          315  162406 315 V 1 =   315
                –1464 315 V 2 =   632
                    1400 315 V 3 = 1147
                  –1147 315 V 4 = 1464
                      2316 315 V 5 = 2001

              2316 315 V 6 = 2316
315 V 7 = 2633

Evaluate the following giving the answers in the given base.

1. 1 0112  V 112 2. 32 0324 ) 1224

3. 2 301
4
 V 22

4
4. 24 405

7
 ) 34

7

5. 435
6
 V 314

6
6. 10 001 111

2
 ) 1 011

2

7. 5 6078 V 2468 8. 221 0013 ) 2223

9. 4 214
5
 V 343

5
10. 4 525

9
 ) 48

9

Hint
The multiplication
table must be correct
for correct solutions
to be found

88

2 5
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 3
 1

 4
 1

 6
 1

                              Common Error

PETROL

DIESEL

6   214
6     35 r 4
6      5  r 5
        0  r 5

       = 554

(i) 23 – 120 =  –42
by saying
23 – (32 + 33)
Note that the bracket
makes 33 negative
when it is not!

Hint
Follow directed
number rules.

Hint
Change 1101

2
 to base

8 first.

                              Common Error

PETROL

DIESEL

Answer as  333 or 111
The 111 is derived
either by disregarding
the other two powers
32 and 30 or by
simplifying 34 + 33 + 3
= 81 + 27 + 3

*****
n = 3 by associating
the respective digits
without realising that
the other digits are not
the same also.

Hint
Remember place
value!

Change both to base
10

Hint

 Consider the examples below

1. a) Express 214
6
 as a number in base 10.

b) Evaluate 23
5
 – 32

5
 +33

5
 in base five.

c) Evaluate 73
8
 + 1101

2
 in base eight.

d) Express 34 + 33 + 3 as a number in base 3.
e) Given that 2n2 is a number in base 5 and that

2n2
5   

= 133
6
, find n.

 Solutions

1. a)     2  1  4 or 62  61  60

   V 6 2    1    4
                      12 + 1  =  13          = 72 + 6 + 4
                                     V 6                       = 82
                                       78 + 4 = 82

b) 23
5
        or       23

5 
–32

5  
= –4

5
   or  23

5
 + 1

5

    + 33
5
        then  –4

5 
+ 33

5 
= 24

5
        = 24

5

      111
5

        (–32
5
 + 33

5
 = 1

5
)

    – 32
5

        = 1
5

 
      24

5

c) 23222120 8  13
1 1 0 1 8    1  r  5
= 8 + 4 + 1 = 13      or     1
∴    73

8

      
    15

8

         
110

8

d) 34 + 33 + 3  = 11 010
3

e) 2n2
5 
 = 133

6

50 + 5n + 2 = 36 + 18 + 3
   5n = 57 – 52
   5n = 5
     n = 1

2. Giving the answer as a decimal fraction, find the exact value of
a) 0,064 ) 0,8.
b) (0,05)2  = 0,0025    Remember this means 0,05 V 0,05

3. Giving the answer as a fraction in its lowers terms, find the value of
a)      )(    +    )

b) (3    – 2    ))(4    + 1   )
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Make the divisor a
whole number math-
ematically (i.e)
0,064 = 0,64
  0,8 8
Make sure you know
how!

Hint

 8
 1

 3
 1

 2
 1

 6
 5

1
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 3
 1

 4
 1

 6
 1

 3
 1

 3
 1

 3
 1

 12
  5

  5
 12

 5
 4

 8
 1

 3
 1

 2
 1

 6
 5

 24
 19

  6
 38

 24
 19

 38
  61

24

1

 8
 1

                              Common Errors

PETROL

DIESEL

(     +      ) )
i.e wanting to do
brackets first.
Remember the brackets
have to be worked first
whilst in their given
correct position.

 4
 1

 6
 1

 3
 1

 25
 14

 15
  7

 24
 –5

 6
 8

 7
 5

 5
 1

 5
 2

 10
  7

 5
 2
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12
+ 2

Remember BODMAS

3. a)     )(    +   ) b) (3    – 2  )   ) (4    + 1   )

=     ) (        ) =  1      ) 5

=     ) =         )

=     V =

= =

Now do the following:
1. Evaluate, giving your answer as a decimal.

a) 0,68 + 2,378 b) 0,03 V 0,7

c) 6,7 – 9,3 d) 0,046 – 0,273

e) 0,0408 ) 0,04

2. Giving your answers as a common fraction in its lowest terms
find the value of:

a) 4 + 9        b)        of 4       c)   3     ) 1     V
8 V 3

3. Express:
a)      as a percentage.

b)      as a decimal.

c) 0,041 as a percentage.

d) 0,05% as a common fraction in its lowest terms.

4. a) Convert 3110
4
 to a number in base 2.

b) Evaluate 432
5
 – 143

5
 giving the answer in base ten.

5. a) Write down the number 3506
7
 in expanded form.

b) Write down 1023
4
 in powers of 4.

6. a) Evaluate 1202
3
 + 63

8
 giving the answer in base 3.

b) Given that 24
n
 = 1110

2
 find the value of n.

7. a) Evaluate the following, giving your answer in base 10.
1

2
 + 2

3
 + 3

4
 + 4

5
 + 5

6
 + 6

7

b) If 123
x
 = 3810. Find the base x.

8. a) Calculate 21
3
 V 21

3
 giving the answer in base 3.

b) Calculate 121335 ) 325.

V
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Algebra is a branch of mathematics which deals with letters as
well as real numbers. A letter in this case is used to represent a
number. An algebraic expression is a combination of numbers and
letters using the four arithmetic processes, addition (+), subtraction
(–), multiplication (V) and division ()). Examples of such
expressions are; 2y (number V letter)

x + y  (letter + letter)
3    (number ) letter)
a
3 – xy2 +  5    Number – letter V letter2 + number

        y          letter
Expressions are made up of terms. A term is a combination of
numbers and/or letters using multiplication and division. Terms are
separated from one another by addition and/or subtraction signs.
From the above examples of expressions, 2y is a term.
In x + y the expression is made up of 2 terms + x and + y.
In       the expression has only one term.
In 3 – y2 +     the expression is made up of 3 terms; 3, – y2 and +     .
Other examples of single terms are 3x + y  and  4x2 – 3 .

        2             2x + y

Notice the term always goes with its sign. The sign of a term is to
its immediate left. Terms can either be like terms or unlike terms.
The terms 2a and –5a are like terms as they are in terms of the
same letter (a).
7r, –2y2 and 7p are all unlike terms because of the different letters.
In this chapter we are interested in manipulating linear and quadratic
expressions in various ways.

 By the end of this chapter, students should be able to:

manipulate basic arithmetic processes in letter symbols.

use the four arithmetic operations and rules of precedence
to manipulate monomials and simple algebraic fractions.

substitute words and letters for numbers in algebraic
expressions (including formulae).

 y
 5

 y
 5 a

 3

Syllabus
Expectations

2
Maths decoder 3/4

2ZPH

1
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Algebraic Expressions
and Change of
subject of formulae

( )

2

3
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find and use common factors, multiples, HCF’s and LCM’s
of algebraic expressions.
expand expressions of the form a(x + y)
(ax + by)(cx + d), (ax + by)(cx + dy) etc where a, b, c, and d are
rational numbers.

factorise expressions of the form:
ax + bx + ay + by,
ka2 – kb2,
ax2  + bx2  + c where a, b, c and k are integers.

change the subject of a given formula, and substitute terms
into a formula including those from other subjects (e.g
science).

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

appreciate the meaning of 2x, ab, xn (where n is an integer).

manipulate directed numbers and/or expressions.

manipulate fractions using the four arithmetic operations.

apply the concept of BODMAS (rules of precedence).

A. LIKE AND UNLIKE TERMS

Remember like terms combine and unlike terms do not combine.

 Consider the following examples:

Simplify 1. 5y + 3x + y – 7x + 3
2. 7 – (x – 2y) + 3(5x – 2)
3. 5x – (3 – x + 3y) – 7(5 – y)

 Solution

1. 5y + 3x + y – 7x + 3
i.e 5y + y = 6y

3x – 7x = – 4x
+ 3 is on its own = + 3.

∴ = 6y – 4x + 3 (No more like terms hence this is the final
answer)

2. 7 – (x –2y) + 3(5x – 2)
=  7 – x + 2y + 15x – 6  (Identify and combine like terms).
=  1 + 14x + 2y

3. 5x – 3 + x – 3y – 35 + 7y = 6x + 4y – 38
The terms in the final answer can be given in any order.

1)To remove the
bracket in

7–(x–2y), the 7 is
used ie –7x + 14y.

2)7 – x – 2y
3)Removing

+ 3(5x – 2) =
15x – 2 is a common
wrong practice. The
3 must be multiplied
with all terms in the
bracket.

                              Common Error

PETROL

DIESEL

5

4

6

Hint
Remove brackets
first.

Hint
Identify like terms
and combine them.
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Simplify
1. 3x + 5 + 3 + 2x 2. 6 – 2x – 4 – 3x

3. x2 + 5x – 7x – 2 4. 8xy – 12xy + 10xy – 5xy

5. v3 – 3v2 + v3 + 5v – 4v2 – 8v

6. 8m2 + 24 + 10n – 15 – 12m2 – 7n

7. 7 – 3(4 – x) 8. 3(4 – x) – 2(1 + 3x)

9. 5y(y + 6) – (20y – y2) 10. 4a(b + a) – 2a(b – a)

11. a2(a + 1) – a2(a – 1) 12. x2(5 – 2x) – x(7 – 3x2)

B. MULTIPLYING A BRACKET BY A BRACKET

The general rule here is to multiply each term in the second bracket
by each term in the first bracket.
Below is an illustration of the usual steps to follow.

(a + b)        (c +  d)

=  ac + ad + bc + bd
Other important forms to remember at this level are:
(a + b)2 = a2 + 2ab + b2

(a – b)2 = a2 – 2ab + b2

(a – b)(a + b) = a2 – b2

Do not forget to combine like terms if they are available.

 Consider the following examples:

Expand and simplify:
1. (x + 3) (x – 5) 2. (2y + 3)2

3. (3x – 2)(3x + 2) 4. (4 – x)(7 – 5x)

Solution

1. By splitting one bracket or following the method
indicated by arrows as above

x(x – 5) +3(x – 5)
=  x2 – 5x + 3x – 15 (x + 3) (x – 5)
=  x2 – 2x – 15

=  x2 – 5x + 3x – 15
=  x2 – 2x – 15
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2. Method 1   (2y + 3)2

In short, (i) square the first term (2y)2 = 4y2

     (ii) multiply the 2 terms and double the result.
2y V 3 V 2 = 12y

     (iii)  square the last term (+3)2 = +9
     ie  4y2 + 12y + 9

Method 2
(2y + 3)2 = (2y + 3)(2y + 3)  multiply as directed by arrows

= 4y2 + 6y + 6y + 9
= 4y2 + 12y + 9

Expressions of the nature (2y + 3)2   are perfect square expressions.

3. (3x + 2)(3x – 2) or in short (3x + 2)(3x – 2)
=  9x2 – 6x + 6x – 4  = (3x)2 – (2)2

=  9x2 – 4  = 9x2 – 4
Notice that, the brackets contain the same expressions only
differing in signs!
Other examples are (a + 2)(a – 2) and (1 –2a) (1 + 2a)
Such expressions are called difference of two squares.

4. (4 – x) (7 – 5x) =  28 – 20x – 7x + 5x2

=  28 – 27x + 5x2

Expand
1. (2x + 1) (x + 3) 2. (5x – 2) (x + 5)

3. (x – 1) (2x – 5) 4. (2x – 5)2

5. (3x – 1) (2x – 5) 6. (7x + 2) (x – 6)

7. (5 – x)  (5 + x) 8. (6 – 5y)2

9. (3 – 2x) (1 + 6x) 10. (2x + 5y) (2x – 5y)

11. (2x – 7y) (3x – 11y) 12. (8x – 5y)2

C. FACTORS OF ALGEBRAIC EXPRESSIONS.

To factorise is to introduce brackets and state an expression as a
product of its factors.

 Consider the following examples:

1. Given two terms:
Factorise   a)  5y2 – 10y      b) a2 – 16       c)   5a2 – 45b2

Hint
Notice that the letter in
the brackets does not
always have to be
written first. Thus the
instruction “expand”
simply means remove
brackets and combine
like terms where they
exist.
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Hint
Check for common
factors first.
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(2y + 3)2 = 4y2 + 9
ie Simply squaring the
terms inside the
bracket. This is wrong.

                              Common Error

PETROL

DIESEL
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  Solution

1. a)  5y2 – 10y 5 and y are common. So pull out 5y. Do
5y(y – 2) you notice that the terms in the bracket

are a result of dividing the terms by the
common factor?
i.e    5y2                 –10y
        5y                     5y

b)  a2 – 16 There is no common factor, this is a
i.e = a2 – 42 difference of two squares.
     = (a + 4) (a – 4) What is being squared is added in one

bracket and that being subtracted in the
other bracket.

Given 2 terms to factorise,
(i) check for common factors,
(ii) if no common factors exist, check for a difference of two

squares.

c) 5a2 – 45b2 There is a common factor 5.
= 5(a2 – 9b2) Notice the bracket needs to be factorised

further since it is a difference of  two squares.
= 5(a – 3b) (a + 3b)

2. Given four terms:
Factorise completely a) 3p – 3q + pq – q2

b) x2 + xy – xy – y2

c) ax + by – ay – bx

  Solution

2. a) 3p – 3q + pq – q2 Common factor for the first 2
is 3 and for the next 2 terms is q.

= 3(p – q) + q (p – q) Do you notice the expression is
now of 2 terms 3(p – q)
and +q(p – q)? The common
factor (p – q) is now pulled out to

= (p – q) (3 + q) give the answer.

The final stage is only possible when the brackets are the same in
the earlier stage.

b) x2 + xy – xy – y2   = x(x + y) – y (x + y)
  = (x + y) (x – y)

c)    ax + by – ay – bx
The first 2 terms have no common factor. There is need to re-
arrange terms so that common factors are created.

The common factors
are omitted in the final
answer especially, the
example (c) type of
question. That 5 in (c)
must be carried down
to the answer.

                              Common Error
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Hint
Group the terms into
twos and factorise to
create a common
factor of the two terms
so created.
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In (b)
x(x + y) – y(x – y)
The second bracket is
incorrect.

                              Common Error

PETROL

DIESEL

= y = –2

Hint
If the first 2 and
second 2 terms do not
have common factors
re-arrange them.

terms
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i.e   ax – ay + by – bx    or    ax – bx – ay + by
Thus from ax – ay + by – bx

    =  a(x – y) – b(–y + x)        (x – y) and (–y + x)
    =  (x – y) (a – b)                  are the same.

or  from   ax – bx – ay + by
    =  x(a – b) – y(a – b)
    =  (a – b) (x – y)

In general, when given 4 terms the following steps may be
followed:
(i) The first two terms should have a common factor and the

next two terms should have a common factor as well.
(ii) The brackets so created should contain the same expression.

x – y  ≠ y – x. but = x –y = –y + x.
(iii) Re-arrange terms to create common factors, if necessary.

Be careful to maintain original signs when rearranging.

Factorise completely
1. 7x3y2 + 5x2y2 2. 36 –  6x2

3. x2 – y2 4. 4 – x2y2

5. 3x2y + 3y 6. 5x2 – 45

7. 45xy2 – 9x2y 8. x2 – 1

9. 2x3 + 16xy 10. 2x2 – 72y2

11. 2 – 8y2 12. 2ax – 6a + cx – 3c

13. ax + bx – by – ay 14. 2a2 – 3h – 3a + 2ah.

15. ac – 6bd – 2bc + 3ad 16. vp – 12qu – 4up + 3qv

The ability to identify the difference of two squares is very useful in
evaluating cases like 1352 – 352. Note that squaring 135 without
a calculator is not easy at all. Fortunately the problem is of a
‘difference of two squares’ type.
Thus 1352 – 352 = (135 + 35) (135 – 35)

= 170 V 100
= 17 000

The whole process becomes very simple once the difference of
two squares is identified.

                              Common Error

PETROL
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In (c) signs are mixed
up during the re-
a r r a n g e m e n t .
Remember a term has
a sign to its immediate
left. So it is shifted
together with its sign.
e.g rearranging
ax + by – ay – bx to
ax + bx – by + ay is
wrong.

2C1

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter



38

Simplify without using a calculator or tables.

1. 672 – 332 2. 1002 – 992

3. (5,6)2 – (3,6)2 4. (5,9)2 – (4,1)2

5. 482 – 522 6. 5752 – 4252

7. 1 0002 – 9992 8. 4692 – 4312

9. (5,762)2 – (4,238)2 10. (12,87)2 – 17,13)2

D. FACTORS OF QUADRATIC EXPRESSIONS

A quadratic expression has variables with a power not greater than
two. Differences of two squares are quadratic expressions as well.
The general format of a quadratic expression is ax2 + bx + c, where
a, b, and c are rational numbers.
Below is an illustration of the parts of a quadratic expression.

ax2             + bx           + c

     First term     Middle      Constant or
          Term        Absolute Term

Note that a and b are coefficients of x2 and x respectively while c is
a constant.
Also note that the first term is so called because it is the term with
the highest power. It doesn’t have to be written first though.

e.g 5 – x – 2x2 –2x2 is still the first term

 Consider the following examples:

Factorise 1. x2 + 6x + 5 2. x2 + x – 6

3. x2 – 2x – 15 4. x2 – 22x + 72

  Solution

1. x2 + 6x + 5

Method 1: Expand the middle term
Since the coefficient of x2 is 1, expand 6x, the middle term using
factors of 5, the constant  i.e x2 + 5x + x + 5 or x2 + x +5x + 5 and
factorise the four-term expression so created.

x(x + 5) + 1 (x + 5)  or  x(x +1) + 5(x + 1)
= (x + 5) (x + 1)       or  (x + 1) (x + 5)
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Method 2: Trial and error
x2 + 6x + 5  = (x     ) (x     )

Step 1. Break x2 into x and x and put these in each bracket to
enable them to be multiplied to give x2.

.
Step 2. Consider the factors of the constant (+5) which when added

will give the coefficient of the middle term i.e 5 V 1 = 5,
+5 + +1 = +6 and put these factors into the brackets as
shown below.
x2 + 6x + 5
= (x + 5) (x + 1) or (x + 1) (x + 5)

2. x2 + x – 6
Method 1:   = x2 + 3x – 2x – 6

  = x(x + 3) – 2(x + 3)
  = (x + 3) (x –2)

Method 2: = x2 + x – 6
= (x + 3) (x – 2)

3. x2 – 2x – 15 = (x – 5) (x + 3)   using either of the two methods.

4. x2 – 22x + 72 = (x – 18) (x – 4)
   The factors of +72 required should both be
     negative so that they add up to –22.

Factorise completely

1. x2 + 7x + 10 2. x2 + 6x + 9

3. x2 + 4x – 12 4. x2 + 3x – 4

5. x2 – 3x – 4 6. x2 – 3x – 28

7. x2 – 11x + 28 8. x2 – 10x + 21

9. x2 – x – 30 10. x2 – 10x + 25

What if the coefficient of x2 is other than 1?

 Consider the following examples:

Factorise 1.   2x2 + 7x + 3 2.   8x2 – 2x –1

3.   8 – x – 9x2 4.   3x2 – 5xy – 2y2

Hint
A positive product
is produced by
multiplication of
same sign numbers
i.e.
–  V – or
+ V +.

Hint
Constant is –6 not 6
∴ Factors of –6
which add up to 1 are
–2 and 3.

2D1
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Solution

1. 2x2 + 7x + 3  = (2x + 1) (x + 3)

As for Method 1: Expand the middle term
Step 1. Multiply coefficient of x2 with the constant i.e

+2 V +3 = +6
Step 2. Expand middle term +7x using factors of the +6.

i.e  2x2 + 6x + x + 3    and factorise
  =  2x(x + 3) + 1(x + 3)
  =  (x + 3) (2x + 1)

Method 2: Trial and error
Here the coefficient of x2 is a prime number. Simply put it into one
of the brackets.
Step 1. Split 2x2 into 2x and x i.e (2x   ) (x    )
Step 2. Consider numbers which multiply to give 3. i.e +1 and

+3 or –1 and –3. Note that the middle term is positive so
factors +1 and +3 are applicable here.

Step 3. Use trial and error method to place the +1 and +3 into
the proper bracket i.e either (2x+1)(x +3) or (2x+3)(x+1)
Thus 2x2 + 7x + 3 =  (2x + 1)(x +3)

2. 8x2 – 2x – 1.  Here the coefficient of x2 is not a prime number.

Method 1
Step 1. 8 V – 1 = –8 and look for factors of –8 which add to –2.

i.e – 4 and +2
Step 2. 8x2 – 4x + 2x – 1

= 4x(2x – 1) + 1(2x – 1)
= (2x – 1) (4x + 1)

Method 2:   8x2 – 2x – 1
either it is (8x   ) (x     ) or (4x   ) (2x   ),
by trial and error with factors of –1 i.e. +1 and –1,
one will arrive at (4x + 1) (2x – 1).
This method requires a lot of practice to master.
Method 1 is more practical.

3. 8 – x – 9x2

Using method (1) 8 V –9 = –72 and –9x + 8x = – x.
∴   8 + 8x – 9x – 9x2

=   8(1 + x) – 9x(1 + x)
=   (1 + x) (8 – 9x)

4. 3x2 – 5xy – 2y2 Step 1. Ignore the second letter (y) and
factorise as 3x2 – 5x – 2
= (3x + 1) (x – 2).

Step 2. Put the letter (y) back into the
brackets to produce the answer.
(3x+ y) (x – 2y).
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OR Use Method (1) Step 1. Ignore the second letter
   3x2 – 6xy + xy – 2y2 y and expand 3x2 –5x–2
= 3x(x – 2y) + y(x – 2y) to 3x2 – 6x + x –2
=  (x –2y) (3x + y) Step 2. Put back the letter y to
= (x – 2y) (3x + y) get 3x2 – 6xy + xy – 2y2

and factorise.

Factorise fully
1. 2x2 + 9x + 4 2. 3x2 + x – 2

3. 7x2 – 23x + 6 4. 4x2 – 7x – 2

5. 4x2 + 12xy + 9y2 6. 6x2 + xy – 5y2

7. 6 + 5x – 4x2 8. 3 – 2x – 8x2

9. 9x2 – 30x + 25 10. 8x2 – 9x –14

11. 7x2 – 5x – 2 12. 5x2 + 16x + 3

13. 22x2 + 3x – 4 14. 77 – 26x – 3x2

E. HCF AND LCM OF ALGEBRAIC EXPRESSIONS

Solutions to these problems rely on the ability to identify factors correctly.

 Consider the following examples:

Find the HCF and LCM of

1. a2b,  a3b2 and  a2b3

2. 3x + 3, 2x + 2 and x2 – 1

3.  x2 – 9,  x2 + 6x + 9 and 2x2 + 7x + 3

 Solutions

1. a and b are the common factors in the three terms, so use
the a and b with the lowest powers for HCF and those with
the highest powers for the LCM.
i.e a2b

a3b2

a2b3

HCF = a2b   Pick out the lowest power of each common
                   factor.
LCM = a3b3   Pick out the highest power of each factor.
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Hint
Do you see that
Method (1) seems
more friendly to
beginners than
Method 2? Make a
wise choice of
methods. Practice
makes perfect.
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2. 3x + 3 = 3(x + 1)
2x + 2 = 2(x + 1)
x2 – 1 = (x – 1) (x + 1)

    ∴ HCF = (x + 1)
LCM = 2 V 3 (x – 1) (x + 1)

= 6(x – 1) (x + 1) No need to expand
the brackets.

3. x2 – 9 =  (x + 3) (x – 3)
x2 + 6x + 9 =  (x + 3) (x + 3) = (x + 3)2

2x2 + 7x + 3 =  (2x + 1) (x + 3)

HCF =  (x + 3)
LCM =  (x + 3)2 (x – 3) (2x + 1)

Find (i) the HCF and (ii) the LCM of:

1. xy2  and x2y2 2. 2x2y2, 6x3y and 2xy3

3. 2x – 6 and 3x – 9        4.  2x2 –3x and x2 + 3x

5. 3x2 + 2x and 9x2 – 4 6. 2x2 – 2x and 2x2 – 2

7. x2 – 4, x2 – 4x + 4 and x2 – 3x + 2

8. 6x – 4, 6x2 – 4x and 18x2 – 8

9. 2x2 + x – 3, 4x2 + 10x + 6 and 6x2 + 3x – 9

10. xy – 2y – 6x + 12, 4 – x2 and 2 + 5x – 3x2

F. SIMPLIFYING ALGEBRAIC FRACTIONS

Reducing to lowest terms
Reduce the following to their simplest forms.
1.     2x + 8 2. x2 – 3x          x2 – 4

x2 + x – 12    x3        x2 – x –6

3. 2c2 – 3cd + d2           2cd + 3d2         2c2 + cd – 3d2

c3 – 2c2d + cd2             c2 – d2 2c2 + cd – d2

         Solution

1.     2x + 8      2(x + 4)       [simplify using common
x2 + x – 12 (x + 4) (x – 3)   factor (x + 4]

                  2
  x – 3

V

V)

Hint
First factorise each
part of the fraction
fully then identify
common factors.

1

1

=

Hint
Make sure the
expressions are fully
factorised first.
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2. x2 – 3x             x2 – 4      x(x – 3)        (x – 2) (x + 2)
   x3               6 + x – x2                    x3            (3 – x) (x + 2)

    – (x – 2)
           x2

3. 2c2 – 3cd + d2           2cd + 3d2         2c2 + cd – 3d2

c3 – 2c2d + cd2             c2 – d2 2c2 + cd – d2

(2c – d) (c – d)        (c – d) (c + d)      (2c + 3d) (c – d)
       c(c – d)2              cd(2c + 3d)         (2c – d) (c + d)

Note: 1. The first denominator has been factorised twice
i.e c(c2 – 2cd + d2) = c(c – d) (c – d).

  2. The second fraction has been inverted and multiplied
because of the division sign.

The answer becomes   c – d
             cd

Do not make the error of dividing further.

Reduce the following to their simplest forms.
1. 10x2y 2. x2 + xz

15x x2 + xy

3.  p2 – q2 4.  6 – a – a2

(p – q)2 2a2 – a – 6

5. 2bg3 – b2g2 6. 10x2y3      18c2d3

b3g – 2b2g2   9c3d        15xy4

7.   f 2 – 9          f 2 – 4f 8.    3x3         xy + x2

f 2 + 3f       f 2 – 7f + 12 xy – x2       x2 – y2

9.   v2 – v – 6            v2 + v – 12
v2 – 8v + 16             v2 – 16

10. m2 + mu + mn + un      3n2 – 3mn
m2 + mu – mn – un      4m2 – 4n2

11. 15c3d4        30d2        12ef
  8ef 3 16e3f 2       20c4d

12.    9 – 3d        c2 – cd         cd – c2

 cd2 – cde      2d2 – 6d        d2 – de

V )

)

V

V V

x2

–1 1

1

=

V

VV

1 1

1

1 1

1

1

1 1

)

Hint
x – 3
3 – x = –1

PETROL

DIESEL

                              Common Error

Dividing further by x
in (x – 2)  to get
        x2

1 – 2  =  –1
   x           x
Note that in (x – 2), x
is not a factor but a
term.
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13.      a2 – 9b2            a + 3b             ab – a2

a2  – 2ab + b2       a2 + 2ab      a2 – ab – 6b2

14. (2x – y)2 – (x – 2y)2           5x2 – 5xy
   2x2 + 3xy  – 2y2         2y2 + 3xy  – 2x2

Adding and subtracting algebraic fractions

This is done in exactly the same way as in ordinary fractions. The
following steps can help you to master the procedure.

Step 1. Find the common denominator (LCM of denominators).

Step 2. Create one fraction with the common denominator as
the denominator.

Step 3. Simplify the numerator created.

Step 4. Factorise the numerator where possible.

Step 5. Check for common factors between the numerator and
the denominator and simplify where possible.

 Consider the following examples:

Simplify 1.    x         x – 1 2.       5             3
  3           2   3x – 1       x + 3

3.          x – 3y 4.            3                      2
          x – 1    x2 – 5x + 4        x2 – 3x – 4

5.     3x              3y
  x2 – y2           y2 – x2

Solution

1.  x         x – 1 2.          5               3
 3           2        3x – 1         x + 3

    2x + 3(x – 1)            5(x + 3) – 3(3x – 1)
    6               (3x – 1) (x + 3)

    2x + 3x – 3            5x + 15 –9x + 3
6            (3x – 1) (x + 3)

    5x – 3                – 4x + 18
6            (3x – 1) (x + 3)

               – 2(2x – 9)
           (3x – 1) (x + 3)
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Step 1
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3.        x – 3y        3(x + y) – 1(x – 3y)
       x + y          x + y

3x + 3y – x + 3y
          x + y

2x + 6y
   x + y

2(x + 3y)
    x + y

4.       3                         2
x2 – 5x + 4       x2 – 3x – 4      Factorise the denominators

      first.
         3      2
(x – 4) (x – 1)     (x – 4) (x + 1)  The different factors form

      the factors of the common
         3(x + 1) + 2(x – 1)       denominator.

(x – 4) (x – 1) (x + 1)

           3x + 3 + 2x – 2)
(x – 4) (x – 1) (x + 1)

                    5x + 1
(x – 4) (x – 1) (x + 1)

5.      3x                3y
 x2  – y2          y2  – x2         Factorise the denominators.

          3x                3y
(x – y)(x + y)     (y – x) (y + x)      Remember y – x = –(x – y)

       Thus, replacing y – x with
          3x                 3y         –(x – y) changes the sign
(x – y)(x + y)      (x – y)(y + x)      between the fractions.

       3x + 3y
    (x – y)(x + y)

       3(x + y) A common factor (x + y) exists between
     (x – y)(x + y) the numerator and the denominator.

        3
      x – y

 1
 3

Hint
Note that 3 can be
written as  3 so that the
common denominator
for 1 and (x + y) is x +
y. 3 is a numerator.

3x + 3y – x – 3y
            x + y
is left without further
simplication.

                              Common Error

+

–

–

1

1

+

Hint
Do not expand the
denominator.
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Hint
In 2 and 3
factorisation of the
numerator of the
answer is necessary in
case a common factor
is created between the
numerator and the
denominator.
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S

D

T

–

Simplify

1.     3              2 2.     3b
3x – 1      2x – 1    a – b

3.     5                3 4.    a – b
a – 2b         2b – a       a

5.     1                4 6.      5b
x – 2           x2 – 4 a – 2b

7.     y               x 8.   3x + y
        x2 – xy      xy – y2   x – 2y

9.      2xy            5xy 10.       c              a
3x2 + 3y2     2x2 + 2y2                c2 – a2          ac – c2

11.       1            1 12.       4c           4d
6u2 + 18u      u2 – 5u – 24         c2 – d2          d2 – c2

13.      10                  15 14.       1 – x2           x + 2
2xy – 3y2     2x2  – 3xy         x2  – 4x + 4       x – 2

15.     3a + 3            1             2
a2 – a – 20       a + 4      a – 5

16.      2                2x – 8
2x – 8         x2  – 8x + 16

17.    2a           2a 100
a + 5       a – 5       a2  – 25

18.    x             x              18
x + 3      3 – x         x2  – 9

G. CHANGE OF SUBJECT OF FORMULAE

You should be familiar with the following formulae:

1. Given that S = Speed  D = Distance  T = Time

then          D D = ST                D
                 T  S
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2. Given that D = Density   M = Mass    V = Volume

then           M M = DV        M
V        D

To easily memorise these formulae some people use these triangles.

The use of the triangle has limitations when you have more than
three terms in the formula, for example

v = u + at

u = v – at

   v – u
      t

   v – u
      a

The subject of a formula is a single term in an algebraic formula
which is expressed in terms of the others.

    D
    T

S is the subject of the formula and in M = DV, M is the subject of
the formula.
Similarly in v = u + at, v is the subject of the formula.

 Consider the following examples:

Make x the subject of the formula

1. a + x = c

2. mx – p = bx + w

3. a)   x + a = p   b)   find x when p = –3 and a = 3.

4.   a
  x2

5. a)   a   b)   find x when a = 4, p =    and v = – 8
          x2

D

S T

M

D V

/

/  3
 1
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Tip
Remember the square
of a number inside the
square root sign is the
number itself e.g.
(/4)2  =  4
(/3)2  =  3
(/x)2  =  x

                              Common Error

If /x + a = P,
then x + a =  /pwrong

Tip
You should always re-
member to find the
square root of x2

appreciating that

   /x2 = x

= x2

= x

/

PETROL

DIESEL

  Solution

1. a + x = c
Transfer a to the RHS.

x = c  – a

2. mx – p = bx  + w
Group terms with x on one side of the equation, preferably to
the left.
mx – bx  =  w + p
Factorise the left side.
x(m  – b) =  w + p

Divide both sides by (m  – b).

        w + p
        m – b

3. a)    x + a = p

Square both sides of the equation.

       (  x + a )2 = p2

               x + a= p2

             x = p2  – a

b) When p = –3 and a = 3
            x = (–3)2 – 3

=  9 – 3
=  9 – 3

4. a
x2

Transfer –b to the RHS.

a
x2

Multiply both sides by x2

a = x2(q + b)
Divide both sides by (q + b).

   a
q + b
Take square roots on both sides.

     a
   q + b
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x =

– b = q

– q + b

/

Tip
Remember the change
side change sign rule.
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5. a)    a
   x2

Square both sides.

a
x
Subtract v from both sides.

a
x2

Multiply both sides by x2 to make x a numerator.

a  = x2(9p2 – v)
Divide both sides by (9p2 – v)

     a
9p2 – v

Find square roots of both sides

         a
    9p2 – v

b) When a = 4, p =      and v = – 8

x  =

   =

   = 4
9

2
3

It may be deduced that the general steps to be followed when
making a letter/symbol the subject of the formula are:

1. Start by eliminating all the root signs and brackets where
necessary.

2. Eliminate fractions if any.

3. Group like terms together, i.e, those which have the letter
which should be made the subject of the formula.

4. Factorise like terms and divide both sides by the bracket.

5. Simplify as far as possible.

= 9p2 – v

= x2

= x

√

√

 3√  4
 19(  )2 – (–8)

 4√
√

1+8
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+ v = 3p

+ v= 9p2

 3
 1

=
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In this exercise a formula and a corresponding letter or two letters
printed in brackets, after the formula are given.
Make that letter the subject of the formula and if more than one letter
is bracketed, make each letter the subject of the formula in turn.

1. A  =  πr2 (r)

2. v  = u + at (t)

3. r2  = u2 + 2as (a)

4. Gm (m)
 r2

5.  4πr3 (r)
 3

6. 2x – 2 (x)
6x + 3

7. m2 + 4qp = n + x (q)

8. T  = (g)

9.       p + q
       2m

10.     3x2 + m

11. Make the letter in brackets the subject of the formula
a) V  =  πr2h (r)

b) A  =  2πr2 + 2πrh (h)

12. The formula for finding the total surface area in Fig 2.1 is
A  =  2πrh + πr2  +  πrl

Fig. 2.1
a) Make h the subject of the formula.

b) Given that r = 3   l = 7, and A = 132, find h taking π to be

2G
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V  =

b  =

=  6x + 2v  (p,m)

=   x (v,m)

 7
 22

√
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13. The volume of a jug is given by the formula:
V  =    πh (2R2 – r2 ) where R is the radius of the top, r
the radius of the bottom and h the vertical height of the jug.

a) Make R the subject of the formula.

b) Given that π = 3,142, h = 17, R = 6 and r = 2
Calculate v to the nearest whole number.

14 a) Make b the subject of the formula
x         y
a        b

b) Find b given that a = 750, y =      and x = –30

 3
 1

 25
 13
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1. Like terms combine, unlike terms do not e.g
2x + 3x = 5x  but x + 2y = x + 2y.

2. Simplify can mean a) Remove brackets and combine like
terms.

b) Combine fractions to a single one
using the four arithmetic operations.

Common identities when removing brackets are:
(i) (a + b)2 = a2 + 2ab + b2

(ii) (a – b)2 = a2 – 2ab + b2

(iii) (a – b)(a + b) = a2 – b2

3. An expression in the form of a2  + b2  has no factors.

4. Factorise means the final stage should have brackets where
all numbers or expressions are multiplying each other.
e.g 5(x + 2) (x + 2)    is factorised.

5(x + 2) – (x – 1) is not factorised because of the minus
  sign between 5(x + 2) and (x – 1).

5. HCF has all common factors whilst,
LCM has every factor represented.

6. The HCF is normally used to reduce fractions to their lowest
terms or simplest form. LCM is normally used as a common
denominator so that a number of fractions can be combined
into one, the lowest common one.

7. When changing the subject of a formula, eliminate root signs,
brackets and fractions first, where need be.

8. When expressing a formula in terms of one letter:
(i) group the terms with the wanted letter on one side and

the rest on the other side.

(ii) Factorise out the wanted letter and finally divide both
sides with the bracket created.
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The following examples will help highlight key stages to take note
of.

1. Chipo has (3x + 2) sweets and Hazel has (5 – 2x) sweets.
Find in its simplest form, the number of sweets:
a)   they have altogether
b)  Chipo has more than Hazel.

2. Simplify as far as possible
a) 45a3b2 b)    x2 +4x + yx + 4y

75a5b   x2 – y2

3. Factorise completely  a)    a2(c –3) – c + 3
    b)    px + qy – qx – py

4. Find the HCF and LCM of   x2 – 4, x2 – 4x + 4  and 2x2 – 4x.

5. Express as a single fraction  a)         a          2
         3a – 1       3

  b)        5               1
        3x – 3y        2x + 2y

Solution

1. a)  ∴   3x + 2 + 5 – 2x    Combine like terms.
       = x + 7

Now by how much?
3x + 2 – (5 – 2x)  = 3x + 2 – 5 + 2x

          = 5x – 3

2. a) 45a3b2       3b    Divide both numerator and denominator
75a5b       5a2    by common factors or HCF 15a3b.

b) x2 + 4x + yx + 4y      Both parts need factorising first.
                x2 – y2

    x(x + 4) + y(x + 4)
        (x – y) (x + y)

   (x + 4)(x + y)
   (x – y) (x + y)

    x + 4
     x – y

+

–
Hint

Altogether implies
addition

The question implies
3x + 2 is bigger than
5 – 2x.

Hint
Some fractions may
require factorisation
of their parts first.

                              Common Error

PETROL

DIESEL

The requirement ‘in
its simplest form’ is
often ignored. This
means the answer
should be free of like
terms.
3x + 2 – 5 – 2x is
common when
3x + 2 – 5 – 2x
is expected.

1

1

                              Common Error

PETROL

DIESEL

x2 + 4x + yx + 4y
        x2 – y2

and  x + 4
       x – y

These x2 and x are not
factors. Remember
factors are multipliers.

1

1

1

1
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                              Common Error

PETROL

DIESEL

  9a – 2            9a – 2
3(3a – 1)         3a – 1

Remember 9a is a
term not a factor.

=
1

3

3. a) a2(c –3) – c + 3=  a2(c –3) – 1(c – 3)

= (c – 3) (a2 – 1) second bracket is a
           difference of two squares.

= (c – 3) (a – 1) (a + 1)

b) px + qy – qx – py

Re-arrange the terms before giving up!

 px – py – qx + qy  = p(x – y) – q(x – y)

     = (x – y) (p – q)

4. a) x2 – 4  = (x – 2) (x + 2)

x2 – 4x + 4 =  (x – 2)2

2x2 – 4x  = 2x(x – 2)

∴  HCF  = (x – 2)

LCM  = 2x(x – 2)2 (x + 2)      Make sure all the factors are
      represented in the LCM and
      there is no need to expand.

5. a)      a            2         3a + 2(3a – 1)
3a – 1         3           3(3a – 1)

     3a + 6a – 2
       3(3a – 1)

       9a – 2
     3(3a – 1)

Remember 9a is a term not a factor.
Thus the numerator has no common factors.

b)       5                1
 3x – 3y        2x + 2y

          5                1
    3(x + y)        2(x + y)

     10 – 3
    6(x + y)

         7
    6(x + y)

Hint
Do not expand the
bracket instead create
the same bracket with
the last two terms.

                              Common Error

PETROL

DIESEL

Leaving the answer at
(c – 3) (a2 – 1) stage.
(a2 – 1) has factors!
The question expects
complete factorisation
not partial.
An equation
(c – 3)(a – 1)(a + 1) = 0
 is formed and solved.

 +

Hint
Factorise the
expressions first.

Hint

Do not multiply with
the LCM.

 –

 –

=

=

=

= Factorise the denominators first.

=

=
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6. The total surface area of a solid cylinder with base radius r
and height h is represented by:
A  = 2πr2 + 2πrh

a) Make h the subject of the formula.

b) Find h when A = 550, r = 3,5cm and π  =

          Solution

a) A  = 2πr2 + 2πrh
A – 2πr2  = 2πrh

      A – 2πr2

            2πr

b) From             A – 2πr2

                   2πr

            550 – 2 V 22 V 7 V 7
     7      2     2
2 V 22 V 7
        7      2

           550 – 77
     22

           473
 22

       =  21,5

Now do the following:
1. Simplify a)  4(3 – x) – 5(7 – x)

      b)  (4 – q)2 + 4 – q
     q2 – 16

2. Factorise completely  a)  3x2 – 75
     b)  6x2 + 2x – 4
     c)   pq + ps – qr – rs

3. Find the HCF and LCM of:
2x(x + 2),  6x2(x – 1) (x + 2) and 4(x + 2)2

4. Express as a single fraction   a)           a                c
c2 – ac        a2 – ac

    b)                  y2

y + 1

 7
 22
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h  =
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550 – 2 V 22 V 7 V 7
  7      2     2

     2 V 22 V 7
   7      2

= 550 – 7
   2

1 1 1

1
1

=

=

y + 3 –
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5. Simplify as far as possible
a)           x2 – 4y2 b)        ac            c2           bc + c2

px + qx – 2py – 2qy         bc – c2    c2 – bc      c2 +2bc

6. The total Voltage (V) in a circuit is represented by V = IR –Ir
where I is the current,

   R is the external resistance.
   r is the internal resistance.

a) Make r subject of the formula.

b) Find R given that V = 100, I = 5A and r = 4.

7. For a given regular polygon with n sides, the size of each
interior angle is x0 where
x = 1800 – 3600

 n

a) Make n the subject of the formula.

b) Calculate n if x = 120.

8. Make the letter in brackets the subject of the given formula.

a) 1         1       1 (v)
u  v        f

b) S  =  ut + at 2 (a)

c)         4x – 3 (x)
        2l – 4

d)         p – 3r (r)
        2p + r
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Solving Equations

An equation is created when two different algebraic expressions
are equal.
For example  x – 1

         2
2x2 – 9 = 0 are equations. This chapter
will focus on linear and quadratic equations.

By the end of this chapter, students should be able to:

solve simple linear equations including those involving fractions.

solve simple linear simultaneous equations by substitution and
elimination methods.

solve quadratic equations of the form  ax2 + bx + c = 0
by either factorisation or by formula.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter. It is assumed that students
are able to:

identify like and unlike terms.

expand expressions with brackets.

factorise expressions up to quadratic expressions.

A. LINEAR EQUATIONS

With or without brackets
Linear equations are equations with variables to the power 1.
Solving an equation is the process of finding the number being
represented by the variables in the equation. This number should
balance the equation when substituted into it. Sometimes the
solution is simple.

3
Maths decoder 3/4

3ZPH

1

2

3
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–b ± /b2 – 4ac
2a

ax2 + bx + c = 0

y + 1     2y – 1
   2            3

3x + 4y = 6
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 Consider the following examples:

1. x + 3 = 7, clearly x = 4. Thus x = 4 is the solution to the
equation x + 3 = 7.

Equations like   a)  7 – 5x = 4x – 11 or  b)  3(2x – 1) – 2(x – 1) = 0
are more demanding and require a more organised approach to
solve them.

Study the steps below.
2. 7 – 5x = 4x – 11

Step 1: Collect the terms with variables on one side of the
equation, bearing in mind the ‘change-side change-
sign rule’.
i.e.  7 + 11 = 5x + 4x

Step 2:  Simplify each side
18 = 9x

Step 3:   Divide both sides by 9 to make x the subject.
x = 2

3. 3(2x – 1) – 2(x – 1) = 0
Step 1: Remove brackets.

6x – 3 – 2x + 2 = 0
Step 2: Group terms with variables on one side.

6x – 2x = 3 – 2
4x = 1

Step 3: Divide both sides by 4 to isolate the letter x.
x =

Thus in all cases:
Remove brackets first if they exist.

Collect terms with variables on one side and the constants on
the other side, maintaining the ‘change side change sign’ rule.

Divide both sides by the coefficient of the letter, to make it
the subject.

Solve for x

1. 5 + 2x = 7 – 5x 2. 3 – 2x = 7 – 4x

3. 2x – 7 = 8 – 3x 4. x – 9 = 15 – 2x

5. 3x + 12 = 4x – 5 6. 5x – 17 = 7 – 3x

7. 12x + 21 = 41 – 4x + 12 8. 14 – 30x – 12 = 10x – 18 – 45x

9. 7(x – 1) + 2(3x + 5) = 29 10. 8x – 3(5 – x) = 7

 4
 1

1) On changing side,
the sign is not changed.
2) Brackets are removed
by multiplying the first
term only e.g. 6x – 1 –
2x – 1. This is wrong,
all terms inside the
bracket must be
multiplied by the factor
outside.
3) 4x = 1, ∴ x = 4 is
a common wrong
solution.

                              Common Errors
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11. 5(x + 5) + 2(x + 5) = –6 12. 12 – x = 5(x + 3) – 3(x + 5)

13. 4 + 5(2x + 3) = 8(3 –x) 14. 4(7x – 9) – 7(4x + 3) = 6(9x– 1)

15. 12 = –[–3{4x –2(x – 2)}] 16 .3[2 – 4(x – 7)] = 26 – 8x

B. EQUATIONS WITH FRACTIONS

The fractions can be common or decimal. Generally, get rid of
these fractions by multiplying throughout by the common
denominator (LCM).

 Consider the following example:

1. Solve for x a)   2,4x – 3,8 = 15,4

b)       +        = 4

  Solution

1. a) 2,4x – 3,8 = 15,4 Multiply each term by 10.

24x – 38 = 154 or  2,4x = 15,4 + 3,8
              24x = 192 = 19,2

            192                                 19,2
     24                   2,4

      x = 8    192
    24

           x = 8

b)          + = 4        Multiply each term by 15
15 V     + 15 V    = 4  V 15  which is the LCM of 3 and 5.
5x + 6x = 60
      11x = 60
∴     x = 5

Sometimes brackets are needed when multiplying each term by
the LCM. This is especially so when the numerator or denominator
has more than one term.

2. Solve for c
a) c + 1       c – 1         b)     2c + 3       c – 1

   4            3           2c + 1       c – 2

c)    3                    4
c2 – 9        c2 – 5c + 6

 5
 2x

 3
 x

 3
 x

 11
  5

–

– = 0

= 1
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  Solution

2. a) 12(c + 1)       12(c – 1)
             4                    3

3(c + 1) – 4(c – 1) = 12  Remove the brackets.
     3c + 3 – 4c + 4= 12

            – c + 7= 12
                 – c = 5

                   ∴    c = – 5

b) 2c + 3       c – 1
2c + 5       c – 2

Multiply each term by (2c + 5)(c – 2) which is the LCM.
(c – 2) (2c + 3) = (c – 1)(2c + 5)
2c2  – c – 6 = 2c2 + 3c – 5
2c2  – 2c2 – c – 3c = 6 – 5

   – 4c = 1
        c = –

c)     3             4   Factorise the denominators first.
c2 – 9     c2 – 5c + 6

           3          4       Multiply each term by
 (c – 3) (c + 3)        (c – 3) (c – 2)      (c – 3)(c + 3)(c – 2).

3(c – 2) – 4(c + 3) = 0
3c – 6 – 4c – 12 = 0

         – c = 18
        ∴  c = 18

Equations with fractions are often confused with expressions with
fractions.

Below is a summary of the differences.

Concept Expression Equation
Example      x            3      x            3

2x – 3     4x – 2 2x – 3     4x – 2

Sign No equal (=) sign Always has an equal
either + or – between sign between terms
terms. or expressions.

Method of Expressions are Equations are solved.
manipulation simplified or

evaluated.

About LCM Use the LCM to create Multiply each term by
a common denominator. the LCM to clear the
Form a single fraction. fractions.

Hint
Don’t leave answer
as         since the

negative sign is still
in the denominator.
      or        are the

accepted final
versions.

 4
 1

– = 0

– = 0

 –4
 1

  4
 1

  4
–1–

– = 1V12

Tip
Do not end at –c =5
Find c not –c.

=
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Consider the examples below and carefully compare the processes.
Expression         Equation
     Simplify   3x – 6     3      3x – 4     2.  Solve 3x – 6     3    3x – 4

         4         4           6             4        4        6

The important steps to note when solving equations with fractions
are:
(i) Use the common denominator (LCM) to multiply each term

in the equation.

(ii) The common denominator and the denominators disappear
(are cancelled off) after the common denominator has been
used.

(iii) The resultant equation (after multiplying throughout with the
common denominator) may be linear or quadratic.

(iv) Make sure any algebraic denominator is fully factorised before
finding the common denominator.

3. Solve     3         x –  8
   x + 3       x2 – 9

 Solution

3.    3              x –  8
x + 3      (x + 3)(x – 3)

Multiply each term by (x + 3)(x – 3)
3(x –3) – (x – 8) = (x + 3)(x – 3)

Tip
Always check if any
denominator needs
factorisation first i.e.
the second one in this
case.

–   + = +

Step 1
Find Common Denominator
(LCM) i.e. 12.
Step 2
Place the three fractions over  the
Common Denominator
   i.e.    3(3x–6) – 3(3) + 2(3x–4)

12

Step 1
Find common denominator
(i.e. 12).
Step 2
Multiply each term by the
Common Denominator to
clear the fractions.

i.e. 12 (3x–6)    12(3)    12(3x–4)
         4             4          6
9x – 18 = 9 – 6x + 8

33 2

11 1
= –

Step 3
Simplify the numerator maintaining
the same Common Denominator at
all stages.
i.e. 9x–18 – 9 + 6x –8

     12

15x – 35
     12

     Step 3
   Solve this equation in the
   usual manner.

i.e. 15x = 35
  x = 2

    = 2

 15
 5

 3
 1

 = 1

 = 1
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When one side is 1 as
above or any whole
number, the common
denominator is not
used to multiply it.
From the example
above,
(3(x–3) – (x–8) = 1
Here the RHS has not
been multiplied by the
common denominator.
This is wrong.

                              Common Errors

PETROL

DIESEL

=

–

–

introintrointrointrointro
Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

1.



62

+             = 2

Remove brackets
3x – 9 – x + 8 = x2 – 9
Re-arrange the quadratic equation.
x2 – 2x – 8 = 0

Solve by factorisation
(x – 4)(x +2) = 0
either x – 4 = 0 or x + 2 = 0
∴  x = 4 or –2

4.     x              4
 x + 2        x – 3

  Solution

4. Since there is no denominator which needs factorisation,
multiply through by the common denominator which is
(x+2)(x–3) and hence simplify
x(x – 3) = 4(x + 2)
x2 – 3x = 4x + 8
x2 – 7x – 8 = 0
(x – 8) (x + 1) = 0
either x – 8 = 0 or x + 1 = 0
∴  x = 8 or –1

Solve the following equations:
1. 2x – 2,8 = 4x – 1,6 2. 3,1x – 55,9 = 12,3

3. 7 – 2(x + 3,6) = 1,8 4.   x
4,2

5. x 6.       x
2       3

7. y + 4 8. 3y     1
   3 5       4

9. y        y      1 10. 3y – 1     3 – y      3
        3  2     3     2           4         4

11. y + 1      2y + 1 12. 3 – y           2y + 1
           2           3    5                 10

13.    7            2 14.     4              3
a – 4    a – 3 2a – 5        a + 2

15.    3             a – 6 16.     2          2a – 1         3
a + 4    a2 – 16 a – 3         a2 – 9       a + 3
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+ 3,6  = 5,4

= 6 5 –     = 0

–      =  0= 5

=       + =

+ 3 =

= –= 0–
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Hint
You can also use cross
multiplication.

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter



3.    S
o

lvin
g

 eq
u

atio
n

s

63

C. LINEAR SIMULTANEOUS EQUATIONS

Simultaneous means at the same time. In this case we are going
to deal with a system of equations with 2 variables (unknowns)
like x + 2y = 1 and x + y = 4. In this situation it is not possible to
solve the equations individually. Equations with two or more
unknowns can not be solved individually.
Thus:
(i) When only one unknown is involved – only one equation is

needed to find that unknown.

(ii) When 2 unknowns are involved – 2 equations are needed to
find the 2 unknowns.

This part of the chapter teaches you to solve linear equations, with
two unknowns simultaneously. Two methods are to be discussed,
i.e. the substitution method and the elimination method.

The substitution method

Solve the following simultaneously:

1. x = 5 + 5y 2. 10x + 7y = –1
2x + y = –1 2x + y = 5

3. 3x + 4y = 6
2x + 3y = 5

In general, the substitution method is achieved by making one letter
subject of formula.

  Solution

1. x = 5 + 5y  ...(i)
2x + y = –1...(ii)

x is already the subject of formula in the first equation.
Now, simply substitute the 5 + 5y for the x in the second equation.

2(5 + 5y) + y = –1 An equation with one unknown letter (y) has
    been created so we can go on to solve for y.

10 + 10y + y = –1
              11y = –11

     y  = –1

Substitute –1 for  y in the first equation.
x = 5 + 5(–1)
x = 5 – 5
x = 0
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Hey, you can’t find
x and y without

another equation
with x and y

x and y,
where are
those two?
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Snap check  : to check if your answer is correct, substitute the
 2 values into each equation and see if both balance.

e.g. Equation 1 LHS = 0    LHS – Left Hand Side
RHS = 5 + 5(–1)    RHS – Right Hand Side

= 0
       ∴  RHS = LHS

Equation 2. LHS = 2(0) + (–1)
= 0 – 1
= –1

RHS = –1
        ∴ RHS = LHS

2. 10x + 7y = –1...(i)
2x + y = 5     ...(ii)

  Solution

2. Here we need to make one letter the subject and clearly, y from
the second equation is more convenient.
i.e. y = 5 – 2x Substitute (5 – 2x) for y of the first equation.
10x + 7(5 – 2x) = –1      and solve for x.
10x + 35 – 14x = –1
                 – 4x = –36

         x = 9
Substitute 9 for x in the rearranged second equation.
y =   5 – 2(9)
  =    5 – 18
  =   –13

3. 3x + 4y = 6 ...(i)
2x + 3y = 5 ...(ii)

 Solution

3. Making x the subject in the second equation.
        2x = 5 – 3y

         5 – 3y
      2

Substituting            5 – 3y   in (i)
         2

  3(5 – 3y) + 8y = 12
    15 – 9y + 8y =  12

           – y =  –3
         y =  3 Substitute into second equation.

     5 – 3y
                    2

    5 – 9
       2

                  –4
     2

          x =  –2
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Note in (3) any of the letters can be made the subject of the
equation. In (1) and (2) it was clear which one was more convenient.

To summarise, the substitution method entails:

Making one letter the subject of the formula.
Substituting the expression of the letter into the other equation
and solving.
Substituting the solution into the rearranged equation to find
the value of the other letter.

Use the substitution method to solve the following simultaneously.
1. y = 3x – 11 2. 5x –3y = 21

3x + 2y = –4 x = 24 – 6y

3. 8x + 15y = 11 4. 2x + y = 17
4x – y = 31   x + y = 11

5. 2x – y = 3 6. 3x – 4y = –18
2x + 3y = 23   x – 4y = –30

7. x – y = 1 8. 2x – 7y = 6
x + 2y = 20 4x + 7y = –30

9. 3x + 2y = 7 10. 2x + 3y = 6
3x – 2y = –1 6x – 4y = 5

The elimination method

To eliminate is to ‘get rid of’. The aim of this method is to get rid of
one of the letters so the remaining unknown value can be found.

 Consider the following examples

Solve simultaneously:
1. 2x – y = 3 2. 2x – 7y = 6

2x + 3y = 23 4x + 7y = –3

3. 10x + 7y = –1 4. 3x + 4y = 6
2x + y = 5 2x + 3y = 5

1. 2x – y = 3...(i) In this case letter x can be eliminated right
2x + 3y = 23...(ii) away because its coefficients are the same

in both equations. The elimination can be
achieved by subtracting the first equation
from the second or vice versa.
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Subtracting i.e. 2x – 2x = 0
3y –(– y) = 4y and 23 – 3 = 20

  4y = 20
∴ y = 5

Substitute the 5 into either of the two equations, in this case, in (i)
2x – (5) = 3
  2x – 5 = 3
        2x = 8
      ∴  x = 4

2. 2x – 7y = 6
4x + 7y = –3

  Solution

2. In this case letter y can be eliminated right
away by adding of the two equations.
i.e. 2x + 4x = 6x, –7y + (+7y) = 0 and
6 + (–3) = 3
      6x  = 3
    ∴  x =

Substitute     into the second equation.
4(  ) + 7y = –3
    2 + 7y = –3

   7y = –5
     y = –

3. 10x + 7y = –1...(i)
  2x + y = 5   ...(ii)

  Solution

3. Here no variable can be eliminated right away. Make a choice.
If the targeted variable to be eliminated is x:
multiply the second equation by 5 to obtain the same coefficient
for x in both equations.
10x + 5y = 25 Now subtract this equation from the first.

   10x + 7y = –1
–(10x + 5y =   25)
             2y = –26

         y = –13

Substitute y = –13 in equation (ii)
2x + (–13) = 5
2x –13 = 5
       2x = 18

  x = 9
If targeted variable is y:
multiply the second equation by 7.
10x + 7y = –1 ...(i)
    2x + y = 5   ...(ii)
14x + 7y = 35 ...(iii)
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 7
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Note: All signs of the equation being subtracted
 from the other, change to the opposite
  signs.

Tip
1. Elimination is only
possible if coefficients
of the targeted letter i.e.
(letter to be eliminated)
are the same.
2.If these same
coefficients have the
same sign e.g. as in (a)
subtract to eliminate
3.If these same
coefficients have
different signs e.g. as
in (b) Add to eliminate.
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Subtract the first equation from the third.
 4x = 36
   x = 9

Substitute 9 in the second equation.

2(9) + y = 5
    y = 5 – 18
    y = –13

4. 3x + 4y = 6 ...(i)
2x + 3y = 5 ...(ii)

  Solution

4. Targeted variable is x.
Multiply the first equation by 2 and the
second equation by 3.

   6x + 8y = 12
–(6x + 9y = 15) Subtract the equations.

                     –y = –3
             ∴       y = 3

3x + 4(3) = 6 Substitute in the first equation.
           3x = 6 – 12

    3x = – 6
      x = – 2

Use the Elimination Method to solve the following, simultaneously.
1.   x + y = 7 2. 3x + 4y = 7

2x – y = 8 3x – 4y = –1

3. 4x – y = –8 4. 4x – 3y = 5
3x – y = –6 2x + y  = 5

5. 2x + y = 8 6. 2x – 3y = 5
5x – 2y = 2 5x – 3y = –4

7. 3x – 2y = 3 8. 5x – 3y = –33
7x – 5y = 6 x + 6y = 0

9. 3x = 4 + 2y 10. 9x + 10y = –3
2x + 3y = 7 14x = 7 – 15y

Students often forget to
change the sign of each
term when subtracting
one equation from
the other. Remember,
always pause and think
when a minus sign is
involved.

                              Common Error

PETROL

DIESEL
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Usually questions do not specify the method to use. So when
confronted with simultaneous equations, the choice of the method
is yours. Choose the more convenient method to the particular
question.
Two other methods of solving simultaneous equations are:
(i) use of matrices – (see chapter on matrices)
(ii) graphical method (see chapter on functional graphs)

The next exercise will give you more practice on choosing the
best method to a particular problem.

Where fractions are involved, clear them before you use any of
the methods.

Use either of the two methods to solve the following simultaneously.

1. 2x – y = 8 2. 3x – 2y = –17
x + y = 4 x – y = –8

3. 4x – y = –8 4. 3x + 2y = 9
3x – y = –5 2x + 3y = 8

5. 5x + 6y = –2 6. 6x + 5y = 2,3
3x – 8y = –7 10x + 10y = 4

7. x + 2y = 3 8.       –      = 1
x +    y = 3     x + y = –2

D. QUADRATIC EQUATIONS

A quadratic equation is formed when any quadratic expression
is equated to zero. The general format is  ax2 + bx + c = 0 where
 a ≠ 0.
This section will discuss two methods of solving quadratic equations.
These are the factorisation and the formula methods.

The Factorisation Method

This method is based on the fact that when two or more numbers
e.g. a and b multiply to give zero, then one of them must be zero.
i.e. if a V b = 0 then either a = 0 or b = 0 or both are equal to zero.
As can be seen from a V b = 0 the a and the b are factors of some
expression. Thus, when given a quadratic equation, check if the
expression factorises to create a V b first.
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 y
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Your quadratic
expression is not

complete to make a
quadratic equation
go and complete it.

ax2+bx+c=0

ax2+bx+c

ax2 –bx=3
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 Consider the following examples

Solve: 1. x2 + 7x – 8 = 0 2. 2x2 – 5x = 3

3. 4x2 = 6x 4. 9x2 – 4 = 0

5. x2 – 6x + 9 = 0 6.      =      +

 Solutions

1.      x2 + 7x – 8 = 0 The LHS can be factorised.
(x + 8) (x – 1) = 0

    a    V  b

∴  either x + 8 = 0  or  x – 1 = 0 Solve each equation
              then x = –8  or  x = 1 separately.

Note that the values of x, (–8 or +1) are often called the roots of
the equation.

2.              2x2 – 5x = 3   Transfer 3 to the left to obtain the
       2x2 – 5x – 3 = 0   quadratic equation format.
   (2x + 1)(x – 3) = 0   Then factorise the LHS.
∴  either 2x + 1 = 0  or  x – 3 = 0
                          x = –     or 3

3. 4x2 = 6x         Form a quadratic equation by grouping all
       terms on one side or transferring all terms
        to one side.

    4x2 – 6x = 0   Factorise the LHS.
2x(2x – 3) = 0

∴  2x = 0 or 2x – 3 = 0
       x  = 0 or 1

4. 9x2 – 4 = 0 LHS is a difference of 2 squares.
(3x + 2)(3x – 2) = 0
3x + 2 = 0 or 3x – 2 = 0

 x =      or Which can be shortened to x =  ±    and
said as ‘plus or minus    .

5.     x2 – 6x + 9 = 0
(x – 3)(x – 3) = 0
              x – 3 = 0 twice

                    ∴    x   = 3 twice

6. =      +          Use the (LCM) to clear the fractions.
      3 = 3y2 + 8y

   3y2 + 8y – 3 = 0
(3y – 1)(y + 3) = 0
                ∴  y =     or –3

Tip
Never ignore the
‘twice’ in this case.
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3x2 – 5x  = 3
x(2x – 5)x = 3 Wrong!

                              Common Errors

PETROL

DIESEL

Hint
Revisit concepts on
factorisation if need
be.
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 1

Dividing both sides by
x to  4x = 6
          x = 1

One root is lost by so
doing.

                              Common Errors
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How do you know factorisation is possible? Generally, if the question
simply asks you to solve and does not ask for approximations to the
answer, then factorisation is possible.

Solve these quadratic equations.

1. x2 + 5x + 6 = 0 2. x2 – 9 = 0

3. 3x2 + 5x + 2 = 0 4. 8x2 – 10x = 0

5. 6x2 = 8x 6. 5x2 = 11x – 2

7. 25 – 4x2 = 0 8. 5x + 3 = 2x2

9. 4x2 – 12x + 9 = 0 10. 9x2 + 6x + 1 = 0

11. 8x2 – x = 7 12. 6x2 = x + 12

13. 10x2 – 27x – 9 = 0 14. 14x2 + 5x – 24 = 0

15.      – 3  = 5x 16.        +            =

17.              = 18.          +       =

E. THE QUADRATIC FORMULA

Some quadratic expressions do not factorise at all. Others are not
easy to factorise! The quadratic formula helps us to solve such
quadratic equations.

If ax2 + bx + c = 0, the quadratic formula is
                 –b ± /b2 – 4ac

     2a

 Consider the following examples:

Solve these equations.

1. x2 + 7x – 8 = 0 2. 2x2 – 3x = 0

3. 5 – x – 2x2 = 0

 Solutions

1. x2 + 7x – 8 = 0 Compare with ax2 + bx + c = 0.
a = 1, b = 7 and c = –8

Tip
– Make one side zero
always.
– Keep the ‘equals
zero’ at all stages.
– Check if factori-
sation is correct
before proceeding.

 x
 2

   y
 4 – 3y

 3
 y

10
 x + 4

3x
 x + 1

2y– 4
   1

 y
 1

 2y
 1

 5
 2

(i)  x = b    /b2 – 4ac
2

the minus before the
letter b and the a in
the denominator are
usually omitted.
(ii) x = –b    /b2 – 4ac

        2a
The division line is
under the root sign
only.

                              Common Errors
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+–

Tip
The a, b and c in the
ax2 + bx + c = 0 are
not interchangeable.

+–
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Substituting in the formula

      – (7) ±   (7)2 – 4(1)(–8)
   2(1)

              –7 ±   49 + 32
          2

      –7±   81
      2

      –7 ± 9
     2

      –7 + 9     or   –7 – 9
     2       2

=  1  or –8 Compare with example (1) on page 69.

2. 2x2 – 3x  = 0
a  = 2, b  = –3, c = 0
substituting in the formula
            – (–3) ±  (–3)2 – 4(2)(0)

2(2)

3    /9
    4

3  + 3 or   3 – 3
    4          4

      6                0
4                4

1     or  0

Notice that the two examples above can be solved by the
factorisation method as well.

3. 5 – x – 2x2 = 0
a  = –2, b  = –1, c = 5
Substituting into the formula

         – (–1) ±  (–1)2 – 4(–2)(5)
2(–2)

        1 ±   1 + 40
    –4

        1      41
     –4

        1 + 6,403 or  1 – 6,403
      –4    –4

    =  –1,85       or   1,35  (to 3 s.f)

±

Substituting a negative,
–b is simply taken as
–3 instead of –(–3).

                              Common Errors

PETROL

DIESEL

/

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

/

 /

/

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

/

±

/

/

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

∴  x  =

=

=

=

=

Ok guys you can
now bring down the
rest of the formular.

∴  x   =

=

=

=

=  2
 1

x   =

=

=
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Use the quadratic formula to solve the following equations. Give
your answer to 2 decimal places where necessary.

1. x2 + 8x + 7 = 0 2. x2 – 7x = 0

3. x2 – 6x = –5 4. x2 + 7x – 5 = 0

5. 2x2 – 8x – 7 = 0 6. 5x2 + 9x – 1 = 0

7. 3x2 + 2x – 6 = 0 8. 4x2 – x – 3 = 0

9. 4x2 + x – 3 = 0 10. 9x2 – 1 = 0

11. 7x2 + 6x + 1 = 0 12. 3x2 + x – 2 = 0

13. 7 – 5x2 = 0 14. 3x2 – 5 = 0

15. 3 – 2x – x2 = 0 16. 5 + x – 2x2 = 0

The perfect square case

You should be familiar with the set of perfect numbers/squares i.e.
1, 4, 9, 16, 25, ...

Expressions like x6, (x + 2)2 are also perfect squares since x6 can be
expressed as x3 V x3 and (x + 2)2 can be expressed as (x + 2)(x + 2).
Some quadratic equations contain a perfect square expression on
one side.

 Consider the following examples:

Solve:
4. (x + 3)2 = 4 5. (2x – 3)2 = 5
6. (x + 1)2 =

 Solutions

4. (x + 3)2 = 4
It is not necessary to expand the LHS. Instead, take square
roots of both sides since the LHS is a perfect square.
x + 3 =  ± /4 The square root of (x + 3)2  is x + 3.
The ± is introduced on the RHS to obtain two roots of the
quadratic equation.
x + 3 =  ± 2
      x = –3 + 2 or – 3 – 2

= –1 or –5
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5. (2x – 3)2 = 5
 2x – 3 =  ± /5   Use tables or a calculator to simplify /5.
       2x =  3 ± 2,236
    ∴  x =  5,236  or  0,764

        2              2
= 2,618 or 0,382
= 2,62   or 0,38 (to 2 d.p)

6.   (x +1)2 =

      x +1 = ± /
           x = –1 ±

   x = –     or –1

Solve by taking the square roots on each side. Give the answers
to 2 decimal places where necessary.

1. (x + 2)2  = 1 2. (x – 3)2  = 4

3. (2x – 1)2  = 3 4. (7x – 6)2  = 121

5. (2x + 5)2  = 16 6. (5x + 7)2  = 25

7. (3x – 5)2  = 11 8. (x + 6)2  = 49

9. (6x – 1)2  = 6 10. (x –   )2  =

11. (x – 2)2  = 1 12. (x –   )2  =

13. (2x –   )2  = 14. 3(3x – 2)2  = 27

15. 2(2x + 5)2  = 72 16. 5(9x + 1)2  = 10

Tip
The side with the
unknown is the one
which should be the
perfect square for this
approach to work.

 5
 2

 25
 1

 9
 1

 81
 4

Tip
For the graphical
method of solving
quadratic equations,
see the chapter on
Functional Graphs in
this book.

 9
 1

 9
 1

 3
 1

 3
 2

 3
 1

 9
 7

 7
 1

 49
 9

3E2
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1. Linear Equations have no unknowns with a power higher than
1 e.g. 5x + 3 = 7 and 6y + x = 0.

2. We use the ‘change side change sign’ rule when solving
equations.

3. Common methods of solving linear simultaneous equations
are:

4. Always make a quick check on the values/solutions by
substituting into one or both equations.

5. Quadratic Equations have zero on one side. Make sure they
are in that form before proceeding.

6. Use Factorisation and/or Quadratic Formula to solve quadratic
equations.
Remember if ax2 + bx + c = 0 then           –b     b2 – 4ac

2a
is the quadratic formula.

7. Take the square roots for each side of a perfect square. Do
not forget the     signs on the other side.

±

+–

/x  =

Substitution method Elimination method

Target a variable and isolate it.
Substitute the expression of the
variable into the other equation
and hence solve  the equation.
Substitute value into the other
rearranged equation to find the
other unknown.

Target a variable and make sure
coefficients of the targeted
variable are the same in both
equations.
Same sign – subtract
Different signs – add
and solve for remaining unknown.
Substitute in any of the two
equations to find the unknown.
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 Consider the following examples

1. a) Given that x + 2y = 5 and x2 – 4y2 = –15,
find the numerical value of x – 2y.

b) Hence or otherwise, find the numerical values of x and y.

2. Solve a) 7y2 = 4y
   b) 3x2 – 7x – 2 = 0 giving the answer to 2 decimal
   c)       +  1 =

 Solutions

1. a) Solving this question depends on the ability to see the
difference of two squares in x2 – 4y2.
i.e.              x2 – 4y2 = (x2 – (2y)2

(x – 2y)(x + 2y) = –15
        But x + 2y = 5
Replace x + 2y with 5
     So 5(x – 2y) = –15
                               –15

                         5
                x – 2y = – 3

b) Using the elimination method on the two simultaneous
equations:
x – 2y = – 3...(i) substituting for x to find y.
x + 2y = 5   ...(ii)    x – 2y = – 3
2x       = 2 (1) – 2y = –3
∴ x = 1      – 2y = –4
    y = 2           y = 2

2. a) 7y2  = 4y   Form a quadratic equation by transferrin 4y to
      the LHS.

7y2  – 4y  = 0
y(7y – 4) = 0

       ∴           y = 0 or 7y – 4 = 0
                     y = 0 or
b) 3x2 – 7x – 2 = 0

       –b     b2 – 4ac
         2ac

      – (–7)     (–7)2 – 4(3)(–2)

        7 ±  (49 + 24
          6

        7 ± /73
             6

 Dividing through by
y to 7y – 4 = 0 hence
losing one value of y.

                              Common Errors

PETROL

DIESEL

Tip
Be sure you understand
the meaning of
instructions like
factorise, simplify and
solve.

 7
 4

In b(ii):
a) –b taken as –7
b)Short division line.

                              Common Errors

PETROL

DIESEL

Tip
The 2 d.p. given
is usually a
guide implying the
expression cannot be
factorised.

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

 2
 2x

 10
   x

/+–

/+–

/

x  =

x  =

=

= 2,59  or  –0,26

places

2(3)

∴  x – 2y =

=

3
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c)       + 1  =

Multiply each term by 10
4x + 10 = x
        3x = –10
           x = –3

Now do the following:
1. Solve:

a) 5 – (x – 3) – 2x = –1

b) 3y – 2(2y – 7) = 2(3 + y) – 4

c) 4 –    (x – 7) =

2. Solve:
a)      9                 4d b)        x             3    +  4
        2 – 3d        18 – 27d   x – 3         x – 3

c)     3                     7
      6u + 18u       u2 – 5u – 24

3. Solve:
a) y          12 b) 3x2 = 147

3           y

c) (y  –    )2 =

4. Solve:
a) 8y3 – 32y  = 0 b) 3x2 – x –2 = 0

5. Solve, giving answers to 2 significant figures
a) x2 – 4x + 2 = 0 b) 5 – 2x – x2

6. Solve the following simultaneous equations.
a) 2h + k = 0 b) 0,3x – 1,3y = 1,5

2h + 2 = –3k 0,1x + 0,4y = 1

7.

The diagram shows a rectangle measuring (2x+3)cm by
(x+2)cm. Given that the area of the rectangle is 78cm2,

a) form an equation for x and expres it in the form ax2 + bx + c = 0
where a, b and c are integers.

b) solve this equation hence find the length of the rectangle.

 5
 2x

 10
   x

 3
 1

 2
 1

 4
 1

 3
 2

 5
 4

In 2c)
a)The 1 is not
multiplied by the LCM
10.

Common       wrong
                         –3
             –3

         10
Remember we are
to divide by the

                              Common Errors

PETROL

DIESEL

 10
 1

= =

–

↔
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= 0

(2x+3)cm

(x+2)cm

b) At 3x = –10

answers are x =

and x =

coefficient of x.
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4
Maths decoder 3/4

4ZPH Sets

A set is a collection of objects or items with some common, defined
characteristics. The characteristics must be able to be clearly
defined and not subjective. For example, a set of seasons of the
year is clearly described as {summer; autumn; winter; spring}.
However, a set of beautiful ladies can not be clearly defined as
beauty is subjective. Some common sets include: a tea set, a dinner
set, a cutlery set etc.
The following characteristics are associated with sets:

they are all drawn from a universal set, a set which includes
all the possible members.
they may or may not have members called elements.
sets can be listed or described as we shall discover in this
chapter.
symbols may be used to describe sets.
any set may be defined by naming it e.g {set of even numbers}.

 By the end of this chapter, students should be able to:

define types of sets by listing and describing.

use set builder notation to define a set.

describe sets using set notation.

combine sets and use Venn diagrams to describe them.

use sets and Venn diagrams to solve problems involving no
more than three sets and the universal set.

solve simple problems using sets.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter it is assumed that students are
able to:

apply inequality symbols.

solve simple and simultaneous equations.

2

3

1

4
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A mechanic uses
a set of spanners

Syllabus
Expectations

A set of cell phones

5

6
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A. DEFINING SETS

A set may be defined in different ways as follows:
1. by verbal description e.g

Set A = {days of the week}.

This method uses words to fully describe situations. However
where logic is concerned, this can be a long-winded process
and also ambiguous.

2. by listing all the elements (members of the sets) e.g
Set A = {Monday; Tuesday; Wednesday; Thursday; Friday;

       Saturday; Sunday}.
This is fine for small sets but rather cumbersome for bigger
sets.

3. by abstract mathematical symbols
e.g Set A = {x:x is a weekday}.
This is shorthand.
Symbolism is an important tool in set description.

4. by Venn diagrams – This is a pictorial or diagrammatic
representation of sets. It is a very useful tool. However, it
displays elements or quantities not graphics (pictures).

Let us start by looking at common symbols used in sets in Table 4.1.

Table 4.1

 Symbol Meaning     Illustration of how     Diagram
   its used

  { . . .} the set     A = {vowels}

   ∈ is an element     e∈A
or member of

 ∉ is not an     m∉A
element of

  E the universal     E  = {First ten Letters
set    of the alphabet}

 n(A) Number of     n(A) = 5
elements
in set A

 q or null (empty)      B = q
 {    } set

E
A

a e
u i o

A

a e
i

b d
  c  j
  f  g h

a e
i   o
u

A

b
A

e

A

m

c

B
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d

< <

Hint
The q (null) set is a
subset of any set and
any set is a subset of
itself.

A
B

21

4 5

3 6

A B
E

E
a e
u i

o

A

A = {x:x is an
integer
3   x   11< <

A B
E

a   e
  i     o u

BA p,q E

Hint
Revisit the chapter
on inequalities and
familiarise yourself
with the following
signs      ,       ,      ,
Remember x: means
x is such that x is . . .

< < <<
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x is an
integer

⊂

Fig. 4.1

      AI complement      AI = q
of or not in A

      ∩ intersection or      A 1 B
common
elements or
common area

      ∪ union of or      A ∪ B
elements in the
given sets

is a proper     B d A
subset of

A contains B     A     B

       ⊆ Super subset
or improper
subset

     ⊆ is not a subset    {p,q} ⊄ vowels.
 or ⊄⊄⊄⊄⊄ of

 A ={x: A is the set of A = {3;4;5;6;7
 3   x   11} elements x such        8;9;10;11}

that x is an
integer from 3 to
11 inclusive.

Consider the following sets (Fig. 4.1)
From the set diagram the following
can be deduced:

A d B = {3; 6}
q ⊆ A
B f B = {1; 2; 3; 4; 5; 6}
Also note that if A fB, then B    A.

If every element

of a set B is also
an element of
Set A, then A is

a super subset
of B and thus we
deduce

(i)   A fB

(ii)  hence B fB

(iii)  also O fB

f

    ⊂

a o

A

B

i e u

a   e
  i     o

 u

A
B

e i u
i o

A

B

⊆ B  A means B

has A as its

super subset.

⊆
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1. Define the following terms as applied in mathematics:
a) set. b)   subset. c)  complement of a set.
d) set members. e)   Venn diagrams.

2. Given the following:
E = {set of all small letters of the alphabet}.
A = {first 21 small letters of the alphabet}.
V = {set of vowels}.
state whether the following are true or false:
a) V ⊆ A
b) n(A) = 21
c) n(VI) = 16
d) V ∩ A = {a; e; i; o; u}
e) V     A
f) w ∉ E
g) W ∈  AI

h) VI ∩ A = q

3. Given that A = {x:x is an integer 1    x    12},
B = {prime numbers},
C = {perfect squares},

a) list members of set B.
b) list B ∩ C.
c) represent the above information in a Venn Diagram.

4. If A = {2; 4; 6; 8; 10}  B = {1; 2; 3; 4 ...15}. Find:
a) A ∩ B b)   n(A ∩ B)     c)    A ∪ B
d) {5; 7; 9} ∩ B e)   n(AI)

B. TYPES OF SETS

Sets can be in diagram form. These diagrams are called Venn
diagrams. Below are illustrations of each type using Venn diagrams.

Universal set: This is the most defining set which includes all
elements under consideration. All other sets are defined from it and
should naturally always be boxed within the universal set. (Fig. 4.2)

Its symbol is E  or     in diagram form.

Fig. 4.2

⊂

< <
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Empty or null set: This is a set without any members (elements).
(Fig 4.3)
Its symbol is
{     }  or  q   or                                    in diagram form.

Fig. 4.3

Complement of a set: This is a set of elements outside the defined
set but within the universal set, for example,  A1 is the shaded
space. (Fig 4.4)

AI = If E = {1;2;3; . . .10}.
   A = {1;2;3;4;6},
then AI = {5;7;8;9;10}

Fig. 4.4

Subset
This is a set within a set (Fig 4.5)
A  d  P
P  d E
A  d E

Fig. 4.5

Joint sets
These are two or more sets with some elements in common
(Fig 4.6).

E
A

A

E
1 2 3

64

10

8
9

5

7
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Fig. 4.6
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Union sets
When two or more sets are joined all their members form the union
set. (shaded space) (Fig 4.7)

 A ∪ B

Fig. 4.7

Intersection Set
This is a set made of all elements which are common to both set A
and set B (shaded space). (Fig 4.8)

   A ∩ B
Fig. 4.8

Disjoint or stand alone sets
This refers to two or more “stand alone” sets which have no
elements in common i.e. A ∩ B = q as in (Fig 4.9).

Fig. 4.9

Finite set: A finite set is a set which has a limited number of
members when listed e.g. A = {0; 3; 6; 9 . .. . . . .60}

Infinite set: An infinite set is a set which has an endless number
of members when listed e.g. A = {natural numbers}

 Study the examples below carefully

1. In a Venn diagram (Fig. 4.10):
E = {Students at a school}.
C = {Students who play chess}.
T = {Students who play tennis}.
V = {Students who play volleyball}.

E

A
B

E

A B
E

A B

Hint
Finite: having limits

 or a boundary.

Infinite: having no
   limits or

             boundaries.
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Fig. 4.10
a) How many students play volleyball?
b) How many students play both tennis and chess?
c) How many students play all the three games?
d) How many students play tennis and volleyball but not

chess?
e) How many students are there at this school?

Solution

1. a) Volleyball = 41 + 12 + 6 + 4
= 63

b)  T ∩ C = 7 + 6
= 13

c) All games = (T ∩ V) ∩ C
= 6

d)  T ∩ V = 12

e) Total number of students  =  36 + 7 + 21 +12 + 6 + 4 + 41
       + 5
   =  132 students

2. List the elements of the following sets.

a) A = {x: x is a vowel}

b) B = {x: x is a multiple of 3, 1     x     25 }

c) C = {(x; y): x is a cube of y, 1    x    70, 1   y    6}

  Solution

2. a) Elements of  A= a, e, i, o, u

b) Elements of B = 3,  6,  9,  12,  15,  18,  21,  24

c) Elements of C = (1;1) , ( 8;2),  (27;3),  (64;4)

< <

< < < <

C

V

T

36
21

12
6

 4

41 5

7

E
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1. a) Draw a Venn Diagram to represent the following:
(i) two disjoint sets.
(ii) a subset of a set.
(iii) the intersection of two sets.

b) Given the following two sets A and B.
A = {a; c; f; k} B = {a; b; f; v; m}
Write down the two sets resulting from the following two
operations:
(i)  A ∪ B
(ii)  A ∩ B

c) Use examples to explain the meaning of the following
set expressions:
(i) A  ⊂ (A ∪ B)
(ii) {  }  ⊆  A

2. A and B are sets such that:
A = {1; 4; 5; 7; 8; 9; 10; 11;16}.
B = {2; 3; 5; 8}.
State whether the following statements are true or false.
a) 3 0 A
b) 8 0 B
c) A ∩ B = {5; 8}
d) A ∪ B = {1; 2; 3; 4; 7; 9; 10; 11; 16}
e) B ⊂ A
f) A ⊄ B

3. Given that A = {1; 4; 6; 7; 8}  B = {1; 2; 5; 7; 9; 10}  C ={1; 3;11}
D = {15; 16}. List the following sets:
a) A ∪ B
b) A ∩ B
c) A ∩ B ∩ C
d) A ∩ D

4. a) Define a set.
b) Given that: A = {donkey; cow; horse}.

B = {bull; ox; dog; goat}.
C = {sheep; pig; rabbit; calf}.
D = {duck; cock; hen}.
E = {horse; cow; donkey; bull; ox; dog; goat}.

In terms of set notation show the relationship between:
(i) donkey and A.
(ii) donkey and B.
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(iii) A and E.
(iv) C and E.
(v) {bull;  ox} and B.
(vi) {bull; ox} and C.

5. Given that:P = {Maths; English; French; Science; Geography}

Q = {Physics; Chemistry; Biology}.

A = {English; French; Shona; Ndebele; Zulu}.

V = {Geography; Maths; History}.

State whether the following are true or false.
a) V ⊂ P
b) V ⊄ P
c) (Q ∪ A) = P ∪ V
d) Chemistry 0Q
e) Maths 0V
f) q ∩ P = English

6. Given that:
E = {x: 5    x   25, x integer}.
P = {6; 12; 18; 24}.
Q = {8; 12; 16; 20; 24}.
R = {10; 15; 20}.

a) Draw a Venn diagram to show all these sets in their
correct relationships and showing all their elements.

b) List the elements:
 P ∩ Q

c) List the elements:
Q ∪ R

7. Draw a large Venn diagram to show the relationship between
the following sets:
E = {x: x is a whole number between 1 and 20 inclusive}.
A = {1; 3; 7; 12; 16; 20}.
B = {x: x is exactly divisible by 3}.
C = {x: x2 is between 8 and 90}.

C. SHADING SETS IN VENN DIAGRAMS

At the beginning of this chapter we learnt that sets may be described
or represented:

   by verbal description.
   by set notation.
   pictorially by Venn diagrams.

< <
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At this stage, it is important to appreciate the link between the three
ways of defining sets. Reading across table 4.2 below will help you to
understand the link between the three ways of describing sets.

Consider the Table 4.2 below and try to complete the gaps left at the
bottom. (Do not write in the book!)
Table 4.2 Set concepts

 Verbal Description      Set Notation    Pictorial (Diagrammatic)
 of the set             to represent     Representation of set

             the set            by Shading

 Universal set E

 Complement of set A AI

 The intersection of
 set A and set B A ∩ B

 The union of set A A ∪ B
 and set B

 Set A complement AI ∩ B
 intersection B

 The complement of (A ∪ B)I

 (A ∪ B)

 The intersection of A ∩ B ∩ C
 sets A, B and C

Hint
A key concept to be
mastered in this part
of the chapter is the
ability to deduce
the other way of
representing sets
once you are given
one form e.g.  from
the shaded Venn
diagram one should
be able to write the
set notation and vice
versa.

A B
E

A B
E

E
A B

A
E

A B
E

A B
E

A B
E
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 C is a subset of both C ⊂ (B ⊂ A)
 set B and A

– A ∪ BI         –

– (A ∩ B)∪(B∩C)

– (AI ∩ BI) ∩ B

–          –

   Consider the following example

1.

Fig. 4.11

In the Venn diagram illustrated in figure 4.11, three sets A, B and C
intersect and are found within the universal set.
a) Describe the universal set using set notation.
b) List members of (A ∪ B∪C)I.
c) Find n(A∩B).
d) Find n(A∩C)I.
e) Describe the set given by (A∩B)∩C.

Hint
For problems
involving symbols the
building notations
are: AI, A∩B and
A∪B. All other
problems are built
by adding the
complement symbol to
these sets e.g.
AI1BI

(AI ∪B)I

(A1BI)∪CI extra
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 Solution

1. a) E  = {x: x is an integer 1   x    14}.
b) (A ∪ B ∪ C)I  = {12; 10; 4; 9; 1}.
c) n(A ∩ B)  = 1.
d) n(A ∩ B)I  = 13.
e) null set = q.

1. E  = {x: x is an integer 1    x    10}.
A = {2;  4;  6;  8}.
B = {1;  2;  3;  4;  5;  6}.
C = {4;  5;  6;  9}.
List the following sets:
a) A ∩ B
b) (A ∩ B)I

c) (A ∩ C) ∪ B
d) (A ∪ B) ∩ C
e) (A ∩ C)∪(B ∩ C)
f) (A ∪ B)I ∩ C
g) (A ∩ B)I ∩ C

2. Write the set notations for the shaded part of the Venn
diagrams in Fig. 4.12 (a – g).

a) b)

c) d)

e) f)

< <

< <
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A common error is to
list elements when
required to give the
number of elements in
a set e.g n(A) is not
the same as listing
elements in Set A.

                              Common Error
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g)

Fig. 4.12

3. Given that for the universal set A:
A = {x: 6    x    26, x is an integer}.
B = {x: x is a multiple of 4}.
C = {x: x is an odd number}.

List the elements of the following sets:
a) B
b) C
c) (B ∪ C)I

d) (B ∩C)I

e) B ∪ C
f) B ∩ C
g) BI ∩ CI

h) BI ∪ CI

4. E  = {x: 1    x    15, x is an integer}.
A  = {x: x is a multiple of 4}.
B  = {x: x    10}.

a) Draw a Venn diagram to illustrate the above sets.
b) Write down the set resulting from (A∩B)I.
c) Write n(A ∩ B).
d) Write n(A)I.

5. a) Define the term universal set.
b) Define the term complement set.
c) Explain what is meant by disjoint sets.
d) A and B are two disjoint sets. Show this using set notation.

6. E = { all the whole numbers between 5 and 20 inclusive}
A = {multiples of 5}.
B = {even numbers}.

List the following sets:
a) A ∪ B
b) A ∩ B
c) AI

d) (A ∪ B)I
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7. Using the Venn diagram (Fig
4.13, list the elements of:
a) C
b) C ∩ B
c) AI ∩ B
d) AI ∩ BI ∩ CI

e) AI ∪ BI ∪ CI

f) (A ∩ B)I  ∪ (A ∪B)I

    g) Deduce (i)  n(C)
Fig. 4.13 (ii)  n(B ∩ A)

(iii)  AI n(B ∪ C)

D. WORD PROBLEMS IN SETS

 Study the following example carefully:

1. In a class of 40 boys, 25 play soccer and 15 play basketball
whilst 8 play neither.
Find the number of boys who play both soccer and basketball.

 Solution

E = {Boys in the class}.
S = {Boys who play soccer}.
B = {Boys who play basketball}.

x = Number of boys who play both soccer and basketball.

Fig. 4.14

n(E ) = 40
∴  (25 – x) + (x) + (15 – x) + 8 = 40

(25 – x) + (x) + (15 – x) + 8 = 40
                          48 – x = 40
                                      x= 48 – 40
                                  x = 8

 ∴ 8 boys play both soccer and basketball.

B

C

A
E

c
  f

b    p

      e
n
  g

m
 v

a
   d

k

h

t

q

r

Hint
It is good practice to
first list the sets using
set notation. Also let
the number you are
trying to find be x
and place x in the
correct region on the
Venn diagram.

Tip
Represent the infor-
mation on a Venn
diagram, as in Fig
4.14, placing the
number of boys in
each portion of
the universal set
correctly.
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Students tend to leave
out the number of
those who are not
participating, in this
case 8. e.g.

                              Common Error
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at this stage

The diagram shows a
common mistake.
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1.

Fig. 4.15

The numbers in the Venn diagram (Fig 4.15) represent the
number of elements in the sets A, B, and C.
The total number of elements in all the three sets is 36.
The number of elements in Set A is double the number in
Set C.
a) Use the given information to produce two simultaneous

equations using x and y.
b) Solve these equations.

Write down the number of elements in the following sets:
c) A ∪ B          d)   B ∩ C e)    C ∩(A ∩ B)

2. The results from a particular centre for Unit 1, Unit 2 and Unit 3
of the University examinations were as follows:
82 students attempted all the exams.
39 passed all three Units.
52 passed BOTH Unit 1 and Unit 2.
45 passed BOTH Unit 2 and Unit 3.
47 passed BOTH Unit 1 and Unit 3.
Nobody passed Unit 2 alone, but 3 failed all three Units.
a) By using x to denote the number of students who passed

Unit 1 only, and y to denote the number who passed Unit
3 only, draw a Venn Diagram to show the numbers in
each set.

b) If 8 more passed Unit 1 than passed Unit 3, derive a pair
of simultaneous equations in x and y.

c) Solve these equations.

3. The results obtained from a particular ‘A’ level Centre for
Physics, Chemistry and Mathematics in the Cambridge
examinations were as follows:
151 students attempted all the exams.
37 passed all three subjects.
52 passed BOTH Physics and Chemistry.
49 passed BOTH Chemistry and Mathematics.
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62 passed BOTH Physics and Maths.
17 passed Maths alone and 5 failed all three subjects.
a) By using x to denote the number of students who passed

Physics only and y to denote the number of students
who passed Chemistry only, draw a Venn diagram to
show the numbers in each set.

b) If 15 more passed Physics than passed Chemistry, derive
a pair of simultaneous equations in x and y.

c) Solve these equations.

d) How many students passed either Physics or Chemistry,
but failed Maths?

4. E = {x: 10     x      45, x is an integer}.
X = {x: x is a prime number}.
Y = {x: x is even}.
M = {x: x is a multiple of 5}.

a) List all the elements of set X.

b) Find  (i)   n(M),
         (ii)   n(Y ∪ M).

c) Express in set notation, using X,Y and/or M, the set
{15; 25; 35}.

5. 37 tourists ordered a drink with at least one of the following
flavours:
lemon
orange
pineapple
In the Venn diagram (Fig 4.16) the expressions represent the
number of tourists in each subset.

Fig. 4.16

a) Write down the total number of tourists who chose
pineapple.

b) Express y in terms of x in its simplest form.

c) The number of tourists who chose pineapple only was
three more than the number who chose orange only.

< <

lemon               orange             pineapple

y 2 2x x 21–x
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(i) Write down an equation in x.
(ii) Solve this equation.
(iii) Determine the number of pupils who had orange

only.

6. A survey conducted amongst 80 students to determine which
of three subjects, A, B or C they were studying showed that:
18 were studying none of the subjects.
  5 were studying all three subjects.
14 were studying only B.
  6 were studying only C.
17 were studying A and C.
12 were studying A and B.

a) Draw a Venn diagram with all sets enumerated as far as
possible. Label in any order, the two subsets which cannot
be enumerated as x and y.

b) If the number of students studying A is the same as the
number studying B, write down a pair of simultaneous
equations in x and y.

c) Solve these equations to find x and y.
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1. A set is a collection of objects with some common defining
characteristics.

2. The following symbols are used in set notation.
Table 4.3

Symbol Meaning
A ∩ B The intersection of the sets A and B.
A ∪ B The union of the sets A and B.
A ⊆ B A is a super subset of B.
A ⊂ B A is a proper subset of B.
A ⊆ B A is not a subset of B.
A ⊄ B A is not a proper subset of B.
E Universal set.
A1 Complement of the set A.
A = {1;2;3;4;8} A is the set whose elements are 1, 2, 3, 4

and 8.
6 ∈A 6 is an element of the set A.
7 ∉A 7 is not an element of the set A.
A = B A and B are equal sets.
n(A) = n(B) The sets A and B have an equal number of

elements. They are equivalent sets in terms
of the number of elements. A may not be
equal to B

n(A) The number of elements in the set A.
q or {  } The empty set or null set.

3. Every set is a subset of itself and an empty set is a subset of
every set.

4. Sets may be defined in many ways, for example, by verbal
description, by listing, using Venn diagrams or by using symbols.

5. There are many types of sets, for example;
a) universal set
b) empty (null) set
c) complement set
d) joint sets (Venn diagrams)
e) disjoint sets (Venn diagrams)
f) finite set
g) infinite set
h) subset

6. Word problems can be solved using set concepts.
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The following example will help highlight key stages to take note
of.
1. Of a group of tourists, 36 speak English,

30 speak French and 20 speak Zulu,
16 speak English only,
15 speak French only and
8 speak English and Zulu.
If 12 speak English and French and 6 speak French and Zulu,
a) how many speak: (i)  Zulu only?

(ii)  all three languages?
b) How many tourists were in the group?

 Solutions

1. Let E = {Those who speak English}.
F = {Those who speak French}.
Z = {Those who speak Zulu}.

Also, let x be the number of tourists who speak all three
languages.

Below is a Venn diagram (Fig 4.17) representing the information
given above.

Fig. 4.17

a) (i) Zulu only = 20 – (8 + x + 6 – x)
= 20 – 8 – x – 6 + x
= 20 – 14
= 6

(ii) n(F) = 30
∴ 12 – x + x + 6 – x + 15 = 30

              33 – x = 30
                        x = 3

∴ 3 speak all three languages.

b) Total in the group
= 36 + 15 + 3 + 6
= 60
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Now do the following:
1. The Venn diagram below represents sets A and B.

Find a) n(AI  ∩ B)
b) A  ∪ B
c) BI

d) AI ∩ BI

e) n(A ∪ B)I

f) n(AI ∩ BI)

2. Say whether the following statements are true or false. You
may use Venn diagrams, where necessary.
a) A ⊂ B implies AI ∪ BI = 0

b) (A ∪ B)I = AI ∩ BI

c) The number of elements in a set of letters appearing in
the word “POLISHING”, are 4.

d) The number of elements in a set of letters in the word
“EXAMINATION”, are 10.

e) A ⊂ B implies  BI  ⊂ AI.

3. a) Given that:
E  = {the set of workers working in a watermelon field}.
A  = {the set of workers who picked more than 49

watermelons}.
B = {the set of workers who picked fewer than 51

watermelons}.
x workers picked more than 49 watermelons, 3x
workers picked fewer than 51 watermelons, while 5
workers picked exactly 50 watermelons.

(i) Illustrate the above information clearly in a Venn
diagram.

(ii) Given that the total number of workers who picked
watermelons was 47, find x.

b) Two sets A and B are such that n(A) = 9, n(B) = 12 and
A ∩ B = q. Find:
(i) the smallest possible value of n(A ∪ B).
(ii) the largest possible value of n(A ∪ B).
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4. E = {x:1  x    100, x is an integer}
C = {x: x is a perfect square} and
T = {x: x is a multiple of 3}

a) List the elements of C

b) Find n(C ∩ T).

c) Write down n(C ∪ T).

5. Among the 200 passengers on a plane, (150 – x) are African,
(100 – x) are American and 20 passengers are neither African
nor American.
a) Represent the above scenario in a Venn diagram.
b) Deduce the value of x.
c) Find the number of passengers who are African.
d) How many passengers are America?

6. E = {x:x is a positive integer less than 15}.
A = (3; 5; 7; 9; 11; 13}.
B = {2; 4; 6; 8; 14}.
C = {1; 2; 6; 9; 11; 13; 14}.
Find a) AI b) n(B ∩ C)

 c) (A ∪ C)I d) (B ∩ A)I

 e) BI f) (A ∪ B)I ∩ C

7. If A = {the letters in the word KUFAKOWADYA}
State whether the following are true or false, give reasons
for your answers.
a) M ∈A.
b) K ⊂ A.
c) {W} ⊂ A.
d) n(A) = 11.
e) The number of elements in a set of letters appearing in

the word “KUFAKOWADYA” are 9.
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Numbers can be written in the form yx. In this form y is called the
base and x is called the index (singular of indices) or power (powers).
Other examples of numbers in this form are: 8 = 23, 16 = 42 or 24

and 1000 = 103.
23 means 2 V 2 V 2 not 2 V 3. Thus yx means y multiplied by itself
x times.

By the end of this chapter, students should be able to:

write numbers from ordinary form to index form and vice-
versa.

simplify expressions in index form by applying the basic
laws of indices.

evaluate numbers given in index form.

solve equations in index form.

express statements like a = yx in logarithm form and vice-
versa.

use the three basic laws of logarithms to simplify expressions
and/or evaluate given situations involving logarithms.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

� express basic arithmetic processes in letter symbols.

� manipulate problems involving the three basic laws of
indices.

� solve simple linear equations.

� identify common factors in simple fractions.
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A. LAWS OF INDICES

Law 1:     ax V ay = ax+ y i.e. When multiplying numbers in
       e.g. a2 V a4 = a2+4 = a6 index form with the same base,
 i.e.  a V a V a V a V a V a add the powers and maintain the
       = a6 base.

Law 2:        ax ) ay = ax – y i.e. When dividing numbers in
            e.g. a7 ) a3 = a7–3 = a4 index form with the same base,

 a1 V a1 V a1 V a V a V a V a subtract the power of the divisor
         a

1
 V a

1
 V a

1
from the power of the dividend

  = a4 and maintain the base.
Law 3:   (ax )y = axy i.e. when raising a number in index

   e.g. (a2)3 = a2 V 3 = a6 form to another power, multiply
    a V a V a V a V a V a the powers and maintain the
  = a6 base.

Zero and negative indices
The patterns below will help to clarify unity, zero and negative powers.
Study them carefully.

Powers of 2 Powers of 3
: : : :

24 = 16 34 = 81

23 = 8 33 = 27

22 = 4 32 = 9

21 = 2 31 = 3

20 = 1 30 = 1

2–1 = 3–1 =

2–2 = 3–2 =

2–3 = 3–3 =

: : : :

These patterns suggest the following rules/observations

(i) Any number to the power of 1 is equal to the number itself.

e.g. 21 = 2;  31 = 3; 101 = 10

This can be proved by this example

23 ) 22  = 23–2  = 21 = 2
8  ) 4  = 2

∴  a1 = a

(ii) Any number raised to power 0 is equal to 1
e.g.  20  = 1;  30 = 1; 100 = 1
This can be proved by this example
34 ) 34 = 34–4 = 30

81 ) 81  = 1

∴   a0 = 1

< <
Each answer
is divided by
2 to get to the
next.

Each answer
is divided by
3 to get to the
next.

Tip
The divisor is the
denominator and
dividend is the
numerator.

 8
 1
 4
 1
 2
 1

 27
 1
 9
 1
 3
 1
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However, be careful, (–2)0 ≠ –20

In (–2)0, it is  –2 which is being raised to power 0 giving 1.
But in –20 it is 20 which is negative. Thus –20 = –(20) = –1.
Also 2x0 ≠1 but = 2 because 2x0 = 2 V x0  (x0 = 1)

    ∴    2 V 1 = 2
  Thus 2x0 ≠ (2x)0

(iii) Any number raised to a negative power is equal to the inverse
or reciprocal of the corresponding positive power.
e.g.            1        1 , 1 1

23       8 32 9

Simply put, the negative sign on a power is telling you to
invert the number.
Note that 23 is now in the denominator.

Thus in general                1
          ax

e.g. a3 ) a5= a3–5 by 2nd law
= a–2

However by expansion
   a V a V a
   a V a V a V a V a
   1
    a2

   ∴                1
    a2

 Consider the following examples

1. Simplify a5 ) a6

2. Evaluate   a)  32 V 3–2 b)  42 ) 45 c)   (    )–2

 Solutions

1. a5 ) a6      Apply law 2
=  a5–6

=  a–1

     1      meaning of negative power
     a1          meaning of power 1
     1
     a

2. a) 32 V 3–2       Apply law 1
= 3 2+(–2)

= 30      meaning of power 0
= 1

 5
 2

Tip
      is not the same as
2   (2 to power    )

Tip
From the above
three illustrations, it
follows that, when
using the first three
laws of indices
(discussed earlier),
an answer with unity,
zero or a negative
power can be
simplified further.

 23
 1

 3 
1

 3
 1
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=
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b) 42  ) 45     Applying law 2
=   42–5

=   4–3    meaning of negative power
     1
     43

      1
     64

c) (   )–2

Means the reciprocal of  (   )2. (Reciprocal means inverse of.)
∴  (   )–2

     25
      4
     6

Coefficients may be involved in the problems

 Consider the following examples:

3. Simplify a) 3y2 V 4y–4 b)   15x3y2 )3x–2y3

           c)  (   )–1

 Solution

3. a) 3y2 V 4y–4 Since 3y2 = 3 Vy2  and
=  3 V 4 V y2 V y–4 4y–4 = 4Vy–4 , multiplication can

be done in any order. Applying
=  12 V y2+(–4) law 1 on y2 V y–4

=  12y–2 y–2  means   1   , hence
       y2

    12 12y–2 means          1
     y2                                y2

b) 15x3y2 )3x–2y3 This problem can be broken
down to: (15 )3) V (x3 )x–2) V
(y2 )y3)

 =  5x5y–1 Apply meaning of y–1.
     5x5

       y

c) (   )–1 means the reciprocal of (   )

=

The negative power can appear in the denominator, e.g.        .

The meaning is still the same, the inverse of  =

 b
 a

 b
 a

 a
 b

 5
 2
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1. Find the value of:

a) 5–1 b) 10 0000 c) (–12)0 d) –120

e) (–1)4 f) (–1)7 g) 2–3 h) –10

i) (–1)0 j) (–3)4 (k) (–2)–2 l) (–2)–3

2. Find the value of:

a) (   )–1 b) (   )–2 c) (   )–1 d) (   )–2

e) (   )0 f) (   )2 g) (   )–3 h) (   )–1

i) (    )–1 j) (    )0 k) (    )–2 l) –(  )0

3. Simplify:
a) 2x–3 V 5x5 b) 3x3 ) x5 c) 15x–2y3 V x–1y2

d) 35xy3 ) 5x–2y e) 7y2 V xy–3 f) 11y–5 V 5y2

g) 6y–2 h)   1 i)  3
  y–3 y–2

j) (–5x2y)3 k) x5 V (–x2)3 l)   (x3y)–3 V x3y–2

    (–x3)3      (x–1y4)V(x4y–2)–5

B. FRACTIONAL INDICES

So far the indices dealt with are integral (integers), so
what is the meaning of a fractional index? Consider the
following when answering this question:

Squaring implies power 2 e.g. a2

The opposite of squaring is square root e.g.
The opposite of cube is cube root e.g.
Now we want a power to stand for       ,         etc. That
power should be the opposite (reciprocal of 2 in the case
of square root).

Thus ∴           = a                   = a                  = a     etc

It can be seen that roots are represented by fractional powers
where the root appears in the denominator of the power!
However, a number like 5   has two powers joined together. (power
3 and power    )
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 3
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  5
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3

/a /a
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Law 3 can help to clarify (53)    = 53       = 5

In general a   =               or

Thus powers can be integral or fractional. In all cases, the basic
laws of indices apply.

 Consider the following examples:

Evaluate 1. a)   7  V  7   b)  125 c)   16

          Solution

1. a)  7  V  7 Instead of worrying about what the
= 7 powers mean, simply apply law 1.
= 72

= 49

b) 125                         First, write 125 in index form i.e. 53

= (53)              If this is not obvious, find it i.e.  5   125
= 53 (By prime factorisation)           5     25
= 5           5       5
or 125   =    125  = 5       1

c) 16 = (42) or        1
=  42          (16 )
= 4–3             1
      1         (   16)3

     43          1         1
      1         43          64
     64

2. Simplify  a)      V b)       )
       c)

3. Evaluate a) b)

Solutions

2. a)         V        = a   V a          b)        )

             = a        = (a10b–5)  )(a–4b2)

            = a       = a2b–1 )a–2b

      = a4b–2

      = a4

         b2

c) 3.a)
   = (24a–4)          = (23)–

   = 2a–1                 = 2–2

   = 2          =  1
       a 4

 3
 1

 3
 1

 3
 1

 V
law 3

From (b) and (c) al-
ways create a power
which is the same as
the denominator of
the initial power, so
the two will cancel
each other off.

/a /a
3

/16a–44

/a /a
3  2

 1
 3
 1

 2
 1 V

 3
 1

 6
 1

/a10b–53

/a10b–55
/a–4b2

 2
 1 5

 1

/16a–4   = (16a–4 )
4  4

 1

 4
 1

/8–23

/8–2    = 8–3
 3
 2

 3
 2

/0,0025

/a–4b2

/
3 3

 1

Hint
Law 3 applies.

Hint
When root signs are
appear in a problem,
change them to
powers and proceed
with the relevant law.

 V 2
 1

 2
 1  2

 3

 2
  3–

 3
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     b)         = (         ) or

        = ((     )2)           25
         10000

        =           5
        100

              1          1
20         20

 Consider further examples below:

Watch out!
4. Simplify a3 V b2

5. Evaluate 33 ) 23

6. 82 + 81

 Solution

4. a) a3 V b2  = a3b2 5. 33 ) 23   = 27 ) 8
   = a3b2 =

             = 3
6.     82 + 81   = 64 + 8

      = 72

Find the value of:
1. 8 2. 16 3.  3     V 3

4. 4   ) 4–2 5. 7   V 7 6.  32

7. (    ) 8. 9.  0,027

10. 49   V 5–2 11. 16   V 7(    ) 12. 100    V (3  )0

13. a6 ) y2 14.   a2b3 V b–4         15.  42 + 40

16. 92 – 90

C. EQUATIONS WITH INDICES

 Consider the following examples:

Solve the following equations:
1. x    = 3 2. 3x–3    = 24 3. 4x = 32

Remember when solving equations, the ultimate goal is to end up
with the numerical value of the unknown letter.

a3 V b2 = (ab)5

33 ) 23  = 1,50

     = 1

                              Common Error

PETROL

DIESEL

This is wrong because
laws are being used
inappropriately.

 3
 2

 3
 x

 3
 x

 5
 2

 8
 27

 2
 1–

 2
 1– – 3

 2 – 3
 1

–

– 3
 2

/12523 – 3
 1

 2
 1

 2
 1

The 3 on the RHS is
not raised by the same
power as the LHS. The
wrong answer will be
x = 3!

                              Common Error

PETROL

DIESEL

 81
  4  2

 1
 2
 1–  3

 1

  8
 27

/0,0025  2
 1

 10000
 25

 10000
 25
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Hint
In examples 4 and 5,
the bases are different
and in example 6, an
addition sign is
between the numbers.
No law of indices
apply in such cases.
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(i) (3x–3 )      = 3x

(ii) 8     taken as
   8 V     = –2    .

                              Common Error

PETROL

DIESEL

– 3
 1

 2
 1

– 3
 1

– 3
 1

– 3
 1

 3
 2

 2
 1

(1) 32 = 48

(2) Dividing both sides
by 4 so that x = 8.
Remember 4x)4 = 4x–1.
(law 2) Not x.

 2
 1

– 3
 1

 2
 1 – 2

 1

– 3
 1

– 3
 1

 2
 1

 2
 1

 2
 1

 2
 1

 2
 1
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Solutions

1. The unknown x is to the power of     here. How can the power
be transformed to a power of 1?

 x = 3
(x   )? = 3? Think of law 3 of indices. The number for

the question mark should enable (x   )? to
be simplified to x, with a power of 1.

Thus (x   )2 = 32 Do you notice that the inverse of the
existing power will do exactly that i.e. it

                 x = 9 will change to power 1?

2. 3x–3    = 24 Both sides can be divided by 3.
  x–3    = 8

(x–3) =  8     being the inverse of –3.
x =  (23)

=  2–1

=

3. 4x  =  32 What is needed here is to express each
side in index form using the same base.
Notice that 32 cannot be expressed in
base 4 but both sides can be expressed
in base 2.

         i.e.. 22x  =  25 since 4x = (22)x = 22x

Since the bases are the same the powers
have to be the same for the sides to be
equal.

∴ 2x  =  5
     x  =  2

Solve the following equations
1. x     = 4 2. x–1  = 3

3. x     = 2 4. x2  = 1

5. 3x–1  = –6 6. 3x  = 27

7. 4–x  = 16 8. 4–x  = 8

9. 51–x= 125 10. 8x+1 = 32

11. 7x     = –21x 12. 5x  = 40x

13. 53–2x   = 625 14. 32(x–3) V 35x  = 27

– 3
 1

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

5C



106

D. THEORY OF LOGARITHMS

When a number is expressed in index form, such as 8 = 23, this
statement can be written differently as log

2
8 = 3 which is read as

“the logarithm (log) of 8 to base 2 is 3.”

Conversely, given log
4
 16 = 2,

this can be expressed as 42 = 16
Do you notice here that in log

2
 8 = 3?

This is the same 3 in 23.
So we can safely conclude that
a logarithm is a power.

In saying, “the logarithm of 16 to base 4 is 2” we mean that the
power to which 4 must be raised to give us 16 is 2.
Thus in general, If M = xa, then log

x
 M = a or log

y 
N = a then N = ya.

The above equivalent statements can be used to find missing parts
in given statements.

 Consider the following examples:

Evaluate the following logarithms:
1. log

3 
81         2.   log

25 
0,2        3.   log

0,2 
25        4.   log

5 
5

 Solutions

1. Let log
3 
81 be x

So log
3 
81 = x (similar to log

x
 M = a)

then 3x = 81 (similar to xa = M)
        3x = 34 Expressing both sides in index form.
         x = 4

     ∴ log
3
 81 = 4

2. Let log25 0,2 = x

25x  = 0,2 =
  52x = 5–1

  2x = –1
    x =
∴ log25 0,2 =

3. Let log
0,2 

25= x 4. Let log
5
 5 = x

           0,2x = 25           5x = 5
    5–x = 52              x = 1
     – x = 2   ∴ log

5
 5 = 1

         x = – 2
∴ log0,2 25 = –2

 5
 1
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Question 4 is interesting. It is saying that the logarithm of a number
with the same number as its base is 1.
In general log

x 
x = 1. Also since a0 =1, it follows that log

a
 1 = 0.

Evaluate the following logarithms:

1. log
4
16 2. log

2
16 3.  log

3
27

4. log
10

10000 5.     log
6 
216      6. log

0,25
8

7. log
36

 6 8.      log
16

 4      9. log 7

10. log
5
 0,04 11.     log

4
    12.   log

64
 0,25

13. log
0,2 

125 14.     log
0,001

 100   15. log 0,0625

E. LAWS OF LOGARITHMS

In the previous section we learnt that log
x
 M is a single

expression (is a number).

Now suppose M = xa and N = xb.
Then          MN = xa  V xb

        = xa + b (law 1 of Indices)
But from        M = xa log

x
 M  = a

and from       N = xb log
x
 N  = b

From MN = xa + b  ,  log
x
 (MN) = a + b

∴ log
x
 (MN) = log

x
 M  +  log

x
 N

(From the first law of indices).
Similarly the other two laws of logarithms can be derived using the
other two laws of indices.

 Laws of Indices Laws of Logarithms

 1. xa  V xb  = xa + b log (MN) = log M  +  log N
                                        x               x            x

 2. xa  ) xb  = xa – b log (   )   =  log M – log N
            x               x           x

 3. (xa)p   = xap              log (M)p =  plog M
x                x

 7
 1

 64
  1

 8
 1

 N
 M
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Always create a
statement similar to
either law using the
given situation.

Thus, just as there are three basic laws of indices, there also exist
three corresponding basic laws of logarithms. They are simply the
laws of indices written in logarithm form.

Go back to section D. The example log
4
 16 can now be evaluated

using law 3 of logarithms,
i.e. log

4
16  = log

4
42

     = 2 log
4
 4 but log

4 
4 = 1

     = 2 V 1
     = 2

In fact, the three laws of logarithms can be used to simplify and/or
evaluate given situations. In doing so, it must be remembered that
our number system is in base 10. This means logarithms like
log

10
10 000 can be written without the base as log 10 000.

The omission of the base implies base 10. Other bases must be
stated.
Logarithms of numbers with 10 as the base are called natural
logarithms or common logarithms.

 Consider the following examples

Given that log 2 = 0,301, log 3 = 0,477 and log 7 = 0,845,
evaluate:

1. log 6 2.   log 3 3.   log 0,8

 Solutions

1. log 6 = log (2 V 3) law 1
= log 2 + log 3 substitute the given values
= 0,301 + 0,477
= 0,778

2. log 3 = log (   ) law 2
= log 7 – log 2
= 0,845 – 0,301
= 0,544

3. log 0,8 = log (    )  law 2
= log 8 – log 10
= log 23 – log 10    law 3 on log 23

= 3log2 – log 10
= 3 V 0,301 – 1   log 10 = 1 since its in base 10
= 0,903 – 1
= – 0,097

Given log4 = a and log 11 = b, express the following in terms
of a and/or b.
4. log 44 5.   log 2        6.    log 16

 2
 1

 2
 7

 2
 1

 10
  8

Hint
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 Solutions

4. log 44 5.   log 2 6.   log 16
= log (4V11) = log = log 42

= log 4 + log 11 = log 11 – log 4 = 2log 4
= a + b = b – a = 2a

Assume all logarithms (logs) are in base 10 in this section.
1. Using log 2 = 0,301 and log 3 = 0,477, find:

a) log 4 b) log 9 c) log 8

d) log 27 e) log 12 f) log 18

g) log 1 h) log i) log 0,3

j) log 0,16 k) log 0,75 l) log 3

2. Given that log 2 = 0,301, log 3 = 0,477, log 5 = 0,699 and
log 7 = 0,845, find:
a) log 15 b) log c) log 21

d) log 35 e) log 10 f) log 2

g) log 49 h) log 24 i) log 70

j) log 625 k) log 250 l) log 0,7

3. If log 5 = x and log 6 = y, express the following in terms of x
and/or y.
a) log 30 b) log 36 c) log 50

d) log 0,6 e) log 1 f) log

4. If log x = –3 and log y = 2, find:
a) log xy b) log c) log

d) log x2 e) log f) log y–3

5. Re-write the following equations without the logarithm (i.e. in
index form).
a) log x = y b) logm + logn = 1

c) logm – logn = 0 d) logx + 2logy = 2

e) 1 + logx = 0 f) loga – logb = logc
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 8
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 7
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 1
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 1

 6
 5

 y
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PETROL

DIESEL

Log 4 is sometimes
confused with log

4 
4

which is wrong.
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F. SIMPLIFYING OR EVALUATING LOGARITHMS

 Consider the following examples:

Evaluate
1. log

2
 64             2.   log 16         3.      log

3
 27

      log 8

 Solutions

1. log
2
 64 = log

2
 26 2.   log 16       4 log 2   law 3

      log 8         3 log 2
    = 6log

2 
2  (log

2 
2 =1)

    = 6        4 Common factor log2

        3
     = 1

3.    log
3
 27 = log

3
 33

=   3 V    log
3
3

=   2log
3
 3

=   2

Thus when asked to simplify logarithms some answers will reduce
to numerical values whilst others will remain in terms of a logarithm.

Simplify as far as possible or evaluate where possible.

1. log
3
 81 2. log

5
 125 3. log

2
 32

4.     log 16 5. log 9 6. log
log 3 log 7

7. log /3 8. log 0,2 9.  log 27
log 9 log 25 log 243

10. log 125 11. log 36 12.  log 9 – log 3
log /5  log log 27 – log 9

G. NATURAL OR COMMON LOGARITHMS (OPTIONAL)

This section is mainly for those doing the non-calculator version of
their syllabi. The logarithms in base 10 are the natural logarithms
since 10 is the base for our number system.

 3
 2

by dividing 16 by 8.
Remember log 16 is a
number, hence 16
cannot be separated
from log!

                              Common Error

PETROL
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  log 8
 log 16 = log 2

 3
 2

 3
 2
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Consider Fig 5.1 below.

Fig 5.1

It has previously been established that 100 = 102, is the same as
log

10
100 = 2.

From the number line above, the logarithm of a number say
between 10 and 100, lies between 1 and 2.
This section of the chapter will be dealing with numbers between
the obvious powers/logarithms of 10.

The Logarithm Tables
Suppose we are asked to find the logarithm of 6,3. The number
line above helps us to locate the number 6,3 between appropriate
powers of 10. i.e. between 1 and 10.
So if 6,3 = 10x, it follows that log 6,3 = x. This means x lies between
0 and 1 and so x is 0, something (zero comma something). To find
x we need logarithm tables (at the back) of this book.
Logarithm tables were established by a great mathematician, John
Napier, and were refined to their present form by Henry Briggs,
more than 300 years ago.

Fig 5.2 shows a typical line from 4-figure tables.

Fig. 5.2

The tables are called 4-figure tables because that they deal with
numbers up to 4 significant figures only.
The first two digits are under x, the third digit in row 0 to 9 row and
the fourth digit in the difference column (1 to 9).

 Consider the following examples on how to use these tables

Use Fig 5.2 above to find logarithms of
1. 1,5          2.   15   3.  159 4. 1 528

 Solutions

1. Since 1,5 lies between 1 and 10
log1,5 = 0, ‘something’. (zero comma something)

The tables now give us the ‘something’ i.e. the fraction part of the
logarithm.
So go to line 15 of the tables under zero of third digits, i.e. x     0

      15    176
Thus, log 1,5 = 0,1761

x 0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
15 176117901818184718751903193119591987 2014 3 6 8 11 14 17 20 22 25

1st 2 digits

3rd digit difference   4th digit
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Hint
Remember that the
four digits of 1,5 are
1,500.

0,01 0,1 1 10 100 1000
10–2 100 101 102 10310–1

→
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2. log15 = 1,1761
The whole number is now 1 since 15 lies between 101 and
102. So its logarithm is 1, ‘something’. (one comma something)

3. log159 = 2,2014
Note that the whole number is 2 since 159 is more than 100
(102)
The fraction part is under 9 this time.

4. log1528 = 3,1840
Notice how the fraction is arrived at

x 0 + 1             2 ...................9   1    2   3 ..........8        9

The number under 2 is added to the number under 8 the fourth
digit.

A logarithm has two parts, the integer and the fraction.

You are supposed to establish the integer before using the tables
for the fraction.
Study the pattern for determining the integer of the logarithm.

In 1,5: 1 digit before the comma, so integer is 1 – 1 = 0
    15: 2 digits before the comma, so integer is 2 – 1 = 1
    159: 3 digits before the comma, so integer is 3 – 1 = 2
    1528: 4 digits before the comma, so integer is 4 – 1 = 3 etc.

1. Use Fig 5.2 to find the logarithms of
a) 156 b) 1,56 c) 1 560

d) 1 506 e) 1 537 f) 1 57,9

g) 1 503 h) 153,5 i) 1 5,64

2. Use logarithm tables at the back of the book to find the
logarithms of
a) 55 b) 2,42 c) 1,066

d) 47 500 e) 765 600 f) 989,9

g) 8,201 h) 301,9 i) 6 666 000

Hint
The ‘difference’
column does not
have the digit zero.
So only first 3 digits
are applicable here.

log 1,5 = 1761 This is
wrong. We need the
whole number part.

                              Common Error
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Multiplying and dividing with logarithms

The process depends on the laws of indices, since logarithms are
powers.

 Consider the following examples:

Evaluate
1. 61,63 V 2,223
2. 71,65 ) 7,034
3. (4,755)2

4.   56,71

You need to appreciate that the numbers in,
� question 1 can be written as 10x V 10y where x and y are the

logarithms of the numbers. (First law of Indices).

� question 2 can be written as 10x ) 10y where x and y are the
logarithms of the numbers. (Second law of Indices).

� question 3 and 4 can be written as (10x)y where x is the logarithm
of the number and y the power in the number.

Thus 1 can be expressed as
61,63 V 2,223 = 101,7898 V 100,3470

= 101,7898 + 0,3470     (First law of indices)
= 102,1368

Now, what is the ordinary form of 102,1368? Before this question can
be answered, let us introduce a much simpler layout of the above
working.

 Solutions

1. 61,63  V 2,223

No Log
61,63    1,7898
2,223 + 0,3470

   2,1368

Now, what number has 2,1368 as its logarithm?
The answer to the question is found under Antilogarithm Tables
at the back of this book which are the reverse of logarithm tables.

Studying the antilogarithm tables carefully, we notice that the
number under x (the 4-figure number) is the fraction part of the
logarithm.
Thus from 2,1368 above, it is the ,1368 which is used in the
antilogarithm tables. Following the 4-figure procedure ,1368 gives
1371.

/
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Hint
Powers are the
logarithms of the
numbers.

Hint
Adding the
logarithms is like
adding the powers.

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter



114

The integer of the logarithm tells us the number of digits before
the comma of the ordinary form of the number. (If you don’t
understand why, go back to data before the practice 5G1 above.)
The integer 2 in the logarithm indicates that there are 3 digits before
the comma.
Thus, log 137,1 = 2,1368

Hence, 61,63 V 2,223 = 137,1

Snap check ;:   62 V 2 (To the nearest whole number)
     = 124 which is close enough to 137,1.

2. 71,65 ) 7,034
No Log
71,65    1,8552
7,034 – 0,8472
10,19    1,0080

3. 4,7552

No Log
4,755 0,6772
(4,755)2 0,6772 V 2 Third law
22,61 1,3544

4.  56,71
No Log
56,71 1,7537
  56,71 1,7537 )2 Since / is power    .

0,87685
7,532 0,8769 to 4-figures

Study the steps in these examples carefully before proceeding.

Use tables to evaluate the following to 3 significant figures:

1. 63,6 V 8,52 2. 63,6 ) 8,52

3.   63,6 4. 8,523

5. 15,68 V 21,77 6. 476 ) 17,35

7.    84,56 8. 13,62

9. 359,9 V 58,8 10. 267,4 ) 31,8

11.    128,6 12. 1,4085

Tip
• Log Tables are
used when working
from number to
logarithm.
• Anti log tables are
used when working
from logarithm to
number.

 2
 1

/

/

Tip
Subtract since it is
division. Use the
second law of indices.
Use ,0080 in Antilog
Tables and use the
integer to place the
comma.
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13. 8,42 V 12,3 V 34,62 14. 387,3  ) 47,09

15.    913,5 16. 2,7654

Negative integers of logarithms

 Consider the pattern below:

100 = 102

  10 = 101

    1 = 00

= 10–1 log 0,1 = –1

= 10–2 log 0,01 = –2

= 10–3 log 0,001 = –3

It follows that numbers between 0,01 and 0,001 have logarithm –
1, something. (minus one comma something)
However, it should be appreciated that the negative sign here only
applies to the integer of the logarithm (–1). The fraction is positive.
This brings us to the ‘bar’ notation of logarithms.

‘–1, something’ is correctly written as ‘1, something’ read as ‘bar
one comma something’.
From the above procedure, ‘the number of zeros (insignificant
figures) in the number gives the integer part of the logarithm.

 Consider the following examples:

1. Find the logarithm of the following
a) 0,15         b)   0,07462 c)   0,00347

  Solution

1. a) log 0,15 = 1,1761 b)    log 0,07462 = 2,8728

c) log 0,00347 = 3,5403

Question 2 gives an excellent example of the manipulation of
logarithms with negative integers.
2. Simplify a) 2,3 + 1,8

b) 3,64 – 1,77

c) 2,65 V 3

d) 5,8764 ) 4
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⇒
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 Solution

2. a) 2, 3 Step 1:  3 + 8 = 11. Put down 1 and
     +1, 8       carry 1
       2, 1 Step 2:  1 + 2 + 1 = 1 – 2 – 1

   = 2

b)  3,1614 c)    2,65 V 3  = 5,95
     –01,87 7

 3, 8 7

d) 5,8764 ) 4

For case d), create a ‘bar’ number that is divisible by the divisor (4)
and maintain the original bar number (5) by adding a positive
integer.
i.e. 5 = 8 + 3 or 12 + 7 or  16 + 11, (The first version is preferred).

Thus 5,8764 ) 4
= (8 + 3,8764) ) 4  or (12 + 7,8764) ) 4 etc.
= 2 + 0,9691     or 3 + 1,9691
= 2,9691     or 2,9691

Whatever combination is used produces the required answer.
Study the examples carefully before proceeding.
The examples which follow give application to the techniques in
example 2 above.

3. Evaluate a) 4,73 V 0,58
b) 37,87 ) 43,8
c) (0,05721)2

d)    0,0647

 Solution

3. a) 4,73 V 0,58
No. Log
4,73   0,6749
0,58 +1,7634
2,744   0,4383 Be clear about how the 0 has been

obtained.

b) 37,89  ) 43,8
No Log

        37,89   1,15 7 814
        43,8 –1, 6 421 5

  0,8648   1, 9 3 6 9 Be clear about how the 1 has been
obtained.

/3
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c) (0,05721)2

No Log
0,05721 2,7575
0,057212 2,7575 V 2
0,003273 3,5150 Be clear about the 3.

d)    0,0647
No Log
0,0647 2,8109

2,8109 )3
(3 + 1,8109) )3
1 + 0,60363

0,4015 1,6036

Evaluate the following using tables. Give answers to 1 significant
figure.

1. 4,525 V 0,07575 2. 0,8106 V 0,5389

3. 0,00825 V 0,364 4. 0,6861 ) 0,0838

5. 7,466 ) 29,18 6. 3,165 ) 0,1278

7. 0,59192 8. 0,00893

9. 0,048164 10.     0,9072

11.   0,0589 12.      0,04816

Combined Operations

 Consider the following examples

Evaluate 1.  6,83 V 78,4 2.     37,5
          798,6     82,4

Solutions

1. 6,83 V 78,4
    798,6
No Log
6,83   0,8344
78,4 +1,8943
Numerator   2,7287 No need to find the actual
798,6 –2,9023 numerator.

  1,8264

/3

5G3
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5

/
4

2.     37,5
    82,4

No Log
37,5   1,5740
82,4 –1,9159

  1,6581
/   1,6581 ) 5

 (5 + 4,6581) ) 5
  1 + 0,93162

0,8543   1,9316

Evaluate the following using tables to 2 significant figures.

1. 33,44 V 8,84 2. 0,19 V 0,77
675,9      0,044

3. (0,598 ) 2,49)3 4.    0,086 ) 0,48

5.    0,748 V 0,699 6. (3,19 V 0,087)5

7.    0,5782 8.    4,467 V 12,74
         97,55

/
3

/
3
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  Laws of Indices Laws of Logarithms

 1. xa  V xb  = xa + b log (MN) = log M  +  log N

 2. xa  ) xb  = xa – b log (   )   =  log M – log N

 3. (xa) p   = xap              log
x
 (M) p =  plog

x
 M

 Also note that
    a0  = 1         log

a
a  = 1

(–a)0 = 1
  –a0 = –1         log

x
 M = a then xa = M

/    = a           log
a
 1 = 0

/    = a

a–x   =

When using Tables
� When multiplying  – add the logs
� When dividing – subtract the logs
� When raising to a power – multiply the log by the power
� When finding roots – divide the log by the root.
� The whole number of a logarithm is 1 less than the number

of digits the number has before the comma.
� The bar notation implies negative whole numbers.

 N
 M

 y a

 y ax

 y
 1

 y
 x

 ax
 1
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The following examples may help you master questions from this
chapter.

1. Evaluate a)   5    V  5      V  5

b)   64

c)  16    V  25

2. Given that logx = 5 and logy = –7
evaluate a) log            b)  log           c)   logxy2

Solutions

1. a) 5   V  5    V  5 = 5 law 1 of indices
= 53

= 125

b) 64     = (26) Change 64 to index form with power 6.
         = 2–1 Apply law 3.

          = Apply meaning of negative index.

c) 16    V 25     = (24)   V (52)      Change 16 and 25 to
            index form.

  = 23 V 5
  = 8 V 5
  = 40

2. a)  log = logx – logy   Create an equivalent side (law 2
= 5 – (–7)        of logs). Substitute with given
= 5 + 7            values and simplify.
= 12

Method 1 Method 2
b) log = log1 – logx    = x–1

= 0 – 5 So log    = logx–1

= – 5  = –logx
 = –5

c) logxy2 = logx + logy2

= logx + 2logy
= 5 + 2(–7)
= 5 – 14
= –9

Hint

Where ever possible:
� avoid introducing
/ into your working.
Keep working in
index form.
� change ordinary
numbers to index
form where possible
�  create the
equivalent side using
one of the laws of
logarithms. When
trying to solve a
problem.  y

 x
 x
 1

 3
 1

 3
 21

The last 5 is taken to be
without a power. It has
power 1.

                              Common Error

PETROL

DIESEL

 6
 1–

 2
 1

 4
 3

 2
 1

 4
 3

 2
 1

(16 V 25)           or

23 V5 = (2 V5)3+1

These numbers have
different bases.

                              Common Error

PETROL

DIESEL

 4
 3 +

 4
 3

 y
 x

 x
 1  x

 1

 x
 1

 6
 1–

 3
 21 3

 1

 6
 1–

 3       3
 1       2+1    +1

Hint
Note that the two
bases i.e 2 and 5 are
different so don’t use
the first law of
indices.

 4
 3

 2
 1

Hint
Power 2 is for y only.
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3. Evaluate
a)    log 5 – log 7      b)   log30 + log 20 – log 6

log25 – log49

4. If logx – log (x–3) = 1    find x

5. If 53x V 5 2(2+x)  = 625,  find x

Solutions

3. a) log 5 – log 7
log25 – log49

Method 1 Method 2
Simplify the denominator Apply law 2 on numerator and
i.e log 5 – log 7 log (   )    denominator.

2log5 – 2log7 log (    )   Apply law 3 on

(log 5 – log 7)     log (   )
2(log5 – 2log7)     2log (   )

Reduce fraction by log    .
=

b) log30 + log20 – log6

Method 1
         (30 V 20) law 1 and 2

        6

= log100
= 2log10  but log10 = 1
= 2 V 1
= 2

Method 2
Expand the logs
= log10 + log3 + log10 +log2 – log6   Remember log10 = 1.

(from log30 from log20)

=  1 + 1 + log3 + log2 – log6 log3 + log2 = log6

=  1 + 1 + log6 – log6

=  2

 7
 5

 7
 5

 7
 5

 7
 5

 2
 1

 2
 1

Hint
Common factor
(log 5 – log 7)

Hint
log10 = 1
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4. logx – log (x–3) = 1

log    (       )   = log 10

           =  10

x  =  10x – 30
       9x = 30

 x = 3

5.  53x V 52(2+x)  = 625 Re-write 625 in index form.
 53x+4+2x  = 54

3x+4+2x  = 4
           5x = 0
             x = 0

Now do the following:
1.   Evaluate a) 82 + 80 b) 32

c) 2   V 8 d) (   )

e) 32(x–3) V 3  (12–4x)

2. Simplify a)      3log
10

3 + log
10

16 – log
10

36

b)      log9 – log30 + 2log5

c)      log1    – log3 + log2

3.   Evaluate a) log
7

b) log
5
 /5

c) log464 + log416 d)  log6 – log8
 log36 – log64

4. a) If 53x )        = 5x(x + 1), find the values of x.

b) Given that 42 V 2–3x = 32, find the value of x.

5. Given that log3 = 0,477 and log 5 = 0,699, evaluate:
a) log

10
15          b)   log

10
1           c)   log

10
/5       d)   log

10

6. If logm  = 5  and logn  = 7, evaluate:
a) logmn         b)  log        c)  log/m          d)   log

7. a) If logx + log(3+x) = 1, form an equation in x and show
that it reduces to x2 + 3x – 10 = 0.

b) Hence, or otherwise, find the value of x.

10
 x – 3
   x

 x – 3
   x

–

–

 9
 1

 7
 1

 4
 1

 4
 1

 2
 3

 5
 1

 2
 1

10

 2
 1

 125
 1

 9
 1

3
 n
 1

 n
 m

Hint
Use Law 2 on LHS
and use Log10 = 1
on RHS

→
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The concepts of ratio, rate and proportion are used in everyday
life particularly in the business world. We will study the links between
ratio and scale, ratio and proportion.

By the end of this chapter students should be able to:

make calculations based on ratio, rate and proportion.

find scale from given information.

express scale correctly in its different forms.

use given scales to calculate distances and areas.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle the work in this chapter it is assumed that students
are able to:

express quantities in terms of units (unitary form) e.g.
speed(m/s) and cost per unit area.

carry out division and multiplication of numbers.

reduce fractions to their lowest terms.

A. RATIO

A ratio compares quantities which are similar, for example, 60g
and 150g can be expressed in the ratio 60:150 (said as ‘60 is to
150’). This ratio can be expressed in various ways, e.g. 60 : 150,
60 to 150 or        . The last form introduces us to the idea that ratio
can be reduced to its simplest form,
i.e. 60 : 150 = 2 : 5

 150
 60

6
Maths decoder 3/4

6ZPH
Ratio, Rate, Proportion
and Scale

2

3

1

4
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 Consider the following examples

1. a) 115cm : 1,5m b)         :
To simplify this ratio, one needs to express the parts in the
same units.
a) 115cm : 150cm

=         =  23:30

b) Multiply each part by the LCM of the denominator.
i.e.      V 24  :        V 24 =  20 : 21

2. If ratios can be reduced to simpler forms it follows that like
fractions, they have equivalences. If given x : 7 = 12 : 21, we
can find x  by comparing these equivalences.
i.e. =

       x   =        V 7

      x =  4

3. Just like fractions, ratios can be compared. For example,
which ratio is greater 3:7 or 4:9? This question is the same
as which fraction is greater     or     ?

Two methods are commonly used here.

Method 1
Change the fractions to decimals. Decimalise the fractions.
     = 0,4285 = 0,4

∴      is greater

Method 2
Express the fractions to their equivalent fractions using the
Lowest Common Multiple of their denominators.
Thus         =

                 =

Now

∴∴∴∴∴       is greater

Quantities can be decreased or increased by given ratios.

 Consider the following examples:

4. Decrease 726 kg in the ratio 7:11
By equivalences, x:726 = 7:11
Notice here the 726 has been linked to 11 since  it is the
bigger part. Decreasing will result in a smaller number, so
the result must be linked with 7.

 6
 5

 8
 7

 150cm
115cm

 9
 4

 7
 3

 9
 4

                              Common Errors

(i) The Wrong
decimalisation process
is used.

(ii) 16 is used as the
common denominator
by addition of
denominators, which is
wrong.
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 27

 7
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 27

 63
 28 >

 63
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There is a tendency
to reduce before
expressing the parts in
the same unit!
i.e. 115: 1,5

1150 : 15
230 :3 Wrong!
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Thus, =

         x =

=   462 kg
726kg is reduced to 462kg.

5. Increase 5,4cm in the ratio 5:8
By equivalences
5,4:x = 5:8
Be careful to note the linkage between the corresponding parts.
  x          8
5,4        5

              8 V 5,4
      5

 =  8,64

∴ 5,4m increases to 8,64m

6. It is possible to express ratios in the form 1:n or n:1 where n
is rational.
                    5   :   8

                            5       5
=  1 : 1,6 or 1:1

                   5   :   8
            8       8

=       :  1

7. Quantities can be shared in given ratios
e.g. Share 150 oranges in the ratio 11:19

Thus: Total parts   = 11 + 19
  = 30

Value of each share =
  =   5

∴ 1st share   =  11 V 5
  =   55

     2nd share   = 19 V 5
  =  95

Note that in both methods, after obtaining the first share, one can
simply subtract it from the total quantity to get the second share.

 5
 3

 8
 5

    30
 150

Total parts = 11 + 19
= 30

Now, first share

Second share

OR

 30
 11 150V = 55

 30
 19 150V = 95

 726
 x

 11
 7

 11
 7 V  726
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1. Write the following ratios in their simplest form.
a) 16:36 b)        :

c) 2,6:39 d)   110c : $2,20:$5,50

e)    :     :

2. Express each of the following ratios in the form:
(i)  1: n (ii)   n:1

a) 8 : 12 b)   12 : 32 c)   28 : 7

d)   4,2 : 0,7 e)   $15 : 2400c f)      km : 2    km

3. Find which of the ratios is greater in each case.
a) 2 : 7 or 3 : 8 b) 14 : 3 or 25 : 10
c) 40 seconds : 2 minutes or 9 hours : 1 day
d) 4,5m : 1,4m or 125 : 50
e) 6mm : 3cm or 300g : 1kg
f)     :         or      :

4. a) In each given quantity, find the larger part, if the quantity
is shared in the given ratio.
(i) $100 000 in the ratio 3 : 7
(ii) 25kg in the ratio 7 : 3
(iii) 405km in the ratio 10 : 17

b) In each given quantity, find the smaller part, if the quantity
is shared in the given ratio.

(i) 14 hours in the ratio 2 : 5
(ii) 70m in the ratio 13 : 7
(iii) 91 shares in the ratio      :

5. A trader increased the price of an item in the ratio 11 : 5. Find
the new price of an article which was marked $275.

6. Three business partners Kumbi, Vuma and Sipho shared the
profit in the ratio 6 : 7 : 2. If Vuma received $4 900
a) How much did Sipho get?
b) Find the total profit shared.

7. In the partnership in (6), Sipho is the executive director.
The company policy is that the Executive Director is paid
$35 000 before sharing the profits. Find how much Kumbi
got from a total profit of a $345 000.

6A

Hint

Use LCM to clear
denominators and
hence simplify.

 2
 1

 5
 2

 3
 1

 8
 5

 4
 3

 9
 2

 3
 1

 7
 2

 4
 1

 2
 1

 2
 1
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B. RATE

Rate connects quantities of different kinds. Examples of rate are
speed (km/h) which compares distance with time and power e.g.
Power = (          )  which compares work done with time. Rate is mostly
associated with time. Can you think of other connections which give
rate?

 Consider the following examples

1. A car travelled 50km in 25 minutes. Find the speed in km/h.

  Solution

1. Use simple proportion

50km 25min
? more 1h (60min)

60     50km/h
25        1

2. A car used 20l of fuel to cover a distance of 250km. Find the
rate of fuel consumption of the car per km.

 Solution

2. The question here is, how much fuel is used per km?

∴       l/km =          V           ml/km

= 80 ml/km

3. Which of the two is a better deal, in terms of price, 5kg of
pork for $23,75 or 8kg of beef for $50,00.
What is the price per kg?

  Solution

3. Pork is $           /kg  = $4,75/kg

Beef is $           = $4,25/kg

∴ Beef is the better deal.

1. A car travels 80km in 48 minutes. Find the speed of the car in
km/h.

 250
 20
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23,75
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2. The density of aluminium is 2,7g/cm3. Calculate the volume,
in cm3, of a piece of aluminium of mass 8,1kg.

3. A tank full of water lasts 6 days, if 30 litres are used daily.
How long will the tank last if 18 litres are used daily.

4. A certain resettlement area in Zimbabwe has an adult population
of 350, to the nearest ten. Find the density of the population if
the settlement has an area of 1 750km2.

5. The distance between any two consecutive telephone poles
along a road, is 15m. A car travels from the first to the ninth
pole in 6 seconds. Calculate the speed of the car in km/h.

6. A certain District hospital recorded 260 deaths in one year.
Calculate the average weekly death rate.

7. Sibongile bought 8 shirts for $112. Tumai bought 13 similar
shirts for $195. Which of the two made the better buy?

8. Peter bought a dozen tyres from a certain shop and paid
$576. John went to another shop and bought 30 similar
tyres for $1 380. Who made the better deal?

C. PROPORTION

Proportion compares changes which affect one quantity when
another quantity is changed.
For example, the time taken by a car to cover a given distance varies
with the speed the car is travelling. The higher the speed, the shorter
the time taken. Here speed and time are being compared on a
constant distance. This brings us to the simple proportion table.

 Consider the following examples

1. 15 packs of seed cost $180. What will be the cost of 8
packs?

  Solution

1. 15 180 ∴   Cost of 8 packs =
 8      ? less

=  $96
Alternatively: 15 Packs cost   $180

1 Pack costs =  $12

∴ Cost of 8 packs =  $12 V 8
=  $96
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2. 4 men can do a job in 9 days. How many days will 6 men
take to do the same amount of work, assuming all are
working at the same rate?

Solution

2. 4       9         ∴   4  V  9  =  6 days
6       less               6

3. 50kg of Rock Salt, costing $2,10 per kg, is mixed with 20kg
of Fine Salt, costing $2,55 per kg. Find the cost of the
mixture per kg giving the answer to the nearest cent.

Solution

3. Total cost of 50kg = 2,10 V 50
= $105

Total cost of 20kg = 2,55 V 20
= $51

Total cost of 70kg = 105 V 51
= $156

∴ Cost of mixture      =    156
     =      70

= $2,27/kg.

1. 5 adults can sow 150kg of seed per day.
How much seed per day will
a) 8 adults sow, if they are sowing at the same rate?
b) 3 adults sow, if they are sowing at the same rate?

2. Copper sulphate is made up of 32 parts of copper, 16 parts
of sulphur, 32 parts of oxygen and 45 parts of water. Find
the mass of water in 5,5kg of copper sulphate.

3. If there is 4,8kg of sulphur in a quantity of copper sulphate
as in question 2, find the mass of the copper sulphate.

4. A motorist averages 50km/h for the first 60km of a journey
and 75km/h for the next 80km. What is his average speed
for the whole journey, to 2 significant figures?

5. The population density of a village is 8,5 people/km2. If the
village has an area of 15,2km2, find its population to the
nearest 10 people.

6. Convert 54km/h to a speed in m/s.

5B
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7. 5 men can complete a certain task in 9 days.
Find the time that:
a) 3 men will take to complete the same task if working at

the same rate.
b) 8 men will take to complete the same task if working at

the same rate.

8. A certain chemical costing $137,50/50kg is mixed with
another chemical costing $112,50/50kg. If the mixture is sold
at $173,55/50kg calculate the percentage profit per kg to
the nearest whole number.

D. SCALE

Map scales are linear. This means they give a relationship between
distance on a map and the actual distance on the ground. Scale
can be given in several ways, for example, 1cm to represent 20m
can be given as 1cm:20m or 1:2000 or 1cm to 2000cm or
All this means is that 1cm on the map represents 20m on the
ground. The scale with components reduced to the same basic
unit is often called the Representative Fraction (RF) of the map.
Remember that

Distance between two points on the map
Distance between the same points on the ground

Thus if a map gives a scale of 1cm to    km,
RF =             or 1:50 000
i.e.       km is changed to cm:

The scale for the area of the map can be derived from its linear
scale. Remember ratios in similar figures? In actual fact, the linear
scale of a map is the ratio of corresponding sides. It then follows
that the area scale of a map is the square of the linear scale.
For example if a map has a scale of 1cm to     km, the area scale
is (1 V 1)cm2 to (    V    )km2 = 1cm2 to      km 2.

 Consider the following examples

1. Calculate the Representative Fraction (RF) in the form    of
the following scales:
a) 1cm to represent 3km        b) 2cm to represent 5,5m.

  Solution

                        1cm
3km

     1cm
3 V 100000cm

     1
300000
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Cecil John Rhodes
would have used a scale
to do calculations for his
plans to extend British
rule from Cape Town
(South Africa) to Cairo
(Egypt).
(Illustration by Edward Linley

Sambourne)

 5
 1

 50000
 1

RF =

1. a) 1cm : 3km  =              change 3km to cm.

=

=

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)
PracticePracticePracticePracticePractice

Maths
Meter



6.    R
atio

, R
ate, P

ro
p

o
rtio

n
 an

d
 S

cale

131131

       2cm
5,5cm

       2cm
5,5 V 100cm

  5
550

       1
275

2. The scale of a certain drawing is given as 15cm to represent
1,5km. Express this scale in the form 1:n.

  Solution

2. 15cm        15cm
1,5km 1,5 V 100000

      15
1 500 000

     1
100 000

= 1:100 000

3. The scale of a map is given as 1:150 000.
a) Find the distance, in km, on the ground represented by

1cm on the map.
b) Find the map distance, in cm, of an actual distance of

7,5km.
c) Find the actual area, in km2, represented by 6cm2 on the

map.

  Solution

3.                                           150 000
                100 000

        ∴   1cm            = 1,5km on the ground

b) 1cm         1,5km
more ?     7,5km

 7,5km =        cm

 =  5cm
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HintHint
Scale in RF form uses
the basic unit, cm,
Thus change the RHS
of the scale to the unit
required in the
question.
1km = 100 V1000cm

km
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b)  2cm : 5,5m   =

=

=

=

a) i.e. 150 000cm  =
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c) i.e. Change the cm to actual
distances on the ground
(km).

Thus 6cm2  = 4,5km V 3km
         = 13,5km2  on the ground

Notice that this approach (c) is very convenient and produces
easy figures to work with. However, the Area Scale approach is
also applicable.
i.e. Linear scale = 1:150 000

∴ Area scale = 1:150 0002

Hence Area for 6cm2 = 6 V (150 000 V 150 000)
= 135 000 000 000

                                      135 000 000 000
100 000 V100 000

= 13,5km2

1. Calculate the Representative Fraction (RF), in the form    ,
of each of the following scales:
a) 1cm to 5km b) 4cm : 1km
c) 2cm : 3,4km d) 3cm to 6m
e) 5cm to 1,1m f) 5cm : 10km

2. The scale on a map is 25cm to 2km. Express this scale in
the form 1: n.

3. The RF of a map is given as 1 : 15 000.
Find: a)   the map distance between two points which are 750m

 apart on the ground.
  b)   the actual distance, to the nearest km, between two

 points which are 5,7cm apart on the map.

4. One of a farmer’s field has an area of 1ha. This is represented
on a map by an area of 4cm2. Find the scale of the map in
the form     . (1ha = 10 000m2).

5. The scale on a map is 8cm to 10km.
a) Find the Representative Fraction of the map.
b) Find:

(i) the area, in km2, represented by 3cm2 on the map.
Give the answer to 3 significant figures.

(ii) the area on the map in cm2, of a plot of area 28,125km2.

3cm (4,5km)

2cm
(3km)Break the area into

convenient length and
width e.g. 6cm2 = 2cm
by 3cm.

HintHint

                              Common Errors

The number of zeros
becomes confusing.
One or two zeros are
mistakenly left out in
the process.
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1km  =  100  000cm.
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6D

 n
 1

Changing this to km2     =

6cm2

 n
 1
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6. A town planner draws a plan of a shopping mall which covers
an area of 3 872m2. If the plan has an area of 2,2cm2, calculate:
a) the area, in m2, represented by 1cm2 of the plan.
b) the map scale of the plan giving your answer in the form

1: n where n is to 1 significant figure.

1. A ratio compares similar quantities, e.g. 60g and 150g is
60g : 150g which can simplify to 2 : 5.

2. A colon (:) is used between parts of a ratio.

3. Rate compares quantities of a different nature e.g. speed
(km/h), price ($/kg).

4. Proportion compares the scale of changes between quantities.
e.g. The higher you go, the cooler it becomes.

5. Scale compares the actuals with what is represented e.g.
map scales compare the actual distance with distance on
the map.

6. A representative fraction =
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 Consider the following examples:

1. Tecla is paid a total of $2 760 for some typing services.
Calculate her rate of pay per hour if she takes 3 days to
complete the job working 5 hours a day.

  Solution

1. Total hours worked = 3 x 5 h
= 15 h

Total amount paid = $2 760

                                   2 760
  15

= $184/hour

2. A map of a town is drawn to a scale of 1cm : 8,5km.
a) A road on the map is 12cm long. Calculate the actual

length of the road, giving the answer in kilometres.
b) The actual area of the town in 289km2. Calculate, in cm2,

the area of the town on the map.

 Solution

2. a) Scale = 1cm to 8,5km
=  1 : 850 000

∴ 12cm =  8 500 000 V 12
=  10 200 000
=  102km

b) Area scale =  1cm2 to (8,5)2 km2

                       289  28900
       8,5x8,5 8,5 V 8,5

    = 4cm2

Now do the following:
1. A piece of alloy is a mixture of copper and zinc whose masses

are in the ratio 11:16.
If there are 138g of zinc in the piece, find its total mass, in kg.

                              Common Errors

Total hours are often
worked out.

These are common
wrong assumptions.
Also 5 working hours is
substituted as 12h a day
i.e.

       is another
       common wrong
       working.

 3
2760

 5
2760

 36
2760

                              Common Errors

(1) 8,5km wrongly
converted to cm.

(2) Wrong conversion
from cm to km

(3) Scale 1cm : 8,5km
is not converted.
(Area scale is not
found.)

(4) Area Scale as 1cm2

to 17 km2 is
simplified as 17.
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=289km2   =
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2.

Fig 6.1 shows a prism with a face of an equilateral triangle of
sides 8cm.
If the prism is 18,5cm long and weighs 1,2kg, calculate the
density of the prism, correct to 2 significant figures.

3. a) A Telecom company wants a 5km long trench dug for its
service line.
If 10 men take 14 days to complete the job, how long
will 7 men take, assuming the men work at the same
rate?

b) Convert the density 1,3g/cm3 to kg/m3.

4. A contract worker, at a certain factory, is paid $2 a day for
working 8 hours a day, 5 days a per week.
a) Find the worker’s hourly rate of pay.

b) Find the worker’s total pay if he works at this factory for
a month.

c) During a certain month, the man worked for only 5
hours per day. His pay, after working for 12 days, was
$24. Calculate the worker’s new hourly rate of pay.

5. On a certain map, the distance from Murehwa Growth Point
to Mutoko Growth Point is 50cm.
The actual distance is 40km.
a) Find the scale of the map, giving your answer in the form

1:n.

b) Calculate the actual distance, in km, between two schools
which are 20cm apart on the map.

c) The actual area of Murehwa Growth Point is 7,5km2.
Find this area on the map, in cm2 , to 3 significant figures.

8cm

18.5cm
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 1

Table 6.1 shows the exchange rates on a certain day.
Use this table to answer questions 6 and 7 below.

Table 6.1 Foreign exchange rates

Country Currency Units to US$

Botswana Pula (P) 6,1509

Kenya Shilling (KES) 74,4260

South Africa Rand (ZAR) 7,3439

Britain Pound (^) 1,5967

6. A British tourist visits South Africa and declares ^3 500 on
arrival. She then changed half of this amount into Rands, using
the US$ rate above.
a) How many Rands did she get? Give your answer to the

nearest whole number.

b) When she left South Africa for Botswana she was left
with       of the Rands she had obtained. She changed this
amount in to Pulas. Calculate how many Pulas, to the
nearest Pula, she received.

7. The tourist in number 6 flew to Kenya where she stayed for
some time. On arrival in Kenya, she changed       of her remaining
pounds into Kenyan Shillings, using the exchange rate above.
How many Shillings did she get?
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This chapter will revise some of the geometric concepts you learned
at lower levels of your study of mathematics and will introduce
some rules of geometry you need to be familiar with. Polygons
and their properties will also be discussed.

By the end of this chapter, students should be able to:

identify, interpret and apply concepts associated with points,
line segments, parallels and perpendiculars.

identify types of angles like acute, right, obtuse, straight and
reflex and deduce information associated with
complementary, supplementary, vertically opposite angles
formed by parallel lines and the transversal line and angles
at a point.

use properties of polygons (from triangle to n-sided polygons)
to calculate angles.

identify special names of n-sided polygons.

identify lines of symmetry and order of rotational symmetry
of 2-dimensional figures.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

� use a protractor to draw and measure angles.

� use the terms: acute, obtuse, reflex, right and straight, with
reference to angles.

� identify a diagonal in a polygon.

� use a ruler to draw straight lines.

Syllabus
Expectations

7
Maths decoder 3/4

7ZPH
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A. THE PROTRACTOR

Study a protractor carefully. Do you remember its three main
features? i.e. a) The two angle scales

b) The centre point
c) The base line

How comfortable are you with a protractor?
Let us revise this very important skill – protractor use.

1. Use the protractor to measure the marked angles.

a) b)

c) d)

e) f)

Fig 7.1

The art of estimation is very important in mathematics.

2. Using a ruler only, try to draw angles of the following sizes:

a) 300      b)  600     c)  1500  e) 450

3. Now use a protractor on the angles drawn, to check how
good your estimation is.

It is hoped that this exercise has helped you to visualise and internalise
the angle sizes.
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Do you remember that:
(i) Acute angles are those between 00 and 900.
(ii) Obtuse angles are those between 900  and 1800,
(iii) Reflex angles are those between 1800  and 3600?

The boundaries 900, 1800  and 3600  are special angles.
900  is called a right angle.
1800  is called a straight angle.
3600  is called a complete revolution or turn.

Also remember:
Complementary angles are two angles which add up to 900.
Supplementary angles are two angles which add up to 1800 .

Sometimes one is asked to draw rough diagrams usually called
sketches. In the sketch, acute angles should look acute and obtuse
angles also obtuse. This helps to avoid distortions in the diagram
due to incorrect proportions.

 Consider the following examples:

1. Sketch      ABC where A = 900, AB = 5cm and AC = 8cm.

 Solution

1.a)           b)                                c)

The sketches a) and b) are distorted. Can you say why?
Why is c) a better sketch?

Draw sketch diagrams of the triangles with the following
measurements:
1. ABC in which A = 1200,   B = 300 and AB = 4cm.

2. PQR in which PQ = 8cm, QR = 6cm and PR = 4cm.

3.     XYZ where X = 900, XY = 9cm, XZ = 6cm.

4.     CDE where CD = CE and DCE = 750.

5.     XYZ where all sides are equal.

Supplementary angles
are two angles which
add up to 1800. Once
‘two’ is missing, the
definition becomes
wrong.

                              Common Error
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B. BASIC RULES OF ANGLES

(i) When two straight lines intersect
(cross each other), vertically
opposite angles are formed. a
and b are vertically opposite
angles. So are c and d.

By simple measurement with a protractor, one will find
that:
* Vertically opposite angles are equal.

(ii) Angles x and y or a, b, c and d are adjacent angles on a
straight line AOB.
* Angles on a straight line add up to 1800, ie x + y =1800,
  a + b + c + d = 1800.

(iii) Angles a, b, and c are around a point.

* Angles around a point add up to 3600,
a + b + c = 3600.

It is very important that you check the validity of each
rule by drawing sketches and measuring the angles.

(iv) Draw any type of triangle and measure the three angles.
What is their sum?

* The sum of angles of any triangle is 1800,
   a + b + c = 1800.

(v)       By accurate measurement,
       a + b = z
       a + c = y
       b + c = x

* The sum of two interior angles of a triangle is equal
   to the exterior opposite angle.

a

x

z

c

b y

c
a

b
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As you do the following exercise, identify the rule you have
used to do the calculations.

Consider the following examples:

Find the lettered angles in the diagrams.

1. 2.

3.

 Solutions

1. x = 1060  vertically opposite angles.
y + 1060 = 1800  Adjacent angles on a straight line.
            y = 1800 – 1060

= 740

2. x + 670 = 1150    Sum of two interior angles equals the exterior
       opposite angle.

    ∴  x = 1150 – 670

= 480

  x = y Vertically opposite angles.
    ∴  y = 480

y + z + 790 = 1800 Sum of angles of a triangle.
480 +  z + 790 = 1800

                ∴  z = 1800 – 1270

= 530

3. p +1310 = 1800

           p = 1800  – 1310

= 490

      ∴  x = 870 + 490

= 1360

   136 + 44 = 1800                                            in a triangle)

x
y

1150

x

y

670

790

z
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Snap check ; 87 + 49 + (180 – 136) = 1800    Total of angles

1310p

x

( )

1060

890
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350

400 650
1300

x

y

x

y
470

1160

470

x

y 340

1420

x0
y

1460

x
650x

y

y2xx
1020

x+160

y

3x–200

3x
x–20 0

6x

2y+300

1. Calculate the value of x and the value of y in each case.
a) b)

c) d)

e) f)

2. Calculate the value of x and the value of y in each case.

a) b)

c) d)

3. The three angles of a triangle are x + 200, 2x – 300 and
x + 260. Find x, then find the actual angles.

4. A triangle has the following angles, 2x, x + 600 and 3x. Find
the smallest angle.

5. Define   a)    Supplementary angles
      b)     Complementary angles

7B
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C. ANGLES ON PARALLEL LINES

The diagram shows two parallel
lines being cut by a third line
called the transversal line.

Fig 7.3
Thus eight angles are formed (labelled a to h).
From the diagram, can you name:
(i) vertically opposite angles?
(ii) angles on a straight line?

h and d are called corresponding angles because they are
on corresponding positions in the diagram i.e. on the left
side of the transversal line and above the parallel lines. The
diagram has three more pairs of such angles, name them.
An accurately drawn diagram will show that:

* Corresponding angles in parallel lines are equal.

But f and  d form a zig-zag pattern! Can you identify another
pair which behaves in the same manner? These are called
Alternate Angles. They are sometimes called Z angles, from

. the zig-zag pattern.
* Alternate angles in parallel lines are equal.
e and d  are called Co-interior or Allied angles. Please
identify another pair in the diagram.

* Allied angles in parallel lines add up to 1800.

Note that these types of angles, alternate, corresponding and
allied are discussed only in parallel lines, not anywhere else.

 Consider the following examples:

Calculate all the labelled angles in the diagrams.

1. 2.

3.

>

>a b
d c

g
fe

h
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Hint
Compare each lettered
angle to the given one. d

c

a

b

660

430650

f

e
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h
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 Solutions

1. a + 660 = 1800 Adjacent angles on a straight line.
  a = 1800  – 660

    = 1140

b = 660 Vertically opposite angles.

c = 660 Z angles.

d + 660 = 1800 Co-interior angles.
  d = 660 – 660

     = 1140

2. e = 430 Corresponding angles.

f   = 650  + 430   Sum of 2 interior angles.
   = 1080

3.       1800 – 460

      2

      1340

 2

   =  670

h  = 670 corresponding angle with g.

1. State the size of the lettered angles in each diagram. Make
sure you always state the rule applied.

a) b)

c) d)
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g =

=
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Interior
Angles

Exterior
Angles

y
3x

y

x+
46

0

3x+150

y

2x+500

980

340

x

y
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2. Calculate the value of x and the value of y in each case.

a) b)

c) d)

D. ANGLES IN A POLYGON

A polygon is any closed shape whose sides are straight lines. The
most basic one is a triangle (3 sides). From the triangle, we have
polygons of any number of sides. Remember, a polygon has two
kinds of angles as illustrated below.

As can be seen from the two diagrams above,

INTERIOR ANGLES are made by adjacent sides of the polygon
and lie inside the polygon.

EXTERIOR ANGLES are made by a side of the polygon and an
extension of its adjacent side and lie outside
the polygon.

It is very important to observe that the interior and its exterior angle
form a straight angle, (1800).
By accurate drawing and measuring you can prove that:
* The exterior angles of any polygon always add up to 3600.

The sum of the interior angles depends on the type of polygon.
We have already established that angles of a triangle add up to
1800. This fact can be used to establish sums of other polygons.
This is done by dividing the polygon into unintersecting triangles
Below is an illustration of this:

Fig 7.4
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TRIANGLE QUADRILATERAL PENTAGON

HEXAGON HEPTAGON

       . . .  etc

Study the table summarising the information regarding the above
diagrams.
Table 7.1
   Number of sides in Sum of
   SHAPE NAME INTERIOR ANGLES

3 Triangle 1 V 1800   =  1800

4 Quadrilateral 2 V 1800   =  3600

5 Pentagon 3 V 1800   =  5400

6 Hexagon 4 V 1800   =
7 Heptagon 5 V 1800   =
8 Octagon 6 V 1800   =
9 Nonagon 7 V 1800   =
10 Decagon 8 V 1800   =
; ;
; ;
n n-sided polygon (n – 2)1800

From the above, the number being multiplied by 1800 is the number
of triangles in the polygon.
This means, in an n-sided polygon there are (n–2) triangles.

* Hence the sum of the interior angles of any polygon is given
by (n–2)1800, where n is the number of sides of the polygon.
Other authorities give this as (2n–4)900 where 2n–4 is the number
of right angles in the polygon.

Polygons can be regular or irregular.
i.e.
Regular meaning all sides and angles are equal.
Irregular meaning not all sides or angles are equal.

1     = 1800
2    s = 3600 3    s = 5400

4    s 7200 5    s = 9000
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Fig 7.5
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To summarise
� Each exterior angle of any regular polygon is equal to

where n is the number of sides or angles.
� Each interior angle of any regular polygon is equal to

i.e. by finding the exterior first then using the straight angle
to find the interior angles

or i.e. the sum total of the interior angles divided
by the number of angles.

or

 Consider the following examples:

1. A polygon has 15 sides. Find the sum of its:
a) exterior angles.
b) interior angles.

2. Calculate the number of sides of a polygon whose interior
angles add up to 16200.

3. Find the number of sides of a regular polygon whose exterior
angle is 360.

4.

Find x.

Solutions

1. a) 3600 always!

b) (15 – 2)1800  = 13 V 1800

           = 2 3400

2. Sum  = (n –2)1800    This is relevant since the sum is given.
∴  (n –2)180 = 1620
 180n – 360 = 1620

     180n =  1980
              n =  11

∴ The polygon has 11 sides.

n
3600

n
3600

       n
(n – 2)1800

       n
(2n – 4)900

Hint
Connect the infor-
mation that is given
to the established
facts.
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1800 –

(5x+200)

x0Fig 7.6

,
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850

760
540

x
2x

870

x+150

2x+130

2x

460
700

3x
3x+4

7D

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

n
3600

n
3600

3. Use         This is relevant since the exterior is angle is given.

            ∴           = 360

    ∴    36n = 360
     n = 10

∴ The polygon has 10 sides

4. 4x + x + 100 + 5x + 200 + x  = 3600

     11x  = 3300

             x  = 300

1. Calculate the sum of the interior angles of polygons with the
following number of sides:
a) 7     b)   12          c)    21         d)   45         e)   112

2. Calculate the size of each interior angle of a regular polygon
with the following sides:
a) 8     b)   15          c)    38          d)   74        e)   122

3. Find the number of sides of the polygon whose interior angles
add up to:
a)  18000     b)  12600       c)   25200    d)    86400    e)   61200

4. Find the number of sides of a regular polygon whose exterior
angle is:
a) 240      b)   600       c)    900        d)   150      e)  100

5. Find the number of sides of a regular polygon whose interior
angle is:
a) 1500      b)   1650     c)   1710      d)   1560    e)  1400

6. Calculate the value of x in each case.

a) b)

c)
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7. The interior angle of a certain regular polygon is twice its
exterior angle. Find out how many sides it has and give the
special name of this polygon.

8. Wiseman, in Form 3B4, measured all the interior angles of a
polygon and added them up.
Unfortunately, he skipped an angle when he was adding
Find out: a)  the type of polygon Wiseman measured,
               b)  the size of the missing angle,
when he got a total of:
(i) 2680 (ii)   4520 (ii)   9970

9. The exterior angles of a polygon are in the ratio 4: 5: 6: 7: 8.
a) What type of polygon is it?
b) Find the largest interior angle.

E. SPECIAL TRIANGLES

A triangle whose sides or angles are not equal is called a scalene
triangle.
However, all the sides or angles can be equal. Such a triangle is

an Equilateral triangle.
What is always the size of each angle in
an equilateral triangle?

In some cases only two sides or angles are equal. Such a triangle
is called an Isosceles triangle.

Notice that, the equal angles are
 always opposite the equal sides.
The equal angles are sometimes called
base angles.

Other types of triangles we meet are:
(i) Right-angled (ii)    Right-angled isosceles
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Fig 7.8
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Hint
Consider the dia-
gram, Identify some
important features in
it. Then think of the
angle properties of
these.

a
c

d
b

800

(iii) Obtuse angled isosceles (iv)  Obtuse angled scalene

 Consider the following examples:

1. Find the lettered angles in the
diagram

  Solution

In this case there are parallel lines, and an isosceles triangle. The
given angle is a base angle.

a = 800 alternate Ls

b = 800 base Ls
c + b + 800  = 1800   Sum of Ls of a
c = 1800  – (800  + 800 )
   = 1800  – 1600

   =  200

d + b = 1800  Ls on a straight line.
    d   = 1800 – 800

 = 1000

2. Given that ABCDE is a regular pentagon, calculate:
a) ABC b)   CED c)   ACD

            a)   ABC is the interior angle
     ∴ =

=   3 V 36
=   1080

or
Exterior  L at B =

=  720

         ∴  ABC =  1800 – 720

=  1080
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^ ^ ^

^

A

E

DC

B

Hint
Draw a sketch first.
A sketch should look
in proportion i.e.
equal features
should look possible.
oObtuse angles
should look obtuse
and acute angles
should look acute.

5
3600

       5
(5 – 2)1800

     Solution
^
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b) In      CED
     is isosceles and CDE = ABC = 1080

∴  CED  =

    =

    =  360

c) ACD =  BCD – BCA
=  1080 – 360   (BCD = ABC = 1080; BCA = CED = 360)

=  720

3.

In the diagram,
ABD is equilateral and
BCD is isosceles

Find ADC

  Solution

ADC = ADB + BDC
BDC = 600 ) 2

= 300

    ∴ ADC = 600 + 300

=   900

1. How many triangles are in the diagram?

a) b)       c)

^ ^
^

      2
1800 – 1080

  2
72

^ ^ ^
^ ^ ^ ^
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i j

e 760

f

340g

h

500

a b

830

d

c

^

^ ^

^ ^ ^

^

^
^
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2. Calculate the lettered angles in each diagram.

a) b)

c) d)

e)

3. The three angles of an isosceles triangle are x0, (2x – 5) and
(2x – 5)0. Find the actual sizes of the angles.

4. An isosceles triangle has an angle of 540. Draw sketches of
two different possible triangles, which fit the given description,
showing the sizes of the angles in each case.

5. Given that PQRST is a regular pentagon, calculate PSQ.

6. Given that ABCDEF is a regular hexagon, calculate:
a) BCD b)   BCA c)   FCD

7. Given that ABCDEFGH is a regular octagon, calculate:
a) FGH b)   HDC c)   DFH

F. SPECIAL QUADRILATERALS

A quadrilateral is any four-sided figure.

The following special quadrilaterals and their angle properties are
important to remember. Make sure you are able to show their
properties in sketch diagrams.
a) The Square

All sides are equal.
All angles are 900.
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Diagonals are equal in length.
Diagonals bisect each other at right angles at the centre of
the square.
Diagonals bisect the angles they pass through.

b) The Rectangle
All angles are 900.
Opposite sides are equal.
Diagonals are equal in length.
Diagonals bisect each other at the centre.

c) The Parallelogram
Opposite sides are equal and parallel.
Opposite angles are equal.
Diagonals bisect each other at the centre.

d) The Rhombus
All sides are equal.
Opposite angles are equal.
Diagonals bisect each other at right angles.
Diagonals bisect the angles they pass through.

e) The Trapezium
Has a pair of parallel sides.

f) The Kite
Has two pairs of equal adjacent sides.
Has a pair of equal angles (Angles between the unequal sides).
The longer diagonal bisects the shorter diagonal at right
angles.

The properties are used to calculate angles and sides of given
figures. Make sure you recognise the properties where they exist.

 Consider the following example:

1. Calculate the lettered angles.

 Solution

1. a = 630   (Corresponding Ls.)
a = b      (Opposite Ls of a parallelogram.)
∴  b = 630  (or Alternate Ls.)
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a

e

d

c
840 400

630
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a

730

1230

b

370

d

e

c

730

g

f

980

670

x

1160

4x 2y

350

h

i
1200
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330

b + c + 840 = 1800  (Ls on a straight line.)
c = 1800 – (84 + 63)

= 1800 – 1470

= 330

d     =  840   Alternate Ls.

a + e = 1800  Allied Ls.
      e = 1800  – 630

 =  1170

1. Are the following statements true or false? Explain your answer.
a) An equilateral triangle is an isosceles triangle.
b) An isosceles triangle is an equilateral triangle.
c) A rectangle is a parallelogram.
d) A square is a rhombus.
e) A rhombus is a square.
f) A rhombus is a kite.
g) A parallelogram is a trapezium.

2. Calculate the lettered angles in each case.

    a) b)

c) d)

3. Calculate the value of x and of y in each case.

a) b)

c) d)

7F

(4x+5)0

(2x–5)0 (x+4)0

(4y+4)0

(7x)0
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6. Find the value of y in each of the quadrilaterals with the
following angles. State the type of quadrilateral it is.
a) y + 100; y + 300; y – 500; y – 300

b) y; y – 100; y – 100; y – 280

c) y + 150; 5y + 150; 2y – 100; 6y – 100

G. SHAPES AND SYMMETRY

Shapes have two types of symmetry.
(i) Bilateral (lines of symmetry)
(ii) Rotational (Angles of turning)

A line of symmetry is a line which can be drawn through a shape so
that one side of the is a mirror image of the other side, or it is the line
along which a shape can be folded to produce two identical parts.

Consider the following shapes

1. 2.

3.

This diagram can be completed so that it has four lines of symmetry.

1. With the aid of sketches, copy and complete the table below.

  NUMBER OF LINES
SHAPE   OF SYMMETRY

Isosceles
Equilateral
Square
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Line of
symmetry
(mirror lines)

Lines of
symmetry
(mirror lines)
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Fig 7.10

Table 7.2
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  NUMBER OF LINES
SHAPE   OF SYMMETRY
Rectangle
Rhombus
e.g. Kite 1
Parallelogram
Circle
Regular Pentagon

2. Consider all the capital letters of the alphabet. Write each
one properly and see if it has any line or lines of symmetry.
Copy and complete the table below.

NUMBER OF LINES
CAPITAL LETTER OF SYMMETRY

e.g. A 1

Z

3. How many lines of symmetry does each of the following
shapes have?

a) b)           c)

d) e) f)

g) h)          i)

4. Copy and complete the following diagrams so that the dotted
lines are the lines of symmetry of the completed shapes.

a) b)

Table 7.3

Table 7.4
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c) d)

H. ROTATIONAL OR POINT SYMMETRY

Unlike (normal) symmetry rotational symmetry involves turns about
a point (usually the centre of the figure). The idea is to turn the
figure until it mirrors itself. This can happen a number of times
before the figure is back to its starting position. The number of
times is the order of the rotational symmetry.

Consider an equilateral triangle:

1.   (i) (ii)           (iii)

(iv)

This illustrates an anticlockwise rotation about the centre of the
triangle. We want to calculate the number of moves/stages say
that A goes through before it comes back to its original position.
i.e. (i) Original position

(ii) A takes the position of B
(iii) A takes the position of C
(iv) A takes its original position

This shows that the figure fits exactly onto itself  3 times before it
is back in its original position.
Thus an equilateral triangle has rotational symmetry of order 3.
Do you notice that at each rotation the figure has turned through
600?
N.B. A shape can be rotated ina clockwise or anticlockwise direction.

Notice that if rotated anti-
clockwise about its centre. A
cannot go to B to create a
symmetry. It will not have moved
enough for the rectangle to fit
over itself.

A B

C

A
B

C

A B

CD
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2. How about a rectangle

Fig 7.11

Fig 7.12



158

A needs to move to C then back to itself. Hence a rectangle has
rotational symmetry of order 2, as illustrated below.

What is the angle of rotation in this case?

3. How about a regular octagon?

Point A stops at 7 other points before it
comes back to its original position.
∴  order 8. Drawing the shape on tracing
paper so you can physically see the
moves helps understanding.

1. Investigate then copy and complete the given table below.

   ORDER OF
SHAPE    ROTATIONAL SYMMETRY

Isosceles
Equilateral 3
Square
Rectangle 2
Rhombus
Parallelogram
Kite
Trapezium
Circle
Regular Hexagon

2. Compare the number of lines of symmetry and the order of
rotational symmetry of regular shapes. What do you notice?

3. Consider capital letters of the alphabet
List those letters with rotational symmetry of order 2.

4. The diagram is incomplete. Complete the diagram
given that the completed figure has rotational
symmetry of order:
a)  2 b)   3 c)   4

5. How many lines of symmetry does each of the completed
diagrams in question 4 have?

A B C D A B

A
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Fig 7.13

Fig 7.14

Table 7.5

D C B A D C
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The shape shown is part
of a shape which has the
dotted line as its line of
symmetry.
a) Copy the diagram to
graph paper and complete
the shape.
b) Give the order of
rotational symmetry of the
completed shape.

9.

–1

0

1

2

3

4

5

6

7

1 2 3 4 5 6 7 8 >

6. The diagram shows two equal circles
intersecting at two points. Give
a)   the number of lines of symmetry
b)  the order of rotational symmetry of
       the diagram.

7. The diagram shows a rectangle between
two semi-circles.
State: a)  the number of lines of symmetry.
            b) the order of rotational symmetry.

8. Draw a sketch of a square between two semi-circles, as in 7
above and state:
a) the number of lines of symmetry.
b) the order of rotational symmetry.
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Fig 7.16

Fig 7.17
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1. Acute angles are those between 00 and 900.
Obtuse angles are those between 900 and 1800.
Reflex angles are those between 1800 and 3600.

2. Vertically opposite angles are equal.

3. The angles around a point add up to 3600.

4. Adjacent angles on a straight line add up to 1800.

5. Of angles in parallel lines:
� Alternate angles are equal.
� Corresponding angles are equal.
� Co-interior or Allied angles are supplementary.

6. The internal angles of a triangle add up to 1800.

7. The sum of two interior angles of a triangle add up to the
exterior opposite angle.

8. The sum of exterior angles of any polygon is 3600.

9. The sum of the interior angles of any polygon (n – 2)1800
where n is the number of sides or angles.

10. The table below summarises some properties of polygons:

Table 7.5

Shape Number of lines Order of Rotational
of symmetry symmetry

Isosceles 1 –
Equilateral 3 3
Square 4 4
Rectangle 2 2
Rhombus 2 2
Kite 1 –
Parallelogram 0 2
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Hint
A rhombus is often
confused with a
square or a
parallelogram. Draw
an accurate sketch or
answers to relevant
questions will depend
on memory.

^
^Hint

The diagram has an
isosceles    BAD as
well as parallel lines.
Properties of these
need to be used.

^
^

^

Parallel lines used

Isosceles    used
^

^

Please note that questions relating to this chapter are usually found in
Paper 1 of ‘O’ Level examinations. One mark for most of the questions.
This means candidates need to work with extreme caution to ensure their
answers are correct and gain marks.

^
A

DE

B C320 480

 Consider the following examples:

1. PQRS is a rhombus whose diagonals meet at O. State:
a) the number of lines of symmetry of the rhombus.
b) the order of rotational symmetry of the rhombus.

  Solution

a) 2 b)   2

2. In the diagram, BC is parallel to
ED, CBD = 320, BCD = 480 and
AD = BD. Calculate:  a) ADB

        b) ABD

  Solution

ADE     = 480   Corresponding Ls
EDB     = 320    Alternate Ls
∴ ADB = 480 + 320

     =  800

In    BAD,
BAD =  (1800 – 800) )2

=  100 )2
=  500

DEA =  BAD  =  ABC
=  500

∴ ABD =  500 – 320

=  180

^

^ ^ ^
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Now do the following:
1.

In the diagram, the lines ABCD and EFG are parallel, BE is
parallel to CF and       BEF is an equilateral triangle.
a) Calculate: (i) CFG        (ii)   ABE

b) What type of triangle is BCF?

2. a) Find the size of each interior angle of a 25-sided regular
polygon.

b) Find the number of sides of a regular polygon, whose
interior angles are 1080 each.

3.

In the diagram, EF is parallel to BC and AB is parallel to FG;
AEB and BGC are straight lines.
a) Given that CF = CG and FCG = 470, find:

(i)    AFE (ii)   EBG (iii)   BEF.

b) Name the two triangles that are similar to triangle AEF.

4.

a) Give the number of lines of symmetry of the above shape.

b) State the order of rotational symmetry of the above shape.

A

FE

B
G

C
480

A B C D

E F G

^ ^
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5. a) 3 of the angles of a hexagon are (2x)0, (12 + x)0 and
(4 + 3x)0. Each of the other three is (x + 10)0.
Find the value of x.

b) Define:  (i)   complementary angles.
   (ii)  supplementary angles.

6.

In the diagram, BCD is a straight line and triangles ABC and
ACD are isosceles triangles. Given that ABC = 660, find BAD.

7. a) An isosceles triangle has an angle of 380. Draw sketches
of two different possible triangles which fit the given
description, showing the sizes of the angles in each case.

b)

The diagram shows three sides AB, BC and CD of a
regular pentagon. Calculate:  (i)   ABC

          (ii)  BDC

D

A

^ ^
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8
Maths decoder 3/4

8ZPH
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This chapter is going to teach you what is meant by congruent or
similar figures. Two figures are said to be congruent when they
exactly fit over each other. This means such figures are identical
i.e. the same in all respects (shape and size). The following diagram
shows four congruent triangles.

Fig 8.1
Notice that these triangles have the same shape and are all of
the same size (i.e. are identical or congruent).

Figures are similar if they are equiangular. (i.e. corresponding angles
are equal). In this case the figures have the same shape but differ in
their sizes. A good example is you and your own photograph. Notice
that the person on that card is really you but not exactly! This is
because the person on the card is much smaller than you are. Below
is an illustration of similar figures.

Fig 8.2a) Fig 8.2b)
(i) 300ml coca cola bottles vs       (ii)  washing soap packs of

1 litre coca cola bottles. different sizes.

(iii)        (iv)

Fig 8.2c)
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Congruency and
similarity

triangles with the same
angles and shape but
different side lengths.

Fig 8.2d)
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Thus

             Congruent Similar
Fig 8.3

By the end of this chapter, candidates should be able to:

identify congruent as well as similar figures in given situations.

name congruent or similar figures correctly.

find sides or angles in congruent or similar figures.

solve problems using ratios of:
(i) corresponding sides. (ii)  areas.    (iii) volumes.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter it is assumed that students are
able to:

 draw and construct triangles given relevant measurements.

identify the type of triangle under discussion.

find the missing angle in a triangle given any two of the angles.

identify and apply angle properties in parallel lines.

solve simple linear equations

convert units of measurement or scales of maps in the form1:n.

A. CONGRUENT TRIANGLES

1. Cases of congruency
Triangles are congruent if: two sides and the angle between
them are the same. This is identified as:
a) SAS (i.e. side-angle-side). Notice that the angle is

between the given sides. This is not SSA nor ASS.

i.e.
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b) AAS (i.e. Angle-angle-side). This can also be identified
as SAA or ASA. The angles are located on the given
side.

c) SSS (i.e. side-side-side). All the sides have the same
measurement.

d) RHS (i.e. right angle-hypotenuse-side). The hypotenuse
and one of the sides of a right angled triangle are the same.

Notice that these conditions (cases) allow only one possible
construction of the triangle.

These are the four cases or conditions of congruency, SAS, AAS,
SSS and RHS. Next time you think the triangles you are looking at
are congruent, make sure you see one of these cases in the
triangles.

B. THE CONGRUENCY STATEMENT

 Consider the following triangles

     ABC ≡      RQP   (SAS)
(i.e. Triangle ABC is congruent to triangle RQP, the case being
SAS)
≡ ≡ ≡ ≡ ≡ means is congruent to. Thus ≡≡≡≡≡ means ‘is not congruent to’.
The statement above is correct since corresponding features of
the triangles are in corresponding positions.

i.e. A  =  R,  AB  =  RQ and AC = PR. These must be in corresponding
positions in the statement.

or

Fig 8.5

Fig 8.6

Fig 8.7

Fig 8.8
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This then means that   ABC  ≡ PQR
i.e.   ABC  is not congruent to       PQR because the equal
measurements do not correspond.
The order is important when naming congruent shapes.

 Consider the following examples

1. Which shape is congruent to A?
A B C

2. Give the triangle that is congruent to      XYZ.

Solutions

2. C is congruent to A.        2.       VZY is congruent to     XYZ.

1. State whether the pairs of shapes below are congruent or not
congruent. Use your visual judgement.
a)    b)

c)   d)

2. Which figure is not congruent to the other two?

a)(i)          (ii) (iii)
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b)(i) (ii) (iii)

c)(i) (ii) (iv)

d(i) (ii) (iii)

3. State whether the pairs of triangles are congruent or not
congruent. If congruent, give the proof of congruency.

a)

b)

c)

d)
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e)

f)

4. Draw a rectangle ABCD. Draw in the diagonals AC and BD.
Name three triangles which are congruent to    ABC.

5. Draw a parallelogram PQRS. Draw in the diagonals PR and
QS. Let the diagonals meet at O. Name the triangle congruent
to:  a)       OQR        b)         POQ.

6. From each diagram, name the triangle that is congruent to
    XYZ. Use the correct order.

a) b)

c)          d)

X

Fig 8.12
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e)

C. SIMILAR TRIANGLES

As previously stated, similar figures have the same shape but the
size differs. This means angles are used to prove or show similar
figures.

Consider the triangles below

1.

In this case      ABC III    QPR
(i.e. triangle ABC is similar to triangle QRP)
III  means ‘is similar to’
III  means ‘is not similar to’
When triangles are similar and given in the correct order, the ratio
of their corresponding sides is the same.

It then follows that the ratio of corresponding sides is the same i.e.
when      ABC III    QRP
then        AB      BC      AC This ratio is often called

      QR      RP      QP scale factor.
It should be borne in mind that this ratio is very important, when
figures are similar.

 Consider the following examples:

1.

Find the value of x.

= =

A B Q R

P

Q R
6cm
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HintHint
Show means prove
the angles are equal
giving reasons why
they are equal.

HintHint
Sides are used in the
ratio, so think of the
ratio of corresponding
sides.

= =
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right away.
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similar.

A

DE

B C

9cm
1,5cm 2cm

8cm

  Solution

1. Considering their angles, we find that the two triangles are
             ABC III      RQP

∴ AB      BC      AC
       RQ     QP      RP
Substitute the given lengths.
x         8        AC
6   QP    10
Solve the equation for x.
x         8
6   10

        x    =  4,8

Always make sure that:
(i) the order of the relevant measurements of triangles is correct.
(ii)    numerators           of the ratios are from the same triangle.

   or denominators
(iii) You work with two of the three ratios.

The third ratio with no values substituted is ignored.

2. From the diagram:
a)   show that      ABC III     AED
b)   hence find  (i) BC   (ii)  AE

Solution

2. a) A is common:
B  =  E    corresponding angles in parallel lines
C  = D   corresponding angles in parallel lines or third
angles are equal.

∴      ABC III     AED

b) i.e.  AB     BC     AC
              AE     ED     AD

(i)   BC      10 (ii) AB       10
       9         8 AE        8

(but AB  = AE + 1,5)

∴  BC  =  10   V 9 AE+1,5       10
                 8      AE           8

=  45 8(AE+1,5) = 10AE
     4 8AE + 12  = 10E
=  11   cm          2AE = 12

                   AE = 6cm

Fig 8.16
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1. In each case:
(i) state the pair of similar triangles.
(ii) find the length marked x or y.

a)    b)

c) d)

e)        f)

2.

In the diagram XY = 4m, XZ = 3m and XW = 5m. VWIIYZ.
WXY and VXZ are straight lines.
a) Show that     VWX III     ZYX.
b) Find VX.

HintHint
Always identify
similar triangles, in
the correct order. Then
apply the ratio of
corresponding sides
to make further
calculations.
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3. Find the height of a pole which casts a shadow of 1,2m, when
at the same time in the same place, a girl of height 1,4m
casts a shadow of 60cm.

D. RATIO OF AREAS AND THE RATIO OF VOLUMES OF
SIMILAR FIGURES

Consider the diagram below.

There is no doubt that the shapes are obviously similar.
Do you see that (1) that the ratio of corresponding sides =      =      =

Now consider the areas.
(Count the squares inside each shape).
Smaller area = 5 units2

Bigger area = 20 units2

 ∴ Ratio of areas      =        =      = (   )2

This indicates that:
(2) The ratio of areas of similar shapes is the square of the

ratio of their corresponding sides.

Suppose the diagram is representing side views of two tins with
square bases.
Then
Volume of the smaller tin A = 2V2V3 units3

    = 12 units3

Volume of the bigger tin B  =  4V4V6 units3

    =  96 units3

     12      1       1  3

     96      8       2

This indicates that:
(3) The ratio of the volumes of similar figures is the cube of

the ratio of their corresponding sides.

Make sure you understand these three ratios well.

∴ Ratio of their volumes =        =      =

 20
  5

 4
 1
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 1
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 Consider the following examples:

1. The ratio of the height of similar tins is 2:5.
a) Find the ratio of the surface areas of the tins.
b) If the smaller tin has a capacity of 160ml, find the capacity

of the larger tin, in litres.

  Solution

1. a) Ratio of heights = 2:5
∴ Ratio of surface areas = (2:5)2

    = 4:25

b) ∴ Ratio of volumes  = (2:5)3

         = 8:125
Let the volume of the larger tin be xml
Hence     x        125 i.e. Ratio of volumes

  160         8

               125  V 160
                 8       1

           =  2 500
Volume of larger tin  = 2500ml

         = 2,5l

2. The ratio of volumes of two cans is 8:27.
a) Find the ratio of the heights of the cans.
b) If the bigger can is 15cm high, calculate the height of the

smaller can.
c) If the base area of the smaller tin is 12cm2, find the

base area of the bigger tin.

  Solution

2. a) Ratio of volumes = 8:27
∴ Ratio of heights =           (i.e. cube root of      )

=

b) Let x be the height of the smaller can.
2         x
3        15

                   2
           3

             = 10
∴ Height of smaller can = 10cm

/3
 27
 8

HintHint
Capacity is volume!

Make sure components
of corresponding
volumes are in the
same position e.g.
bigger volumes are
numerators.

 27
 8

HintHint
Capacity is volume!

Make sure compo-
nents of correspond-
ing volumes are on
the same side e.g.
bigger volumes are
numerators.

HintHint
Since the question is
clearly based on
similarity, deduce
which ratio is relevant
and make sure you
bear in mind the other
two.
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c) Ratio of areas  = (    )2    not   (    )2

Let x be the base area of the bigger tin.
∴    x       9
     12       4

      x    =   9   V 123

         4
1

     =  27
∴  Base area of bigger tin = 27cm2

3. A map is drawn to a scale of 1:25 000 and a forest on the
map has an area of 20cm2. Find the actual area of the forest
in square kilometres.

  Solution

3. Hence ratio of areas = (1:25 000)2

   x        25 0002

  20 1

   x    =  (25 000)2  V 20
 =  1 2500 000 000cm2

∴ Area of forest =  12 500 000 000cm2

         =  1,25km2

Notice that this approach produces very large numbers like 25
0002 = 625 000 000. One can easily miss one or two of the zeros
in the working out. An alternative approach is:
Step 1. Change the ‘actual’ side of the scale to the required unit.

i.e. 1:25 000 = 1cm : 0,25km. Note how.

Step 2. Split the given area into convenient sides e.g. 5cm by
4cm.
This then means that:
the actual length of the area =  5 V 0,25

=  1,25km

the actual width of the area =  4 V 0,25
=  1km

Hence the actual area =  1,25 V 1km2

=  1,25km2

The figures used in this approach are relatively small.

=

 3
 2

 9
 4

Ratio of areas = (    )2

Using the given ratio
incorrectly.

                              Common Error

PETROL

DIESEL

 27
 8

HintHint
Scale is a ratio of
corresponding sides.
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1. Two similar containers have radii in the ratio 1:3.
Find the ratio of: a)  their heights.

         b)  their surface areas.
         c)  their volumes.

2. Two circles have diameters xcm and 2xcm.
What is the ratio of: a)  their circumferences?

  b)  their areas?
Give both answers in their simplest form.

3. A solid has height 4cm and volume 50cm3. A similar solid
has volume 3 200cm3. What is the height of this second
solid?

4. A model tower is made to a scale of 1 to 200. The actual
tower has a volume of 800m3.
Calculate the volume of the model in cm3.

5. Two similar solids have volumes V and v such that V = 27v. If
their surface areas, A and a respectively, are such that A = ha,
find the value of h.

6. A map of a growth point is drawn to a scale of 1:500 000. A
road on the map is 8cm long.
a) Calculate the actual length of the road, giving the answer

in kilometres.
The actual area of the growth point is 150km2.

b) Calculate, in square centimetres, the area of the growth
point on the map.

7. Two similar jugs have base diameters of 24cm and 18cm.
Find the capacity of the larger jug if the smaller one has a
capacity of 4 litres. Give your answer to the nearest litre.
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1. Congruent figures are identical.
i.e. they have the same shape and size.

2. All corresponding features of congruent figures are equal,
be it sides, angles, areas or volumes.

3. The sign ‘≡≡≡≡≡’ is used to mean figures are congruent.

4. Similar figures have the same shape but differ in size.

5. The sign ‘III’ means similar to.

6. When figures are similar:
a) the ratio of their corresponding sides (scale factor) is

the same.
b) the ratio of their areas is the square of the scale factor.
c) the ratio of their volumes is the cube of the scale factor.

7. Always place the corresponding measurement of congruent
or similar figures in the correct order.
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 Consider the following examples:

1. The diagram shows a parallelogram between parallel lines.

Fig 8.20

a) Name the congruent triangles, found in the diagram.
b) If ADB = 370 and ABC = 1050, find BCD.

  Solution

1. a)     ABD ≡ ≡ ≡ ≡ ≡     CDB

b) In     CDB
DBC = ADB = 370

In     ABD
D = 370

B = 1050 – 370

= 680

∴ A = 1800 – (680 + 370)
= 1800 – 1050

= 750

   ∴ BCD = BAD
= 750

2. All the lengths in the diagram are
in m.

Fig 8.21

a) Which exist in the diagram, congruent or similar figures?
b) Name the congruent or similar figures.
c) Find PT.

A D

B C

^ ^

HintHint
Write down any one of
the triangles then
make sure the letters of
the second follow the
order of the first one.
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  Solution

2. a) The diagram has no congruent shapes.
There are similar triangles in the diagram.

b)      RST III     PQS

c)   ST        RT       RS
  SP     PQ      QS

  ST        9
  80    72

                        9
              72

=  10m
       Hence PT = (80 – 10)m

= 70m

Now do the following:

1.

The diagram contains three pairs of similar triangles. Give
the pairs.

2.

a) In the diagram, PT = 8cm, QT = 6cm and RS = 42cm.
Also PTQ = PRS = 900

Find QR.

=          =

10

8
1
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=
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3. The scale on a map is such that 3cm on the map represents
0,5km on the ground. Calculate:
a) the length, in kilometres, of a stream which measure,

28,5cm on the map.
b) the area on the map, in square centimetres that represents

a farm of area 6km2.

4. A school playground has an area of 726m2. On the map, the
playground is presented as an area of 24cm2.
a) Find the scale of the map.
b) Find the actual length, in metres, of a classroom block

which is represented by a line 3,2cm long on the map.

5.

On the diagram PQR, RST and PUT are straight lines.
QU // RT AND RP II SU
a) Name, in the correct order, the congruent triangles in

the diagram.
b) Name, in the correct order, two triangles which are similar

to     PQU.
c) Given that PU:UT = 2:1, PQ = 7,5cm and the area of

triangle PRT is 63cm2.
Calculate: (i) QR

      (ii) the area of triangle UST.

6.

ABCD is an isosceles trapezium in which AB is parallel to
DC. The diagonals AC and BD meet at E.

a) Name two pairs of congruent triangles, other than      AED
and     BEC.

b) If DE = 14cm, EB = 3,5and DC = 20cm,
calculate: (i) AB

     (ii) the ratio of the area of    AEB and the
area of     DEC.
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This chapter seeks to explore mainly angles created inside and
around a circle. Lengths of lines in a circle will also be considered
in conjuction with the angles they create.

 By the end of this chapter, students should be able to:

use properties of the radius, diameter, chord, tangent and
cyclic quadrilateral to show relationships between angles.

use circle theorems in calculating angles and lengths of lines
in a circle in the following situations:

angle at centre versus angle at the circumference.
angles in the same segment and semicircle.
angles in alternate segments.
angles in a cyclic quadrilateral.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

correctly draw and identify circle parts created by special lines
in a circle such as sector, segment, semi-circle.

identify similar and congruent triangles.

name correctly, lines drawn in and through a circle. Lines
to include; radius, diameter, chord and arc.

name and relate angles in parallel lines.

carry out basic constructions using a ruler and compasses only.

apply Pythagoras Theorem in right-angled triangles.

solve simple simultaneous equations.

use calculators for finding angles using appropriate trig ratios.

9
Maths decoder 3/4

9ZPH

2

1

Angles in a circle

Syllabus
Expectations



182

A. PARTS OF A CIRCLE

In Fig 9.1 A, B, C is a circle with
centre O. The parts p, q and r are
called sectors. r is a special sector,
it is a semi-circle.
Line AC is a special chord called the
diameter. When two diameters of
the same circle meet  perpendicularly,

Fig 9.1      the sectors created are called
        quadrants.

In Fig 9.2, line AB is called a chord.
A chord divides the circle into
segments (major and a minor). One
is called a major according to its
size. Along the circumference, AB
is an arc (major and minor).

Fig 9.2

In Fig 9.3, chords or arcs are subtending
angles at the circumference of the circle.
e.g chord AB is subtending ACB = θ
chord BC is subtending BAC = α

Fig. 9.3

1. Use Fig 9.3 to name the chord and the angle this chord is
subtending.

Use Fig 9.4 to answer the questions 2 to 8 which follow.

2. Name the chord which subtends
ADC.

3. Chord DB subtends DAB in the
major segment. State the angle that
is subtended by DB in the minor
segment.

Fig 9.4

4. Chord AB subtends two angles in the major segment, name
them.

^
^

A

B

C

D

^

^

D

C

A
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α

θ

r O q

p

A B

C

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Major
segment

A

B
M

in
or

se
gm

en
t

Major
arc

Minor
arc

9A

Hint
To subtend is to ‘form’
an angle. Lines AC
and CB are from
chord AB and meet at
C. Thus chord AB sub-
tends ACB = θ at the
circumference. In gen-
eral – the outer letters
of the angle form the
chord or arc from
where the arms of the
angle are drawn.

^
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5. Name all angles subtended by chord BC.

6. Chord DC subtends 2 angles in the major segment. Name
them.

7. In which segment (major or minor) are these angles found?
a)  DBA b) DBC c)    ADB

d)  BCD e) BDC

8. In Fig 9.4 list the pairs of angles being subtended by the same
chord in the same segment.

B. CIRCLE THEOREMS

Put simply, a theorem is a proven fact. Draw a circle, centre O,
with radius 5cm or more and copy the diagrams below. (Size of
angles need not be copied).

Fig 9.5

On your diagrams, measure angles AOB and APB in each diagram.
What do you notice?
The two angles AOB and APB are both subtended by the same
arc/chord AB, one at the centre and the other at the circumference.
The relationship between these two angles gives the first theorem.

Theorem 1:
The angle subtended by an arc/chord at the centre is
twice the angle subtended by the same arc/chord at the
circumference

OR
The angle subtended at the circumference is half the
angle subtended at the centre. (The two angles being
subtended by the same arc/ chord.)

Copy this diagram onto a circle, centre
O, of radius 5cm or more.
On your diagram measure the angles
ACB, ADB, AEB, AFB. What do you
notice?

Fig. 9.6
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Hint

There are four pairs.

^ ^

P

B

A

O

P

BA

O

P

BA

O

^ ^

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

^ ^ ^ ^

F

E
D

C

B
A



184

B

C

DA

O ^ ^

^
^ ^ ^

 2
 1

a

30
0O

b
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Theorem 2:
Angles in the same segment are equal if subtended by
the same arc or chord.

OR

Angles subtended by the same arc/chord in the same
segment are equal.

There is now enough information learnt
to establish the next THEOREM. In this
diagram ADB and ACB are in the same
segment, so they are equal
Also AOB = 1800 and is at O, the centre.
This then means ACB or ADB =     AOB

Fig. 9.7             =  900

Theorem 3:
Diameters subtend right angles (900) at the
circumference.

or The angle in a semi-circle is a right-angle

 Consider the following examples

1.

Find the angles marked a and b in
this circle, centre O.

  Solution

i.e. a and 300 are angles in the same segment,
∴ a = 300

b is subtended by a diameter,
∴ b = 900

2.
The circle has centre O.
Find the angles marked c and d.

          Solution

740 is at the centre

∴ c =      V 740

            =  370

740

c

d

O

Hint
Identify theorems in
the diagram. Relate
each to the question/
s.
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9B

b

a 300

d

740

630

c

c and the angle next to d are in the same segment and so are
equal.

d and the angle next to it make 900 .
∴ d =  900 – 370

=  530

3. Find the angles marked e and f.

  Solution

e = 1800 – 710 = 1090

f =  900 – 690 = 210

In these problems, O is the centre of the circle.
Find the lettered angles in each diagram.

1. 2.

690

710

fO

e

690

710

210

690

710

1090
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Hint
Mark all equal angles
you can see in the
diagram using the
relevant concepts or
theorems.

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

o



186

e
O

O
f

1400
300

k

O
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ABCO is not a cyclic
quadrilateral because O
is not on the
circumference.
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550

O
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g

1120

1300

j

780
440

O

3. 4.

5. 6.

7. 8.

C. THE CYCLIC QUADRILATERAL

Remember, a quadrilateral is any four sided plane shape.
In Fig 9.8 ABCD is a special quadrilateral,
in the sense that all its vertices are on
the circumference of a circle. Such a
quadrilateral is called a cyclic
quadrilateral.

                       Cyclic comes from the word cycle/circle.

Fig. 9.8

    In Fig. 9.9 ABCE, ABDE and ABFE are
    quadrilaterals but ABFE is not cyclic!

Fig. 9.9

Angles of a cyclic quadrilateral are specially related.
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To establish the relationship, draw a circle of radius 5cm or more
and insert any cyclic quadrilateral in the circle. Measure all the
angles of the quadrilateral. What do you notice on the sum of the
opposite angles?

Theorem 4:

Opposite angles of a cyclic quadrilateral add up to 1800

(they are supplementary).

If each side of the cyclic quadrilateral
is produced or extended.
a + b = 1800  Opposite angles of

    a cyclic quadrilateral.
 c + b = 1800   Adjacent angles on

    straight line.

Fig. 9.10

The two statements imply that a = c  a is an interior angle.
   c is the exterior opposite
      angle to a.

Theorem 5:
An interior angle of a cyclic quadrilateral is equal to its
exterior opposite angle.

 Consider the following examples

1. Find the angles marked x and y.

        Solution

    x + 570 = 1800  Opposite angles of
a cyclic quadrilateral

              x = 1800 – 570

= 1230

        BCE = 570 and similarly
        CBE = 680

Thus to find y, either       AED or       BEC can be used.

In both cases
y + 680 + 570 = 1800   Sum of angles of a

           y = 1800 – 1250

           y = 550

Hint
Supplementary angles
are two angles which
add up to 1800.
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p   q   DE is not the
extension of AD.
ADE is supposed to be
a straight line.
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2. In the diagram TR is the diameter of
the circle. If RTS = 320, QRT = 520

and PTQ = 270, calculate:
a)  RTQ       b)  PQR      (c)  PSR

2. a) In       TRQ
Q = 900

∴ RTQ = 900 – 520 or 180 – (90 + 52)
             = 380

b) PQR is in a cyclic quadrilateral PQRT in which
   PTR  =  270 + 380

 =  650

∴ PQR  = 1800  – 650

 =  1150

c)     PSR  = 1800 – 1150  PSR is opposite PQR in cyclic
              = 650 quad PQRS

3. In the diagram, a circle passes
through points P,Q,R,S and T. PT
is produced to U. If PQR = 1190

and STU = 870, calculate
a)   PSR     b)   SPR

3. a) In cyclic quad. PQRS
PSR = 1800 – 1190 opposite angles of a cyclic quad.

= 610

b) In cyclic quad. PRST,
PRS = 870  Exterior vs. interior opposite angle

In      PSR
SPR = 1800 – (610 + 870)

= 1800 – 1480

= 320

^ ^
^

^ ^ ^

T

P

Q

S

R

^
^

^
^

 ^

^

Solution

^
^
^ ^

Solution

^

^

^
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Identify theorems that
apply to the diagram
e.g. there are several
cyclic quadrilaterals.
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1.    2.

Given that BCE = 680 Given that BAC = 530

Find BAD. and ADB = 620. Find
ABC.

3.    4.

O is the centre of the O is the centre of the
circle. If ACB = 760 and circle. If DEC = 200.
DAC = 270, Find CEF.
Find a) AOB    b)  OBC

c) DAB

5.    6.

O is the centre of the
circle.

Given that CBG = 830 If BED = 630 and
and ACD = 660, find    BDC = 200, find
a)   ADC      b)  DEF a) BCD     b)  DAC

9C

B

C

G

660

830

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Hint
Some questions involve
many unnecessary
lines to confuse
students e.g. Question
4.
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P
A

B
Q

^ ^

R

P

FG

D

O

7.      8.

O is the centre of the
Chords PR and SQ circle. Given that EDG
intersect at X. It is given = 670 and OED = 380,
QPR = 640 and Find
RQS = 460. a) reflex EOG
a)  Find (i)  QSR b) DGO (Hint: Join O to D)

             (ii) QRS
b)  Name in the correct
     order, a triangle which
      is similar to triangle
      RXS.

D. THE TANGENT TO A CIRCLE

In Fig 9.11 line PQ cuts the
circumference at A and B.
Part AB of PQ is the chord not the
whole PQ.
PQ is called a secant. A secant is a
straight line cutting through a circle.

Fig. 9.11
However if PQ is pushed in the direction shown by arrow, to sit
on the circumference as illustrated in Fig 9.12 below, it becomes
a tangent to the circle.

PQ is a tangent to the circle at C.
This PQ can be broken into two
tangents PC and CQ.
Also, TR is a tangent to the circle at
R and TD a tangent at D.
C, R and D are called points of
contact. By measurement, it can be
deduced that TRO and OCP are right
angles (900).

Fig. 9.12

Theorem 6:
The angle between a tangent and the radius of the
circle at the point of contact is 900.

S 460

640

X
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Hint
A tangent to a circle is
a straight line which
just touches the circle
at one and only one
point.
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T

A

C

B

O

540

Also by symmetry
Theorem 7:

Tangents from the same external point to the same
circle are equal in length.
e.g. TR = TD in the above diagram.

 Consider the examples below:

1. O is the centre of the circle.
Given ABC = 700, find:
a)   ACB         b)   ACD

  Solution

1. a) From     ABC, A = 900     b)  DCO = 900 Tangent DC
            meet radius OC)

∴ ACB = 900 – 700 ∴ ACD= 900 – 200

= 200 = 700

OR
ACB = 1800 – (900+700)

= 1800 – 1600

=  200

2. O is the centre of the circle
TC and TA are tangents to the circle
from a point T. If CAT = 540, find
ACB.

 Solution

2.      TAC is isosceles since TC = TA
    ACT  = 540

∴ ACB  = 900 – 540    since TCB = 900

                       = 360
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3. In the diagram, ABCD is a cyclic
quadrilateral in which AD is a
diameter and BC = CD.
DB is produced to meet the
tangent at T. If CBD = 190, find:
a) BAT
B) BTA

  Solution

3. a) BCD = 1800 – (190 + 190)
= 1800 – 380

= 1420

BAD = 1800 – 1420

= 380

b) ∴ BAT = 900 – 380

= 520

∴ BTA = 900 – 520

= 380

Take O to be the centre of the circle where it is given.

1.
Given that BCO = 530, calculate:
a)   AOC b)   PBC

2.

^
^

^

^

^

^
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Find: a)  BDC      b)   ABD
 c)  BOC
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c)   CAT
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B

O

C
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O
A

C

^ ^ ^
^

PP

260

3. Given that BAP = 850 and
CBO = 330, find:
a)   ACB        b)   BAC

4. 5.

Given that ACO = 180 and Given OBA = 360, find:
PAB = 280, calculate: a)    BAP       b)   ACB
a)   ABC       b)   PAC

6. 7.

Given BOA = 1160, find: If PBA = 320, find: a)  BAO
a)   BAP        b)   APB        b)  APB

8. 9.

Given TPO = 260, find:
Given APB = 380, find: a)  POA     b)   ACO
a)   AOB       b)  ACB c)  CAT      d)  ABP

E. ANGLES IN ALTERNATE SEGMENTS

In Fig 9.13, PBA is between
chord AB and tangent PB at the
point of contact B. The shaded
segment is called the alternate
segment since this area is on the
opposite or alternate side of the
chord, making the angle with the
tangent.Fig 9.13

380

^

B

A

T

C
O

330

850

O

B

A

1160

^
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Similarly the unshaded segment is the alternate segment of ABT.
Draw a circle of radius 5cm or more and copy the diagram below.

On your diagram, measure and
compare the angles TAB and ACB.
Do you see that these are angles in
alternate segments?

Fig 9.14
Measure and also compare CAP with ABC. What do you notice?

Theorem 8:
Angles in alternate segments are equal.

 Consider the example below

1. In the diagram TDP is a tangent to
the circle at D. Identify all the angles
equal to the given angle.

a) ADT b) BDT
c) CDP d) BDP

 Solution

1. a) ADT  =  ABD and ACD Angles in alternate segments.

b) BDT  =  BCD

c) CDP  =  CAD  =  CBD

d) BDP  =  BAD

2. In the diagram, three tangents RCQ,
RAP and PBQ to the circle A, B, C
meet at R, P and Q. If       ABC is
equilateral, show that       PQR is
equilateral as well.

Solution

2. ABC  =  RAC  =  RCA  = 600

∴ ARC =  600

BAC =  CBQ  =  BCQ  = 600

∴ CQB =  600

^ ^

^ ^
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BCA  =  PAB  =  PBA  = 600

∴ APB  =  600

∴     PQR is equilateral

3.

In the diagram TD is the tangent of the circle at D. Given that
AB = BD and ACB = 560, find ADT.

  Solution

3. Take note: (i) ADT = ABD  (Angles in alternate segments)
(ii)       ABD is isosceles
(iii) BCA = BDA  (Angles in the same segment)

How can one prove that ABD is equal to ADT?
Use the isosceles triangle.
Since BCA =  BDA = 560

  ABD =  1800 – (560 + 560)
=  180 – 112
=   680     ∴  ADT  = 680 .

1. Copy the following diagrams (not to scale) and use the given
chord to draw an angle in the alternate segment of the given
angle.

a)     b)          c)

2. The given diagrams have equal angles due to the “alternate
segment” theorem. One angle is given. Give the angle, from
the diagram, that is equal to this given angle.

^ ^ ^

^ ^

^^

^
^ ^

^

^^
^

^
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^^
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D C
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^
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P

C
B
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^

340

a) (i)   PAC (ii)   TAB

(iii)  TAC

b)

(i)   PAB  (2 angles)    (ii)  PAC

(iii)  ACD (2 angles) (iv) CAT

3. a)   Given PAC = 580, find ABC

b)   On a separate diagram, given
      ACB = 490, find TAB

4. 5.

Given that AB = AC and Given that ABC = 570

BAC = 340, find: find:

a)  ACB       b)  PAC a)  PBA   b)  BCA

c)  BAT c)  CBT

A P
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6.

Given BAC = 630,  and APC = 360

find: a)   CBR        b)   BRC       c)   PAC
d)   ABC        e)   ATB

7.

Given PAD  = 680, TAB  = 340

and ABC  = 1100, find:
a)    BAC        b)    ACD
c)   CAT

F. EQUAL CHORDS

Draw a circle of radius 5cm or more and copy the diagram below.
Make sure AB = BC in the first diagram and AB = DC in the second
diagram.

Fig 9.15

On your diagrams, measure
AEB and BDC from the circle ABCDE. What do you notice?
Now measure ACB and CAD from the circle ABCDE. What do you
notice?
Accurate diagrams will produce equal angles!

^
^ ^ ^

^^

^ ^
^
^ ^
^

^
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Hint
Open compasses to a
reasonable radius.
Use point A as centre
to mark point B
in both diagrams.
Repeat with same
radius to get BC and
DC.
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Theorem 9:
Equal chords in the same circle subtend equal angles.

In this case use a ruler and compasses only.
Draw any circle and any chord on it as in Fig 9.16.

Fig 9.16

Now construct the perpendicular bisector of the chord. Draw another
chord in the same circle and construct its perpendicular bisector.
An accurate construction will reveal that:

Theorem 10:
 The perpendicular bisector of any chord always
 passes through the centre of the circle.

This conclusion helps us to find the distance of the chord from the
centre of the circle.

 Consider the example below:

1. The circle, centre O, has radius 4cm. A chord AB, 6cm long
is drawn in the circle. How far is this chord from the centre O.

Solution

1. The diagram will resemble the one below.
Let the distance in question be ON.
This means N bisects AB and ON is
perpendicular to AB. Triangle ONA
or ONB is produced with OA = 4cm,
AN = 3cm
ON =   42 – 32  using Pythagoras’

= /7
= 2,65cm

Draw 2 intersecting circles of different radii as below.

Fig. 9.17
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You will notice that (By measurement of angles between the line
joining the centres and the common chord).
Theorem 11:

The line joining the centres of two intersecting circles is
perpendicular to the common chord.

G. CIRCLES TOUCHING INTERNALLY OR EXTERNALLY

Now draw circles touching internally and/or externally as illustrated
below.

Fig. 9.18
You will notice that: point A, O and P form a straight line.
Theorem 12

When two circles touch each other internally or externally
the two centres and the point of contact are always co-
linear.

 Consider the following example:

2.
Three circles with centres Q, P
and R respectively touch each
other externally.
If RP = 8cm, RQ = 9cm and
PQ = 5cm, find the radii of the
circles.

Fig. 9.19

Let the radii be r, p and q respectively.
This means
r + p = 8
r + q = 9
p + q = 5

Now from     r = 8 – p
substituting this into      gives
8 – p + q = 9
   – p + q  = 1  solve simultaneously with
      p + q  = 5
          2q  = 6

    q  = 3
    r  = 6

            p  = 2
∴ The radii are 6cm, 2cm and 3cm

1

2

3

1

2

3
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B A

Q
C

B

A

XP
Q

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Here is another version of touching circles.
   Circles, centre Q and P, touch
   externally and they both touch the
   circle, centre R, on the circumference
   as shown in diagram.

Fig. 9.20

If the points A, B and C are the points of contact as shown, then
QCP, BQR and APR are straight lines.
PA or PC (p) is the radius of circle centre P.
BQ or QC (q) is the radius of circle centre Q.
BR or AR (r) is the radius of circle centre R.
It then follows that:
p + q = PQ
r – p = PR
r – q = QR
These three equations can be used to find the radii of the three
circles.

H. INTERSECTING CHORDS (OPTIONAL)

In the diagram chords AB and PQ
do intersect at X.
A careful study of the diagram will
reveal that      XBP is similar to

XQA.
Fig. 9.21

Thus  XB      XP        Cross multiplying the ratios leads to
  XQ      XA
XA V XB = XP V XQ

Thus in general, when chords of the same circle intersect, the
product of the two parts of one chord is equal to the product
of the two parts of the other chord.

This relationship is always true of any intersecting chords even if
they do meet outside the circle, as illustrated below.

It still follows that:
XA V XB = XP V XQ

Fig 9.22
Note that the measurements are from the point of intersection, in
this case X.

Even when one chord becomes a tangent, this relationship will
always stand.

A P

Q B

X

=

P

R

q p
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Note that the point of contact D is a
merger of two points A and B, when
the chord was pushed out of the
circle to touch the circle at D. Thus
XD V XD is taken as XA V XB.

Fig. 9.23
In this case
XD2 = XP V XQ

 Consider the examples below

1. In the diagram are two intersecting
chords AC and DB intersecting at
point E. If AE = 6cm, EC = 4cm,
DE = 3cm, find BD.

Solution

1. Find BE first.

3 V EB  = 4 V 6
          4 V 6
             3
       = 8cm

∴ BD  = (8 + 3)cm
       = 11cm

2. In the diagram, CD is a common
tangent and AB is a common chord
to intersecting circles  1 and  2  .
a) If PC = 4cm and AB = 6cm,

find BP.
b) Show that PC = PD.

Solution

2. a) Note that PC is a tangent to circle       and is meeting chord
AB produced at P.
∴ PC2 = PB V PA

= PB (PB + BA)
       42 = PB (PB + 6)
       42 = PB2 + 6PB

A B X

P

Q

D

1

1

2

A

B

P
C

D
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EB  =

A B

CD

6

6 6E

Tip
When naming line BP
is the same as PB.
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PB2 + 6PB – 16 = 0   Let PB be x
       x2 + 6x – 16 = 0
    (x + 8) (x – 2) = 0

x = –8 or 2
    PB = 2cm

Note that, –8 is not significant. Why?

b) PD is a tangent of circle    meeting chord AB produced at P,
∴ PD  = PB V PA and PC = PB V PA
Thus PC = PD

3. In the diagram, O is the centre of
circle of radius 9cm. TA and TB are
tangents to the circle at A and B
respectively.
a) Given that TA = 12cm

Calculate OT
b) Find BTO.

Solution

3. a)                               OT =   122 + 92 Pythagoras Theorem
=   144 + 81
=   225
= 15cm

b) By symmetry BTO  =  OTA
Thus tan OTA  =
                        =  0,75
               OTA  = 36,90

               BTO  = 36,90

1. Find the lettered lengths and/or angles in the diagrams. O is
the centre of the circle.

a) b)

OA = 5cm, OP = 13cm           OA = 6cm, OP = 10cm

^

9cm

O

B

A

T

^

/

/

/

^
^

^
^

O

TA

 12
  9

5

13

x

A

O

y

O 10θ

6

B

A

9F
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^

550

5

O

B

A

N

D

C

A BN

M

O

4

3

9

5
5

2

34

a

b

c) d)

OB = 5cm, AN = NB AP = 16cm, APO = 320

NOB = 550 Find OP
Find AB

e)

OM = 3cm, ON = 4cm
AB = 9cm
Find CD.

2. Find the lettered lengths in the following diagrams. All lengths
are in cm.
a) b)

c) d)

e)
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R P
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3. Copy Fig 9.20 on page 200 and then answer the following
questions.
Find the radii of the circles if
a) PR = 7cm, RQ = 9cm and PQ = 5cm.
b) PR = 6cm, RQ = 9cm and PQ = 5cm.
c) PR = 6,5cm, RQ = 7,5cm and PQ = 4,5cm.
d) PR = 8,5cm, RQ = 10cm and PQ = 5,5cm.

4. Use the same lengths given in number 3 (a and b) above to
calculate the radii of the given circles in Fig 9.24 below.

Fig. 9.24

THEOREMS

1. The angle at the centre is twice the angle at the circumference.

2. Angles in the same segment are equal.

3. Angles in semicircles are right angles.
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A

B

T

a

c

d

b
f

e

O

4. Opposite angles of a cyclic quadrilateral are supplementary.
a + d = 1800

b + c = 1800

5. The interior angle of a cyclic quadrilateral is equal to the
exterior opposite angle.
a = e.
f = c.

6. The angle between a radius and a tangent is 900.

7. Angles in alternate segments are equal.

8. Equal chords subtend equal angles.

9. Tangents from the same point to the same circle are equal.

  TA = TB

10. The perpendicular bisector of a chord passes through the
centre of the circle.
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11. The centres of touching circles and the point of contact are
co-linear. (form a straight line) i.e APB and AQC are both
straight lines.

12. For intersecting chords the product of the two parts of one
chord is equal to the product of the two parts of the other
chord.

XB.XA = XC.XD.

A

B

D

C

X

B

P

QA C
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Consider the examples below:

1. In the diagram O is the centre of
the  circle and PT is a tangent at P.
If OQR = x0, express the following
angles in terms of x.

a) QPT   b)  POQ     c)   RPQ

Solution

1. a) QPT = x since QPT = QRP = OQR

b) POQ  = 2x

c) RPQ  = 900 – x

2.

A semi-circle ATB, centre O, has PT as tangent at T and diameter
AB is produced to meet TP at P.
Given that OB = 2,5cm, PT = 6cm and ABT = 530, find
a) BOT        b)  BAT             c)    BPT            d)    BP

Solution

2. a) BOT = 1800 – (530 + 530)
= 740

b) BAT =    BOT or 900 – 530

=     V 74

=  370

c) BTP =  370

^

Hint
Identify Theorems
and key factors that
apply to the diagram.

                              Common Error

PETROL

DIESEL

Failure to deduce
isosceles triangles in
the diagram and
solving for x instead
of giving expressions
as answers are common
mistakes.

^ ^^

^ ^ ^

R

O

PQ

T

^

^

^ ^ ^

^

^

^

x0

A O B

T

P

6cm

2,5

530

^

^
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T

PO

2,5 6

                              Common Error

PETROL

DIESEL

PT2 = PB V BA
or
PT = PB V A.
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d) PT2 =  PB. PA
62 =  PB(5 + PB)
36 =  5PB + PB2      Let PB be x
PB2 + 5PB – 36 = 0
x2 + 5x – 36 = 0
(x + 9) (x – 4) = 0
∴ x = –9 or 4
BP = 4cm

Alternatively
Triangle POT is right angled at T.
i.e

Using Pythagoras Theorem
OP2 = 62 + 25

= 36 + 6,25
= 42,25

∴ OP =  /
 =  6,25

Hence BP = 6,5 –2,5
  = 4cm

Now do the following:

1. In the diagram, circle ABCD has
centre O and tangent PD. If
ADB = 280 and CBD = 370, calculate:

a) BAD       b)   CAB       c)   BCD
d) CDP

2. The diagram shows a semi-circle
ABCD centre O. Given that
BCD = 1330 and that AB = BC, find:
a)   ABC   b)   DAC

3. The diagram is a circle ABCDE
centre O. Given that
BAD = EDF = 560 and that BC = CD,
a) find:  (i)   ACD (ii)  AED

       (iii)  DAE
b) name the triangle that is congruent

to triangle CDA.

370

280

D

560

560
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4. P, Q, R, S and T are points on the
circumference of a circle centre O.
Given that PQ is parallel to TS and
OQS = 380.

a) calculate:  (i)  QPS      (ii)   QRS
b) name three angles which are equal to QPS.

5. The diagram is a circle PQRS and a
tangent TPU to the circle at P. It is also
given that PQ = PS. If UPQ = 570,
name five other angles in the diagram
which are also 570.

6. The diagram shows a circle ABCD
with chords AC and BD intersecting
at X.
a) Given that CX = 3cm, DX = 2,5cm

and BX = 7,5cm, find AX.
b) Name, in correct order, two sets

of similar triangles in the diagram.

7. In the diagram, ABCD is a cyclic
quadrilateral whose diagonals
intersect at X.
Given that BAC = DBC.

a) name two arcs which are equal in length and state why.
b) name two other angles which are equal to BAC.
c) name, in correct order, the triangle which is similar to

triangle AXB.
d) Given also that AX = XC and that BX = 2cm

and XD = 8cm, calculate AX.

^

^^

^
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D

C
B
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R

S

P
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C D
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In mathematics, numbers and/or variables are connected using rules
or relations. The rule that changes one number into another
number is called a function. Below is a diagram illustrating some
functions.

INPUT FUNCTION OUTPUT

The letter f  is usually used to represent a function. The result
(output) of applying a function to a number, represented by x, is
denoted by f(x), read as ‘function of x’ or, in short, ‘f of x’.
From the above diagram:
1. f (x)  = x + 4
2. f (x)  = 2x
3. f (x)  = x2

Functions usually have a graphical representation. The aim of this
chapter, is to teach you how to draw and interpret graphs of:
a) linear functions.
b) quadratic functions.
c) cubic functions.
d) inverse functions.

By the end of the chapter, students should be able to:

use and interpret the f (x) notation.

construct a table of values from a given function and draw the
respective graph in the given range.

use given scales correctly or find a suitable scale to apply to
a given situation.

draw graphs of functions of the form ax + by = 0, y = mx + c,
y = ax2 + bx + c and y = xn where n = –2, –1, 0, 1, 2 and 3.

1. Add 4 to x
2. Double x
3. Square x

1.   x + 4
2.   2x

3.   x2

x ! !
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find the area under a curve.

estimate gradients of curves by drawing tangents at given
points.

solve (i)  linear simultaneous equations graphically.
 (ii)  equations using points of intersection of graphs e.g.
       drawing y =    and y = 2x + 3 to solve 2x2 + 3x – 1 = 0.

estimate area under a curve by:
(i) counting squares.
(ii) dividing the area into trapezia.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

manipulate directed numbers.

draw the cartesian plane and use scale correctly.

plot points correctly.

substitute given values into formulae and evaluate.

solve quadratic equations.

A. CALCULATIONS IN FUNCTIONAL NOTATION

If        f (x) = x + 4
then f (–5) = –5 + 4

= –1

Notice f (–5) simply means ‘the function when x is –5’. On the
RHS, we have simply substituted –5 for x and evaluated the result.

 Consider the examples below:

1. Given that  f (x) = (x – 2)2

find a)    f (6)     b)   f( 0)

2. If f (x) =              , find:   a)   f (   ) b)  f (–3)

3. If  f (x) =              and f (2) = 4, find the value of k.

 x
 1

5

6

7
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 x + 2

x + 2k
1 – 3x

8
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 Solutions

1. a)        f (x) =  (x – 2)2 b)  f (x) =  (x – 2)2

           ∴  f (6) =  (6 – 4)2 ∴  f (0) =  (0 – 2)2

=  (2)2 =  (–2)2

=   4 =   4

2. a) If  f (x) = b) If  f (x)  =

                           6 (   )       ∴  f (–3) =
         + 2

         3      –18
                                   2       –1

=  3 V =  18

               6
     5

=  1

3. Note that, unlike the first two functions, this one has 2 unknowns
x and k. The second function f (2) = 4 is meant to help us form
an equation so we can find k.

              x + 2k ,              2 + 2k
     1 – 3x               1–3(2)

                    2 + 2k
         –5

         2 + 2k
           –5

2 + 2k =  –20
      2k =  –22
∴      k =  –11

1. Given that  f (x) = 2x + 9, find:
a) f (6) b)   f (–6) c)   f (0)    d)   f (–   )

2. If  f (x) = 8x – 5, find:
a) f (–1) b)   f (   ) c)   f (–0,75)    d)   f (   )

3. Given that  f (x) = 2x2 – x – 10, find:
a) f (–2) b)   f (0) c)   f (3)    d)   f (   )

 2
 1  2

 1

 2
 1

 2
 1

 5
 1

                              Common Error

PETROL

DIESEL

1) 6(   )   taken as 6

   13
    2

 2
 1

 2
 1

 2
 1
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  6x
x + 2

 ∴  f (  ) =

=

=

  6x
x + 2

6(–3)
–3+2

f (2)  =Thus in

 f (2)   =

Thus             =  4  since both sides are equal to f(2).

10A

=

=
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4. If  f (x) = (2x – 3)(x + 1), find:
a) f (–3) b)  f (–2) c)   f (0)    d)  f (5)

5. If  f (x) = (x – 1)(3x + 1)(x + 2), find:
a) f (–2) b)  f (0) c)   f (1)    d)  f (3)

6. If  f (x) = 3x3 – 5x – 2, find:
a) f (–2) b)  f (–1) c)  f (2)    d)  f (3)

7. Given that  f (x) =           , find:

a) f (4)

b) x if  f (x) =

8. If  f (x)  =            ,  find: a)   f (–2)
              b)   x if  f (x) = –1

9. Given that  f (x)  =  kx + 4, find the value of k if  f (   )  = 5.

10. If  f (x)  =              and  f (–    ) = 7, find the value of k.

B. GRAPHS OF LINEAR FUNCTIONS

Linear functions are those functions in which the highest power of
the variable is one. Examples of such functions are  f (x)  =  2x + 1,
 f (x) = 2 –   x. These functions produce straight line graphs.
Graphically x, being the input, its values are plotted on the horizontal
axes (the x-axis) whilst  f (x) being the output, its values are plotted
on the vertical axes  (the y-axis).
Thus instead of  f (x)  =  2x + 1, it is more conventional to say
y = 2x + 1. In general a linear function is in the form mx + c where
m is the gradient and c the y-intercept.
To draw a straight line graph, only two points are required. However
a third point is recommended as a quality controller. It checks our
accuracy in calculating the values of y.

 Consider the following examples:

1. y = 2x + 1.

  Solution

1. Using a Table of Values (T.O.V). Arrived at by substituting the
         Table 10.1

  x –2     0      3

2x –4     0      6

+1 +1    +1     +1

  y –3     1      7
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values for x, –2, 0 and 3 in turn into the
equation and solving it for y.
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Notice f (x)  =  2x + 1

    ∴  f (–2)  =  2(–2) + 1
            =  –4 + 1

            =  –3 which is the y value, when x = –2.

Similarly when x = 0, y = 2(0) + 1 = 1. When x = 3, y = 2(3) + 1
       y = 6 + 1
          = 7

Since the calculations are elementary a simpler Table of Values
is usually drawn as illustrated in Table 10.2.

         Table 10.2

The calculations for the y values can be done mentally.

From the T.O.V. points (–2;–3), (0;1) and (3;7) are plotted to produce
the graph of  y = 2x + 1. You should write the equation of the line as
illustrated below.

Fig 10.1

 x   –2   0   3
y    –3    1    7
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–2–4 2 4
x

y

2

4

6
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y=
2x
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You can use other methods to check these.
Do you see the importance of labelling graphs?
It is necessary for clarity when there is more than one graph
on the same axes.

Intercepts can be used to find points instead of the table of values.
The y-intercept is found by making x = 0, which gives you the
result y = 1. The graph crosses the y-axis at  (0;1).

The x-intercept is found by making y = 0, so that x =     . The graph
crosses the x-axis at (   ; 0). Draw the axes and plot these 2 points
and draw the graph.

The graph can be used to find other points which may not be in the
table of values e.g. when x = 1, y = 3; when y = –1, x = –1.

Graphs can be used to solve simultaneous equations.

2. Solve the following graphically: y = 2x – 4
3x + y = 6

  Solution

2. Create a T.O.V. for each function.
y = 2x – 4 3x + y = 6

x     0        1    2 x    –1    0    1
y –4   –2    0 y       9    6    3

The graphs are then drawn on the same axes as in Fig 10.2.

The two lines will meet at a point. That point gives the solutions
of the equations
i.e. x = 2,   y = 0
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1. On separate diagrams,
a) copy and complete the following table of values.

(i) y = 3x – 6 (ii) y + 5x = 5
x    –1      0     3 x    –2     0     3
y    –9    –6 y              5

b) Use suitable scales to draw the graphs of the respective
functions.

2

x
–2

2

4

6

8

y

y=
2x

– 
4

–2

3x+y=6

Solution point

Fig. 10.2
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c) From each graph:
(i) give the coordinates of the x-intercept.
(ii) find y when x =  –    .
(iii) find y when x = 4.

2. Given that y + 2x = 6, and y = 4 – 2x
a) Draw and complete T.O.Vs using –2, 0 and 2 for x in the

first equation and –1, 0 and 3 for x in the second equation.

b) Using a scale of 2cm to 2 units on each axis, draw the
two graphs on the same axes.

c) Use the elimination or substitution method to solve the
two equations simultaneously. What do you notice?

3. a) Construct a convenient table of values for each of the
following equations:
(i) y – 2x = 0 (ii) x – y = 1

x + y   = 3 y – 3x = 3

(iii) 3x + 5y = 15
3y = 4x + 12

b) Use suitable scales to draw the graphs of each pair of
functions on the same axes.

c) Give the simultaneous solutions to the functions which
intersect.

4. a) Draw the graphs of the following pairs of functions on
the same axes, so that the two lines intersect.
(i) 2x –  y  = –2 (ii) y – 2x  = 0

2 y + x  = 2 y = x + 2

(iii) State the solutions to these equations.

C. THE GRAPH OF A QUADRATIC FUNCTION

You will recall that any expression having the variable of one of its
terms to the power of 2, is called a quadratic expression. The
general form of a quadratic function or expression is: ax2 + bx + c,
where a, b and c are rational numbers.

 Below are examples of some quadratic functions

f (x) = 3 + 2x – x2,    f (x) = 2x2 – 3x
f (x) = 9 – 4x2  or f (x) = (3 – 2x)(3 + 2x)

1. Draw the graph of  f (x) = 3 + 2x – x2 for  –2   x   4, using
2cm to represent 1 unit on the x-axis and 2cm to represent 2
units on the y-axis.
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1.    Table 10.3:    y = 3 + 2x – x2

x –2  –1 0 1 2 3 4
3   3    3 3 3 3 3 3
+2x –4  –2 0 2 4 6 8
–x2 –4  –1 0 –1 –4 –9 –16
y –5    0 3 4 3 0 –5

With practice, the intermediary stages can be left out (done mentally)
so the table of values will look like this:

Table 10.4

x –2  –1 0 1 2 3   4
y –5    0 3 4 3 0 –5

Graph of  f (x) = 3 +2x – x2 is as illustrated in Fig 10.3.

Fig. 10.3

2.         Table 10.5:  y = 2x2 – 3x

x –2  –1 0 1 2 3   4
y 14    5 0    –1 2 9 20

2

–2

y=
3+

2x
–x

2

–4

–1–2 10 2 3 4
x

y
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Step 1. Compile the table of values.
Step 2. Use the given scales to draw

the axes.
Step 3. Plot the points from the table

of values.
Step 4. Draw the curve smoothly

through the plotted points.
Step 5. Label the graph.

y=2

y= –2

4

Solution

Solution

2. Compare this general shape with that of  f (x) = 2x2 – 3x, Fig 10.4.
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–1

y=
2x

2 –3
x

–5

–2
1

2 3

5

10

15

20

x

y

Fig. 10.4

Features of quadratic graphs. A quadratic graph:
is in the form of a cap ∩ when the coefficient of x2 is
negative.
has a maximum turning point, if in the cap form.
is in the form of a cup ∪ when the coefficient of x2 is positive.
has a minimum turning point, if in the cup form.
gives two roots of the function (where the graph cuts the
x-axis).

This curve is often called a parabola.
These shapes never change. In the diagrams below the non-dotted
graphs are wrongly drawn because some points or a point is wrong.
The dotted curves illustrate the cap and cup nature of the quadratic
graphs.

a) b)

cap curve cap curve

c) cup curve d) cup curve
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Fig 10.5

4

Solution

0
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Make sure you don’t produce incorrect graphs. (the non-dotted).
The curves must be smooth caps or cups with no dents or bumps.

3. Referring to Fig 10.3 on page 218.
Use the graph to solve the equations.
a) 3 + 2x – x2 = 0
b) 5 + 2x – x2 = 0
c) 1 + 2x – x2 = 0

  Solution

3. a) The function 3 + 2x – x2 is the graph function.
The roots of 3 + 2x – x2 = 0 are taken from where the
graph cuts the x-axis (graph y = 0).
Thus when 3 + 2x – x2 = 0

    x = –1 or 3

b) Subtract the question function, (5 + 2x – x2) from the
graph function, (3 + 2x – x2).
i.e.    3 + 2x – x2

–(5 + 2x – x2)
        –2

This means the roots of 5 + 2x – x2 are taken from the
points where the graph cuts the line y = –2.
Thus, when 5 + 2x – x2 = 0,

x = –1,5 or 3,5

c) As above,     3 + 2x – x2

 –(1 + 2x – x2)
           2

i.e. draw the graph y = 2 and read x values when,
1 + 2x – x2 = 0
x = –0,45 or 2,45

1. Use the graph on Fig 10.4 to solve the equations:
a) 2x2 – 3x = 0
b) 2x2 – 3x – 2 = 0
c) 2x2 – 3x – 7 = 0

2. a) Copy and complete the table of values of the function
y = (x + 1)(x – 3).

x –3 –2 –1 0 1  2 3 4 5

y 12  5  0 –3 0 12

Hint
Smoothness of
graphs depends on
the accuracy of the
solutions.

Table 10.6
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b) Using a scale of 2cm to 1 unit on the x-axis and 2cm to
2 units on the y-axis, draw the graph of y = (x + 1)(x –3).

c) Use the graph to solve the following equations:
(i) x2 – 2x – 3 = 0
(ii) x2 – 2x – 2 = 0
(iii) x2 – 2x – 5 = 0
(iv) x2 – 2x – 10 = 10

3. a) Copy and complete the table of values for the equation
y = 3 + 5x – 2x2

x –2 –1 0 1 2 3 4 5
y 3 6

b) Using suitable scales, draw the graph of y = 3 + 5x – 2x2.

c) Use the graph to solve the equations:
(i) 3 + 5x – 2x2 = 0
(ii) 1 + 5x – 2x2 = 0
(iii) 6 + 5x – 2x2 = 0

4. a) Draw the graph of y = x2 – 6x + 9 using suitable scales
for values of x from 0 to 6.

b) Use the graph to solve the equations:
(i) x2 – 6x + 9 = 0
(ii) x2 – 6x + 3 = 0
(iii) x2 – 6x + 5 = 0

5. a) Draw the graph of y = x2 + 5x – 4, using suitable scales
for values of x from –7 to 2.

b) Use the graph to solve the equations:
(i) x2 + 5x – 4 = 0
(ii) x2 + 5x = 0
(iii) x2 + 5x – 9 = 0
(iv) x2 + 5x + 2 = 0

A variety of questions can be asked in association with graphs.
Redraw the graph of  y = 3 + 2x – x2  Fig 10.3, on page 191.
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Fig 10.6

4. From this graph, find:
a) the equation of the line of symmetry of the graph.
b) the maximum value of  3 + 2x – x2.
c) the gradient of the curve at (i)    x = 2

   (ii)   x = –1
d) the range of values of x for which y is positive.
e) by drawing a suitable graph of the diagram the roots of

the equation  3 + 2x – x  = x – 2.
f) the area bound by the curve, y-axis and the positive

x-axis.

Solution

4. a) Remember line symmetry? It is the line of fold,
i.e. x  = 1

b) Maximum or Minimum value of y is at the turning point
of the graph. For this question, maximum value for y = 4.

c) (i) Draw a tangent at x = 2 and a right-angled triangle
on the tangent. Use the sides of this triangle to find
the gradient.
                    –2
                     1
                =  –2
or use points on the tangent e.g. (2;3) and (2   ;2)
i.e. check for points lying on the tangent.

 2
 1

                              Common Error

PETROL

a) Candidates simply
draw the line and end
there (they do not
answer the question).
y = 1 is common.
Remember vertical
lines are x = a and
horizontals y = a
where a is a rational
number.

–4

–2

–1–2 1 2 3 4

2

y=–2

x

y

4

y=3+2x–x
2

y=x-2

1 2

3 4
5

6

6

Hint
Note that this
question is relevant to
cap-type of curves.
Minimum value is
asked on cup-types.
Again instead of 3 +
2x – x2 , the question
can use y since the
two are equal. i.e.
find the maximum
value of y.
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                          2 – 3
            2,5 – 2
             –1
            0,5

         = –2

(ii) Draw a tangent at x = –1
Using points (–1;0) and (–0,5;2) on the tangent.
                          2 – 0

               –0,5 – (–1)

        2
               0,5
           =  4

d) This question is concerned with that part of the graph which
is on the positive side of the y-axis. In this case, values of x
from –1 to 3 put the curve on the positive side of the y-axis.
Thus, the range of values of x is   –1   x   3.

Notice here that inequalities illustrate the range better.

e) The given equation indicates that y = x – 2 and that this is the
graph required. Use any means to draw the graph. e.g. use
table of values.

When  3 + 2x – x2  = x – 2
     x = –1,85 or 2,8,  from where the curve and the

      linear graph intersect.
Notice 3 + 2x – x2  = x – 2 could have been given as
5 + x – x2  = 0, i.e. if  x – 2  is shifted to the LHS.
The procedure from example 3b and c on page 193, is then
followed for the graph.

f) Find the area of the shaded section Fig 10.6 on page 195.

Method 1
Counting squares to find area:
Number of small squares in the shaded area:

 = 100 + 100 + 82 + 82 + 10 + 72
              = 446

Area of each small square =  0,1 V 0,2 (using scale)
 =  0,02

∴ Required area  =  446 V 0,02
 =  8,92 square units

Method 2
Dividing the area into Trapezia:
Do you see that       +       – Trapezium

   +       – Trapezium
   +       –  Triangle

                              Common Error

PETROL

DIESEL

Candidates draw the
other straight line to
cut the curve only once
hence giving one value
of x.

21 3 4 5 6

Hint
When ascertaining
area by counting
squares, a square
whose bigger part is
inside the region is
counted as  a full
square. Those whose
bigger part is outside
the region is not
considered.

< <

Hint
Use strict inequalities.
Answers like from
–1 to 3 includes the
–1 and 3 which is
wrong.
So is   –1    x    3.
Between –1 and 3 is
not clear whether –1
and 3 are excluded or
not and so is
unacceptable.
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Hint
This method leaves out
bits of area included in
method 1. It gives an
acceptable estimation
though. However,
more trapezia need to
be created for better
results.

1 3

2 4

6 5

Gradient =

=

Gradient =

=
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Total Area =      (3 + 4)1 +    (4 + 3)1 +    1 V 3

=      V 7 +     V 7 +     V 3

=

=   8,5 or 8    square units

5. a) Redraw Fig 10.4, on page 219 on graph paper.

b) Use the graph to estimate:

(i) the gradient at x = 0

(ii) the roots of  a)   2x2 – 3x – 3 = 0 and (b) 2x2 – 3x = x + 2

(iii) the area bound by the curve, the x-axis and the lines
x = 2 and x = 3

  Solution

5a)

Fig 10.7.

        –3   By drawing a tangent and taking
          1  measurements.

    = –3

 2
 1

 2
 1

 2
 1

 2
 1

 2
 1

 2
 1

 2
 1

  2
 17
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b) (i) Gradient at x = 0 =

–1–2 1 2 3 4 50

–1

5

10

15

20

y=x+2

y=
2x

2 –3
x

y=3

x

y
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a) For 2x2 – 3x – 3 = 0
2x2 – 3x = 3 Draw line y = 3 and solve.

x = –0,6  or  2,2

b) For 2x2 – 3x = x + 2 Draw line y = x + 2 and solve.
x = –0,4  or  2,4

(iii) Number of small squares =  210
Area of each square =  0,1 V 0,5

=  0,05

∴ Total area of region =  210 V 0,05
=  10,50 units2

1a) Copy and complete the following table of values for
y = (x – 2)(x + 5).

Table 10.8

x –6   –5  –4   –3    –2    –1      0      1      2      3
y   8    0        –10           –12            –6      0

b) Using a scale of 2cm to represent 2 units horizontally
and 2cm to represent 5 units vertically draw the graph of
y = (x – 2)(x + 5) for –6    x    3.

c) Use the graph to find:
a) the minimum value of y.
b) the ranges of values of x for which (x – 2)(x + 5) is

negative.
c) the roots of (i) x2 + 3x – 12  = –2.

    (ii)    x2 + 3x – 10  = x + 2
           (iii) x2 + 3x – 10  = 2x – 6

2. a) Copy and complete the following table of values for
y = 4 – x2

Table 10.9
x –3      –2    –1      0      1      2      3
y –5    0   0  –5

b) Choose a suitable scale to draw the graph of  y = 4 – x2.
c) Use the graph to find:

(i) the equation of the line of symmetry.
(ii) the roots of (i) 4 –x2 = 0

(ii) 4 – x2  = x + 1
(iii) 4 – x2  = 2 –    x

Hint
Expand (x – 2)(x + 5)
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d) Estimate the area bounded by the curve, the x-axis,
x = –     and x = 1.

e) Give the equation of the line of symmetry of the curve.

3. a) Draw and complete a table of values for y = (x – 3)2, x in
the range 0    x     6.

b) Use a suitable scale to draw the graph of y = (x – 3)2.

c) Use the graph to find:
the roots of (i)    (x – 3)2 = 0

(ii)   (x – 3)2  – 4 = 0

d) The minimum value of y.

e) Use the method of counting squares to estimate the area
bound by the curve and the line  2y = x + 4.

4. a) Copy and complete the following table of values for
y = 3x(4 – x).

  Table 10.10

x   –1    0    1    2     2,5    3     4     5
y           0    9                                –15

b) Using a horizontal scale of 2cm to 1 unit and a vertical
scale of 2cm to 5 units, draw the graph of   y = 3x(4 – x).

c) By drawing the graph of  y =     x – 5  on the same axis, find
the roots of    3x(4 – x) =    x – 5.

d) Find the area bound by the curve, the x-axis and the line
 y =     x – 5.

D. THE GRAPH OF THE CUBIC FUNCTION

The highest power of the variable in any term in a cubic function is
3. e.g.  y = x3 – 2x2 + 5x –7. Thus, a cubic function is of the form  ax3

+ bx2 + cx + d, where a, b, c and d are rational but a ≠ 0.

What does the graph look like?

1. a) Consider the graph of y = x3 with x ranging from –3 to 3
in Fig 10.8.

i.e. Table of values      x   –3    –2    –1    0     1     2       3
                               y   –27  –8    –1    0     1    8      27

< <
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 2
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Fig. 10.8

Do you notice from –3 to 0, the graph tends to turn downwards
but from 0 onwards it turns upwards?
We can safely conclude that cubic graphs turn twice!
Fig 10.8 illustrates the curves more fully.

b) The graph of   y = 12x + x2 – x3  for –4    x    4,5.

              x   –4     –3    –2    –1    0      1      2      3    4    4,5

              y    32     0    –12  –10   0    12     20   18    0   –16,9

Fig.10.9

Table 10.12

x

1–3 2–1 3

10

20

30

–2–4

–10

–20

y=5+5x

y=12x+x 2–x 3

A

B

A B C

0

y

<<

y=
x

3

–10

0
x

y

–20

–30

1 2 3–1–2–3

10

20

30
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In Fig 10.9, point A is the minimum turning point and point B the
maximum turning  point of the graph.

2. Use the graph to find:
a) the minimum value of 12x + x2 – x3.

b) the area bounded by the curve, the x-axis and lines x =1
and x = 3.

c) by drawing a suitable graph on the diagram, the roots of
12x + x2 – x3 = 5 + 5x.
(The equation can be given as   –5 + 7x + x2 – x3 = 0).

d) the gradient of the curve at x = –3.

  Solution

2. a) y = –14 From the lowest turning point.

b) Dividing area into trapezia:
=   x =1
=     (12 + 20)1 +    (20+18)1

=  16 + 19

=  35 units 2

c) Graph of y = 5 + 5x must be correctly drawn.
∴   If 12x + x2 – x3 = 5 + 5x
then x = –2,55 or 0,55 or 2,95

d) Tangent at x = –3 drawn on the curve and its gradient
found as  –10

                                0,5

1. a) Copy and complete the table of values of
y = (x + 1)(x – 3)(x – 5) below.

x   –2    –1    0      1      2      3      4     5     6
       y             0    15    16                  –5      0

b) Use a suitable scale to draw the graph of
y = (x + 1)(x – 3)(x – 5), using the table above.
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                              Common Error

PETROL

DIESEL

Candidates draw short
line y = 5 +5x resulting
in missing one or more
values.

 2
 1

 2
 1

= –20

10D

 Table 10.13
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c) Use the graph to estimate:
(i) the roots of  (x + 1)(x – 3)(x – 5) = 5.
(ii) the area bound by the curve, the y-axis and the

positive x-axis, using the method of counting squares.

d) (i) the maximum value of y.

e) the gradient of the curve at (i)  x = 1.
    (ii)  x = 5.

2. a) Draw the graph of y = (x –2)2(x–6) for values of x from
0 to 7.

b) Use the graph to:
(i) solve the equation a)   (x –2)2(x–6) = 0.

   b)  (x –2)2(x–6) = – 4.

(ii) give the value of y at the minimum turning point.
(iii) the gradient at x = 2.

c) By counting squares, find the area bound by the curve,
the x-axis and the line x = 3.

3. a) Copy and complete the table of values for  y = 3 – x3, in
table 10.14 below.

x    –3    –2    –1     0      1      2      3
 y   30                     3                     –24

b) Using a scale of 2cm to 1 unit on the x-axis and 2cm to
5 units on the y-axis, draw the graph of y = 3 – x3, using
the above table.

c) Use the graph to:
(i) solve the equation 3 – x3  = 0.
(ii) find the gradient of the curve at x = 2.

d) (i) Draw the graph of y = 5x – 5 on the same axes.
(ii) Estimate the roots of 8 – 5x – x3 = 0.

4. Below is a sketch of graph y = x3 + px2 + qx + r, where p,q
and r are integers.

Fig. 10.10
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The curve passes through (–3;0) the origin and (4;0)
Find the values of p, q and r in the given equation.

5.

Fig. 10.11

Fig 10.11 shows a sketch graph of
y = (x + 1)(x – 3)(x – 5).
Find the coordinates of points A, B and C.

E. THE GRAPH OF THE INVERSE FUNCTION.

An inverse or reciprocal function is one which involves division by
the variable e.g.  f(x) =    ,  f(x) = 7 –     x.
Graphically, these functions produce ‘two part’ curves which are
distinctive (clearly separate).
1. Consider the graph of y =    below.

 x   –4      –3      –2    –1     –0,5    0,5     1      2      3      4
 y   –0,5   –0,7   –1    –2     –4        4       2      1      0,7   0,5

Fig 10.12
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x

–4

–3

–2

–1

–1–2–3–4 1 2 3 40

1

2
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y =  x
 2
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 x – 1
 3

This type of graph is called a hyperbola.

Let us analyse the graph in relation to its equation

(i) The graph will never cut the y-axis and the x-axis i.e. x and y
cannot be 0 in this equation

(ii) The equation  y =     can be rearranged as x =     (making x
the subject).
This is why the x-axis (y = 0) is also an asymptote of this
graph.

2. Let us consider another example:
           3

                x – 1
Table 10.16
 x   –4      –3      –2    –1      0    0,5    1,5     2      3      4    5      6
 y   –0,6   –0,8   –1    –1,5  –3   –6       6       3      1,5   1    0,8  0,6

Fig 10.13

When y =        , x cannot be 1 because it is 1 which makes the
denominator 0! Thus the vertical asymptote is x = 1.

When we change the subject to x, y goes into the denominator
hence x-axis (y =0) is an asymptote. Do you see that asymptotes
can be derived from the equation given? Hence it is possible to
sketch or see the structure of these graphs before an actual one
is drawn.

 x
 2
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straight line that
c o n t i n u a l l y
approaches a given
curve but does not
meet it at any finite
distance
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1. Fig 10.13, is a sketch of graph  y =       .

Fig. 10.14

Give the values of y
1
, y

2
, y

3
 and y

4
.

2. a) Copy and complete the table of values of y =     below.
         Table 10.17.

x    –6      –5      –4    –3     –2   –1    1     2      3      4    5   6
 y             –1,2           –2     –3   –6    6                   1,5        1

b) Using a scale of 2cm to represent 2 units on each axis,
draw the graph of y =     for  –6    x    6.

c) Use the graph to find:
(i) the area bound by the curve, x = 2, x = 3 and the

x-axis using the method of counting squares.
(ii) the gradient of the curve at x = –3.

d) (i) On the same axes, draw the graph of  y = x.
(ii) Hence, solve the equation      = x.
Sometimes only one part of the graph is required.

2
          x – 2

b) Find the gradient of the curve at x = 4.

c) Find the area bound by the curve, the x-axis, the y-axis
and line x = –3.

d) By drawing a suitable graph on the same axes give a
root of the equation     2

          x – 2
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3. a) Draw the graph of y =            for x from – 4 to 8, excluding
2.

=  x – 2.

<



10.    F
u

n
ctio

n
al G

rap
h

s

233

4. Below is an incomplete table of values of the function
 1
 x2

x    0,5      1     1,5    2     2,5      3
y    4                                0,16    0,1

a) Copy and complete this table.

b) Using a scale of 2cm to 0,5 units on the x-axis and 2cm
to 1 unit on the y-axis, draw the graph of
for 0,5    x    3.

c) On the same axis, draw the graph of y =      .

5. a) Using the same range of values of x as in Fig 10.12,
draw and complete the table of values for        –1

                       2x2

b) Use the same scale as in Fig 10.12, draw the graph of
           –1

    2x2

c) What do you observe between the graphs of y =   and
      ?

 x
 2

1
x2

y =       .

y =        .

y =      .
1
x2

 2x2
 –1

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)
PracticePracticePracticePracticePractice

Maths
Meter Table 10.18

< <

y  =      .



234

name of independent
variable

defining expression
value of
the function

1. f (x) is read f of x and is a function in terms of x. e.g. x + 2,
x2 + x – 3, x3. Similarly, f(2) is read as “f  of 2” or “f  at 2”.

2. Given f (x), f (a) means, a now takes the place of x in the
function.

3. In summary:

y  = f (x)  =  3x – 6

4. The four functions discussed here are:
(i) linears producing linear/straight line graphs.

(ii) quadratics producing parabolas which are in cap or cup
form.

(iii) cubics producing cubic graphs.

(iv) inverses producing hyperbolas.

5. Use the table of values in most, if not all, cases where graphs
are to be drawn.

6. Range uses strict inequalities > or < not      or     .

7. Counting squares is the most accurate way to find area
under a curve.
Remember some squares are counted, even if they are not
whole.

8. Draw a tangent to the curve at the given point to find the
gradient of the curve at that point.

< <
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 Consider the example below:

Answer the whole of this question on a single sheet of graph paper.
1. Below is an incomplete table of values for the equation

y = x2 + x – 4.

x    –3      –2    –1      0     1     2
 y     2      p      –4     –4     q     2

a) Calculate the value of p and the value of q.

b) Using a scale of 2cm to represent    unit on the x-axis
and 2cm to represent 2 units on the y-axis, draw the
graph of y = x2 + x – 4 for –3    x     2.

c) Use the graph to:
(i) give the equation of the line of symmetry.
(ii) solve the equation x2 + x – 4 = 0.
(iii) find the gradient of the curve at x =     .

d) By drawing a suitable graph on the same axes solve the
equation x2 + x – 4  = x – 2.

  Solution

Fig. 10.15

Note that:
All answers are on the graph paper, in response to the instructions
at the beginning of the question.

Hint
When an incomplete
table of values is
given and you are to
find the missing
values, make sure
your calculation is
accurate so that the
structure of the curve
is not spoilt.

 2
 1

–2

1

–4

–1–2–3

2

y=x–2
y=x 2+x–4

c(i) x = –  2
 1

c(ii) x = –2,56 or 1,56

c(iii) 1,26
    0,68

p = (–2)+(–2)–4= –2 q = (1)2+(1)–4= –2

x = –1,37 or 1,47

x

2
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 2
 1

= 1,8

a)

10
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Make sure the following are observed in this work.
a) Make sure calculations for p and q are accurate. Check your

answers.
b) Ensure you have used the correct scale.

Candidates are often confused by the range of x given i.e.
– 3     x     2. This simply means the values for x in the table
range from –3 to 2 inclusive.

c) Does the curve look correct (i.e. no points off the curve). If
not, correct that.
(i) Give the equation, do not only draw the graph and end there.

Remember x = –       is not y = –     .

(ii) Draw the tangent as accurately as possible. Students
have a tendency to draw the tangent away from the
curve (i.e. a gap between the curve and tangent or they
draw a secant (one which cuts the curve).

d) Identify the type of graph indicated. Usually it is y = ? Which
is on the RHS of the curve function. Draw the graph accurately.
Use a table of values if need be.
Make sure the graph is long enough to cut the curve more
than once if applicable.

Marks obtained from graph work are very easy to score. With
practice, students should score full marks in this type of question.
Practise calculating accurately, drawing smooth curves. Answer
the whole question on a single sheet of graph paper, in each
case.

Now do the following:
1. When a stone is thrown into the air its height (h metres) at

any time (t) is given by the formula h = 60 + 30t – 5t2

Below is an incomplete table of values of h = 60 + 30t – 5t2.
          Table 10.20

Time (t seconds)     0     1     2     3       4      5    6      7
Height (h metres)   60   85    p    105   100    q    60   25

a) Calculate the value of p and the value of q.

b) Using 2cm to represent 1 second on the horizontal axis
and 2cm to represent 20 metres on the vertical axis, draw
the graph of h = 60 + 30t – 5t2  for 0    x    7.

c) Use your graph to find:
(i) the maximum height reached by the stone.
(ii) the velocity of the stone at t = 6.
(iii) the number of times when the stone is at a height of

75 metres.

2. The following is an incomplete table of values for the function

 2
 1

 2
 1
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Table 10.21

x     1      2     3       4      5      6      7      8
 y     8      3    m      0,5    0    –0,3   n    –0,8

a) Find the value of m and the value of n.

b) Using a scale of 2cm to represent 1 unit on each axis,
draw the graph of y =       – 2 for 1     x     8.

c) Use the graph to estimate:
(i) the value of y when x = 3,5.
(ii) the area of the region between the curve, the x-axis

and the lines x = 2 and x = 5.

3.

Fig. 10.16

Fig 10.16 shows the graph of a cubic function
y = ax3 + bx2 + cx + d where a, b, c and d are integers.

a) Find the values of a, b, c and d.

b) Find the range of values of x for which this function is
positive.

c) Line M intersects the cubic function at three points.
(i) Find the equation of the line M in the form y = mx + c.
(ii) Find the solutions of ax3 + bx2 + cx + d = mx + c.

4. Given that f (x) = (x – 3)2 + 5,
a) find the value of f (1).

b) solve the equation f (x) =  f (–2).
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5. a) Given that f (x) = x(6 – x) and if f (1) = k, find the value
of k.

b) Given that  f (x) = x2 – 5x + 7, find the values of x for which
 f (x) = 7.

6. Below is an incomplete table of values of the function
        10     for –         x     9.
      x + 1

Table 10.22

x –  0 1 2 3 4 5 6 7 8 9

y 20  p 5 3,3  2,5 2 q r     1,3   1,1 1

a) Find the value of p, q and r.

b) Using a scale of 2cm to represent 5 units on the vertical

axis, draw the graph of          10    for  –        x     9.
         x + 1

c) Use the graph to estimate:
(i) the gradient of the graph when x = 1.
(ii) the area bound by the curve, the y-axis , the x-axis

and the line x = 5.

7. Fig 10.17 is a sketch showing graphs of straight line l
1
 and

curve l2.

Fig 10.17

a) Given that the gradient of the straight line l
1
 is –   , find

the coordinates of the point labelled A.

b) Hence or otherwise find the equation of the:
(i) line l

1
 in the form y = mx + c.

(iii) curve l
2
 in the form ax2 +ax + c = 0 where a, b and c

are integers.

 2
 1

 2
 1

 2
 1

 2
 1
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Surds

This chapter introduces you to some special irrational numbers
called surds. A surd is a square root which cannot be reduced to
a whole number e.g. /2, /7, /10. We will perform the four
arithmetic operations with the surds and we will also express the
trigonometrical ratios of 300, 450 and 600 in surd form.
Surds are irrational numbers.

By the end of this chapter, students should be able to:

simplify surds by making the number under the root sign as
small as possible.

simplify surds by rationalising the irrational denominator.

carry out the four arithmetic processes with surds.

use rules of indices.

evaluate expressions involving surds.

give and use trigonometrical ratios of 300, 450 and 600 in
surd form.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle the work in this chapter, it is assumed that students
are able to:

identify square roots of perfect numbers.

identify like and unlike terms.

write numbers as products of their prime factors.

A. RULES OF OPERATIONS

(i) /////a.b  =  /////a V /////b
To prove this, let a = 4 and b = 9

11
Maths decoder 3/4

11ZPH
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L.H.S =  ab RHS = /a V /b
   =      4V9 = /4 V /9
   =  36 =    2 V 3
   =      6 =    6

∴  LHS = RHS
This rule is very important when dealing with surds. It helps
us to split a given surd into factors for convenience.
For example,
/24 = /4V/6 or /8V/3 or /2V/4V/3 or /12V/2  etc.
It also follows that, given /3 V/5, we can write the two as
the square root of a single number i.e.    3V5 = /15
Similarly /2 V /5 V /7 =   70 .

(ii) a/////b  =      a2b
when a = 4 and b = 9
LHS  = 4/9 RHS  =   42V9

  = 4V3           =   16V9
  = 12           =   144

          = 12
Hence LHS = RHS
Did you realise that 2/3 means 2 V/3? Thus when the
number outside the square root sign is put back into the root
sign, it is squared.
i.e. 2/3 =   22 V 3

=   12

(iii)  a /////a       is also true.
 b /////b        You can check using a = 9 and b = 4

Simplifying surds

1. Looking back at     24 discussed earlier, we notice that some
factor splits are more useful than others.
The split /4 V /6 helps to simplify /24, as there is a perfect
root, /4, which simplifies to 2.
Thus /24 = /4 V /6

         = 2 /6 This is a simplified surd as /6 does not
contain a perfect root.

2. Given bigger numbers like, /245, it may be necessary to
expose the perfect roots by writing the number 245 as a
product of its prime factors, i.e. 245 = 5 V 7 V 7
Thus  /245 =     5 V 7 V 7

=  /5  V  7 V 7
=   7/5

Note that 7/5 is similar to an unknown e.g. 2y. It cannot be
written as 5/7 just as we do not write 2y as y2. The coefficient
must come first.
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3. We may be asked to simplify expressions like: /5 V /24 V/30.
Although, we know that this is  3600, the surd  3600 is
cumbersome to handle. It is more convenient to split the
given numbers into useful parts.

i.e.  /5 V /24 V /30 = /5 V /4 V /6 V /6 V /5
=  5 V 2 V 6
=  60

4. Numbers like (2/5)3 simplify easily, by expanding.
(2/5)3 = 2/5 V 2/5 V 2/5

= 2 V 2 V 2 V /5 V /5 V /5
= 2 V 2 V 2 V 5 V /5
= 40/5

Simplify the following, leaving the answer in the simplest surd
form.
1.  48 2.  63 3.  150

4.  800 5.  975 6.  1875

7. /50  V /18 8. /10  V 3/2 V /30

9. /5 V /3 V /12 V /15 V /10

10. /45 V /18 V /54 V /30

B. RATIONALISING THE DENOMINATOR

A fraction with a surd as denominator is not simplified
e.g.   3  .

/5
Such surds are said to be simplified only if the denominator
becomes a rational number. This is achieved getting rid of the
square root in the denominator.

 Consider the following examples:

1. Simplify by rationalising the denominators:

a)   3 b)  6                     c)   5/5
/5                        /3   2/10

/ / /

///

Hint
The 5 is from /5 V /5
or (/5)2

The 6 is from /6 V /6
or (/6)2

The 2 is from /4
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1

2
At /2./10 , 2 is
         2
used to divide into the
surds. e.g. /10  =  /5

  2
This is incorrect.

                              Common Error

PETROL

DIESEL

 Solution

1. a)   3         3 V /5
/5      /5 V /5

              3 /5
                 5

b)   6        6/3
/3          3
       =   2/3

c) 5/2          5/2V/10     multiply the numerator and
2/10           2V10       denominator by /10 only

                /2V/2V/5
                      4

                2/5
                  4

               /5
                 2

Surds can also be added or subtracted.
2. Simplify

a) /32 – /18 + /50 giving the answer in its simplest
surd form

b) /14 V /30 V /2
    /28 V /20

3. Simplify
a) /6 V /27 V /7

    /108

b) /98 + /2 – /72

 Solutions

2. a) /32 – /18 + /50   =    4/2 – 3/2 + 5/2
  =     6/2

b) /14 V /30 V /2     /14 V/3 V/10 V /2
/28 V /20  /2 V/14 V/2V/10

    /3    can be simplified to
   /2
    /6

              2

Hint
Multiply both the
numerator and the
denominator by the
same surd.
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This is like
4x – 3x + 3x
where x = /2

a)  Wrong factors being
used
e.g. 14 for /14 and
/28.

                              Common Error

PETROL

DIESEL

/28  = 2.  Wrong
/14

/28  = /2.  Correct
/14

Create like terms
by considering the
factors within surds.
e.g. 18 =2V9 and

         3V6
 30 =2V15;
         3V10 and
         5V6

Hint

=

=

=

=

=

=

=

1 1 1
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=

=
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3. a) /6 V /27 V /7 /21
       /108 /2

/2V/21
     2

    /42
       2

Snap Check      :  divide  /6 into /6 and /108
         /9 into /18 and /27

b) /98 + /2 – /72 = /49 V 2 + /2 – /36V 2

= 7/2 + /2 – 6/2

= 2/2

1. Simplify by rationalising the denominators:
a)     1 b)  6 c)  21

/3 /8 2/3

d)    9 e)     8 f) 2/3
   5    50 /15

2. Simplify:
a) /3 + /75 b)    /216 – 4/6

c) 2/20 –  /180 + 7/5 d) /8 V /24 V /39
      2/3 V /26

e) /12 V /40 V /32 f) /13 V /15 V /75
 /6 V /24 V /50  /5 V /65 V /10

The addition and subtraction can also be done in fractions. Two
approaches may be followed.

 Consider the following example:

1. Simplify
          3         5

  /2      /8

√ √
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  Solution

Method 1              Method 2

                   3/2   +  5 /8                  /16  – 3/4  +  5
                   2         8      /8

8/2  – 12/2  +  5/8                 4 – 6 + 5
           8        /8

8/2  – 12/2  +  10/2                    3
            8         /8

6/2                 3/8
  8             8

3/2          3V2/2
  4              8

         3/2
  4

2. Simplify:
(/9 – /5)(/9 + /5)

  Solution

2. Do you remember that these are factors of “the difference of
two squares”?
 . (/9)2 – (/5)2  = 9 – 5

    = 4
In some cases, you may be asked to evaluate given surds
using root values of surds.

3. Given that /3  = 1,732 and /5  = 2,236 evaluate to 3s.f.,
without using tables or a calculator
a)  1 b) 10

/3 /5

  Solution

3. a) Notice   1           1       It is more difficult to calculate
    /3    1,732  the problem with 1,732 as the

     denominator.

1.  Find Common denominator
      = /8.
2.  Simplify /16 and –3/4.
3.  Rationalise the
     denominator.
4.  Simplify /8 in the numerator.
5.  Reduce to lowest terms.

1.   Rationalise the denominators
     first.
2. Bring all under a Common
     denominator.
3.  Simplify /8 in the numerator.
4.   Reduce to lowest terms.

Step

Step

Step
Step
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Rationalise denomi-
nators first.
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a)  1        /3       b) 10      10/5
/3       3 /5          5

           1,732 =  2/5
               3
       =  0,5773 = 2 V 2,236
       =  0,577 to 3s.f. = 4, 472

= 4, 47 to 3 s.f
The working above demonstrates the importance of rationalising
the denominator correctly.

1. Simplify, leaving the answers in their simplest surd form:
 a)              3        2 b) 3          1          1

      /3     /3    /2      /2     /18

c)        10 d)        3
/45 + /20 /8 + /18

e) (/11 + /10) (/11 – /10) f) (/1,5 – /6)2

2. Given that /3 = 1,732 and /5 = 2,236, evaluate the following,
expressions without using tables or calculators. Give your
answers to 3s.f.
a)   1 b)  2 c)   5

2/5 /5 3/3

d) /8 e)  12 f)   23 V 0,25 V 10
/6 5/3

C. SURDS IN TRIANGLES WITH 300, 450 OR 600

ANGLES

Consider a right-angled isosceles triangle
whose equal sides are 1 unit long.
The third side can be expressed as /2
using the Pythagoras’ Theorem.

Notice that a lot of similar triangles can be derived from the above
triangle.

e.g.

2

1
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450

3

3

450

/3

= =

11B2

2/3 –        + +          –

 etc

=

Fig. 11.1

/2
1

1
450

a)

3/2

/3

/6



246

 4
/2

Tip
Establish the enlarge-
ment factor first and
use it to enlarge the
other sides.

300

1

1

A

BD
600

C

/3
2 2

/2

450

and

600

/3

2

 1

 1

Hint
Compare correspond-
ing sides with the
similar triangle from
the two in Fig18.3.

/6

450

600

x
300

3

4

450

Enlargement factor =
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= 2/2 2.  Enlargement factor =     = 3
∴  x  = 3 V 2

  = 6cm

 1
 3

 1

b)

Fig 11.2

In Fig 11.2, triangle ADC is an equilateral triangle and the sides
are 2 units long.      ABC is half the equilateral triangle.
Using Pythagoras Theorem in     ABC we can deduce that, AB = /3.
Do the two triangles Fig 11.1 and Fig 11.2 reminded you of some
instruments you often use?
Set-squares! Compare their shape with these triangles.

Fig. 11.3

These two triangles are the bases we need to work from. Memorise
the measurements of their sides or you will not be able to correctly
assign values to similar triangles.
Let us see how these are used in calculating sides of other similar
triangles.

 Consider the following examples:

Calculate the lengths marked x and y, giving the answers in
simplified surd form.
All given lengths are in cm.

1.  2. 3.

Remember:
Given side in question
Corresponding side from original triangle

Solutions

1. Enlargement factor =
∴  x  = y

                                = 2/2 cm
   y   =  3 V /3

y

xy

y

x
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3.       From     A, enlargement factor = /6
       /3

= /2
                    ∴ x = /2

= /2cm

From     B enlargement factor = /2
∴ y = /2 V/2

= 2cm
Trigonometry ratios of 450, 300 and 600 can also be used to make
the same calculations.
For an example, to calculate x from example (a) above.

                    1
                   /2

From the diagram in the question, cos 450  =

x         1
4  /2

          4
 /2

        2/2

In each case below, calculate the lengths marked x and y, giving
the answers in their simplest surd form. All dimensions are in cm.

/6

450

600

x

y

y
4

450

x

y
3

6

x

y

300

x

5

yx

600

Hint
Work with the triangle,
with a known side
first.

Tip
The second triangle
now has the known
side /2.

A

B

450

1. 2.

3. 4.
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From 450 triangle in Fig 11.3, cos 450
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11. 12.

6m

600

x

D. WORD PROBLEMS WITH SURDS

Some word problems can be solved using the skills you have learnt
in the previous section.

 Consider the following example

1. A tree is 6m high. The angle of elevation of the top of the tree
from a point on the ground is 600. How far is this point from
the foot of the tree? Give your answer to the nearest cm.

  Solution

1. Sketch Do you see that this is the 600 set square?
Thus enlargement factor       6

      /3
 =   2/3

∴ x = 2/3 V1
       = 2/3
       = 2 V1,730
       = 3,46cm
     x = 3cm

450

7

y

450

x

300

450

y

x

600

9

600

x
y

6

450

y

x
4

x

300 450

x

y

5

x
300

y

600

y

/3
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5. 6.

7. 8.

9. 10.

/2

450

y

/6
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8,5m

450 600

A B C

T

50

G2

G1

N

450
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S

≈

2. Two girls were playing on the same spot. One of the girls
moved due east of the playground. The other one moved
on a bearing of 0450 for 50m, until she was due north of
the first girl. How far are they apart, now?

  Solution

2.

This is a 450 triangle.
Scale factor      50

            /2
∴ Distance apart x = 25/2       35,4m

In these problems, give all dimensions to 3 significant figures, where
necessary.
1. A girl walks 7km on a bearing 0450. How far east has the girl

walked?

2. The angle of depression, from the top of a building to a point
on the ground, is 300. How high is the building if this point is
25m away from the foot of the building?

3. A rectangle is 5m long. If its diagonal makes an angle of
600 with its width, find the length of the diagonal.

4. The diagram shows a pole 8,5m high,
supported by two wires  AT and BT,
inclined at 450 and 600 to the ground ,
respectively.

Calculate:   a)   AT          b)    BT

x
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5. Two wires, TA and TB, support a
pole TC = 8,5m high. If the wires are
inclined 450 and 300 to the pole,
respectively, find AB, the distance
which is between the wires’ anchor
points.

1. A surd is a square root which cannot be reduced to a whole
number e.g.  2,  15.

2. Surds are irrational numbers.

3. Surds can be simplified using the following rules:
a) /ab  =  /a V /b. b)    /a2b  =  a/b.

c)    a          /a
   b     /b

4. Denominators in surd form need to be rationalised by
multiplying both numerator and denominator by the surd
denominator.  e.g.     3   3/2       3/2

/2 /2./2           2

5. These are the two basic triangles convenient for calculations
of sides of similar triangles.

Fig 11.4
From the triangles

         1                 /3       1        /3
         2                  2    /3        3

         1                  1 tan 450 =  1
        /2                /2

        /2                /2
          2                  2

        /3                  1 tan 600  =  /3
         2                 2

6. The enlargement factor can be used to make the same
calculations.

/ =          .

= =

sin 300 = cos 300 = tan 300  =         =

sin 450 = cos 450 =

cos 600  =sin 600 =
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1
450

 2
 3

600

1

2

300

8,5m

300
450

T

BA C

/ /

/
/
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600

3/3

The following examples may help you master questions from this
chapter. Study them carefully.

1. Simplify giving the answers in their simplest surd form.
a) /80 b)    2/3 V /42

       /21 V 5/6
  Solution

1. a) Method 1
/80 =    2V2V2V2V5

=     2  V 2 V /5
=    4/5

OR
Method 2

a) /80  =   /16 V /5
         =    4/5

b) 2/3 V /42 2V/3 V/7V/6
/21 V 5/6 /3 V/7V5V/6

2
5

2. a) Given that tan 600 = 3/3
Find cos 300, leaving your answer in surd form.

b)
In the quadrilateral, ABCD.
ADC = ABC = 900, BAC = 450,
CAD = 300 and AB = /6cm
Find AD, leaving your answer in
its simplest surd form.

  Solution

2. a) Given tan 600 = 3/3
Scale factor = 3
Adjacent side = 3
Hypotenuse side = 6
                          3
                          6
                          1
                          2

Hint
Rewrite 80 as a
product of its prime
factors.

Hint
a) Create a perfect
factor of 80
b) Split /42, /21,
and knock off
common factors.

^ ^ ^
^

/

B

D C

A

300

450

Hint
Notice that the
information given in
the question is from a
right angled triangle.
(Its very important to
link trigonometrical
ratios with the right-
angled triangle.)

/80 = 8/10 from
/8 V10

                              Common Error

PETROL

DIESEL

In a) the djacent side of
600 is taken as 1 since
               3/3
                  1

                              Common Error

PETROL

DIESEL
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∴       cos 300 =
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/

In the diagram, ABC is a
straight line, B = 900. If
BAD = BDC = 600 and AB
= 4cm, find CD leaving the
answer in surd form.

450

4A B

600

C

D

R

S

P

Q

450

750

9

+

^

600

A

/5

O T

b) In     ABC the
enlargement factor =  /6
AC  =  /6 ./2
       =   /12
       =   2/3

In      ACD the
Enlargement factor  = /3 . Do you see why?
∴ AD  =  /3 V /3
           =   3cm

Now do the following:
1. Without using tables, evaluate:

a) (/5 + /7) (/5 – /7)        b) 125
                  /80 – /5

2. Simplify as far as possible:
a) 8/2               b)   (3/2)3            c) /15 V /42 V /12

/24 /21 V 5/3 V /30

3.

4. The diagonal of a rectangle is 55cm long and makes an angle
of 300 with the length. Find, in cm, the length of the rectangle,
giving the answer to 3 significant figures.

5. The diagram shows a circle,
enclosing a quadrilateral PQRS,
in which PR is a diameter.
If PRS = 450. QRS = 750 and
QR = 9cm, find SR in surd form.

6. Simplify as far as possible:
a) 2/5 b)  1          3

/15 /2       /2

7. The diagram shows a circle centre
O and the tangent TA at A from T.
If the radius of the circle is /5 and
TOA = 600, find OT to 2 decimal
places.
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At ‘O’ Level, the mathematics associated with shapes constitutes
quite an appreciable part of the syllabus. Fig 12.1, which is also found
in the chapter on “Mensuration” – summary section, should help you
recall aspects of shapes.

              Types of Shapes

Fig 12.1

In this chapter we focus on the mathematics of the triangle. Notice
that the right-angled triangle as a plane shape can exist alone or
within other shapes, like a pyramid. “Tri” means three. This three-
sided shape with three angles gives rise to a branch of mathematics
called trigonometry.

Trigonometry is the branch of mathematics which deals with
all the computations involving triangles.

By the end of this chapter, students should be able to:

apply Pythagoras Theorem to solve problems involving
right-angled triangles.

define the trigonometrical ratios: tangent, sine and cosine.

Syllabus
Expectations

Plane shapes (polygons) Three-dimensional shapes

e.g. Triangle Circle Quadrilaterals

pyramid cone cylinder other prisms

12
Maths decoder 3/4

12ZPH
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A right-angled
triangular building.

The Right-angled
Triangle
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triangular in shape.
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use the trigonometrical ratios to find angles and sides of
right-angled triangles.

use and interpret sine, cosine and tangent of obtuse angles.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

name and define all types of triangles and identify their properties.

construct angles and triangles using a ruler and compass only,
and/or a protractor.

construct parallel lines and perpendicular lines.

use a protractor to measure the size of an angle.

understand the concept of bearing.

A.  THE RIGHT-ANGLED TRIANGLE

In the Junior Certificate course you learnt about equilateral, isosceles
and scalene triangles. There is a fourth type of triangle called the
right-angled triangle. This is a triangle with one internal angle
equal to 900. The symbol         is used in geometry to indicate a
right angle (900).
A right-angled triangle can either be isosceles or scalene but never
an equilateral triangle.

Every right-angled triangle has:
(i) one of the acute angles as the reference angle (θ).

(ii) a side opposite the reference angle known as the opposite
side.

(iii) the side which defines the reference angle in relation to the
hypotenuse known as the adjacent side.

(iv) the side opposite the right angle is known as the hypotenuse.
It is always the longest side of the right-angled triangle. (See
Fig 12.2)

Fig. 12.2
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Hint
Start by identifying
the hypotenuse. Also
note that the side
directly opposite the
reference angle is the
opposite side and that
directly opposite
is the hypotenuse.

Hint
Draw a right-angled
triangle and fully label
it . Rotate it clockwise
or anti-clockwise
slowly observing the
positions of the
adjacent, hypotenuse
and the opposite side.

Label all the missing aspects of the right-angled triangles below.
Use the following for labelling the diagrams below:

a) θ (for reference angle) b) hypotenuse
c) opposite d) adjacent

1. 2.

3. 4.

5. 6.

7. 8.

Fig 12.3

B

CA

θ

A

C B
θ B

C
Aθ

θ

CB

A

C B

A

hyp
otenuse

C

BA
opposite

C B

A

adjacent
C

B A
opposite
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B. PYTHAGORAS THEOREM

Pythagoras was a mathematician who thoroughly studied the
relationship between the length of the sides of a right-angled
triangle. The Greek mathematician deduced a theorem referred
to as Pythagoras Theorem, which is stated as:

For any given right-angled triangle the square of the hypotenuse
is equal to the sum of the squares of the other two sides.
(Fig 12.4)

Fig. 12.4

h2   =   a2   +   b2

This theorem may be verified experimentally for any right-angled
triangle using squared or graph paper. (Fig 12.5)

Fig. 12.5

The total number of squares in the h V h square is equal to the
sum of those in the b V b square and those in the a V a square.

h a

b

θ

Hint
All calculations on the
triangle at this level
will involve one of the
following:
(i)  finding length of
sides.
(ii) finding size of
angle.
(iii) finding area of the
triangle.

b

h

a
h

a
b
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B
D C

A

11cm
9cm

3cm

 Consider the following examples:

1.  Find a and b in figure 7 below.

Fig. 12.6

  Solution

1. To find a, use triangle BCD.
From Pythagoras:

132  = 122 + a2

132 –  122  = a2

=  132  –  122

  a2 =  169  – 144

  a2 =  25

   a =   /25

   a =   5cm

To find b, use triangle ABD.
a =   5

From Pythagoras:
52 = b2  + 32

52 – 32  = b2

= 25 – 9
b2 = 16
b =  /16
b =  4cm

2. Use Fig 12.7 to find: a) AC
b) BC

Fig 12.7

                              Common Error

PETROL

DIESEL

A common error is to
forget to square or to
find the square root.
e.g., giving your final
answers as a = 25 and
b = 16.
Watch out!

Hint
Pythagoras Theorem
can be used to find
one of the sides of a
right-angled triangle,
provided the other
two sides are known.
Always remember to
square the lengths.

a

b

3cm

13cm

12cm

A

B

CD
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  Solution

2. a) For triangle ADC, which is right-angled:
AC2 = 92 – 32

AC2 = 81 – 9
AC  =  /72
AC  =  8,485
       = 8,5cm (1 decimal place)

b) For triangle ABC:
112  = BC2 + AC2

112  = BC2 + (  72)2

BC2 = 112 – ( 72)2

BC2 = 121 – 72
BC2 =  49
BC  =   49
BC  = 7cm

1. Given that triangle ABC is a right-angled triangle with
B = 900, calculate the missing side in each of the following:
a) AB  = 20cm  BC = 6cm.
b) BC  = 10cm  AC = 13cm.
c) AB  =  8cm   AC = 10cm.
d) AC  = 14cm BC = 12cm.
e) BC  = 9cm   AB  = 15cm.

2. In Fig 12.8, triangle ABC is an isosceles triangle with
AB = AC = 25cm,
DA = 24 cm and CM = 2cm. Use pythagoras to find:
(i) DC. (ii) BC. (iii) DM.

Fig. 12.8

^
Hint

Sketch triangle first.

/

                              Common Error

PETROL

DIESEL

A common error is to
approximate value of
AC, i.e. 8,485 or worse
still round off 8,5 to 9
and then use it rather
than the whole  72
note (8.485)2 =     72.

Tip
AC is the hypotenuse
and should be the
longest side in all
cases.

/
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3. A ladder is leaning against a vertical wall, such that its foot on
the horizontal ground is 0,6m from the wall and it rests on
the wall 3,5m from the ground. Calculate the length of the
ladder.

4. Find the length of the diagonal of a square whose side length
is 6cm.

5. Find the hypotenuse of an isosceles right-angled triangle
which has one of its equal sides as 7cm.

C. PYTHAGOREAN TRIPLES

When all the sides of a right-angled triangle are integers then, these
numbers are referred to as Pythagorean triples, for example, a
3, 4, 5 triangle. Other Pythagorean triples are (6, 8, 10) (5, 12, 13)
(7, 24, 25) (8, 15, 17) and there are many more!

 Consider examples below

Show whether the following are Pythagorean triples.

1. (15; 36; 39)
2. (32; 42; 50)

 Solutions

1. 392 = 1521
152 + 362 = 225 + 1296 = 1521
Hence  152 + 362 = 392

∴ (15; 36; 39) are Pythagorean triples

2. 502  = 2500
422  + 322 =  1764 + 1024

=  2788

322 + 422 =  502

∴ (32; 42; 50) are not Pythagorean triples

1. Which of the following are Pythagorean triples?
a) (18; 24; 30)
b) (10; 24; 26)
c) (14; 48; 26)
d) (15; 22; 27)
e) (16; 30; 34)

Hint
Multiples of these
triples also form other
Pythagorean triples
e.g (6, 8 10) is a
multiple of the (3,4,5)
triangle. Another way
to test or verify if a
triangle is right-
angled is by showing
whether its sides are
Pythagorean triples.
The biggest number in
the triple is the
hypotenuse.
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2.

Fig 12.9

For the triangle in Fig 12.9, list the various integers which,
when substituted, make the following Pythagorean triples. Part
(b) of  the question below has been done for you.
a) (3, 4, 5) b) (5, 12, 13)
c) (7, 24, 25) d) (9, 40, 41)

b) Suppose we choose the side (x2 – y2) as being the smallest
length in the ratio of  5; 12; 13 Pythagorean triples, then
x2 – y2 = 5,
Choosing 3 and 2 as x and y respectively we get,
32 –22 =  9 – 4 =  5
∴      x = 3     y = 2

The ratios of the sides of the triangle are:

x2 + y2        2xy x2 – y2

32 + 22      2V3V2 x2 – y2

  13         12     5

3. Use Pythagoras theorem to find x, in Fig 12.10.

Fig. 12.10

D.  RATIO OF SIDES: USING TANGENT, SINE OR COSINE

Once again the reference angle and the sides of a right-angled
triangle have a special relationship. Consider the right-angled
triangle in Fig 12.11.

Fig 12.11

x2 – y2
x2 + y2

2xy

Hint
Note that the ratio of
the triangle is x2–y2;
2xy; x2+y2.
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(x – 2,4)
x

4,8

opposite

BC

A

θ

hypotenuse

adjacent

Hint
The x and y value can
be found using any of
the terms i.e. instead
of x2 – y2 you may also
use 2xy or x2 + y2 to
find the values of x
and y.

: :

::

: :

↓

↓

↓ ↓

↓ ↓
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The sides may be divided to form ratios with specific trigonometric
names. These are:

opposite
adjacent

opposite
hypotenuse

adjacent
hypotenuse

The above formulas should be memorised and the following
mneumonic may be used.
SOHCAHTOA or CHASHOTAO whereS = sine

C = cosine
T = tan
O = opposite
H = hypotenuse
A = adjacent

It is interesting to note that if any one side is increased or decreased
while the reference angle θ is kept constant, but the lengths of the
other two sides also change. See (Fig 12.12).

Fig 12.12

Draw and label triangular shapes, as illustrated in Fig 12.12.
Use a set-square to ensure the triangles are right angles.
Task 1

To find tangent θ measure the lengths of opposite and that of
the adjacent sides using a ruler then calculate the ratio.
Tangent θ is usually written in short as tan θ. Write your
answers in decimals.

a)           opp       A
1
B

1

           adj       OA
1

Hint
If the value of the
reference angle (θ) is
changed then the
values of the opposite,
adjacent and
hypotenuse sides
also changes. The
hypotenuse is always
the side opposite the
right-angle and
always the longest
side.

O
A1

A2 A3 A4

B1

B2

B3

B4

opposite

hypotenuse

adjacent

θ
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= tangent θθθθθ

= sine θθθθθ

= cosine θθθθθ
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b)           opp        A
2
B

2

          adj         OA
2

c)           opp         A
3
B

3

          adj         OA
3

d)           opp        A
4
B

4

          adj         OA
4

Note that the value of θ is your choice but make sure it is less
than 900 and bigger than 00.

Task 2
To find Sine θ, measure the lengths of the opposite
sides and the hypotenuse side, work out the corresponding
ratios. Sine θ is usually written in short as sin θ. Write your
answers in decimal form.

a)            opp         A
1
B

1

           hyp          OB
1

b)                       opp         OA
2

           hyp         OB
2

c)             opp         OA
3

            hyp         OB
3

d)             opp        OA
4

            hyp         OA
4

Task 3
For cosine θ the same should be done, that is, to measure
the adjacent and hypotenuse sides and calculate the ratio.
Cosine is usually written as cos θ. Write your answers in decimal
form.

a)             adj          OA1

            hyp         OB1

b)             adj          OA2

            hyp         OB
2

c)             adj          OA3

            hyp         OB
3

d)             adj          OA4

            hyp         OB
4

Task 4
Comment on the answers you find in all tasks 1 to 3.
Do you notice that the ratio of a given angle does not change even
if you change the lengths of the corresponding sides?
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tan θ         =           =              =    ?

tan θ         =           =              =    ?

tan θ         =           =              =    ?

sin θ           =           =             =     ?

sin θ           =           =             =     ?

sin θ           =           =             =     ?

sin θ           =           =             =     ?

cos θ    =         =               =     ?

cos θ    =         =               =     ?

cos θ    =         =               =     ?

cos θ    =         =               =     ?
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 Consider the examples below:

1. Find by drawing and measurement, the values of:
a) tan 600.
b) sin 600.
c) cos 600.

Fig 12.13

  Solution

1. a)            opp         AB
           adj          OB

b)            opp          AB
           hyp          OA

c)            adj           OB
           hyp          OA

N.B. In the above example, the fractional values to be inserted in
the empty boxes have been deliberately left out because they are
infinite. In the “Practice” which follows do not leave empty boxes.
Write the values you have used.

By drawing and measurement, find values for:
a) tangent,
b) sine and
c) cosine, of the following angles:

1. 250   2. 680 3. 390 4. 800

5. 450   6. 800 7. 300 8. 420

9. 490   10. 660

E. ANGLES FROM TRIGONOMETRIC RATIOS

It is also possible to find angles given the ratios of the sides.

O B

A

600
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tan 600   =           =             =     –     =     1,7321

sin θ        =           =            =    –     =     0,8660

cos θ     =            =             =    –     =     0,5

12D2

Hint
Draw any right-
angled triangle with
one of its angles as
600.
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Hint
The lengths are in
the ratio 5:9 and
any multiples or
submultiples would
give the same answer.
That is the lengths
could be 10:18,
15:27 etc. Naturally
the bigger the
diagram the easier it
is to measure
accurately.
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Hint
If the numerator and
the denominator of
the sine and cosine
ratio are equal, then,
for sine ratio, θ = 900

and for cosine ratio θ
= 00 e.g. sin θ =
Thus θ = 900 and
cosθ =      thus θ = 00

In fact the diagrams
would be overlapping
lines. Can you figure
it out?

 5
 5

 6
 6

 3
 4

 3
 11

  8
10

 5
 3

 10
 10

 11
  9

 5
 5

 11
  7

 5
 4

 10
 8

 8
 6

 9
 7

5cm 5cm 5cm

9cm

9cm 9cm

12E

 7
 3

 8
 3

  9
 7

 6
 6

 9
 4

 12
  6
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 Consider the following example:

1. Find the angles with the following trigonometric ratios.

a) tan θ    =

b) sin θ    =

c) cos θ   =

  Solution

Step 1
1. Draw the triangles to scale on a separate sheet of paper.

Fig 12.14  (a, b and c) give the information required on the
diagrams.

N.B. The diagrams are not drawn to scale.

a) b)    c)

Fig 12.14

Step 2
Using a protractor, the following angles are found from the diagrams
(a)  θ = 290        (b) θ = 340        (c) θ = 560

By drawing and measurement, find angle θ, using the following
trigonometric ratios:
1. tangent θ is:

a) b) c)

d) e) f)

2. sine θ is:

a) b) c)

d) e) f)

3. cosine θ is:

a) b) c)

d) e) f)



12.    T
h

e R
ig

h
t-an

g
led

 Trian
g

le

265

F. APPLICATION OF TANGENT, SINE AND COSINE OF AN
ANGLE; – The unknown x as a numerator.

The value of the trigonometric ratios of tangent, sine and cosine
for all angles 00 – 900 have been calculated and they are found in
tables. The use of the tables, or calculators, will be explained later
in this chapter. For now, Table 12.1 gives the values of some chosen
angles. All values in table 12.1 are given to 4 decimal places.

Table 12.1
  Angle θ tan θ sin θ cos θ

  200 0,3640 0,3420 0,9397
  350 0,7002 0,5736 0,8192
  400 0,8391 0,6428 0,7660
  470 1,0724 0,7314 0,6820
  550 1,4281 0,8197 0,5736
  600 1,7321 0,8660 0,5000
  670 2,3559 0,9205 0,3907
  750 3,7321 0,9659 0,2588

 Consider the example below:

1. In Figure 12.15 (a, b and c) find the value of x.
a) b) c)

Fig 12.15

  Solution

1. a) For fig 12.15 (a)
AB
BC
 x
60

 x =  60 tan 400

From table 12.1, tan 400  =   0,8391
∴  x =  0,8391  V 60

     x =  50,3460cm

The answer can be rounded off to 3 significant figures.
     x  =  50,3cm
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Hint
Remember, when
solving trigonometry
problems you are
either:
a)  finding one of the
sides, given the angle
and one side
b) finding the
angles using the
trigonometry ratios,
given at least two
sides
c) finding the area
of triangle, given the
perpendicular height.
For now, shall we
focus on (a) and later
on (b).
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=  tan 400

=  tan 400

A

C B
400

60cm

x

x 5cm

60cm

60cm 60cm

400

A

BC

x

D

FE

K

HG
400 400

x
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=  sin 400

D

E F
400

60cm
x

K

G H
400

60cm

x

=  cos 400

12F

10
x

200

10

x

350

9

x

750
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b) For fig 12.15(b)
DF
DE
 x
60
x     =  60sin 400

x     =  0,6428  V 60
   38,5680cm

x     =  38,6cm

c) For fig 12.15(c)
GH
KG
 x
60
x     =  60cos 400

x     =  0,7660  V 60
   45,9600cm

x     =  46,0cm

Use table 12.1, on page 265 for this exercise. Give your answers
to 3 significant figures.

1. Find the values of x in each of the triangles in Fig 12.16
a)            b)         c)

        d)            e)         f)

Fig 12.16

670

8

600

13

x

x

x
470

20

=  sin 400

=  cos 400
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200

x

15

x

350

15

x

9

400

470

24

x

600

22

x

750

x

14

x

15

400

x

14

7

x

x

20

670

x

5
600

x

12

470

350

d)        e)           f)
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470

4m

2. Find the values of x in each of the triangles in Fig 12.17 a to f.

a) b)         c)

d) e)      f)

Fig 12.17

3. Find the values of x in each of the triangles a to f.

a) b)         c)

Fig 12.18

4. The National flag is flying at half-mast. If the angle of elevation
of the flag from a point 4 metres away on level ground is 470,
calculate the height of the flag. (Fig 12.19).

Fig 12.19

200
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5. The angle of elevation to the top of the church roof, is 350,
from a point 65 metres away on level ground. Calculate the
height of the church. (Fig 12.20)

Fig 12.20

G. APPLICATION OF TRIGONOMETRIC RATIOS WITH
UNKNOWN, x, AS THE DENOMINATOR

 Consider the examples below:

1. In figure 12.21 (a) to (c) find the value of x. (All answers to be
expressed correct to 1 decimal place). All measurements are
in cm. Use the tables or a calculator.

a) b)      c)

Fig. 12.21

  Solution

1. a)     AC b)            AB
               BC            AC

               10            15
                  x x

        10                                       15
     tan 350                  sin 350

        x  =  14,28cm    x  =  26,1506

        x  =  14,3cm   x   =  26,2cm

Hint
The final answers for
x are calculated by use
of logs or calculators.

1,5m

>

>

30
350

>>

350

10cm

x
350

15cm

x

350

B C

A AB

C

x

8cm
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tan 350  =

tan 350  =

x  =

sin 350 =

sin 350 =

x  =
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Hint
Special case – using
the complement of an
angle – when x is
the denominator, a
simpler method, for
the tangent ratio
only, can be applied.
The method involves
finding the
complement of the
given angle. The
above example fig
12.21(a) may be re-
drawn as in fig 12.22,
with BAC as the
reference angle.

Hint
Use the shorter
method where tangent
is involved, in this
exercise.

75012

x

200

15

5

470

x
x

c) BC
           AC

 8
             x

                  8
            cos 350

                  8
            0,8192

             x =   9,766cm
             x =   9,8cm

There is another method which can be used to find x. Consider
the following figure, 12.21a).
2. Find x.

Fig. 12.22

  Solution

2.  A =  900 – 350  = 550

 x
10

   x = 10 V tan 550

  x = 10 V 1,4281

  x = 14,28
  x = 14,3 cm which is the same answer as found before.

Find the value of x in each of the triangles in Fig 12.23.

Measurements in this exercise are in cm. (Answers to be written
correct to 1 decimal place).
a)     b)               c)

A

C

10

 (900 – 350) = 550

^
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B
x

350

350

x

8cm

cos 350  =

cos 350  =

^

=  tan 550

12G

A

CB

 x =

 x =

∴
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 10
 5

Tip
These minutes should
not be confused with
those used to measure
time.

Hint
When changing
minutes to degrees
you divide by 60’
when changing
degrees to minutes,
you multiply by 60’.
(see examples a
and b).

 100
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 60
27( )
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 100
 51( )

670

550

13

x

470

x

10

x

11
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d) e)          f)

Fig. 12.23

H.  DEGREES AND MINUTES IN ANGLES

Angles are measured in degrees or radians. At this stage we are
concerned about the degrees. A degree (one degree) can further
be divided into smaller units called minutes. In fact there are 60
minutes (60’) in one degree (10).

10   =   60’’’’’

Changing minutes to degrees and vice-versa.

(28,5)0  = 28,50 is the same as 28030’.
The 30’ are found as follows       V 60  = 30’.

Similarly (28,25)0  or 25,250 =  280 15’
The 15’ are found as follows:
        V 60’  = 15’

Can you verify this using a scientific calculator?

 Consider the examples below:

(Scientific calculators may be used.)
1. Change (42,51)0 to degrees and minutes.

2. Change 42027’ into a decimal number of degrees.

 Solutions

1. 42,510  = 420  +          ’

42,510  = 420  + 0,51’

42,510  = 420  + 0,51 V 60’
     = 420 + 30,6’

42,510  = 420  + 31’

42,510  = 420 31’

2. 42027’  = 420  +         0

42027’  = 420  + 0,450

42027’  = 42,450
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Note: Use calculators or tables in this chapter.
1. Change the following to degrees with a decimal.

a) 150’ b)   280 40’ c)    660 66’

d) 290 21’ e)   149’

2. Change the following to degrees and minutes.

a) (80    )0 b)   0,60 c)    40,450

d) 0,80 e)   23,230

I. ADDITION AND SUBTRACTION OF DEGREES AND
MINUTES

When you add minutes and the answer is equal to, or exceeds 60
then you convert them to degrees and minutes
e.g. 79’  =  10 19’
Similarly, if you are subtracting bigger minutes from smaller minutes
you borrow one degree and convert it to 60 minutes and add it to
the smaller minutes. The examples that follow illustrate this.

 Consider the examples below:

Find the value of:
1. 200 46’ + 310 32’

2. 730 16’ – 420 50’

 Solutions

1.    200 46’
+ 310 32’
    520 18’

2.    730 16’    720 76’
– 420 50’ – 420 50’
   300 26’     300 26’

1. Compute the following, using tables or calculators.
a) 290 32’ + 46041’ b) 27,90 + 250 13’

Hint
In (a) 46’ + 32’ = 78’
= 1018’ hence the 10

is added to 200.
In (b) Since 16’ is less
than 50’ we take 10

from 730 and convert
it to minutes = 60’
and then add to 16’ to
give 76’. The 730

becomes 720.

 10
 5

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

⇒

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

12H

12I



272

c) 33,70 + 420 54’ d) 490 37’ – 260 56’

e) 560 13’ – 420 28’ f) 51,80 – 42,30

g) 59,50 – 39,80 h) 49,60 + 54,90

i) 470 39’ + 520 54’

J.  USE OF A SCIENTIFIC CALCULATOR

The values of trigonometric ratios can be found using the scientific
calculator

The following keys and their functions should be easily identifiable
on your calculator they mean:

Degree       Sine  Cosine          Tangent      2nd function
or Radians
or Gradients

In addition, below the three trigonometrical ratio keys we have:
sin–1 ........ below the sin key

cos–1........ below the cos key

tan–1......... below the tan key

The following steps may be followed when using the calculator.
1. Switch it on.

2. Use the DRG key to ensure the calculator is in the degree
mode.

3. a) To find the value of an angle press the required ratio key
and enter your degrees then press the equal sign
e.g. Sin 300 = 0,5

b) To change a given ratio to degrees, press the 2ndF key,
then the trigonometrical ratio key, then enter the ratio and
finally press the equal sign key e.g. Sin–1 0,5 = 300.

This is just a guide. Students should read their calculator manual
or experiment as they do with mobile phones.
It is recommended that you visit chapter 17 in this book, “How to
use the scientific calculator”.

Hint
Note that: sin–1, tan –1

and cos–1 are read as
arc sin, arc tan or arc
cos respectively.

Hint
Some calculators
require you to enter
the angle first then
ratio. Others expect
you to enter the ratio
then the angle. Watch
Out!
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sin

→
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3

0 =

2ndF

→
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sin–1

5 =

→ .
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Use a calculator to calculate the following:

1. cos 122016’ 2. sin 76,90 3.  tan 1490

4. cos–1 0,7611 5. cos–1 0,3949 6.   sin–1 0,6666

7. tan–1 6,4792 8. tan 1,9792

9. Evaluate  (cos 30)2 – (sin 49)3

                          sin2 300

K. TABLES OF TANGENT, SINES AND COSINES

We will now look at the manual method using tables, to find the
trigonometrical ratios of given angles and vice versa.

The tables at the back of this text book can be used to find the
values of trigonometrical ratios, i.e. tangent, sine and cosine. We
are focussing on natural tangents, sines and cosines.

Table in Fig 12.24 has been extracted from the tables at the end
of this book.

Fig 12.24

Hint
Always ensure that
you are using the
correct table.
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10. Evaluate (sin 400 – cos 1520)2

             2 V cos 1440
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Points to Note
(i) In relation to tangent and sines tables

They range from 00 to 900 .

00 gives the smallest value while 900 gives the maximum
values. The values of tangents increase rapidly towards 900.

Each value is given correct to 4 decimal places.

The difference column ranges from 1’ to 5’ and numbers in
the difference column must be added when dealing with these
two trigonometrical ratios.

(ii) In relation to cosine tables

They also range from 00 to 900 .

00 gives the greatest value while 900 gives the smallest value.

Each value is given correct to 4 decimal places.

The difference column ranges from 1’ to 5’ and numbers in the
difference column should be subtracted.

The tables are used to find values of angles e.g. tangent 39019’ or
to find angles, whose ratio values are given, e.g. finding the angle
whose value of sine is 0,4966.

Finding values of tangents and sines, from given values of
angles.

 Consider the examples below

Use tables to find tangent & sine values of the following:
1. 24’ 2.   38’

3. 680 42’ 4.    290 16’

 Solutions

Using tangents tables:

1. tan 24’  =  tan 00 24’  = 0,0070

2. tan 38’  =  00 38’  = 0,0070

Since 38’ is between 36’ and 42’ its difference with the nearest
column, i.e. 36’, is 2’. ∴  Under 2’  difference column is 6 so we
add 0,0006 to the value under 36’  which is  0,0105.

Hint
Memorize
sin 00    =  0
sin 900  = 1
cos 00   = 1
cos 900 = 0
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tan 38’ =  tan 0038’
=  0,0105 + 0,006
=  0,0111

3. 680 42’ – Read from 680 and move horizontally to the value
directly under 42’  = 0,5649.

4. 290 16’ – Read value of 290 under 18’  = 0,5612 but we need
16’ hence difference is 2’ under the difference column 2’ gives
a value = 8 which we subtract from 0,5612 since 16’ is smaller
than 18’.

tan 290 18’  =      0,5612
     –2’       – 0,0008

tan 290 16’  =      0,5612

Using the sine tables  –  The method is the same as above.

1. sin 24’  =  0,0070

2. sin 38’  =     0,0105
         + 0,0006
             0,0111

3. sin 680  42’  =   0,9317

4. sin 290 16’  =   0,4894
   – 0,0005

sin 290 16’  =   0,4889

1. Using the appropriate tables at the end of this textbook, or a
calculator, find the tangents of the following:
a) 29’ b) 33’ c) 550

d) 630 e) 440 16’ f) 270 53’

g) 670 49’ h) 680 54’ i) 760 13’

j) 880 9’ k) 790 19’ l) 440 44’

2. Using the appropriate tables at the end of this textbook, or a
calculator, find the sine of the following:
a) 290 b) 37’ c) 47’

d) 470 28’ e) 790 55’ f) 820 37’
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g) 710 41’ h) 400 40’ i) 390 49’

j) 360 36’ k) 490 59’ l) 680 17’

m) 780 43’ n) 870 57’

Finding the cosine values of angles

 Consider the following examples:

Using the tables at the end of this textbook, find cosine values for:

1. 47’ 2. 390 38’ 3. 290 53’

 Solutions

1. 47’  = 00 47’

Under 48’  =  0,9999 and the difference is 1’ under the difference
column = 0  ∴ we add 0.

cos 47’  =     0,9999
  – 0,0000

     =     0,9999

2. 390 38’ – The cosine value of 390 under cos 36’  = 0,7705

The difference with 38’ = 2 hence the difference column give us 4
which should be subtracted since it is cosine.
       0,7705
     –0,0004
       0,7701   Cos 390 38’  = 0,7701

3. 290 53’ Under 290 54’ we get 0,8669. But the difference
with 53’ = 1 and under 1’ the difference = 1.

We then add the difference.

i.e. 0,8669
    + 0,0001

0,8670 ∴  Cos 290 53’  = 0,8670

Using the tables at the end of this textbook, or a calculator, find
the cosines of the following angles:
1. 150 15’ 2. 390 3. 470

4. 810 29’ 5. 360 47’ 6. 770 47’

                              Common Error

PETROL

DIESEL

The cosine trigono-
metrical ratio can be
tricky – pause and
think. Do not add the
difference 0,0004 to
0,7705. Remember in
cosine we subtract.
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7. 520 17’ 8. 410 56’ 9. 330 33’

10. 400 40’

Finding angles when the values of the tangent, sine or
cosine are given

 Consider the following examples:

1. Use the tables to find the angles whose a)  tan   b)  sin and
c)  cos respectively are 0,6935.

Solution

1. a) For tan, let angle be = θ.

∴ tan θ  = 0,6935

Step 1
– Search for 0,6935 or the closest two numbers which it falls

between. Choose the nearer one. In this case it is = 0,6924
which is under 340 42’. Record the 340 42’.

Step 2
– The difference between the two numbers  0,6934 and 0,6924

is 9. Go to the difference column, to read the value for 9
or for the number nearest to it, in this case, it is 9.

Step 3
Move up the column to find the value of the minutes under which 9
is found in this case 2’. Add 2’ to 42’ = 44’

The final answer is 340 44’

b) For sine, the same steps are followed, to give
430 54’
     + 1’
430 55’

c) For cosine, the same steps are followed.
460 6’
–    1’
460 5’

Hint
The bigger the
tangent, the bigger
the angle.
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The bigger the cosine
the smaller the angle.

Hint
The bigger the sine
the bigger the angle.
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1. Use the tables, or a calculator, to find the angles having the
following tangents:
a) 0,6647
b) 1,7736
c) 0,4436
d) 0,9136
e) 2,5647

2. Use the tables, or a calculator, to find the angles with the
sine values of:
a) 0,9612
b) 0,5672
c) 0,3648
d) 0,8714
e) 0,4444

3. Use the tables or a calculator, to find the angles with cosine
values of:
a) 0,3747
b) 0,8123
c) 0,2478
d) 0,3214
e) 0,0461
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1. Pythagoras Theorem

Fig 12.25

For any right-angled triangle
AB2 = AC2 + BC2 or

c2  =  a2 + b2

2. Simple trigonometrical ratios for an acute angle.

Fig 12.26
        opp       a
         hyp       c

         adj       b
          hyp      c

        opp       a
         adj        b

3. Use ‘CHASHOTAO’ or ‘SOHCAHTOA’ to remember the
above ratios.

4. The above three formulae are used to calculate the ratios of
the trigonometric functions. The ratios may also be used to
find the value of the angle and vice versa.

5. Read the manual of your calculator and produce a
summary of its application in trigonometry.

CA

B

a
c

b

Sin θ   =           =

Cos θ  =           =

Tan θ   =          =

A

θ
B

C

opposite
hypotenuse

adjacent

c

a

b
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 Consider the following example:

1. Find the values of a)  x and      b)  θ in Fig 12.23.
All measurements are in cm.

Fig 12.27

  Solution

1. a) Using trigonometry, x is found as follows:

      25
        x

                   25
                Sin 300

But Sin 300  =  0,5
                         25

                 0,5

                  x  = 50cm

b) Using trigonometrical ratios, θ is calculated as follows:
20
25

0,8 =  tan θ

θ =  tan–1(0,8)

θ =  38,660 or 3804’

θ 25

20

300B C

D
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Now do the following:

1.

Fig 12.28

In Fig. 12.28, Calculate:

a) the length of DC.

b) the length of AC.

c) the size of the angle θ.

d) the size of ADC.

e) the area of triangle ABD.

2. The diagonal of a rectangle is 12cm and the longer side is
8cm.
a) Find the angle between the diagonal and the shorter side.

b) Find the width of the rectangle.

3. Find the length of the sides of a square which fits exactly in a
circle, of diameter 6cm, with all the corners of the square
touching the circumference of the circle.

4. A ladder 5 metres long leans against a vertical wall with its
foot on a horizontal floor 4 metres away from the wall. Find
the angle between the ladder and the horizontal floor.

5.

The diagrams show a rectangle and a right-angled triangle.
The lengths of the sides of the rectangle A are (x + 3)cm and
(6 – x)cm. The lengths of two of the sides of the triangle B are
x cm and (2x + 1)cm, as shown.
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a) Write down an expression, in terms of x, for the area of:
(i) rectangle A.
(ii) triangle B.

b) Given that the area of rectangle A is twice the area of
triangle B, form an equation in x and show that it reduces
to 3x2 – 2x – 18 = 0.

c) Solve the equation in (b), giving your answers correct to
3 significant figures.

d) Write down the dimensions of rectangle A correct to
the nearest millimetre.

6.

In the diagram, MNX is an acute angled triangle in which
MN = 11cm, XN = 19cm and XMN = 680.

a) Calculate:
(i) MXN
(ii) the perpendicular distance from X to MN.
(iii) MX.

b) Given that point L lies on MX and that ML = 6cm, calculate
NL.

7.

In the diagram, PS = 5,2cm, SQ = 14cm, SQR = 38,90 and
QRS = 900.

^

^

680

M 11
N

X

19
L

38,90

14

RQ

^
^
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Calculate:

a) the length of QR,

b) the length of PR,

c) the size of the angle marked y0,

d) the area of the triangle PSQ.

8. In the digram, DAB = DCB = 900, AB = AD, DC = 9cm and
CD = 2cm. Calculate the length of line AD.

Fig 12.32
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Hint
The plural for
rhombus is rhombi
and for trapezium is
trapezia.

13
Maths decoder 3/4
13ZPH
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Syllabus
Expectations

1

2

3

4

5

6

7

8

In everyday life, we encounter useful quantities which we use for
various purposes. Time, mass, temperature, distance, perimeter,
area, volume and density are examples. Measurements of these
quantities may be found by using an instrument or by calculation,
using a defined formula. The purpose of taking these
measurements or doing these calculations may be for recording,
pricing, packaging, loading research or for many other reasons.
The calculation of perimeters, areas and volumes of shapes is
called mensuration.

By the end of this chapter, students should be able to:

read time on both the 12 and 24 hour clocks.

use System International (SI) units of mass, temperature,
distance, area, volume and density.

express quantities in terms of larger or smaller units.

define other SI units, including the hectare.

carry out calculations involving the perimeter and area of a
rectangle, triangle, parallelogram and trapezium.

find the circumference of a circle, length of a circular arc
and the length of a sector.

find the area of a circle and the area of a sector of a circle
and the area of a segment.

calculate the surface area and volume of a cylinder, cuboid,
prism of uniform cross-section, pyramid, cone and sphere.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter it is assumed that students are
able to:

draw polygons such as triangles and quadrilaterals (including
kites, rhombi and trapezia).

Measures and
Mensuration
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draw regular n-sided polygons.

change the subject of a formula and substitute in to formulae,
including those from other subjects e.g Science.

draw three dimensional-shapes such as pyramids, cubes,
cuboids and prisms of uniform cross section.

solve quadratic equations.

manipulate algebraic functions.

find the squares and square roots of numbers.

A. MEASURES

A quantity is any scientific measure which may be used to define a
concept, for example, time, mass and density. A quantity may have
all or some of the following characteristics: symbol, units, formula
to calculate it, instrument to measure it and a definition. Most
quantities are related to other quantities in one way or the another.
Table 13.1 gives the characteristics of basic measurements you
are required to know.

Table 13.1
 Quantity   Unit     Relationship to      Instrument Definition

    other quantities   used to

      measure

    (formula)      quantity
 Time (T)  second          Distance 12 or 24 hour Not necessary at this

 (s)        Speed clock stage but may be
measured in seconds,
hours, days, weeks,
months or years.

 Mass (M)  kilogram  M = Density x Scale Amount of material
 (kg)       Volume which makes up

matter.
 Density (D)  kg/m3             Mass Calculated Density is mass per

      Volume unit volume.

 Temperature  Kelvin        – Thermometer A measure of the
  (T)  0C degree of hotness or

coldness of something.

 Distance  m             Varies Metre rule Not necessary at  this
 /length (l) stage.

 Area (A)  m2           Varies for Calculated A measure of space
                different shapes in a plane which is

enclosed by
boundaries

 Volume or  m3            Varies for Calculated Space occupied by
 Capacity (V)                  different shapes an object

T =

D =
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Time

Time is a very valuable quantity which we use daily in order to
manage our activities. The basic unit of time is the second. These
accumulate into minutes, hours, days, weeks, months and years.

60 seconds =  1 minute
60 minutes = 1 hour
24 hours = 1 day
7 days = 1 week
4 weeks = 1 month
12 months = 1 year
52 weeks = 1 year
365 days = 1 year

In this section we concentrate on the time of the day.
Time may be measured using the 12 hour clock or the 24-hour
clock. A day starts at midnight and ends at midnight. A mechanical
(analogue) 12 hour clock must have its hour hand rotating two
revolutions in order to complete a day (24 hours). A digital clock
will show the exact time in terms of hours, minutes and seconds
for either the 12-hour or 24-hour clock.

Consider the following times in table 13.2.

Table 13.2
 Time in         12-hr clock 12-hour 24 hour
 words Notation Notation

 Midnight 12 midnight 0000

 (Beginning
 of new day)

 a minute past 12.01am 0001
 12 midnight

 quarter past 12.15pm 1215
 12 mid-day

 eight o’clock 8.00pm 2000

 in the
 evening
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 Consider the following examples:
1. A motorist starts a journey at five minutes past twelve during

the day and travels for 6,25 hours in order to arrive at her
destination. Express the arrival time in 12 hour and 24-hour
clock.

   Solution
               12 hour clock             24 hour clock

1. Starting time:            12.05pm 1205

               25
               100

               = 6 hours + 15 mins

          For 12 hour clock
00.05 + 6hr 15min

00.05
        +  6.15

  6.20 = 6.20pm

        For 24 hour clock
1205 + 6hr 15 min
1205
0615

          1820

2. A plane leaves Harare airport on a Sunday at 2300hrs heading
for London. Given that Harare time is ahead of London time
by 2 hours and the journey takes 10,5hrs
Calculate
a) The time in Harare when the plane lands in London (on

the 12 hour clock).
b) The London time on the 24 hour clock, when the plane

lands in London.

   Solution
12-hour clock 24-hour clock

2. Departure time 11.00 pm 2300
(Harare time)

Two hours ahead means when it was 2300 in Harare, it was
(2300 – 2)hours in London = 2100

                    12-hour clock 24-hour clock

Departure time 9.00 pm 2100
(London Time)

Note that 6,25 hours is
not 6 hours and 25
minutes similarly 2,10
minutes is equivalent
to 2 minutes +
  10   V 60
 100
which reduces to 2
mins and 6 sec.
Also note the following:
18 20hrs wrong
18:20 wrong
18 20 correct
06:20pm wrong
  6.20pm correct

                              Common Error

PETROL

DIESEL

( )

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro
Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

seconds

1

4

     6,25 hours           = 6 hours +          V 60 mins
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              5  V 60  mins
                                       10

a)   Arrival time (Harare time) = 10hrs + 30mins
  =   2300
     +1030
       3330hr 3330

                 – 2400
0930

Harare time = 9.30 am on Monday

b) London is 2 hours behind so
Arrival time (London time)

=    0930hrs
   – 0200hrs
      0730hrs   = 7.30am on Monday

Using 24hr clock, London arrival time = 07 30
    OR     21 00hrs

+ 10 30hrs
   31 30hrs 31 30hrs

           – 24 00hrs
07 30

1. Convert the following times to 24-hour notation:
a) 1.06pm. b)   11.59pm.
c) Half past twelve midnight.
d) Twenty minutes to one daytime.

2. Convert the following to 12 hour clock given that its 24 hr notation:
a) 0002 b)   1313 c)   2400
d)   1210 e)   0000

3. A cyclist starts his journey at 0600 and arrives at 3.40pm, the
same day. Calculate the total time taken to complete the journey
giving your answer in minutes.

4. An omnibus travelled 600km from one city, A to another city,
B, at an average speed of vkm/hr. The omnibus returned, non-
stop, by the same route, at an average speed of 2vkm/hr.
a) Write down an expression for the time in hours, taken

for the return journey.

b) Given that the difference between these two times is 2
hours, form an equation in v and solve it.
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10,5 hours =  10hrs  +

13A
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5. A Sunday service starts at 1400. John arrived 24,25
minutes late. Calculate the time John arrived and express it
in 12 hr clock notation.

6. A plane leaves London at 6.00am, Zimbabwean time heading
for Bulawayo. Given that, Bulawayo is ahead of London by
2,20 hours and the journey takes 11 hours, calculate the arrival
time in Bulawayo. Express your answer in 24-hour notation.

7. A train left a station at 1326 and arrived at its destination
after travelling for 2   hours. Find the time, on the 12-hour
clock, at which the train arrived at its destination.

B. THE METRIC SYSTEM AND (SI) UNITS

The System International (SI) units of quantities are the metric
system which uses the following:

Length metre.
Volume m3.
Mass kg or gram.
Capacity litre.

Table 13.3 illustates how these prefixes may be used for the gram.

A basic unit like gram, is converted into multiples or sub-multiples
by using prefixes. These prefixes are: kilo-, hecto-, deka-, deci-,
centi-, milli-.

Table 13.3

 Unit Abbreviation Basic Units

 kilo – 1 kilogram 1kg 1 000g
 hecto – 1 hectogram 1hg 100g
 deka – 1 dekagram 1dag 10g
 1 gram 1g 1g
 deci – 1 decigram 1dg 0,1g
 centi – 1 centigram 1cg 0,01g
 milli – 1 milligram 1mg 0,001g

The beauty of the System International (SI) units is that they are
universal and they use multiples and sub-multiples of 10. The
expression of quantities in terms of larger or smaller units can be
easily done.

 Consider the example below:

1. Convert the following:
a) 10m2 to cm2.
b) 500cm2 to m2.
c) 0,2kg to g.
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d) 3000cm3 to m3.
e) 20kg/m3 to g/cm3.
f) 100m/s to km/hr.

  Solution

1. a) Always start with the bigger unit, i.e.
1m = 100cm.

Square both sides.

(1m)2 = (100cm)2

1m2 = 10 000cm2

Use ratio.

1m2 =   10 000cm2

10m2 =       ?   ...... more

∴  10m2

     1m2

= 100 000cm2

b)  500cm2 =    ?     m2

       1m = 100cm

        ∴  (1m)2 = (10 000cm)2 (to find square units)

    10 000cm2 =  1m2

                   500cm2 =     ?    ........ less

                        500cm2

                      10000cm2

= 0,05m2

c)      0,2kg =            g

        1kg =   1000g
    0,2 kg =      ?    ......... less

0,2kg
1kg

=  200g

d) 3000cm3   =    ?    m3

       1m     = 100cm
     (1m)3      = (100cm)3

1m3 = 1 000 000cm3

Hint
Units multiply i.e
cm V cm V cm = cm3

(1m)2 = 1m V1m
         = 1m2

Units divide i.e.
  m2

  m
 1m3

 1m3

∴ 500cm2  =                    V 1m2

∴ 0,2kg  =
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 1000
 100

⇒
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V 1000g

1 000 000cm3       1m3

         3000cm3   =    ?   ......... less

                        3 000cm3

                        1000000cm3

                                 =   0,003m3

e) 20kg         ?     g
m3        ?    cm3

20kg        ?     g
m3        ?    cm3

In this case, change 20kg to g and 1m3 to cm3.

       for kg,   1kg =  1000g
     20kg =    ?

     20kg
     1kg

=  20 000g

      for 1m3,      1m = 100cm
       (1m)3 =  (100 V 100 V 100) cm3

         1m3 =   1 000 000cm3

       Substitute respectively:

                    20kg    20 000g
                   1m3    1000 000cm3

       ∴      20kg/m3 = 0,02g/cm3

f) 100m/s   =    ?    km/hr
       1hr   =   3 600s

Use simple proportion.

         ?    km covered in 3600 seconds

       ∴  100m/s  =         V 3600km/h

            =  360km/h

=

   1s
 100m    1000

 100m

   3600
    1

km

h

( )
( )

=

∴ 3 000cm2  =                       V  1m3

=
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1. Convert the following:
a) 400m2 to cm2.
b) 2000mm3 to cm3.
c) 0,004kg to grams.
d) 4 litres to millilitres.
e) 20g/cm3 to kg/m3.

2. One winter morning the temperature at the bottom of a tall
mountain is 90C and the temperature at the top is –60C.
Calculate the difference between these temperatures.

3. a) The speed of an object is 10km/hr. Convert its speed to
m/s.

b) Convert 100m/s to km/hr.
c) Express 48 minutes as a percentage of 2 hours.

4. A solid object has a mass of 200kg and a volume of 40m3.
Express its density in terms of g/cm3.

5. From question 4, calculate the volume of the same object,
given that its mass is 0,004grams.

6. Calculate the mass of 400ml of water, given that the density
of water is 1g/cm3.

7. a) The area of a triangle is 250cm2. Express this area in m2.
b) Sound travels at 330m/s. Express this speed in km/hr.

8. A playground has a length of 120m and a width of 100m.
Calculate its area and express it in hectares.

9. A cyclist starts a 40km journey at 0800. She maintains an
average speed of 30km/hr for the first three quarters of an
hour and then rests. Thereafter, she continues her journey at
an average speed of 35km/hr, arriving at her destination at
1100.
a) Calculate the distance covered in the first three quarters

of an hour.
b) Calculate, in hours, the time taken to cover the last part

of the journey.
c) Calculate, in minutes, the duration of her rest.

10. Say which of the units: millimetres, centimetres, meters or
kilometers would be the best to use in these cases:
a) the height of a grown up person.

Hint
Density  =    Mass

   Volume

Hint
1ml  =  1cm3

Hint
100m  = 1 hectmetre
10 000m2 = 1 hectare
students confuse hect-
are and acre
1 Acre = 0,40468
hectares.
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b) the height of a building.
c) the distance from Bulawayo to Masvingo.
d) the length of a rugby pitch.
e) the thickness of a plough-share.

C. AREA AND PERIMETER OF PLANE SHAPES

The perimeter of a plane shape is the distance around that shape.
Area is area is a measure of the space enclosed by the perimeter
quoted in squares of the unit involved. Table 13.4 below shows a
summary of formulae used to calculate these two quantities, for each
shape.

Table 13.4

Shape Formula     Formula for
for Area (A)     perimeter (P)
(units2) (units)

1. Triangle Area =    base V height     P = a + b + c

a)  A =     b V h

b)  A  =     ab  Sin C

2. Square Area =   side V side     P = 4l
         =   l2

3. Rectangle Area =  length V breadth P = 2(l+ b)
        =   l V b

4. Parallelogram     Area =  base V height P = (2a+ 2b)

Area  =  b V h    = 2(a+ b)
OR

        Area   =  abSinθ

5. Trapezium  Area =    (sum of parallel
             lines) V height P = (a+ b+ c+ d)

Area  =    (a+ b)h

 2
 1

 2
 1

C

b
h

c

a

l

l

b

h

b

a

θ

C

A

D

B

b

a

c dh
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6. Rhombus         Area =  base V height P = 4b
        =   b V h

OR
              A =    product of diagonals
              A =     xy

7. Kite         Area = longer diagonals P = (2a+ 2b)
      V half length of    = 2(a+ b)
      short diagonal

         A =    xy

 Consider the examples below:

1. An artist has a rectangular piece of paper which is 54cm long
and 33cm wide. (Fig 13.1)
a) Calculate the perimeter of the piece of paper giving your

answer in centimetres and in metres.
b) The artist wishes to cut the paper into squares each

with a length of 6cm. Calculate the largest number of
whole squares the artist can cut.

Fig 13:1

  Solution

a) Perimeter of rectangle = 2l + 2b
= 2 V 54 + 2 V 33
= 108 + 66
= 174cm = 1,74m

b) First find the area of the rectangle
=  54cm V 33cm
= 1815cm2

The area of the squares to be cut = l2

          (6cm)2  = 36cm2

      54
                    6
               =  9

       33
                     6

Together = 9 V 5 = 45 whole squares

b

h
y

x

a a

b b

54cm

33cm

x
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Number of squares
= 1815  That is wrong!

   36

                              Common Error

PETROL

DIESEL
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shorter diagonal.
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∴ Number of squares to be cut    = lengthwise  =

Number of squares to be cut widthwise       =         =  5
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2. Shape ABCD is a trapezium where AD is parallel to BC and
ABC = 900, AD = x + 4, AB = (x – 4) and BC = (4x – 1), as
illustrated in Fig 13.2.

a) Write down, in terms of x, an expression of the area.

b) Given that the area of the trapezium is 20cm2, form an
equation in terms of x and show that it reduces to:
5x2 – 17x – 52 = 0.

c) Solve the equation and hence find the length AB.

  Solution

2. a) Area of a trapezium =    (BC + AD) V AB

Area of trapezium =    [(x + 4) + (4x – 1)] V (x – 4)

Area of trapezium =    [x + 4 + 4x – 1] V (x – 4)

                    Area =     [(5x + 3)(x – 4)]

=     (5x2 –17x – 12) units2

b) From (a) Area of trapezium =    (5x2 –17x – 12)

          But given Area =  20cm2

                                 ∴     20cm2 =    (5x2 –17x – 12)

            ∴ 5x2 –17x – 12 = 40

              5x2 –17x – 52 = 0 (shown)

c) 5x2 –17x – 52 = 0
Since it is a quadratic equation we may use the quadratic formula

 i.e.                –b       b2 – 4ac
   2a

            17       172 – 4 V 5 V 52

   10

 2
 1

 2
 1

 2
 1

^

 2
 1
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D

C

(x – 4)

(4x – 1)

(x + 4)

>

>

Fig 13.2

/±
x =

/±
∴  x =

 2
 1

 2
 1
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 17       289 + 1040
   10

             17 ± 36.45545227
10

      x = 5,346 or x = –1,946

∴   Length of AB = x – 4
    = 5,346 – 4
    = 1,346cm

3. The quadrilateral ABCD has dimensions as shown, with a
rectangle, EBFD, enclosed in it. All lengths are in cm. (Fig 13.3)

Fig. 13.3

a) Calculate the area of     BCD.

b) Calculate the area of quadrilateral ABCD.

  Solution

3. a) Area of     BDC =     b V h

=      V 31,4cm  V 8,6cm

=  135,02cm2

b) Area of the quadrilateral ABCD.
= (Area of     BAD + Area of     BDC)

Area of     ABD =     b V h

=     V 21,7cm V18,6cm

=  241,81cm2

       ∴ Area of quadrilateral ABCD = 135,02cm2 + 241,81cm2

=   376,83cm2

±/

 2
 1

 2
 1

 2
 1
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x =

Hint
Use the positive value
of x since length is a
positive value.

Hint
The area of a
quadrilateral ABCD
can also be found by
adding the area
of the trapezium
EBCD and the
triangle AED or the
trapezium ABFD and
the triangle BFC.

x =

21,7
18,6

8,6

31,4

E

D F C

B

A
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 1
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4. The diagram in Fig 13.4 shows a tile ABCD in the form of a kite.
The ‘shaded part’ is painted blue while the rest is white.
a) Calculate the blue (shaded) area, given that the length

of the longer diagonal for the external kite = 42cm and
also that the length of the longer diagonal for the internal
kite = 21cm. Give your answer in cm2.

Fig 13.4

  Solution

4.                      Area of                 Area of
          external kite         internal kite

   = (42 V 16)cm2  – (21 V 8)cm2

   = (672 – 168)cm2

   = 504cm2

1. Find the perimeters and areas of the shapes in Fig 13.5(a to d).

        a) b)

A

DB 21
cm 16cm

8cm

42cm

C

7m 7m

4m

1m

4m

1m

2cm

3cm

4cm4cm
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c)

d)

Fig 13.5

2. A rectangular lawn measuring 3 metres by 1 metre, is
surrounded by a path of width 60cm. Calculate the area of the
path, giving your answer in square meters.

3. The area of a regular hexagon, of side 15cm is required.
This may be achieved by dividing the hexagon into a rectangle
and four right-angled triangles, as shown in Fig 13.6.

Fig 13.6

Given that BG = 12cm:
a) calculate the area of triangle ABG.

b) calculate the area of rectangle BGHF.

c) calculate the area of the whole hexagon.

4. A pattern is made up of large and small squares. The sides
of the larger squares are x long. The sides of the smaller
squares are     x long. See (Fig 13.7)
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Hint
Regular means all
sides are equal.

12cm 15cm

9cmA

B F

C E

DG H→→

 4
 1
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Fig 13.7

Find the following expressions, in terms of x, simplifying as
far as possible:
a) the perimeter of the diagram.
b) the area of the diagram.

5. A rectangular floor space measures 15m by 9,8m. How many
whole rectangular tiles, measuring 25cm by 20cm, will be
needed to cover this floor?

6.

Fig 13.8

a) Find the area of the picture frame in Fig 13.8.
b) Show that the area of the frame can be reduced to

(x2 – 2x – 16)cm2 square units. Assume the frame is flat
and of uniform cross-sectional area.

7. If the sides of a kite are measured to the nearest centimetre.
They are 16cm and 13cm respectively. Find the smallest
possible perimeter of the kite.

x

x 4
 1

(x + 6)cm

(x + 4)cm
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8. ABCD is a parallelogram (Fig 13.9) with AE perpendicular to
EC. Given that the area of triangle ABD is 40cm2, AB = 15cm
and ED = 12cm.
a) Calculate the length AE.
b) Calculate the area of parallelogram ABCD.
c) Find the area of quadrilateral EDBA.

Fig. 13.9

D. AREA AND PERIMETER OF THE CIRCLE, SECTOR AND
SEGMENT

A circle is unique because it can enclose a plane shape with all the
shape’s vertices touching the circumference. The following parts
of a circle should be noted. (Fig 13.10)

Chord – Any straight line drawn within the circle with both ends
touching the circumference of the circle. The chord divides the
circle into two segments – the minor segment and the major
segment.

The diameter is a special chord which divides the circle into two
equal segments called semi-circles. It passes through the centre

Arc of a circle
Any part of the circumference between two points is called an arc.
It should be noted that a chord also divides the circumference of a
circle into minor and major arc. (Fig 13.11)
The diameter divides the circumference into two equal arcs.

Fig. 13.11
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Hint
While a circle’s
diameter is a chord,
its radius is not.

minor arc

major arc

centre
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B
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D

circumference

radius

centre

major segment

chord

minor segment

Fig 13.10

diameter
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Moving along the circumference
Length AB clockwise  = minor arc
Length AB anticlockwise = major arc

Sector of circle
If two radii are drawn within the same circle with an angle θ in
between them, less than 1800, then the formed shape is a minor
sector of the circle. (Fig 13.12).

 Shaded AOB = minor sector

Fig. 13.12(a) Fig. 13.12(b)

As a matter of fact the triangle in any minor sector is always an
isosceles triangle and its perpendicular bisects the base Fig 13.12(b).

Table 13.5 gives a summary of formulas used to make calculations
related to the circle, sectors and segments.
 Table 13.5
 Shape Formula for Area (A) Formula for

(units2) perimeter (P)

Area = πr2 Circumference
(Perimeter) = 2πr

           or πd

 Circle

               θ                                       θ
           3600            3600

OR where the bracketed
If θ is in radians formula is that for
Area =    r2θ  or    rs finding length of the

arc of sector.

Hint
The sector can further
be divided into two
shapes: a triangle and
a minor segment (Fig
13.12(b). The triangle
formed is always an
isosceles. Throughout
this chapter the word
“sector” will refer to
the minor sector.

O

BA

θ

isosceles
triangle formed

minor segment

O

BA

E

r r

D

r

major
segment

θ

m

θ

s

( )

 Sector

The arc in a sector is
not part of the triangle
of the sector. Most
importantly, note that
in Fig. 13.12 (b) OE
=OA=OB since they
are all radii of the same
circle. However, OM
is not a radius of
the circle but the
perpendicular bisector
of the triangle base AB.

                              Common Error

PETROL

DIESEL

b

r

A

r

B

O

= – = +s                      Area of        Area of       Area of     Perimeter       length of       length of
                           shaded       sector         triangle   arc               chord
                           segment

Segment

 2
 1

 2
 1
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Area = P =V πr2    V 2πr2 + 2r

(units)
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 Consider the examples below:

1. In a pattern design process, a designer cut, from a
rectangular cloth (four equal semi circles), (Fig 13.13 ).
Taking π to be 3,0, work out the following:
a)    the area of the original rectangle.
b)    the area of the four semi-circles.
c)    the area of the shaded shape.

Fig 13.13

  Solution

1. a) Area of the original rectangle
= 22 V10
= 220cm2

b) To find the area of the semicircle:
                 22

                                  2
            =  11cm
                                    11

                                                      2
                                                =   5,5cm
                                        πr2

                                         2

               3,0 V5,5 V5,5
                         2

( )
Tip

Students forget to
divide by two to get
area of a semicircle.

r

R

Shaded Area = πR2 – πr2 Not applicable
         = π(R2 – r2 )

Annulus/Ring
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∴ Radius for each semicircle  =

Area of the semicircle =

Area =                              cm2
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                                               3,0 V5,5 V5,5 V4
                             2

             =   181,50cm2

c) The area of the shaded part
                 =   220,00
                      181,50
                        38,50cm2

2. In this question take π to be
A semi-circle, ADB, has a diameter equivalent to the length
of a rectangle, measuring 8cm V 6cm, is placed on the length
of the rectangle as ADB, (Fig 13,14). A sector OACB, is formed
inside the semi-circle. O is the centre of the rectangle.
Calculate:
a) length OB.
b) angle AOB.
c) area of sector OACB.
d) the shaded area.

Fig. 13.14

  Solution

2. a) Using Pythagoras: OB2 = OX2 + XB2

OB2 = 32 + 42

OB2 = 25
OB = /25
OB = 5

b)                 4
                3

tan θ = 53,130

                      ∴   AOB = 53,130  V 2

 AOB = 106,260

Hint
The value of π maybe
given as 3,142,        or
simply 3. Always
follow the examiner’s
question and use the
value given in that
question.

  7
 22

2

A

C

O

NM

D

B
4cm

6cm

<

<X

θ

^

^
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∴ For the semi-circles  =

  7
 22

  Angle AOB    tan θ     =^



304

c)              106,260

                          3600

               106,260 V 22  V 52

                3600         7
          =  23,19cm2

d) First find the areas of the semi-circle,    OAB and segment
XACB.

                                       πr2     1     22
                    2        2     7

=   25,14cm2

(ii) Area of     OAB=     b V h
          1
          2

= 12cm2

(iiI) Area of segment XACB = Area of sector OACB – area
of     OAB.

=  23,19  – 12
= 11,19cm2

(iv) Shaded area = area of semi circle – area of segment
= (25,14 – 11,19)cm2

=  13,95cm2

3. The sides of a kite form the radii of two circles which intersect
at points O and B as shown in Fig 13.15. If the shorter and
longer sides of the kite are 12cm and 15cm respectively,
calculate the shaded area of the intersection. (Take π = 3,14)

Fig. 13.15

  Solution

3. Step 1:   Find the area of the larger sector COEB.
Step 2:   Find the area of     COB.
Step 3:   Find the area of minor segment OEB.
Step 4:   Find the area of smaller sector AODB.

 2
 1

Hint
In such complicated
problems it is
important to state the
steps to be done
before you start
working, so that you
have a clearly defined
path to follow.

C

12
cm

2cm20
cm

600

15cm

O

A

E

D

B

800

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Area of sector OACB =              V  πr2

=

(i)   Area of semi-circle  =          =     V     V 42

=      V 8  V 3
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Step 5:    Find the area of      OAB.
Step 6:    Find the area of minor segment ODB.
Step 7:    Find the shaded area (i.e step 3 + Step 6).

Step 1: Area of sector COEB
            θ                 600

                      360            3600

                              1
           6

=  117,75cm2

                               1
            2

             1
             2

1

       =  108cm2

Step 3: Area of minor segment
= area of sector COEB – area of     COB
= (117,75 – 108)cm2

= 9,75cm2

     θ   V πr2

   360
    800   V 3,14 V 122

    3600

     2  V 3,14 V 144
     9
=  100,48cm2

Step 5: Find the area of     OAB =     base V height

1 V 18 V 8
2

= 18 V 4

= 72cm2.

Step 6: Area of minor segment ODB =  Area of sector OABD –
    Area of      OAB

=  (100,48 – 72)cm2

=  28,48cm2.

6

 2
 1

4
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=         V πr2   =

Area of COEB  =

Area of     COB  =

=

=

=

=

=

  V 3,14 V 152

V 3,14 V 15 V 15

base V height

V 18 V 12

Step 4: Area of the smaller sector OABD

Step 2:
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Step 7: The shaded area is the sum of the areas of the two minor
segments.

= Area of segment ODB + Area of segment OEB

= (9,75 + 28,48)cm2

=  38,23cm2

1. The minute hand of a watch is 1,3cm long. Using π  =     ,
calculate:
a) the distance moved by the minute hand in 25 minutes.
b) the area swept by the minute hand in this time.

2. The machine wheel, of radius 0,9m, rolls a distance of 2m
along the ground. Calculate, to the nearest degree the angle
the wheel turns through.  (π  =     ).

3. The area covered by lawn, in Fig 13.16, is the shaded part.

Fig 13.16
Calculate:
a) the shaded area.
b) the perimeter of the shaded shape.

4. In Fig 13.17, OA is parallel to CB.
OB is an arc of a circle with centre C.

Fig. 13.17

AB is an arc of a circle with centre O. Taking π  =     , find the
area of the shaded region.

Hint
5 minutes movement
= 300 at centre.

A

B

C0 9cm

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

 7
 22

 7
 22

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

13D

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

semicircle
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25cm

5cm

5cm
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5. ABC and OEC are semi-circles in Fig 13.18. Given that semi-
circle ABC has its centre as O and a diameter of 22cm,
calculate the shaded area. Take π to be 3,142cm.

Fig 13.18

6. Part of the tiling pattern of a floor is shown in Fig 13.19. The
pattern consists of equal circles and semi-circles, of the same
radii as the circles. Calculate the area of the shaded region,
given that the circle’s diameter is equal to 14cm. Take π  =

Fig. 13.19

7. The smaller radius(r) of the annulus is 3,5cm (Fig 13.20).
Using π  =      , calculate:
a) the area of the shaded part on the diagram.
b) the area of all the unshaded part of the diagram.
c) the perimeter of the shape labelled Fig 13.20.

Fig 13.20

E. SURFACE AREA AND VOLUME OF SOLIDS/ (THREE
DIMENSIONAL SHAPES)

All plane shapes can easily be represented on a plane (flat) surface
e.g the cartesian plane. They are always “glued” to a particular
surface. They cannot be lifted alone without lifting the plane where
they are “glued to”. No wonder they are called plane shapes.
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Solid (three dimensional) shapes have a third dimension called
breadth (thickness). This height is measured from the surface
where the object rests. The most defining characteristic of solids
is that they occupy space and hence have volume (capacity). If
small, they may be lifted and moved about in space without being
attached to any resting surface. Examples of such objects are:
football (sphere), cube, cuboid, pyramid, cylinder and many others
(refer to Fig 13.22).

The following characteristics should be noted concerning three
dimensional objects.

1. Hollow object: This refers to a three dimensional object
which has free space (capacity) inside it. An opening may
be made by removing one or more surfaces. Hollow objects
may have the capacity to carry objects or allow objects to
pass through them.(Fig 13.21)

Fig 13.21

open
surface

curved
surface

closed
surface

cylinder
open
surface

curved
surface

open
surface

hollow

water
tank

bowl

water trough
cut from a
drum

open surface

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter



13.    M
easu

res an
d

 M
en

su
ratio

n

309

2. Solid Objects: Have no open surface.

a) b)

c)                   d)

e)                    f)

Fig 13.22

Frustum of a cone or pyramid – This is the solid figure remaining
when a smaller, similar cone or pyramid is removed by a cut which
is parallel to the base of the original shape.

Fig 13.23

cuboid
cube

l

h height

l
b

h height

r

h height

cone

h
height

square or
rectangular base

pyramid

closed cylinder
sphere

r

height

h

   frustrum of a pyramid       frustrum of a cone
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Prisms: A prism is a solid which has a uniform cross-section. The
cross-section is achieved by cutting the solid by a  plane perpendicular
to the horizontal. Usually the shape defined by the cross-section is
used to define the prism. Fig 13.24.

Fig 13.24

1. State whether the following objects are hollow or solid.
a) a cup.
b) a farm brick.
c) a loaf of bread.
d) a closed textbook.
e) a swimming pool.
f) a dip-tank.
g) a water glass.

2. Draw the following prisms and shade the cross section in
each case:
a) a chalk duster.
b) a round gum pole.
c) a your ruler.
d) a rectangular plank.
e) a new box of chalk.

Hint
Most solid shapes are
called prisms. The
shapes which are not
prisms are: cone,
pyramid, sphere
frustum and semi-
sphere.

Hint
In a prism, the cross
section (shaded
portion) is the same
throughout.
– when the prism is
vertical, its length
becomes its height.
Problems concerning
solid objects require us
to find:
(i) surface area of the
solid.
(ii) volume of the
solid.
(iii) mass of the solid.
(iv) density of the
solid.

h

triangular
prism

circular
prism (cylinder)

h

l l

l

h
hexagonal prism

h

I-prism

l

l

h

sectorial prism

rectangular prism (cuboid)

h

b
l

These buildings are
some of the recent
marvels man has built.
Can you identify which
shapes were employed
in the structures?
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3. Draw the following shapes labelling the height in each case.
a) cone.
b) pyramid.
c) solid hemisphere.
d) frustrum of a cone or pyramid.
e) cylinder.
f) cube.
g) cuboid.

F. CALCULATIONS INVOLVING SOLID AND HOLLOW
OBJECTS

Solid objects and hollow objects have two things in common i.e.
they both have surface area and volume.

Table 13.6 below gives a summary of formulae of areas and
volumes of solid objects.
 Table 13.6
 Solid Surface Area Volume
 Object

 Cube Sum of areas of    l3

faces = 6l2

 Cuboid Sum of areas of    l Vb Vh
faces
2lb + 2lh + 2hb

 Sphere 4πr2        πr3

 Cone Curved surface area        πr2h
= πrl
Total surface area
= πrl + πr2

 Pyramid Area of base + area     base area V height
of the four triangular      lbh
faces

Hint
Hollow shapes have
both external and
internal surface areas
whereas solid shapes
only have external
surface area. The
formulas used to
calculate the volume
of solids are the same
as those used to
calculate the volume
of the hollow shapes.

 3
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 Cylinder Curved  +  Circular V = area of base V
surface      surface        height
area           area Volume = πr2h

A = 2πrh + 2πr2

A = 2πr(h + r)

 Prism Sum of areas of all Area of cross section
faces V length

 Frustum of a Cone Area of      Area of Volume       Volume of
 or Pyramid large         smaller of larger      smaller

cone or     cone or cone/          cone/
pyramid    pyramid pyramid       pyramid

 Consider the following examples:

1. A cylindrical drum, of height 1,5m, is half filled with water. Fig
13.25. Given that, its base radius is 35cm and π =     ,
calculate:
a) the volume of the water in m3.
b) the internal surface area not occupied by water in m2.

  Solution

1. a)

Fig. 13.25

Volume of water=  base area V height
=  πr2 V 75cm
    22 V 35 V 35 V 75
     7
= 288 750cm3.

–

 7
 22

5

h

r

–

Hint
Most problems
involving solids are
easier to visualise if
you sketch a diagram
before you proceed.
Then state the steps.
Also remember that
dimensions must be in
the same unit (mm
must not be multiplied
with cm or m).

Hint
Curved surface area
= 2πrh.
Area of cylinder with
both ends open
= 2πrh.
Area of cylinder with
one end closed
= 2πrh + πr2.
Area of cylinder with
both ends closed
= 2πrh + 2πr2.

150cm

r = 35cm

75cm

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

=



13.    M
easu

res an
d

 M
en

su
ratio

n

313

To change volume to m3.
1m      = 100cm
(1m)3  = (100cm)3         1m3  = 1 000 000cm3

            288750cm3

             1000 000
b) Internal surface area = curved surface area of half drum

Internal surface area =  2πr V h
    2 V  22  V 35 V 75
            7

=  16 500cm2

To convert to m2 =  100cm
  (1m)2 =  (100cm)2

    1m2 =  10000cm3

                           16 500
       10 000

2.

Fig 13.26

Fig 13.26 represents a solid  wooden triangular prism. Calculate:
a) the volume of the prism.
b) the total surface area.
c) calculate the density of the prism, given that its mass = 2409g.

         m
  v

 Solution

2. a) Step 1:  Find the area of     ABC.
Step 2:  Find the volume of prism.

Step 1:         ABC is an isosceles triangle so its perpendicular
height bisects its base.

5

( )

A

B C

D

F

10cm5cm
5cm

E

⇒
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d =        .

∴ 288 750cm3  =                      =  0,289m3.

∴  16 500cm2  =                =  1,65m2

=
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Fig 13.27

AMC is a right-angled triangle.
Using Pythagoras AM2 = 52 – 42

    AM2 = 9
    AM  =  3

    Area of  ABC =      base V height
     1 V 8 V 3

               2

=  12cm2

Volume of prism =  cross sectional  V length
             area

=  12cm2 V 10cm
=  120cm3

b) Step 1: Find the area of the two triangular faces.
Step 2: Find the area of the base.
Step 3: Find the area of the other two surfaces.
Step 4: Find the total surface area.

Step 1: Area of the two triangular faces
=  2 V 12cm2

=  24cm2

Step 2: Area of rectangular base
=   l V w
=  10 V 8
=  80cm2

Step 3: Area of AFDC =   l V w
=  10cm V 5
=  50cm2

           Similarly ABEF =  50cm2

∴ Sum area of the other two sides
= (50 + 50)cm2

= 100cm2

Total surface area of the prism = (24 + 80 + 100)cm2

= 204cm2

 2
 1

Hint
AFDC is a rectangle

4

1

C

5cm

A

B

5cm

4cmM
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c)                       Mass         240g
    Volume     120cm3

Density    =    2g/cm3

3. A factory receives its metal in cuboidal sheets of length 2m
and width 40cm and thickness 10cm. If the metal is used to
make solid pyramids each with a square base of length 10cm
and height 15cm, calculate the following:
a) the volume of each pyramid.
b) the number of pyramids obtained from each metal sheet.

 Solution

3. a) Make a sketch of the shape (Fig 13.28).

Fig 13.28

Volume of pyramid =     base area  V height

    1  V  102  V 15
    3

    1  V 100 V 15
    3

= 500cm3

b) Volume of the cuboidal sheets (Fig 13.29)

Fig 13.29

Volume of cuboid = (40 V 200 V 10)cm3

= 80 000cm3

                                                                                            80 000
   500

= 160 pyramids.

 3
 1

5

2m

10cm

40cm
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Density =                  =

=

=

∴ Number of pyramids obtained from each metal sheet =

Multiplying mixed
units is a common
mistake e.g. 40V10V2
without changing the
2m to cm.

                              Common Error

PETROL

DIESEL
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4. A shape consists of a solid hemi-sphere attached to a solid
cylinder as shown in the diagram (Fig 13. 30). The height of
the cylinder is 25cm and the area of its base is 440m2.

a) calculate the volume of the model.
(Take π =      )

  Solution

4. Step 1:   Find the radius of the base of the cylinder.
Step 2:   Find the volume of the cylinder.
Step 3:   Find the volume of the hemisphere.
Step 4:   Find the volume of the model.

Step 1:   Radius of base
  Area of base = 44cm2

                πr2   = 44cm2

               22r2

                7

                   r2  =  44  V  7
                 22
r2  =  14

r   =    14

r  =  3,742cm

Step 2: Volume of cylinder  = cross-sectional area V height
= 44 V 25
= 1100cm3

Step 3: Volume of hemisphere =        that of sphere.
                                                    1       4πr3

                                                          2          3
       But Radius of sphere = Radius of base surface

                        1  V  4  V 22  V 14  V 3,742
     2       3       7

 =  109,76533cm3.

2

/

2

25cm

r

Fig 13.30
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=  44

Volume =

Volume of hemisphere   =     V
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                                         Volume               Volume of
                        of cylinder           hemisphere

           =  1100cm3 +109,76533cm3

           =  1209,7653cm3

           =  1210cm3

1. Use your ruler to measure the dimensions of this Mathematics
textbook when it is closed. Find its approximate volume in
cm3.

2. Fig 13.31 represents a solid metal prism,
Using the dimensions given, find:
a) the volume of the object.
b) the total surface area.
c) its density, given that its mass is 40kg.

Fig 13.31

3. A pyramid with a height of 15cm has a square base of length
8cm. It stands with its square face in contact with the top
face of a square prism vessel, of height 20cm. If the square
base of the pyramid fits exactly on the square prism, calculate:
a) the volume of the solid prism.
b) the total surface area of the solid figure.
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13F
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4.

Fig 13.32

The above diagram (Fig 13.32), shows a water trough whose
cross-section is a semi-circle. Using π  =      , calculate:
a) the volume of the trough.
b) the total internal surface area of the trough.

5. From Fig 13.33 work out:
a) the total surface area.
b) the volume.
(Take π  = 3,14)

6. A thick hollow sewage pipe, with a uniform cross-sectional
area of an annulus, is shown in Fig 13.34, take π = 3,142.

Fig. 13.34

a) Work out the volume of the material which was used to
construct the pipe.

b) Given that its mass = 50kg, calculate the density of the pipe.

G. MORE ABOUT SOLID AND HOLLOW SHAPES

 Study the examples below carefully:

1. A cuboid trough has a cylindrical metallic pole inside it, (Fig
13.35). If water is poured in, to fill the trough to the brim, calculate
the volume of water in the trough (π =     ).

R = 60cm

6m

r = 40cm

2m

66cm

12
cm

9cm

conical top

5

Fig 13.33
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Fig 13.35

Step 1: Find the volume of the solid pole.
Step 2: Find the volume of the trough.
Step 3: Find the volume of water.

  Solution

1. Step 1: Volume of the solid pole = πr2h

    22 V 3,5 V 3,5 V 15
  7

=  577,5cm3

Step 2: Volume of the cuboid =  l V b V h
= 15 V 25 V 20
=  7500cm3

Step 3: Volume of water =     Volume of          Volume of
                                         trough     solid pole

              Volume of water =   7500 – 577,5
                                  =   6922,5cm3

Fig. 13.36

7cm

15cm

25cm

15cm

20cm

11
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2. Fig 13.36 is a diagram of a hollow plastic sweet container,
CB and DA are arcs of quadrants of a circle,
a) calculate the area of sector DAE.
b) calculate the area of face GDAF.
c) find the volume of the sheet container.

(π =     )

 Solution

2. a) Sketch the sector

Fig 13.36a)

     900     V πr2

    3600

     1 V 22 V 15 V 15
             4      7

=  176,79

b) Area of GDAF =  Area of rectangle  + Area of sector

=  (30 V 15)cm2 + 176,79cm2

= 626,79cm2

c) Volume of the plastic container = face area V height

∴  Volume  =  626,79 V 10
                   =  6267,9       6 268cm3

3. Fig 13.37 shows a frustum of a pyramid. Top and bottom
square bases being of lengths 6cm and 10cm, respectively.
Find the volume of the frustum, given that its depth is 5cm.

Fig. 13.37

ED 15

15

A

 7
 22
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length GH.
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  Solution

3. Extract    NZM from the square base of the sketch. Also
extract triangle XYZ (Fig 13.38).

Fig. 13.38(a)

   NZ2  = 102 + 102

   NZ2  = 200
   NZ2  =   200
∴ YZ  =   200  = 10/2  =  5/2
                  2

For the smaller square,     of the diagonal  =  3/2
    XBA and     XYZ are similar

∴  Ratio of corresponding sides are equal
5 + x       5/2
   x          3/2

     15 + 3x = 5x
    15 = 5x – 3x
    15 = 2x
   7,5 =  x ∴  Height XY  = 7,5 + 5

                       = 12,5cm

                                       Volume of larger  –  Volume of smaller
      pyramid pyramid

=       l2  V h  –     l2 h

            1  V 102  V 12,5  –  1 V 62 V 7,5
            3                               3

             1  V 100 V 12,5    –     1  V 36 V 7,5
      3                                    3

        Volume =  416, 67 – 90

=  326,67cm3

/
/

( )

ZA

MN 10

10

X

A

CY Fig. 13.38(b)

 2
 1
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The above example was done without writing steps – was it easy
to follow?
Now re-do it, using the following steps:
Step 1: Find the diagonal of the bigger square using Pythagoras’

Theorem.
Step 2: Find the diagonal of the smaller square using Pythagoras’

Theorem.
Step 3: Extract triangles XBA and XYZ and find YZ and BA as

half the diagonals.
Step 4: Find the height of triangle XYZ.
Step 5: Use the formula to find the volume of the frustum.

1. A swimming pool, viewed from one side, has the shape of a
prism whose cross-section is a trapezium (Fig 13.39).

Fig 13.39

Calculate the following:
a) the cross-section area ABCD, (which is a trapezium).
b) the volume of the pool.
c) the length of BC.
d) the area of the pool’s surface which is in contact with the

water.

2. A solid cone of radius 12cm and height 25cm, stands inside
a cylinder. The cone’s circular base is in contact with the base
of the cylindrical vessel, which has a radius which has a radius
of 12cm (Fig 13.40). Water is poured into the vessel until the
vessel is full.

Fig. 13.40

Find:
a) the volume of the cone which is submerged.
b) the surface area of the cone which is in contact with the

water.
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c) the new height reached by the water in the cylinder, if
the cone was to be removed.

3. A spherical clay pot, with an internal radius of 14cm, is filled
with water to about      of its capacity (Fig 13.41.)

Fig 13.41

The horizontal surface of water has a radius of 10cm.
a) Work out the height of the water surface above the centre

of the clay pot.
b) The depth of the water in the clay pot. Take π =

4. The volume of a cylindrical jar, of base radius 6cm and height
10cm, is twice that of a hermispherical bowl. Calculate the
internal radius of the bowl. Take  π = 3,14.

5. A frustum of a cone has the top radius = 3cm and a bottom
radius = 7cm. Given that the depth of the frustum is 5cm,
find the volume of the frustrum.
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1. Quantities are scientific terms used to express concepts.

2. Most quantities are associated with a symbol, unit, formula
to calculate it and/or an instrument to measure it.

3. The System International (SI) units use multiples and
sub-multiples of 10 so they can easily be converted from larger
to smaller units or vice versa.

4. In mensuration of shapes the three quantities most often
involved are: a) perimeter.

b) area.
c) volume.

5. Table 13.7 below gives a summary of the formulae used to
calculate these three quantities.

6. Shapes may be grouped into plane shapes and (two dimensional
shapes) three dimensional shapes.

7. The three dimensional shapes are further divided into hollow
and solid objects.

8. A prism is a solid object with a uniform cross-sectional area.

Table 13.7    Plane Shapes

  PLANE Formula for Formula for Formula for
  SHAPES perimeter area volume

P = 4l A = l2 not applicable

 square

P = 2(l + b) A = lb not applicable

 rectangle

         – A =    (a+b)h not applicable

 trapezium

l

l

b

b

a

h
 2
 1

l
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2(a+b) A = bh not applicable

2(a+c) A =     xb not applicable

C = 2πr or A = πr2 not applicable
        πd

P = 2r+s)     V πr2 not applicable

C = 2πr A = π(R2 –r2) not applicable

Table 13.8   Solid Shapes
 3-DIMENSIONAL       Formula for     Surface        Volume
 SHAPES                    for perimeter   area

not applicable A  = 6l2 V = l3

 cube

not applicable 2(lb + lh + bh) V = lbh

 cuboid

not applicable C = 4πr2 V =     πr3

 sphere

b

a
h

b

a a

c

r

r r

s

 360
 θ

r

R

 3
 4

l

l

b h

parallelogram

kite

circle

cone

ring

x

c

 2
 1
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 not applicable A = πrh V =    πr2h

 cone

 not applicable A =  Area of base
        + area of the
       triangular
       faces

 pyramid

 not applicable  Curved area =2πrh  V = πr2h
                         Total surface area

2πrh + 2πr2

                          A = 2πr(h+r)

 cylinder

 not applicable Sum of areas of V=area of cross
the faces      section V

     length
 prism

 not applicable Area of larger Volume of large
cone or pyramid cone or pyramid
– Area of smaller – Volume of
upper cone or smaller upper
pyramid. cone or pyramid

  frustum of
  a pyramid

h

r

l
b

h

h

r

l

 3
 1

V =      lbh 3
 1

V = base area V
   perpendicular
   height

(for a rectangular
pyramid)
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Concepts from this chapter may be summarised using the flowchart
below.

MEASURES & MENSURATION

            Quantities & Units Shapes

Derived       Derived
quantities       units Plane shapes Solids/or Three-

(perimeter and dimensional
area) shapes (surface

area and volume

one-sided    2-sided       3-sided        4-sided            n-sided
shape    shapes        shapes       shapes               shapes
(circle)    (segment)   (triangle      (quadrilaterals)  (polygons)

          and sector)

square   //gram  rectangle   kite    rhombus   trapezium

cone   cylinder   pyramid    triangular  cube  cuboid   rectangular  sphere    other

                                         prism                             prism                         prisms

Fig. 13.42  Flowchart
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The following questions may help you master skills taught in this
chapter.

Fig 13.43

1. A solid metal object is completely immersed in water contained
in a vertical measuring cylinder as shown in Fig 13.43. The
volume of water measured after the object was immersed
was 880cm3. The solid object was then removed from the
water. Presuming all the water remained in the cylinder and
the new volume of  water in thecylinder was found to be 660cm3.
Taking π  =
a) Calculate the height of the water after the solid object

was removed.

b) Given that the density of the solid object is 2g/cm3, calculate
its mass.

  Solution

1. a) Step 1: Find the radius of the cylinder.
Step 2: Find the new height.

Volume of water
before solid is removed  = 880cm3

∴   πr2h =  880cm3

          h =  20cm

           880cm3

            h

      22r2      88
       7      24

          880       7
                   20       22

                             r2 =  14

                             r =  /14

 7
 22

Hint
Write down the steps
to follow.

solid object

20cm
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Step 2: πr2h  = 660
22 V 14h  = 660
 7

             660 V  7
             22  V 14

     h  = 15cm

b) Volume of the solid object
=   (880 – 660)cm3

=   200cm3

                Mass
     Volume

Mass =   Density V Volume
=   2g/cm3 V 200cm3

Mass =   400g

Now do the following:
1.

Fig 13.44

Take π to be 3,142.

Fig 13.44 represents a metallic block in the form of a prism.
AB and EF are diameters of the semi-circles. Using the
dimensions given on the diagram, calculate:

a) the area of the semi-circle, AGB.
b) the volume of the metallic block.
c) the mass of the block, in kilograms, given that its density

is 1,6g/cm3.

2

40cm

D

F

H

E

BA

S

C

20

32

20
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2.

Fig. 13.45

Fig 13.45 consists of a trapezium ABCD, sector AMRB and a
right-angled triangle, EAF. Using the given dimensions on
the diagram. (Taking π  =    ),
work out:
a) the area of a triangle AEF.
b) the area of sector AMRB.
c) the area of shape DMRBC.
d) area of the shaded space BRF.

3.

Fig 13.46

A hemispherical shaped vessel has a thickness of xcm.
(Fig 13.46).
It is given that the external radius, R = 6cm and the internal
curved surface area is 121cm2. The water in the vessel is
half the capacity of the internal hemisphere.
Calculate:
a) the internal radius of the vessel.
b) the volume of the material which makes up the vessel.
c) the volume of the water contained in the vessel.
d) the density of the material which makes up the vessel,

given that its mass, without water, is 100 grams.

(Taking π  =      )  Volume sphere =        πr3, Area of sphere = 4πr2.
 7
 22

 3
 4

E

7cm

25cm

400

5cm

18cm 14cm

F
B
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R
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4. Three holes of radius 2cm each are drilled through a cylindrical
prism. (Fig 13.47). The values of the cross section is 7cm.

Fig.13.47

The cylindrical prism is 13,5cm long. The material drilled from
the prism is used to make solid conical objects, all of base
radius 2cm and height 5cm. Taking π  =     ,
work out:
a) the volume of the solid cylinder after drilling through all

the holes have been drilled.
b) the number of cones made from the material from all

three drilled holes.

5.

Fig 13.48

Fig 13.48 shows a belt passing round two pulley wheels of
radii 14cm and 21cm whose centres are 30cm apart.
Calculate the length of the belt. Take π  =

6.

Fig. 13.49
In Fig 13.49, AD = BC and DC is an arc of a circle, radius
13cm, which subtends an angle of 500 at the mid-point of AB,
at point P. Find:
a) the perimeter of the figure.
b) the area of the figure. Take π =     .

13,5cm

2cm

30

13cm

A D

B C

P 500

 7
 22
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7. A hollow pipe has a cross sectional area that resembles a
kite (Fig 13.50). The internal kite has the following dimensions:
length of shorter diagonal = 16cm.
length of longer diagonal = 21cm.
length of shorter side = 10cm.
length of longer side = 17cm.

The external kite has the following dimensions:
length of shorter diagonal = 32cm.
length of longer diagonal = 42cm.
length of shorter side = 20cm.
length of longer side = 34cm.

Fig 13.50

Given that the hollow pipe is 2,5cm long, calculate the volume
of material used to make the pipe, giving your answer in
m3.
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Inequalities

The term inequalities implies things are not equal. When a equals
b, we say a = b.
a = b means a is not equal to b. This gives us two possibilities.
If a  is not equal to b, then either a is greater than b (a    b) or a is
less than b (a   b). This chapter also introduces other signs like:
a   b meaning a is not greater than b implying  a    b, or a = b. Also
a   b meaning a is not less than b, implying a    b or a = b. a    b
means that a takes values that are equal to b and greater.  a    b
means that a takes values that are equal to b and less. The
meanings of     and     will be discussed later.

 By the end of this chapter, students should be able to:

use the following signs in appropriate situations
=,   ,   ,   ,    ,    ,   ,   ,   , ≠.

solve linear inequalities in the form ax + b  c and/or
c    ax    b   d where a, b, c, d are rational numbers.

represent inequalities and their solution sets on a number
line and/or a cartesian plane.

use simple linear programming methods to solve problems.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter it is assumed that students are
able to:

appreciate that all numbers are on a number line and are
arranged in order of size i.e. numbers to the left are smaller
than those to the right, if the number line is horizontal. If the
number line is vertical, numbers above are greater than those
below them.

<

>

< +
<

> > <>>

<

<

14
Maths decoder 3/4

14ZPH

1

2

3
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b)

or

d)

or

Make sure numbers
are on the correct side
of zero.

know that, on a horizontal line, negatives are to the left of zero
whilst on a vertical line the negatives are below zero.
This knowledge helps to compare numbers and correctly place
them on a diagram. Consider –     and –10. People tend to see
the higher number and think –10 is greater than –   . By
putting these on a number line we can see this is incorrect.

                –10 is to the left of –    which makes –    much
           greater.

A. SOLUTION SETS AND THE NUMBER LINE

 Consider the following examples:

1. Give the solution sets of the following, given that x is an integer.
a) x    2 b)   x    –2
c)  x    3 d)    –3    x    3

  Solution

NB. Unlike an equation, x will have several values.

1. a)  x     2   , values of x should be greater than 2   .
∴  x = {3, 4, 5, 6, . . .}    Notice that the set starts from 3 since
it is the first integer after 2   .

b) x    –2
x = {–2; –3; –4; –5; ...} The inequality sign here reads

or x = {...–5; –4; –3; –2} ‘less than or equal to; hence the
 values start from the –2.

c) x    3 This reads x  is not less than
x    3 3, meaning either x is equal to 3
x  = {3; 4; 5; 6; 7;...} or it is bigger than 3. (x    3)

d) –3    x    3
x = {–2; –1; 0; 1; 2; 3} Do you appreciate why –3 is not

a member of the set whilst 3 is a
member? What type of sets are
a, b and  c? What about d?

2. Illustrate the solution sets of (1) on a number line.

  Solution

a) x    2 b)   x    –2

c)   x    3 d)    –3    x    3

>
>

>

>

>

                              Common Errors
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Notice that: an open circle is drawn above 2 and –3 to mean
these numbers are not members of the solution
set.
a shaded circle means the number being referred
to is a member of the solution set.
the arrow in a, b and c shows that the solution
set is an infinite set going in the direction the arrow
is pointing.
the zero is a reference point for positioning the
rest of the numbers.

1. (i) List the members of the solution set of each of the
following, taking x to be an integer.

(ii) Represent each solution set on a number line.

a) x    –1 b) x    –1

c) x    3 d) x    20

e) –5    x    10 f) –10    x    –5

g) –7    x    0 h) x    –21

i) x    –5 j) –3    x    4

k) –3,8    x    6,5 l) –10       x    –3

2. The following are solution sets given on a number line. Give
the inequalities in x.

a) b)

c) d)

e) f)

g) h)

i) j)

1
2

1
3

1
4

–3 0      3  0 5
>

  0 11

–7  0

–6 –2     0

  0  1      53
1

4
1

–8  0      5

–9  0      6 –1,4   0     3,2

–4,6  0

<
<
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> <
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B. SOLVING INEQUALITIES

1. Solve the following and illustrate the solution sets on number
lines.
a) 2x –3    5                             b)    –11    3x –2    4

  Solution

The rules for solving equations, apply in solving inequalities.

1. a) 2x –3    5
2x     5 + 3 change side and sign on –3
2x     8 divide both sides by 2
  x     4

b) These are two inequalities joined at 3x –2
i.e. –11    3x –2                and 3x –2    4

–11 + 2    3x 3x    4 + 2
–9    3x 3x    6
–3     x   x    2

Now join the two solutions into one
–3    x    2

i.e.                               .

2. Given that –4    x    2 and 6    y    12, find
a) the greatest value of y – x
b) the least value of xy
c) the least value of x2 + y2

  Solutions

2. a) Greatest y – x For the value to be greatest, y must be
12– (–4) the biggest whilst x is the smallest.
= 12 + 4 Take these from the list of values given
= 16 in the hint box.

b) Least x y Since x has negatives, the biggest
i.e. –4(12) negative is the least.
= –48

c) Least x2 + y2 Both x2 and y2 must be smallest. The
= 02 + 62 smallest x2 is 0 not –16.
= 36 Remember x2 when x = –4 is (–4)2  = 16

not –42 = –16.

3. List the integer values of x which satisfy the following sets:
a) {x: –3       x    3   } b)   {x: x is even and 10    x    21}

List the values in the
problem.
i.e. x = 4, –3, –2,
–1, 0, 1, 2  and  y =
6, 7, 8, 9, 10, 11, 12.

* It is a common
mistake to change
the inequality sign
to an equal sign
thereby changing
the question to an
equation.

1
3

1
3

<
<
<
<

<

< < < <

                              Common Errors
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1 –3
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 Solution

3. a) The sketch shows that x = {–3; –2; –1; 0; 1; 2; 3}  with or
without the set brackets.

b) Here two conditions are given, {x:x is even and 10    x
(i) x is even
(ii) x is between 10 and 21.
Thus x  = 12, 14, 16, 18, 20. Note that 10 and 21 cannot be
members of this set. Check the inequality sign being used.

1. Solve the following inequalities:

a) x + 3    5 b) 7– x    9

c) 5x – 20    0 d) –4x    24

e) 6x – 8    x + 7 f) 8x – (2x – 7)    37

g) 5(x – 4)    2(2x + 11) h)        –1

2 Represent each of the solution sets in question 1 on a number
line.

3. x is such that 2x + 5    11 and 5x    2x – 9
Find the range of values of x which satisfy both inequalities.

4. List the integer values of x which satisfy the following sets.

a) {x: – 4       x    2   }

b) {x:– 5    x < –1   }

c) {x: x is a multiple of 7 and 40    x     69}

5. If –6    x     4 and x is an integer, for the following expressions
find:
a) 7 – x            b)   x – 7          c)   9x2

d)    2 + 3x
(i) the smallest and,
(ii) the largest possible values.

6. If –2    x    5 and –4    y    3, x and y being integers, find:
a) the minimum value of x–y.
b) the maximum value of x2+y2.
c) the least value of xy.
d) the greatest value of (xy)2.

7. x is a perfect square which satisfies both 2 – x    3x –10 and
x – 17    32. Find all the possible values of x.

8. x is such that     –              +       and                    .

Find the values of x given that x is an odd whole number.
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C. INEQUALITIES IN THE CARTESIAN PLANE

Remember the cartesian plane is made up of an x and a y axis. In
a cartesian plane vertical lines are x = a and the horizontal lines
are  y = a where a  is rational i.e. the y-axis is x = 0 and the x-axis
is  y = 0. We can represent inequalities on the cartesian plane, but
in this case, the solution is not numerical but an area. The area
can be shown by shading the unwanted region so that the unshaded
area is the wanted region.

Shading on vertical or horizontal lines

 Consider the following examples

1. Show, by shading the UNWANTED region, the region being
represented by the following inequalities.

a) x     4 b) x    4
c) y    –3 d) –5    y    –3

    Solution

1. a) x    4

The line x = 4 is drawn as a solid or continuous line because of the
‘equal to’ in the inequality. The unshaded region is the one being
described by the inequality.

The difference between the diagram for (a) and the diagram for
(b) is on the line x = 4. In b), the line is broken since the inequality
does not include 4.

i.e.
b) x    4
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c) y    –3
This time the boundary is horizontal
(i.e. y = –3) and broken

d) –5    y    –3

Notice that the shadings in a), b) and c) indicate infinite sets.
The (d) shading shows definite values for y but the x coordinates
are infinite.

2. Show by shading the unwanted regions the area represented
by the following sets:
a) {(x,y): x    2; y    2}
b) {(x,y): x    –2; y    –1}

 Solutions

2. a) Set (a) reads the set of points (x,y) such that x is less than
2 and y is greater than or equal to 2.
Hence

Notice that the boundaries
x = 2 and y = 2 come
from the respective inequalities.
Do you see why one line is solid and
the other one broken?

b) {(x,y): x    –2; y    –1}
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3. Describe, in set notation, the unshaded regions labelled R.
Give the set of points represented by the following diagrams:
a) b)

c) d)

 Solutions

3. a) {(x, y): x    0; y    0} b)    {(x,y): x    3, y    0}

c) {(x,y): –1    x    2; y    5} d)    {(x,y): –2    x    7, –3    y    5}

Study these above answers carefully and see how simple the
diagrams are.

1. Show by shading the unwanted regions, the region
represented by the following sets:
a) {(x,y): x    0, y    4} b) {(x,y): x    5, y    –5}

c) {(x,y): 6    x    11, y    –3} d) {(x,y): –3    x    8, –4    y    2}

e) {(x,y): –2    x, 7    y   13} f) {(x,y): x    2, –1    y     5}

2. Give the sets describe the shaded regions.

a) b)

>

> > >

> > >
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c) d)

e) f)

Fig. 14.1

Shading with oblique lines

The shadings can also be made on oblique lines (slanting lines).

 Consider the following examples:

1. Show, by shading the unwanted regions, the region which
satisfies the following inequalities.
a) x + 2y    6 b) x + y    5 and x – y    5

 Solutions

1. a) The inequality describes a wanted side (an area) with the
boundary x + 2y = 6. This means we need to establish
(draw) this boundary first so we can identify which side
to shade. Using knowledge of graph drawing, x + 2y = 6
is a straight line graph passing through (0,3) and (6,0)
i.e. when x = 0, y = 3 when y = 0, x = 6.

i.e.

Fig 14.2

Do you see why the line is broken or dotted?
How shall we establish which side to shade?

Make the y term positive first (already so in this case).

In this case the wanted region, the unshaded side, is below the
line, as illustrated.
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b) Here we need to draw the two boundaries on the same axes.

Fig 14.3
For x + y     5, the wanted region is above the line.

For x – y    5, the wanted region is above the line.

Now, the single shading should respect the two inequalities.

There can be one, two or even more inequalities on the same
axes. All should define a common area.
That is the wanted region.
Sometimes a diagram is given where you are asked to give the
inequality or inequalities which define the unshaded region.

 Consider the example below

2. In this case the unshaded area
is bound by three boundaries.

Fig. 14.4
Find the inequalities which describe the unwanted region.

 Solution

2. The equations of the boundaries are
 y = 0,         x = 0   and y – 2x = 4
(x-axis)   (y-axis)

Since the region is above the x-axis and is continuous, which
means y    0.
The region is to the right of the y-axis and is continuous, x      0.

For y – 2x = 4, the region is below the line, so y – 2x     4

because y is already positive the boundary is solid.

The inequalities are y     0,  x     0   and y – 2x     4.

<
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1. Show by shading the unwanted regions, using the following
inequality or inequalities:

a) y b) x    –13

c) x + y    4 d) x – y    7

e) x – 2y    6 f) 3x + y    –3

g) 6    3x + y and x + 2y    4 h) x + 2y    –4 and y – x    –2

2. Give the inequality or inequalities which define the unshaded
regions.

a) b)

c) d)

e) f)
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Fig. 14.5
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D. MORE BOUNDARIES ON THE SAME AXES

 Consider the following illustration

1. On graph paper, show by shading the unwanted regions, the
areas indicated by x    –2, y    3 and y    x –2

Use the arrow system to indicate the wanted side of each line.
These arrows will point to a common area. That is the wanted
region which must not be shaded.

It is not necessary to shade all the space occupied by the unwanted
region on the whole graph paper. A fairly wide shading around the
wanted region indicates the wanted region more clearly.

inequality: x    –2                   y    3 y    x –2
equation:   x = –2                 y = 3 y = x –2

(0, –2); (2, 0)

Fig. 14.6

2. Consider the graph in Fig 14.7.
Write down the three inequalities which define the unshaded
region.

* Giving (0,0) and
(0,0) as two points
to locate lines which
pass through the
origin e.g y = 2x.
These are the same
point, so one still
needs a second point
to draw the line
accurately.

* All boundaries are
drawn as solid lines,
irrespective of the
inequalities. Check
the inequality sign
before drawing each
boundary.

* Wrong graphs
for vertical and
h o r i z o n t a l
boundaries e.g. y = 3
drawn vertically and
x=–2 is drawn
horizontally.

* Drawing short
boundaries which do
not intersect. Always
avoid making these
possible errors.

Refer to Chapter 10
for ways of drawing
the boundaries.
1. Place the inequa-

lities well spaced
out across the
top of the graph
paper.

2. Re-write the
inequalities as
equations below
the respective
inequalities.

3. Where necessary
plot suitable
points to plot
and draw the
boundaries.
Remember, we
said two points
are enough for
linear graphs.

4. Watch out for
conditions which
dictate solid and
broken lines.

5. Make sure the
boundaries (lines
drawn) cross
each other.

                              Common Errors

PETROL

DIESEL
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Fig. 14.7
Let us start with the boundary y = –4
Here the wanted region is above the line.
y     –4 will describe the side. The line is broken so there is no line
under the ‘    ’ because –4 is not included.

Next, x + y = 2. Since the wanted region is below the boundary.
So x + y    2.  Note the line is broken.
Finally 3y = 2x + 6. As above.

    3y    2x + 6 is the correct inequality
∴ The inequalities are y    – 4, x + y    2 and 3y    2x + 6
Going back to the diagram, the unshaded region contains many
points (x,y). Examples of such points are (0;0), (1;2); (2;1) and
many others.
However it is very important to note that:

All points on solid boundaries are in the wanted region.
e.g. (–2;0); (2;3); (–2;–3)
All points on broken boundaries are not in the wanted region.
e.g. (1;–1); (0;–2); (5;–3); (–2;–4).
A point like (5;–3) is not in the wanted region.

1. Give all the inequalities which define each of the following
wanted regions

>

>

–4

–2

0

y

x + y– 2

–8 –2–4–6

2

4
3y=

2x+
6

2 4 6 x

>
> >
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a) b)

c) d)

Fig. 14.8
Note that in (a) and (c) you have to start by finding the equations
of the boundaries, then the inequalities.

2. Solve the following graphically (that is, draw and identify the
wanted region by shading the unwanted regions and give all
the points in it)(x;y) where x and y are integers.
a) y    0,   x – y    2,   3x + 4y    12

b) y    2,   y + x    7,  y – 2x    0

c) x    0,   y    –2,  x + y    2

d) x+y    4,   x–y    –2,   2x + y    2

e) y    4,  x    3,  3x + 2y + 4    6,   x – y – 2    0

f) y    4,    x – y   1,   2x + 3y    12

g) y    0,   x    0,   x – 2y    2,   3x + 2y    12

3. In each of the wanted regions in question 2 above, find which
point gives:
a) the greatest value of x + 3y.
b) the minimum value of 2x – y.

E. LINEAR PROGRAMMING

This is a method of meeting all the requirements in a given situation.
The method involves straight lines (Linear). Using the lines as
boundaries, a region is established which will then be used to
answer further questions. It is important to be able to derive the
correct inequalities from given graphs.
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=
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 Consider the following example

1. Mr Murimi visits ZIMA Farmers Inn to buy some fertilizer and
some seed. He decides to buy at least  4 bags of fertilizers
and, at least, 2 packs of seed.
If x is the number of fertilizer bags and y the number of seed
packs bought,
a) (i) write down two inequalities which satisfy the above

conditions.
(ii) Mr Murimi has only $1 200 to spend. A bag

of fertilizer costs $150 and a seed pack $60. Write
down an inequality in x and y and show that it
reduces to  5x + 2y    40.

(iii) Mr Murimi intends to buy less seed packs than fertilizer
bags.
Write down another inequality in x and y which satisfies
this condition.

b) The point (x,y) represents x bags of fertilizers and y packs
of seed.
Using a scale of 2cm to represent 1 bag of fertilizer
horizontally and 2cm to represent 2 seed pack vertically,
draw and indicate by shading the UNWANTED regions,
the region in which (x,y) must lie.

c) From the diagram, find:
(i) the number of possible combinations of bags of

fertilizer and seed packs Mr. Murimi could buy.
(ii) the combination, (x,y), which equals all the money

available to Mr Murimi.

d) Mr Murimi, however, needs some change to cover
transport charges. How much change would he get if he
buys as many bags of fertilizer as possible?

  Solution

1. In a the inequalities required are found in the second sentence
of the problem. x    4 and y    2

a) (ii)  is in two parts. First form an inequality using the
given prices i.e. 150x + 60y    1 200. Here we are
saying, the number of items (x), times the unit price
(150). The cost of fertilizer combined with the cost
of seed should not exceed the amount available!
Hence the     sign.
The second part of the question is to reduce the
inequality found to the given one.

It is important to note the word, ‘show’.
This means you need to show how you reduce the
inequality. See Fig 14.9 for the process.

Please read the
whole question more
than once. Take note
of guides which lead
to formation of
inequalities.

Hint
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a) (iii) The first sentence in the question gives the inequality
y    x.

b) We now have the required four inequalities, four of them.
Refer to work on number 1 (Practice 14C2) and follow
that method to establish the wanted region.

Fig. 14.9

The question c(i) requires you to note the points which
fall in the wanted region. Remember the points on solid
lines are in whilst those on broken lines are out.

  (ci)  10 possible combinations, i.e (4;2), (4;3), (5;2), (5;3),
  (5;4), (6;2), (6;3), (6;4), (6;5), (7;2).

c(ii). Of the combinations in c(i) there are one or more
which lie on the line 5x + 2y = 40. This is the equation which
deals with costs. A point on this line gives the combination
which equals the whole amount of money. (i.e. 6;5)

d) The objective here is for you to find the largest number of
fertiliser bags Mr Murimi can buy with his money. This calls
for the maximum number of bags allowed by the restrictions.
Use this point to find how much is used so you can find the
change.
i.e. (7;2) gives 150 V 7 + 60 V 2 = $1170.
∴ change = $1200 – $1170 = $30

1. When solving
inequalities:

* avoid dividing by a
negative number.

* do not replace
inequalities with
equal signs

* all rules for solving
equations apply to
solving inequalities.

2. When identifying
required regions:

* use easy points to
work with e.g.
(0, 0), if it is not on
the line.

3. In Linear
programming:

* make sure you
understand the
correct meanings of
terms like minimum,
at least, at most etc.

* the question ‘show’
requires you to
show your working.

* mark or note all
points which lie
with in the wanted
region and use these
to find the one with
the most suitable
answer.  Candidates
have a tendency to
pick a point without
checking other
possibilities.

* be careful about the
type of line you are
dealing with, (solid
or broken).

Hint
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1. Fig 14.10 shows the region R.

Fig. 14.10

a) Give the number of points found in this region given that
x and y are integers.

b) Give the
(i) maximum value of y – 2x from the region R.
(ii)  minimum value of y – 2x from the region R.

Use graph paper for the following questions.
2. A shopkeeper sells two brands of soft drink, Cooler and Juicy.

She ordered x crates of Cooler and y crates of Juicy.
She realises that there is space for only 80 crates.
She intends to order more crates of Juicy than Cooler since
Juicy is more popular
The shopkeeper finally decides that she will order more than
10 crates of Cooler and, at most, 50 crates of Juicy.

a) Write down the four inequalities in x and/or y which will
satisfy the restrictions given.

b) Using a suitable scale, draw and indicate, by shading
the unwanted regions, the region in which (x,y) must lie.

c) Use your diagram to find the number of combinations
which will use the whole space available.
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d) A crate of Cooler makes a profit of $3 whilst that of Juicy
makes a profit of $2,50. Use your diagram to estimate
the combination which gives the maximum profit.

e) Give the maximum profit.

3. A contractor has more than $40 000 and up to 8 hectares of
land. He decides to build medium density and high density
houses on this land. Each medium density house will cost
$4 000 to build and requires 0,5 ha of land whilst each High
density house will cost $1 000 to build and requires 0,1ha of
land.
The responsible authority said permission to build would only
be granted if the contractor agreed to build at least 5 medium
density houses and at least 10 high density houses.
If (x,y) means x number of medium density houses and y
number of high density houses,

a) write down the four inequalities which satisfy the above
conditions.

b) using a scale of 2cm to represent 2 medium density houses
horizontally and 2cm to represent 10 high density houses
vertically, draw and indicate, by shading clearly, the
unwanted regions, and the region in which (x,y) must lie.

c) From the diagram, find:
(i) the greatest number of medium density houses the

contractor can build.
(ii) the combination that gives the largest number of

houses that can be built.

4. A small manufacturing company plans to buy new machines.
The table below shows the cost, the needed floor space
required and the output of each machine.

Machine Type Cost Floor Output

X $3 500 4m2 150 per day

Y $4 500 2,5m2 250 per day

The company is prepared to spend $31 500 on the project.
The company wants to rent a factory shell which has a floor
space of more than 20m2.
To save on foreign currency, customs officials recommend
that the company buys at least 2 of machine X and at least 3
of Machine Y.
a) Find the maximum number of machines the company

can buy.
b) Which arrangement gives the greatest output?
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5. Answer the whole of this question on a single sheet of graph
paper.
There were x rows of ordinary seats and y rows of superior
seats for a school play.
a) Each row of ordinary seats had 25 seats and each row

of Superior seats had 20 seats.
Fire regulations limit the total number of seats to 400.
Write down an inequality which expresses this restriction
and show that it reduces to 5x + 4y     80.

b) There is space in the hall for no more than 18 rows of
seats. The Head insisted that there be at least 5 rows of
each type of seat.
Write down three further inequalities, other than x    0
and y     0, which express these restrictions.

c) The point (x,y) represents x rows of ordinary seats and y
rows of superior seats. Using a scale of 2cm to represent
2 rows on each axis, draw the x and y-axes taking values
of x and y from 0 to 20.
Construct, and indicate clearly by shading the UNWANTED
region, the region within which (x,y) must lie.

d) All of the seats were occupied. Write down the
coordinates of the points which represent the largest
permitted audience.

e) Each ordinary seat costs 50c and each superior seat
costs $1,50.
Write down, in terms of x and y, an expression for the
total income, in dollars.

f) Find the greatest possible income, which satisfies all the
conditions.

6. A newly resettled farmer wishes to grow maize and soya
beans. He realises he has, at most, 72 of labour days available
and is prepared to spent at least $3 000 on the two crops.
The table below shows the requirements of each of the two
crops.

Maize Soyabeans

Minimum area to be sown (ha) 5 4

Labour-days per hectare 3 6

Cost of production per hectare ($) 300 200

a) If the farmer used x full hectares for maize and y hectares for
soyabeans, write down four inequalities other than x      0 and
y     0, which satisfy the conditions given above.
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> >

  0 3
>

  0 3
>

>

>

b) Using a scale of 2cm to represent 5 hectares horizontally
and vertically, draw a suitable  diagram to show the region
within which (x,y) must lie. Show this region by shading the
UNWANTED regions.

c) Find the number of combinations which will allow the farmer
to use the whole of the man-days available.

d) Which combination gives (i) the maximum area?
(ii) the minimum area which can

be used?

1.   x ≠ 3 means x    3 or x    3; x    3 means x    3 and  x    3 means
x    3.

2. An inequality describes a boundary whether on a number line
or on a cartesian plane.

i.e.
a) b)

 x     3 x    3

c) d)

In (a) and (c) 3 is not In (b) and (d), 3 is a
a member of the solution member of the solution
set. set.

3. An inequality can be solved just like an equation. Watch out
when dividing by a negative number.
2x – 7    15 – 9x If –11x    –22   or
2x + 9x    15 + 7
11x    22
    x    2       x    2

Remember to reverse
the sign when dividing
or multiplying by a negative
number. If possible avoid
dividing by a negative
number by using the
“change side change
sign approach  2    x”.
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4. An unshaded circle on a number line and a broken line on a
cartesian plane indicate that the integer is not included
i.e.     or     .

5. A shaded circle on a number line and a solid line on a cartesian
plane indicate that the integer is included i.e.     or    .

6. Certain words or statements in linear programming problem
give the inequalities required to solve the problem e.g. more
than, at most, at least, etc.

7. Points on a solid line are in the wanted region whilst those on
a broken line are out of the wanted region.

8. The intersection point of a solid and a broken line is not in the
wanted region either.

O,C,D are in the wanted
region  A,B,E are outside
the wanted region.

Fig 14.11

x

y
A

E

BC

D

> >

0

A
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The following problems may help you master the concepts taught
in this chapter.
1. a) List the integer values of x that satisfy the inequality

17 – 2x    3x    20.

2. Fig 14.12 shows the unshaded region R.

Fig 14.12

a) Find the other three inequalities which define the
unshaded region, R, given that one of the inequalities is
3y    2x + 6.
Given that x and y are integral values in the region R,

b) (i) find: the minimum value of y + 2x.
(ii) find: the maximum value of 3y – 2x.

         Solutions

1. 17 – 2x    3x and 3x    20
17    5x  x    6
3        x

       ∴ 3        x    6 (Use the number line
       x = 4, 5 to find the final answer.)

2. a) The boundary is the one slanting from bottom left to top right
then the inequality is 3y      2x + 6. The other three are
y > 1 (from y = 1 which is broken)

> >

Create two inequa-
lities and solve them
separately. Then join
the solution sets to
form one.

Identify the
boundary for the
given inequality.
Ascertain if
(i) the boundary
is continuous (ii)  the
gradient is positive.

Hint

Hint
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8x + 6y   48 (from 8x + 6y = 48 which is broken)
x + y      10 (from x + y = 10 which is continuous)

b(i) Minimum of y + 2x = 3 + 2(4)
                        = 3 + 8
                        = 11

b(ii) Maximum of 3y –2x  = 3(5) – 2(5)
                           = 15 – 10
                           = 5

Now do the following:
1.

Fig. 14.13

Fig 14.13 shows a region marked P.
a) Write down the three inequalities which define region P.

b) How many points (x,y) are in region P, given that x and y
are integers?

c) Use the region to find the greatest value of x + 3y
given that x and y are integral values.

2. The points (x, y) satisfy the following inequalities:
y    0; x + y    6; 4x + 3y    12; 2y    x

a) Using a scale of 2cm to represent 2 units on each axis,
draw on graph paper and clearly indicate,
by shading the unwanted regions, the region within which
the points (x,y) must lie.

b) Use your diagram to find the minimum value of 2x + y,
given that x and y are intergers.

< <

Hint
Both x and y must be
as small as possible
i.e. (4,3)

y must be the biggest
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3. A farmer plans to establish an orchard of orange and mango
trees. He decides to have at least 5 orange saplings plants
and at least 10 young mango plants.

a) If the farmer plants x orange trees and y mango tree, write
down two inequalities, other than x    0 and y    0 which
satisfy the above conditions.

b) Each orange tree requires an area of 2m2  whilst a
mango tree requires 3m2. The farmer has 120m3 of land
available for the orchard.
Write down an inequality for this condition.

c) The farmer does not wish to have more than 50 plants in
the orchard.
Give an inequality for this condition.

d) Using a scale of 2cm to represent 10 plants horizontally
and vertically, draw and clearly indicate, by shading the
unwanted regions, the region which satisfies all the above
inequalities.

e) (x, y) is a point in the wanted region. Use the region to
find the highest possible number of mango trees which
could be planted in the orchard.
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A matrix (plural – matrices) is a smart way of storing information,
especially that involving numbers. Consider the table below.

SOCCER LEAGUE LOG
Team Won Draw Lost
A 3 1 1
B 1 2 2
C 0 2 3

The numbers show a team performance and can be written in
matrix form as

Features of a matrix are:
1. the members (elements) are written in rows and columns.
2. the members (elements) are always enclosed in brackets.

By the end of this chapter, students should be able to:

use and interpret a matrix as a store of information.

use the idea of order of a matrix in operations.

multiply matrices with a scalar and/or with another matrix
where possible.

find the determinant of any 2V2 matrix.

find and/or use the inverse of a 2V2 non-singular matrix.

( )

Syllabus
Expectations
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} Rows

Columns

a    b    c
d    e    f

(a    b    c)

(a    b    c) )(  a  b
  c

  a   b
  c   d
  e   f)( ( )

ad – bc
      1 )(  d  –b

–c    a
Matrices

3   1    1
1   2    2
0   2    3

2

1

3
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ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle the work in this chapter, it is assumed that students
are able to:

manipulate directed numbers.

find solutions to simultaneous linear equations.

solve simple quadratic equations.

A. BASIC FACTS ABOUT MATRICES

1. A matrix has an order. This is given as ‘the number of rows
by the number of columns’.
e.g.      3    1     1

1    2     2         the matrix has order 3 by 3 or (3 V 3)
0    2     3         i.e. 3 rows by 3 columns.

     3
1      the matrix has order 2V1 meaning

(2    2     2)      2 rows by 1 column has order 1V3
Do you see that the product of the order gives the total number of
elements in the matrix?

2. Matrices are grouped into 4 main types
a) Row matrices (made up of single rows) e.g. (–1  5)

b) Column matrices (single columns)
e.g. 3 a

1       ; b     .
c

c) Square matrices (equal number of rows and columns)
e.g. 3    1    1

1    2    2        ; (5)
0    2    3

d) Rectangular matrices (number of rows is different from
the number of columns)
e.g. a    b    c a   b

d    e    f    ; c   d
e   f
g   h

3. Matrices can be equal.
This means the matrices have the same order and all
corresponding elements are the same.
e.g.  Given that    a    b             1    2

          c    d              3    4

It follows that a = 1, b = 2, c = 3 and d = 4
3    (3    1)     why?

)(
( )

)(( )

)(

(( ) )
( ) ( )

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

=

  1( ) ≠

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter



15.    M
atrices

359

=Hint
Be aware of
directed numbers
when carrying out
these operations.

( ) ( )
( )

)(

)(
)(

)(

( ) ( )

( ) ( )

( ) ( ) ( )

( )

+

1. Write down the order of each of the following matrices
a)    4 b)   (3   1) c)       0   –2

   6           3     1

d)     4   0   –4 e)   (8) f)      –2    0
         –3   1     0           1    3

          5    7

2. Write down an example of a matrix of the following order
a) 2 V3 b)    3 V2 c)    1V4
d) 4V4 e)    4 V1 f)     1V1

3. Given the matrix –2  0   6    ,
 1   3 –1
 5   7   4

write down the element on the corresponding position:
a) first row, second column.
b) second row, first column.
c) third row, third column.
d) second row, third column.
e) first row, third column.
f) third row, second column.

4. Write down the type of each matrix.
a)   0 b)    2  –2 c)     0  6

–4        1    5         3  1
        7  4

d) (3   0  –3) e)    –2   0    6
         1   3  –1
         5   7    4

5. If      x    –3             5    –3 ,     find the values of
1     1              1      y       x and y?

B. ADDITION AND SUBTRACTION OF MATRICES

It is sometimes possible to add and subtract matrices. The process
is carried out by combining all corresponding elements.

 Consider the following examples

1.  4    0        0   –2            4   +0     0  +(–2)
 6  –4        3     1        6   +3   –4  +1

       4    –2
       9    –3
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2. 2    –3     3      5 2 –3   –3–5
4 0     0    –2 4 –0    0–(–2)
6    –4            3      1 6 –3    –4–1

–1    –8
  4      2
  3    –5

Consider this one
3. 0    –2          4     0    –4

3      1        –3     1      0

Here some elements of the second matrix have no corresponding
elements in the first matrix. So addition is not possible. Thus put
simply addition or subtraction is possible only when the
matrices are of the same order.

1.  1    0                  5     2                          2   –1
          –1    0                  3   –1         –1     1

Find: a) A + A     b) B + B        c)   C + C
  d) A + B     e) B – A        f) B – C
  g) C – B

2. Simplify a) 4    1    7 0    0  –1
where possible     –2    4    1 0  –2    1

3    2    6 3    1 –11

b) 3
0       +   (3    0    –3)

           –3

3. Using the matrices in question 1, find:
a) A –  B  + C b)    B – C – A      c) C – A + C
d) A + A – B e)    C + C      f) B + B

4. If       x    2           –4    5           6    –3
      –2    4            0    6     –2    y

value of x  and the value of  y .

5. If     –6    9    5           1    –1    –5          –7    –4    c
 1    0    7  –8     b     –6        9     4    13

find the values of a, b and c.

=                           +
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–

( ) ( )
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)(
introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)
Ex

am
pl

e(
s)

Ex
am

pl
e(

s)

introintrointrointrointro

Concept

Concept

Concept

Concept

Concept So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

So
lu

tio
n(

s)

PracticePracticePracticePracticePractice
Maths
Meter

=

( ) ( )

15B

–                   =                   , find the

+

Given, A =                ,   B  =                   and  C =



15.    M
atrices

361

C. MATRIX MULTIPLICATION

Matrices can be multiplied by a number (scalar). Consider the
question number 3f) in Practice 15B. B + B is the same as 2B.

     5     2                    1    –12    9
                  3   –1         3       0   –3

     10    4               –4      3
                   6   –2                           0    –1

Simply put: the scalar multiplies each and every element in
the matrix.
The scalar itself can be either a positive or a negative integer
or fraction.
A matrix can be multiplied with another matrix. Sometimes this is
not possible.

 Consider the following examples:

2.   4    –1                             1    3    2
–2      3              –1    4    0

                    4     –1           1    3    2
 –2      3         –1    4    0

Firstly, is it possible? The orders of the matrices will answer this.
Write down the orders of the matrices side by side, in the order the
matrices are given.

   A       B
i.e. 2 V 2    2 V 3

         The inner numbers are the same, meaning it is
    possible to multiply the two matrices.

This tells us that the number of columns of the first matrix
should be the same as the number of rows of the second
matrix for multiplication to be possible.
If not, it is not possible.

Let us now multiply. Each row of the first matrix is used on each
and every column of the second matrix.

Thus    4   –1      1  3  2         4V1 + –1V–1   4V3 + –1V4    4V2 + –1V0

  –2    3     –1  4  0       –2V1 + 3V–1     –2V3 +3V4     –2V2 + 3V0

               5                  8               8
–5          6             –4

What is the order of the answer? Look at where we checked the
possibility of the process. Do you see that when it is possible the

=

=

( ) ( )

( ) ( )

( )( ) )(
( )

Hint
The first row is used
to create the first row
of the answer, the
second row is used to
create the second row
of the answer and so
on.
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1. ∴  B +  B = 2B   =  2                       2.

=

( )
( )=

Given A  =                         and   B =

AB  =
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outer numbers give the order of the answer? In the case above,
the answer is a 2  V 3 matrix from  2  V 2     2  V 3

Is BA possible? Let us check with orders.
    B        A
2  V 3   2  V 2

The inner numbers are different, meaning it is not possible.

3. How about A2? Since A2 can be expressed as A V A, it means
               4    –1   4    –1

      –2      3      –2      3

        18    –7
      –14     11

1. Given  P =           ,   Q = (1    2),  R =

   S =         and T =

a) Say which of the following matrices can be multiplied
and give the order of the answer to be.
(i) PQ, (ii) QP, (iii) PR, (iv) RP,
(v) SP, (vi) ST, (vii) TS, (ix) P2,
(x) R2, (xi) T2 (xii) SR, (xiii) RT,
(xiv) TP.

b) Find the products of all the possibles in (a).

2. If  F   =   and G =   , find

a) FG b)     GF
What do you notice about these two matrices?

3. If                       =         , find a, b, c and d.

4. If 3M  + =      , find

the matrix M.

5. Given that A =                 , find A2.

  –1      1
   1    –2

 1    0    1
 2    1    0

  1     2
  0     3
–4   –5

   1    –1
 –1      0

 1    2
 3    4

  a      1
  2    –3

   3    –5
 –1      b

  11     c
  d    –16

 –3    0
 –2    5

 6   3
 4   2

 –3    0
 –2    5

Hint
– Multiplication of
matrices is either
possible or not
possible. Check this
first using orders. If it
is not possible just say
so.
– Copy the matrices
as given in the
question e.g. CA
means copying C first
then A. AC is the other
way round. CA and
AC are different
questions.

( )

( )

( ) ( )

( ) ( ) ( )

( ) ( )

( )

)(

DIESEL
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PETROL

On A2, the elements are
simply squared to get
  16    1
   4     9     No!
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D. THE INVERSE OF A MATRIX

One important component of the inverse of a matrix is its
determinant (det). The symbol for the determinant is      .

Given a matrix                the determinant of all such 2V2 matrices
is defined as ad – bc.  Take note that the arrangement ‘product of
diagonal (ad) minus the product of diagonal (bc)’ is strictly
followed.
This means bc – ad is wrong!

 The following examples will clarify this concept

1. Find the determinant of
a) 4    1 b)      –6   1   c)     1    4

2    3          –1   3           2    2

  Solution

1. a) det = 4V3 – 2V1 b) det = –18–(–1) c) det =  2– 8
= 12 –2 =  –18 + 1 =  –6
= 10 =  –17

The inverse of matrix A (symbol A–1) is one which multiplies A to get
the identity matrix (I). This is similar to inverses of fractions.

e.g.  V   i.e. a fraction (   )V its inverse (   ) =  1 , the identity element
for multiplication of numbers. The identity matrix for all 2V2

matrices is                ,

That of all 3V3 matrices is

Suppose we want the inverse of A =

Let A-1  =

This means  A–1   =                             =                  or

Now, multiplying out from the first arrangement and equating gives:
4a + c   = 1 4b + d    = 0
2a + 3c = 0 2b + 3d  = 1

Solving these simultaneously gives:

a =   , b  =     ,   c  =        and    d =     .

  a    b
  c    d

DIESEL

( )

                              Common Error

PETROL

In (b) –18–1  = –19
Remember it is ‘minus
the product –1’. In (c)
8 – 2 = 6. This happens
because the first
diagonal has a smaller
product. (2–8 is less
favoured.)

( ) (

  1    0
  0    1

  1   0   0
  0   1   0
  0   0   1     etc

  4    1
  2    3

  a   b
  c   d

 3
 2

 10
 –1

 10
 –2

  4   1
  2   3

  a   b
  c   d

  1   0
  0   1

  a   b
  c   d

  4   1
  2   3

  1   0
  0   1

=

( )

( )
( )

( ) ( ) ( )
( ) ( ) ( )

)(
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Verify these answers using methods for solving simultaneous
equations previously learnt.

=

Let us analyse this final version of A–1.
det A =10 and appears as inverse in A–1

elements of diagonal ad have been interchanged whilst those
of diagonal bc have changed signs!

These are the only two processes needed to find the inverse of a
matrix.

2. Find the inverse of

det = –18–(–2)
= –16

  ∴ The inverse is

Some matrices like,               ,              have a determinant zero.

Such matrices have no inverse, since the inverse of zero is
undefined.
Matrices with the determinant zero or which have no inverse are
called singular matrices.

 Consider the example below

3. Given that                   has no inverse, find the possible values

  Solution

3. No inverse means the determinant is zero!
Thus  x(x + 2) – 3 = 0

    x2 + 2x – 3 = 0
 (x + 3)(x –1) = 0
                     x = –3 or 1

1. Find the determinants of the following matrices

a) b) c)

d) e) f)

 x    3
 1  x+2( )

  3  –2
  1  –6    Simple! 16

–1

The inverse is made of
2 parts
• Inverse of the deter-
minant
• Bracket where a and
d interchange posi-
tions and b and c
change signs.

                              Common Error

PETROL

DIESEL

• Where the determi-
nant is negative, e.g.
 –16,       is usually left
as            . As in fractions,
this is not acceptable at
the final stage.
• Process of one
diagonal is done on the
wrong diagonal.

  2   4
  1   2

   3   0
 –2   0

( )

( ) ( )

Hint

 –6   2
 –1   3( )
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 16
 –1

 –16
  1

  0   1
  1   0

  1   0
  0   1

  0   2
 –3   4

  2  –4
 –1   3

 –4   1
  3   3

  1  –2
  3  –1
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  1

 10
  3

 10
 –1

 10
 –2

 10
  4

   3   –1
 –2    4( )

( )
 10

So A–1 =

of x.

15D
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g) h) i)

2. Find the inverses of the matrices in (1), above. If there is no
inverse, say so.

3. Given that                has a determinant of zero, find x.

4. If                  is a singular matrix, find the possible values of y.

E. SOLVING SIMULTANEOUS EQUATIONS: MATRIX

The method we want to practise here involves matrices, hence its
known as the matrix method.

 Consider the examples below:

1. Solve simultaneously a)   2x – y  =  7
           x + 2y  = 1

Using the elimination or the substitution method
x =3,  y  =  –1. Verify this.

The matrix method is as follows:
2x – y  =  7
x + 2y  =  1
Rearrange the coefficients:

  2   –1       x           7
  1    2        y           1

From the coefficients of x and y in the two equations. Do you notice
the coefficients of one letter form one column? This should
always be so.
To proceed, we need the inverse of this matrix of the coefficients.

Inverse of                     =

Then pre-multiply the matrix equation with the inverse.

Gives                             =                    continue multiplying

                      ∴   x = 3   ,   y = –1

As you do more and more practice you will notice that the left hand
side (LHS) always reduces to        .

With this in mind, the amount of working can be reduced.

  2    6
 1   –3

  2    6
  1   3

  7  0
  4  0

  y     2
  1  y–1

=

( )( )( )

( )

( ) ( ) ( )

  x   3
 –3  4( )
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 2   –1
 1     2 5

 1   2    1
 –1   2  5

 1   2    1
 –1   2

=
  7
  1

 1    0
 0    1  5

 1  15
 –5

  3
 –1

 x
 y

 2   –1
 1     2  5

 1   2    1
 –1   2

 x
 y

( ) ( )

( ) ( ) ( ) ( )

( )
( ) ( )

( )

 x
 y( ) ( )

=
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2. 3x  =  y – 5
4x – y + 8 = 0       Watch out!

  Solution

2. Re-arrange the equations first.
The proper arrangement will give

                                 =

Inverse of                 =

                  So          =

                 =

    x  =  –3,   y  =  –4

3.    3x – 2y  =  14
           y – 5x  =  0         Watch out!

 Solution

3. The proper arrangement leads to

                =

Inverse                 =

                =

                =

  ∴   x = –2,  y = –10

1. Solve for x and y.

a)            =     b)                            =

d)            =     d)                           =

                              Common Error

PETROL

DIESEL

The equations are not
properly arranged!

 3  1
 4  1

 x
 y

 –5
   8

Wrong Wrong

 3   –1
 4   –1

 x
 y

 –5
 –8

 3   –1
 4   –1

 –5
 –8

 –1   1
 –4   3

 x
 y

 –1   1
 –4   3

 –3
 –4

                              Common Error

PETROL

DIESEL

Wrong! Coefficients
of different letters are
forming columns.

 x
 y

 14
   0

=

 x
 y

=

( ) ( )
( ) ( )

( ) ( )

( )

( )
( )

 3 –2
 1 –5( ) ( ) ( )
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  3  –2
 –5   1

 x
 y

 14
  0

  1   2
  5   3

 14
  0  7

 –1

 14
  70

 –2
–10
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15E

( )( ) ( )

  4    1
  3  –1

 x
 y

 9
 5

  3    2
  3  –2

 x
 y

 7
 1

 x
 y

4,7
 3

  3  –1
  2  –4

 x
 y

 2
 5

Hint
Do not leave your an-
swer at

as          is a vector.

 x
 y

 a
 b

=            stage

 a
 b

( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( )  2    1

  1    1( )

Mind! The inverse of
–7 is not         but

Tip

  7
 –1  7

 –1
  –7
  1

 x
 y( )

 x
 y( )
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2. Use the matrix method to solve these simultaneous equations.
a) x – 4y   =  4 b) 3x – 2y = –1

x + 4y   =  – 4 3x + 2y =  7

c) 2x + y   =  2 d) 2x = 23 – 3y
2x + 2y  = 0 2x – y =  3

e) y = 2 – 5x f) 6x – y = 7
x = 4 – 0,5y 2y + 5x = 3

g) 2x = 5 – 3y h) 5x – 3y = –8
y = 7 + 10x y  =      –     x

i) x – y + 7 = x – 2y = 8 j) x +    y  =
  x + y = 1

 2
 1

 2
 1

 3
 5

 2
 1

 2
 1
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The following are the basic facts to remember
1. The order is the number of rows followed by the number of

columns e.g. 2 by 5 or 2V5
Product gives the total elements.

2. Addition and subtraction is possible when orders are the same
and combine corresponding elements. e.g.
Orders 2V3 and 3V2  Impossible.
Orders 2V3 and 2V3  Possible.

3. Multiplication is possible when the number of columns of the
first matrix is the same as the number of rows of the second
matrix.
Order of the answer e.g.  2V3  and 3V1  are possible while
5V3 and 5V3  are not possible.

4. Use the rows of first matrix against the columns of the second
matrix to create corresponding elements of the answer.

5. The determinant of a matrix            is (ad – bc). Watch out for
directed  numbers.

6. Inverse of matrix               has two parts.

(i) inverse of determinant

(ii) bracket

7. Matrix Method: to solve simultaneous equations, arrange
equation in the form ax + by = c before restructuring to matrix
form. Be sure of the inverse. Do not leave the answer at the
stage                     but write the answer as x = a,  y = b. x

 y)( = )( a b

  a   b
  c   d( )

1
ad – bc

( )  d   –b
  –c    a

1
ad – bc ( )  d   –b

  –c    a
i.e.

( )  a    b
  c    d
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                              Common Error

PETROL
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Wrong!

 3 –2
 1 –5

– –6     4
–14 –8

Compare with the ‘or’
part of the working.

*****
–2 is taken for the
determinant of matrix
A.

 Consider the examples below

1. Given that A =               , B =                and  C =

a) Write down the order of C.
b) Find  (i) B – 2A

  (ii) A–1

c) Find the value of y which makes the matrix
singular.

  Solution

1. a) Order of C is  2 V 1

b) (i) B – 2A  =                  – 2

     =                –               or               +

(ii)     Det. of A = 3V4 – 7V(–2)
          = 12 + 14
          = 26

    A-1  =

c) A singular matrix has no inverse (its determinant is zero)

                 y   2
     –3  4

      = 4y + 6

Now, 4y + 6 = 0 (singular matrix)
4y = –6
  y = –1

2. Solve these simultaneously
a) 5x – 6y = 10 b) x +    y = 2

6x – 5y = 1            2x + 3y = 13

  Solution

2. a) In this case the coefficients are fairly large. This makes
the elimination and/or substitution method more difficult
to use.

 3   –2
 7    4

 3   –2
 1    3

   2
 –1

  y  2
–3  4

 3   –2
 1    3

 3   –2
 7    4

 3   –2
 1    3

 6   –4
14    8

 3   –2
 1    3

–6   4
–14 8

 –3    2
–13 –5

  4   2
 –7  3 26

 1

         =

Hint
The examination
question does not
usually specify the
method to use. The
choice is yours.

 2
 1

( ) ( ) ( )

( )

( ) ( )
( ) ( ) ( ) ( )

( ) ( )( )

( )
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Det. of                    = 4y – (2x – 3)( )

 2
 1

 2
 1

15
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 5   –6
 6  –5

–5   6
–6    5

 x
 y

 10
  1

 x
 y

 10
  1

 11
 1

 11
 1

 2
 1

 3
 1

Hint
Clear fractions in the
first equation by mul-
tiplying through by
LCM 6.

 x
 y

 13
 12

 x
 y

–44
–55

 2
 3

–4  –3
  5    3

–10
–15

Using the Matrix Method.

=

=

 =

=

                     ∴ =  x = –4, y = –5

b)     x +    y = 2   (i)
2x + 3y    = 13 (ii)
3x + 2y    = 12 ((i)V6)

=

=  –

=

      ∴   x = 2, y = 3

Now do the following:

1. a) Given that M               =              , find the matrix M.

b) If               N =                find the matrix N.

2. a) If P =                and P                =          , find the

values of x and y.

b) Given that                  –                   =

Find the value of x and the value of y.

3. Solve the simultaneous equations.
7x + 2y = 14
x –     y = 2

4. Given that A  =                 and B =              , find

a) A – 2B b)   B2 c)    AB d)    A–1

  –4
  –5

 1    0
  0   1

 1   0
  0  1

  3   –2
 –1 –1

  1 – x
 –1 –2

   8
   2y

  5  –2x
  0    7

 –1    4
   9  –4

 6   –7
 3y  11

 4
 1

  3   2
  2   0

  1  –2
  3   4

( ) ( ) ( )

( ) ( ) ( )
( )

( )

 2   3
 3   2( ) ( )

( )
( )

( )
( )

( ) ( )
( )   7    0
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5. Solve for x and y.

        =

6. Given that P =                    and Q =

find a)  P2         b)   QP         c)  Q–1

7. a) If the determinant of the matrix

is –10, find the value of y.

b) Given that the matrix                    has no inverse, find

two possible values of x.

 –4   –3
   5     3

  1   –3
  1     7( ) ( )

 x
 y

 –4   –3
   5     3( ) ( ) )(  1  1

 x+2   4
  2      x( )

 2y+3  –3
 y–3     2( )
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Vectors

In Fig 16.1, an insect moves from A and follows the path described
by line P

1
 until it reaches point B.

Fig 16.1.

It can be seen that the path, P
1
, followed by the insect has no

specific direction. The insect could have travelled in a specific
direction from A to B using path P

2
. The insect could also have

taken the P
3
 and P

4
 route. In this case, it could have moved in a

specific direction. In mathematics the length covered by path P
1
 is

directionless and is called a scalar quantity.

The lengths covered by P
2
, P

3
 and P

4
 are described as vectors

since they have specific directions.

1. A vector is a quantity with both magnitude and direction,
e.g. force.

2. A scalar is a quantity described by magnitude only, e.g.
mass.

In the above example, length P
1
 is defined as distance and is

directionless while P
2
, P

3
 and P

4
 are described as displacements

since these are lengths covered in a specified direction. Other
examples of vectors are force, velocity and acceleration while some
examples of scalars are time, mass etc. What is the relationship
between P

2
, P

3
 and P

4
? Can vectors be added and subtracted just

like scalars? Do vectors take different forms? All these and many
others, are questions that will be answered in this chapter.

Hint
Bear in mind that
when you are dealing
with vectors, you are
actually dealing with
quantities although
we may not mention
or refer to these
quantities. Vector
quantities are special
because they are
associated with
direction. Their
manipulation requires
special attention.
Consider two scalar
quantities, mass and
temperature, in terms
of mass 20kg of water
and 30kg of water
would give us 50kg of
water. However water
at 200C when added
to water at 300C does
not result in the
water being 500C.
Temperature is a non-
additative quantity!

O

B

A

P4

P1

P2P3

16
Maths decoder 3/4

16ZPH
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By the end of this chapter, students should be able to:

define and represent vectors in the form of directed line
segments as well as bold letters and other notations.

represent a translation by a column vector.

add and subtract vectors.

apply the concept of position vector.

multiply vectors by a scalar.

identify equal vectors.

calculate the magnitude of a vector         as    x2 + y2

use the notation   AB  or    a

represent position vectors, equal vectors and parallel vectors.

use link vectors and matrices using the cartesian plane.

use parallel vectors in problem solving.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that students
are able to:

represent or draw a point or line accurately on a cartesian
plane.

use the Pythagoras Theorem

appreciate the meaning of basic quantities like force, mass
and time.

draw to scale.

understand basic trigonometry.

add and subtract 2 V 1 matrices

A. REPRESENTING VECTORS

Four ways of representing vectors are as follows:

(i) A vector may be represented by a directed line segment.

/( x y)7

9

10

11

5

4

→ →

1

2

3

6

8

Syllabus
Expectations
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tail of vector                 tip or head of vector

Fig. 16.2

ii) A vector may also be represented by letters with a line
above or below them. The letters need not be bold if a
line is drawn below or above them. Thus for figure 16.2 the
vector is represented as

AB   or   AB  or  or  AB, a or a

Note the the order of the letters indicates the direction of the vector

(iii) By making bold letters e.g.

AB  =  p  =  AB

(iv) A vector may also be represented using a column matrix
as shown in Fig 16.3.

         AB = a =

Fig. 16.3

B. MAGNITUDE OF A VECTOR

The magnitude of vector AB is represented as  AB . The magnitude
of a vector is also called its modulus or size.
Pythagoras Theorem may be used to calculate the magnitude.
This is covered in detail under section E of this chapter.

C. TRANSLATION AND VECTORS ON CARTESIAN
PLANES

In mathematics translation is movement in a straight line, i.e. in a
specified direction without turning. In chapter 21 “Transformation”
we shall look at this concept in detail. For now let us revisit Fig. 16.1
once more, P2, P3, P4 are examples of translation as there is
movement without turning. Obviously P

1
 is not a translation!

If you have a cartesian plane, a point (x;y) may be used to describe
a translation. The path it describes obviously defines a vector since
the point would be moving (without turning) in a specified direction.

A B

→

→
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magnitude in x direction

magnitude in y direction

( )

→

→
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Fig 16.4 illustrates examples of translations. In all cases the
movement starts from the tail of the vector and moves to the head
of the vector. Consider, for example, vector OB, the point O (0;0)
translates to a point B(6;2). Similarly, for vector PQ, begins at P(1;6)
and translates to Q(6;6). There are two types of vectors which can
be represented on a cartesian plane.

Fig 16.4

D. TYPES OF VECTORS

A translation, forming a vector on a cartesian plane, can either
have its starting point at the origin (0,0) point or at any other point
on the cartesian plane.

Position vector
A vector whose initial point is the origin 0 is called a position
vector. Position comes from the fact that its point of origin is known,
or the position of its tail is known. It is always (0,0).

Displacement (free) Vector – Any other vector on the cartesian
plane which does not start at the origin (0,0).

In Fig 16.4;
Position vectors are:
OA       OB      OC       OD.

Free (displacement) vectors are:
PQ       VX      MN       WV      KL
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B
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A

 2

 3
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 5

 6

M

DV C

K

L

–1–2–3–4–5–6–7  1  2  3  4  5  6

 1

–1

–2

–3

–4

–5
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O
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 y
 x

( )

( )

→

Both position vectors and free vectors can be represented in i.e.
column form i.e. (   ) where x represents the x horizontal units and
y represents the y vertical units.

For Fig 16.4
   –2
     5

    1
   –3

Find the column vectors of all other vectors in Fig 16.4, except for
OA and WV.

E. POSITION VECTORS

Since the tail (origin) of any position vector is known, this means
that any point (P) on the cartesian plane has a position vector
which can be drawn from the origin to that point, hence we tend to
talk of a position vector of a point P. The magnitude and direction
of all position vectors can be found by use of formulas. As shown
in Fig 16.5, the position vector of a point P(a,b), denoted as OP is
written as (   ).

Fig. 16.5

The magnitude of the vector OP  =  (   )  denoted as  OP  is the
distance of P from O.

∴   ∴   ∴   ∴   ∴   OP  =   a2  +  b2 (Using Pythagoras Theorem)

The direction of the vector  OP is found by first finding

tan θθθθθ =

→
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 b
 a

/

 a
 b

Hint
Once θ has been
found, the direction of
the vector of OP can
be stated using the
bearing.

P(a b)
b

a
X

θ
O

Y

→

→

→

→

OA   =

WV  =

16A

 b
 a

                              Common Errors

PETROL

DIESEL

After finding the value
tanθ most students end
here thinking this the
final answer . This is
wrong.
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F. UNIT VECTOR

A unit vector is a vector of length, one unit in a given direction, i.e.
it is a vector whose magnitude is one.

OP  =  1 if  OP  is a unit vector.
OP is a unit vector if  OP   = 1

 Consider the following examples:

Find the magnitude and direction of the position vectors of the
following points 1.   M(3;4)

2.   B(–6; –8)

Solution

Fig. 16.6

1. Magnitude:-  OM2 =  32 + 42 (Pythagoras)

   OM2 =  9 + 16

   OM =  /25

   OM =  5

Direction      4
     3

  tan θ = 1,3333

        θ = 530 3I  or 53,10

Direction from the North line = 900 – 530 3I

           = 360 53I or 36,90

∴ Vector OM is in the direction 0360 53I or 36,90

Hint
It is important to do
a sketch of the
diagram first.

Students confuse OM
as length or magnitude
of a vector. The correct
thing is
OM  = vector with
            magnitude.
OM = magnitude of
             vector only
         = OM.

                              Common Errors

PETROL

DIESEL

→ →
→

→

→

→

→

→

M

4

3
θ

O

3
4( )
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tan θ    =
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Hint
Magnitude cannot be
negative since it is
distance, i.e. +5 will
be considered wrong.

→
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O–6
θ

–8
B(–6; –8)

/
→
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Solution

2.

Fig. 16.7

Magnitude
OB2  =  (–6)2  + (–8)2

  OB2  =  36 + 64

OB   =    100

OB   =    10

Direction
      –8
      –6

tan θ  =  1,3333

      θ  =   530 3I or 53,10

∴ Direction of OB is 1800 + 36053I = 216053I

Find the magnitude (modulus) and direction of the position vectors
of the following points:

1.   (6; 7) 2.  (12; 7)    3.   (–9; 12)

4.  (–6; –6) 5.   (13; –9)     6.   (7; 7)

7.   (–8;–10) 8.   (–4; –2)     9.   (7; –6)

G. DISPLACEMENT OR FREE VECTORS

As already noted, a free vector is also a form of translation, hence,
it can also be written in column form         .

→

→
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x
y( )

tan θ    =

16B

Tip
The value of your
answer using tables is
5303I and 53,10 using
a calculator.

y

x
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Where x represents a translation parallel to the x-axis and y
represents a translation parallel to the y-axis. Movements to the
right and upwards are positive while movements to the left and
downwards are negative.

 Consider the example below:

1. Write down column vectors to represent the line segments in
Fig 16.8.

Fig. 16.8

  Solution

1. a  = b  =

c  = d  =

1. Write down the column vectors which represent the line
segments in Fig 16.9. (Each big square represents 1 unit).

Tip
Remember you don’t
need the origin to
depict this but you
need to identify the
tail of the vector.
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Fig. 16.9

2. In this question, use graph or squared paper. Starting at 0 in
the middle of a square of sides with 11 units, draw the following
vectors:

a) OB  = b) BC  =

c) CD  = d) DE  =

e) EF  = f) FG  =

g) GH  = h) HJ  =

i) JK   =

3. On graph paper, using a scale of 1cm: 1 unit on both axis:

a) Plot the point P(2;1).

b) Draw the three vectors:

PQ  = QR   =

RS  =            .

c) Draw and write the sum of PQ + QR + RS as a column
vector.

(a)
(b)

(e)

(f)

(g)

(j)

(i)
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(d)

(c)
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( )

H. NEGATIVITY OF A VECTOR

A vector becomes negative once its direction is reversed.

A B

A B

AB and BA have the same magnitude but move in opposite
directions.

Hence     AB  =  – BA

Similarly BA   =  – AB

But   AB  ≠  BA  (because they have different directions)

A vector whose magnitude is zero is called a zero vector
denoted by          .

AB + (–AB) or  AB + BA = 0

I. EQUALITY OF VECTORS

Two or more vectors are equal if and only if, they are the same in
magnitude and direction.
Consider the vectors below:

             A            B

C    D M    N

AB   =   CD   =   MN . . . (same magnitude and direction)

Hence AB   II  CD    II  MN . . . (where II implies is “parallel to”)

AB   =   CD   =   MN   = 6

J. ADDITION AND SUBTRACTION OF VECTORS
(Expressing one Vector in terms of the other two
in a triangle)

Consider any triangle made of vectors (triangle of vectors)
Fig 16.10.

Fig 16.10

Hint
Note that when you
reverse the direction
of a vector, don’t
reverse the order of
the vectors or they
cease to be negative.
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Hint
All equal vectors are
parallel and have the
same magnitude. This
includes vectors
which are in line.
Remember the angle
between parallel lines
is zero.
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Any one of three vectors given in triangular form can be expressed
in terms of the other two vectors. We call a vector, expressed in
terms of the other two, a resultant vector. This is the triangle rule
concept.

In Figure 16.10, supposing we take:
a) AB to be the resultant vector, then we can express it in terms

of the other vectors as follows:

AB  =  b + a.

b) AC to be the resultant vector, then we can express it in terms
of the other vectors as:

AC  =  c – a.

c) CB to be the resultant vector, then we can express it in terms
of the other vectors as:

CB  =  –b + c.

 Consider the following examples:

1. Write the resultant vector r in terms of the other vectors a
and b in the diagrams that follow.

a)    b)

c)

      Fig. 16.11

  Solution

1. a) r   =    a   +  b (the arrows of a and b are facing the right
direction i.e. towards the head of the
resultant)

b) For this diagram the direction of b is not facing the
favoured direction, so we deliberately reverse it in our
minds but then reversing the direction of a vector will
result in it being negative.
∴ b becomes –b.

Hint
The most important
point to note in the
triangle rule is that
the resultant vector’s
tail must start from
the tail of the first
vector. The head of
the resultant vector
must meet the head of
the second vector. The
arrows of the vectors
a and b must all be
facing towards the
head of the resultant
vector. If the arrow is
not in the correct
direction (facing the
tail of resultant) then,
the vector is treated
as negative.

→

A

b

BO a

A

BO

b

a

r r

b

a BO

A

r
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Thus     r   =    a   + (– b)
Hence  r   =    a   – b

c) a  is not facing the favoured direction so we reverse it to
follow our favoured direction and thus a becomes negative.
∴   r   =   (– a)  +  b

      r   =     b   –  a

2. Using the triangle in Fig 16.12, write each of the following
as a single vector, in its simplest form.

Fig. 16.12

2. a) a   +  b

b) c   +  a

c) a   +  b  +  c

  Solution

2. a) a   +  b  =  –c

b) c   +  a  =  –b

c) a   +  b  + c

from above a + b  = – c

∴   a   +  b  + c  = – c + c
              =  0

1. In Fig 16.13, EBCD and ABCE are both parallelograms.

Fig. 16.13

Hint
Strictly speaking,
subtracting a vector
is the same as adding
a negative vector to
another.
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Write the following as single vectors:
a) AB + BC

b) EC + CD

c) EX + XD

d) AB + BD – AD

e) ED + EB

f) AB + BD + DC

2. a) In Fig 16.14, express each vector a,  b,  c and d  in column
form.

Fig. 16.14

Using the column vector form find the following:
(i) a   +  b

(ii) (a  +  b)  + c

(iii) c  +  d

(iv) a  +  (b  + c)

(v) a  + b  + c  + d

3. Show diagrammatically, or otherwise, that any free vector.
PQ, can be expressed in terms of the position vectors, OQ
and OP, as:

PQ  = OQ – OP

a

b

c

d

Hint
Sketch the diagram
first!
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K. ADDITION AND SUBTRACTION OF VECTORS IN
COLUMN (MATRIX) FORM

As already mentioned, a vector written in column form looks the
same as a single column matrix. In fact column vectors are a special
form of matrices.

Consider two vectors p and q Fig. 16.15 where:

p  = q  =

p   +  q  =  r  (triangle law rule of vectors)

But  the column matrix of  r  =

Using column matrix, only it follows that:

p   +  q  =  r

         +             =

NB. 3 + 4 = 7
3 + 1 = 4

Fig. 16.15
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Two given vectors expressed in column form

    =     and      =

then     +       =

Similarly    –         =

K. SCALAR MULTIPLICATION OF A VECTOR

A vector a is multiplied by a scalar, k.
(i) For k > 0, vector ka has the same direction as a and has a

magnitude equal to k times the magnitude a.

(ii) For k < 0, vector ka has the direction opposite to that of a and
a magnitude equal to k times the magnitude of a.

  where k = 3 and  –3, respectively

 Study the examples that follow:

Solve the following:

1. 2        +           =

2. Given that,

a  = b  =

c  =      find x such that 3a + x = b and y such that
     a – 3y = c.

 Solutions

1. 2        +           =

          +           =

2x – 2 = 12 2y + 4 = 16

     2x  = 14 2y = 16 – 4

        x  = 7  2y = 12

   y = 6

a
b

c
d

m n( ) ( )
m n

a
b

c
d

a
b

c
d

a + c
b + d

a – c
b – dm n

( ) ( ) ( )
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2. 3a + x = b

3      + x  =

     + x  =

         x  =           –

         x  =

a – 3y = c

          – 3y  =

          – 3y  =           –

   – 3y  =

        y  =

1. Simplify:

a)              +

b)               –

2. Given that:

m  = n  =

p  = r  =

evaluate:
(i) m + r (ii) 2m + 3n

(iii) m + n  + r (iv) r – p

(v) 2(p – n)
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  4

  4
–2

–9
12
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12
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3. Solve the following vector equations:

a)         + 3x  =

b)          – x    =

c) 4x  –          =

d) 3x  –            =           – x

e) Find the two vectors m and n such that

m + n  =           and m – n  =

L. PARALLEL VECTORS

Fig. 16.16

For the vectors in Fig 16.16.
a  II  b (a is a fraction of b)

b = c           b  II  c  (b = c as well as being parallel to each other)

m  II  n  II  OB     (m  is a fraction of OB
     OB = km means that OB is a multiple
    of m in terms of magnitude).

In summary,
1. a  = kb  IaI = k IbI   and ∴ a  II  b.

2. If a II b  , then a  = kb (where k can be 1 or a fraction or an
integer (+ve or –ve).

3. If pa + qb  =  ha + kb and a is not parallel to b, then p = h and
q = k.

4. If AB  = kBC,  AB II BC and since B is a common point, A, B
and C are collinear.

2
3

–2
– 4

8
9

3
2

– 6
  4

  2
–3

– 4
  2

–2
  3

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( )

Hint
(i) Vectors which are
parallel are equal to
each other (provided
their magnitudes are
equal).
(ii) If two vectors are
parallel then either
they are:
   a) equal or
  b) one is a fraction
   of the other or
  c) one is a multiple
   of the other.
(iii) Vectors in a line
(one behind the other)
are said to be parallel
to each other. They
are referred to as
collinear.

0 Am n

a

b

c

B

Hint
Collinear means on
the same straight line.
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⇒
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M. RATIO CONCEPTS IN VECTORS

1. If AB =     AC,  then the ratio of AB : BC : 1 : 2

2. If MN  =     MB, then, MN : NB = 3 : 1

3. Consider a straight line ABC with AB =    AC then:

      AB  =      AC

 or BC   =     AC

 or BC   =  3AB

 or AC   =  4AB

4. The Ratio Theorem of Vectors (Fig 16.17) states that if P lies
between (not mid-point) A and B and

AP : PB = m : n then;

             na         mb
   m + n      m + n

Fig. 16.17

If P is the mid-point of AB, then m  = n hence m + n = 2m or 2n and
                 ma           mb

      m + m       m + m

         ma       mb
         2m       2m

 1
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a b

A B
P

“Lies between A and
B” to mean the mid
point of A and B. This
is wrong.

                              Common Errors

PETROL

DIESEL

OP  =            +

OP  =              +

OP  =             +        .
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 1
 2

–2
  4

 4
 1

3
6

Hint
Since P is the midpoint
m =   n
                 na + mb

   2m
n = m
                 ma + mb

    2m
OP =    (a+b) 2

 1
( ) ( )

→ →

A

B
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           m(a + b)
         2m

OP  =    (a + b)

 Consider the following example:

1. Given that

OA  =           ,  OB  =          and Q  is a point on AB, such that

AQ  =     AB,

express as column vectors:
a) AQ b)   OQ

Solution

a) First sketch a diagram.

Fig 16.18

AB  =  –OA  +  OB b) OA  = OQ + AQ

AB  =  OB  – OA OQ  =            +

AB  =           – OQ  =

AB  =

AQ  = AB

       =

AQ  =
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1.

In Fig 16.19

In Fig 16.19, BA  = p  and BC  = q and AX  =  XC.

a) Express in terms of p and q
a) AX
b) BX

b) Given that BX  =    (p + q), write down the numerical value
of the ratio   BX  .

             XB

2. a) The co-ordinates of Q are (5;10) and the coordinates of
M are  (–3;2). It is also given that:

MN  =

Find: (i) QM
(ii)    QM
(iii)   the co-ordinates of the point N.

b) X and Y are two points such that

XY  =            .

Find  XY

3. Given that OA  =         .

and OB  =          , find:

a) the value of   OB

b) a value for x if OA and OB are two sides of a rhombus.
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K
M

O

T

N

X

4.a) The vector p and q are defined as

p  = and  q  =

If p + 3t = 5q express t as a column vector.

b)

Fig 16.20

From Fig 16.20, express as simply as possible:
a) AC.
b) DC.

5. It is given that a =                b  =              and r =          .

a) Find  I a I.

b) Express  3a + 4b  as a column vector.

c) Given  a – b = 2r  find the value of x and the value of y.

6. The lines AB, PQ meet at M, and M is the midpoint of AB and
PQ. Let MA  = a and MP  = p.

a) Express MB and MQ in terms of a and p.

b) Use the triangle law to prove that
AP  =  QB.  What kind of quadrilateral is APBQ?

7.

Fig. 16.21

Fig. 16.21 represents an equilateral triangle, KNO, with sides 14cm.
M is the midpoint of KO and OT = 5cm.

Given that ON = 3p and MO = q ,
a) express as simply as possible, in terms of p and/or q

(i) KO   (ii)  OT        (iii)    MT       (iv) MN

6
5

5
7

–2
  5

–5
  2
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y
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5a

3b

4a – b
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b) X is the point where NM intersects KT.
(i) Given that MX = hMN, find KX

(ii) Given also that KX  = kKT, form an equation involving
p, q, h and k.

(iii) Use this equation to find the value of h.

(iv) By using Pythagoras Theorem in triangle MNO.
calculate NM.
Find the length of XM.

PUZZLER!

Complete the puzzle.

1. A vector whose magnitude is zero.
2. The result of adding or subtracting two vectors.
3. A quantity with both magnitude and direction.
4. Vectors that have the same magnitude and direction are said

to be        .
5. A quantity with magnitude only.
6. A unit vector is a vector whose magnitude is         .
7.            vectors c and d are           .
8. A vector whose tail is the origin ‘O’ on the cartesian plane.
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1. A scalar is a quantity with magnitude (size) only.

2. A vector is a quantity with both magnitude and direction.

3. Vectors may be denoted by:

AB   or   a   or   AB or a

They can also be represented by a directed line segment:

A B
      tail head

4. A vector whose tail is the origin O on the cartesian plane, is
called a position vector.

5. The position vector of a point P(a:b), OP, is written as       .

6. The magnitude of a vector, OP =        is denoted by OP.

It is the distance of P from O as given by:

IOPI  =     a2 + b2.

7. The value of  θ – vector direction of OP  =         given by
tanθ  =     .

8.

Fig 16.22

Refer to Fig. 16.22
If A(a,b) and B (p:q) then OA =          OB  =

AB  = –OA + OB

AB  = OB – OA

AB  =          –

a) AB  =

9. Vectors are equal if they are equal in both magnitude and
direction.

a
b

a
b

/

a
b

a
b

p
q

p
q

a
b

p – a
q – b

( )
( )

b
a

( )

( ) ( )

( ) ( )
( )

→

⇒

⇒

A(a;b)

B(p;q)

O

y

x
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10. When the direction of a given vector is reversed the vector
becomes negative.

11. A zero vector is one whose magnitude is zero i.e.

AB + BA = 0

12. A unit vector is a vector whose magnitude is unity, i.e.

 OP  = 1  if OP is a unit vector.

13. A resultant vector is found when vectors are added or subtracted.
The triangle rule and/or the parallelogram rule of vectors may
be used to add or subtract vectors.

14. Any vector a may be multiplied by a scalar, k, to be vector ka
which has the same direction as a, and has a magnitude
equal to k times the magnitude of a.
NB. If k is negative the vector ka has the opposite direction
to that of a, but still has a magnitude equal to k times the
magnitude of a.

15. Parallel vectors can be co-linear, equal or a fraction of the
other.

16. The Ratio Theorem states that if P lies between A and B
(Fig 16.23), and AP: PB = m:n, then
              na           mb

    m + n        m + n

Fig. 16.23

And if P is the midpoint of the AB, then

OM  =     (a  + b ). 2
 1

A B

O

Pm n

0
0( )

OP  =             +             .

a b

→ →→

→
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 Consider the example below:

1. It is given that OM = 4a + b,
ON  = 3a + 4b and OMPN is a parallelogram (Fig 16.24).

a) Express, as simply as possible, in terms of a and b,
(i)   MP              (ii)    MN.

b) Find OP in terms of a and b.

Solution

1. a) (i) MP  =  ON
               =  3a + 4b

(ii) MN  =  –OM + ON

MN  =  ON – OM

MP  =  (3a + 4b) – (3a + 4b)

MN  =  3a + 2b – 3a – 4b

MN  =  –2b

b) OP  =  OM + MP

OP  =  4a + b + 3a + 4b

OP  =  7a + 5b

P

N

Fig. 16.24
O

M
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Now do the following:
1.

In the diagram, the point M is such that, XM = 2MV and the point Z
is such that, XV = VZ. Given that OX = a and OV = b, express, as
simply as possible, in terms of a and/or b:

a) XV
b) XM
c) OM
d) XZ

2.

Fig. 16.25

In the diagram OPM and ONV are straight lines. PV intersects
MN at Z, OM = a, ON = b, OP = 4 and  PM and OV = 3ON.

a) Express in terms of a and/or b:
(i) MN.

(ii) PV.

b) Given that PZ = hPV, express PZ in terms of h, a and b.

3. P is the point (7; 4) and Q is the point (3; 7).
Calculate:

a) PQ

b) QP

X M V

O

a b

b

M

Z

VO

P

a >

>
N
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Z
a M

N

P

O

X
b

4.

Fig 16.26

In the graph, OM = a and ON = b.

The points K and V are also shown on the graph.
Copy the above diagram on a graph paper and perform the
following:
a) Mark and label clearly on the graph, the point X, such that

OX = 2a + 3b.

b) Write down OK in terms of a and b.

c) Draw VE such that VE = OK.

5.

In the diagram OM = a, OP = b.
The point N is such that MN = 3NP and the point Z is, such
that, OZ = ZM.

V

O M

N K

a

b
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a) Express, in terms of a and/or b, the vectors:

(i) MP

(ii) OZ

(iii) MN

(iv) ON

b) ON and PZ meet at X. Given that PX  = kPZ, express PX
in terms of a, b and k. Hence, show that
OX =     ka + (1 – k)b.

c) Given that OX = hON, express OX in terms a, b
and h.

d) Using these two expressions for OX, find the values of h
and k.

e) Find the numerical value of the ratio PX : XZ.

6.

In triangle ABD, E is the midpoint of AD and C is the mid-point of
BD. Also given is that AD = p  AB = q. Express in terms of p and q:

a) BD
b) DC
c) AC
d) BC
e) X lies on AC such that,

AX =     AC. Express BX in terms of p and q.

7. ABCD is a rectangle whose diagonals intersect at O.
If AB  = a  and AD = b , express in terms of a and /or b:
a) CD
b) BO
c) If   a  = 36 and   b   =  10,

calculate CAB.

B

D
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17
Maths decoder 3/4

17ZPH
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Texas instruments Casio

Use of calculatorsUse of calculators

Fig 17.1

 A typical scientific calculator is illustrated in Fig 17.2. Also note
that this introduction is a guide and not intended to take the place
of your own user’s manual.

An introduction to Scientific Calculators

The past four decades have witnessed a revelation in the use
and dependence on computers in general and the calculator in
particular. Prior to the 70’s the computations in mathematics were
enhanced by the use of tables of logarithms and slide rules. With
the widespread availability of calculators, the use of logarithm tables
has become less and less popular. Slide rules are no longer used.
Calculators come in a large array of different types, sizes and
prices.

Table 1

Calculators

Non-scientific    Scientific  Graphing calculators
Calculators  calculators

In the ‘O’ Level course for which this book is intended, the most
appropriate type is the scientific calculator. Most of these scientific
calculators use algebraic logic (AL) and not Reverse Polish
Notation (RPN). In this chapter we explain the use of calculators
with algebraic logic which are most popular and required by the
course. Although calculators vary among manufacturers and
models we recommend the following for this course:  ‘Sharp, Casio,
Radio Shack and Texas instruments” Fig 17.1.
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TYPICAL SCIENTIFIC CALCULATOR OUTLOOK

Keys and their uses. In the diagram below, only the necessary 2nd
Function notations for this level have been shown above the main
keys.

SCIENTIFIC CALCULATOR         Algebraic Logic(AL)

SCREEN / DISPLAY

2nd F
Function

to activate
Function above

main key

ON/C

Turn on and off
the calculator

Cancel a process

arc hyp

hyp

sin–1

sin

cos–1

cos

tan–1

tan

CA

DEL
– find sin ratio of

an angle
– find angle given

sin ratio

– find cos ratio of
an angle

– find angle given
cos ratio

– find tan ratio of
an angle

– find angle given
tan ratio

πππππ
– use the figure

for pie
– use degree

mode

–to delete last
entry

– clear whole
screen

y

x–1

x2

10x

log

ex mode

DRG
– find square root

of a number
–find cube root of

a number

– find square of a
number

– find reciprocal

– find the log of a
number

– find antilog of a
number

In
– find the inverse

of a number
– use degree

mode

/
3

/
x

– raise a number
to any power

– find any root of
a number

x /////

Exp RCL

, M –    M

M+
– enter fraction

expressions
– Recall a number

in memory

STO
– store a number

for later use

– memory key
– add stored number
   to current number
– subtract a stored
   number

– express in
 standard form
– express number
in exponential form

→→,
ab

c DOMiS

    DEG ALPHAd/c

7
SEVEN

8
EIGHT

9
NINE

(
– left bracket

– open bracket

)
– right bracket
– close bracket

4
FOUR

5
FIVE

6
SIX

1
ONE

– get percentage of

2
TWO

3
THREE

VVVVV
multiply by

)))))
divided by

+
plus

–
minus

=
– equal to

– get the answer

+/–
– change – ive

to + ive

change +ive
to –ive

.
point

0
ZERO

DRG

↔

%

Fig 17.2
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By the end o f this chapter the student should be able to use a
scientific calculator to:

Perform arithmetic operations (+, -, x, )).

Find the square root or cube root of any number.

Find the square or cube of any number.

Raise a number to any power.

Find any root of a number.

Find the natural logarithm and the logarithm of a number.

Find the reciprocal of a number.

Store and recall a number using the memory key.

Enter a negative number on the display.

Use the 2nd function key in general.

Write a number in exponential form using the exponential
key.

Find the Tan, Cos and Sin of an angle.

Find arc Tan, arc Cos and arc Sin.

ASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGEASSUMED KNOWLEDGE

In order to tackle work in this chapter, it is assumed that pupils are
able to:

Perform arithmetic operations of simple numbers manually.

Understand the following definitions square, cube, power,
square root, cube root, exponential, reciprocal, pie, tan,
Cosine, Sine, inverse and 2nd function.

HintTip
The key marked +/–
allows you to change
the sign of a number
on display. Hence to
enter –2 use the key
strokes 2+/–2.

Syllabus
Expectations

6 ⇒ 0.

+
DEG⇒ 0.

2 ⇒ 2.

= ⇒ 8.

6+

6+–

6+2=

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

CONCEPT 1: TCONCEPT 1: TCONCEPT 1: TCONCEPT 1: TCONCEPT 1: To perform ano perform ano perform ano perform ano perform an
arithmetic operation  arithmetic operation  arithmetic operation  arithmetic operation  arithmetic operation  [6 + 2 = ]
The important operation keys to
note are the +, -, x, ÷ and  =.
You first enter the numbers or signs
the way you write or read the
arithmetic operation. Proceed as
shown in the box:

1

2

3

4

5

6

7

8

9

10

11

12

13
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CONCEPT 2: TCONCEPT 2: TCONCEPT 2: TCONCEPT 2: TCONCEPT 2: To find the squareo find the squareo find the squareo find the squareo find the square
root of any number. root of any number. root of any number. root of any number. root of any number. [  49 = ]
To find the square root of any
number:
Identify the square root key marked
/ or /x. Proceed as shown in the
box:

/

HintTip
Experiment with your
calculator to find out
which method it uses.

Concept 3: To find cube root ofConcept 3: To find cube root ofConcept 3: To find cube root ofConcept 3: To find cube root ofConcept 3: To find cube root of
any number.  [   27 = ]any number.  [   27 = ]any number.  [   27 = ]any number.  [   27 = ]any number.  [   27 = ]
Identify the cube root key marked
   .  Proceed as shown in the box:

Concept 4: To find the square ofConcept 4: To find the square ofConcept 4: To find the square ofConcept 4: To find the square ofConcept 4: To find the square of
any number.  [9any number.  [9any number.  [9any number.  [9any number.  [92 2 2 2 2 =]=]=]=]=]
Identify the squaring key marked
(x2) and proceed as shown in the
box:

9 ⇒ 9.

x2
DEG⇒ 0.

= ⇒ 81.

92

92 =

Key pressing sequence Screen display [Sharp]

DEG

DEG

/ ⇒ 0.

4 ⇒ 4.

9 ⇒ 49.

= ⇒ 7.   49

/

/

/

DEG

DEG

DEG

DEG

Key pressing sequence Screen display [Sharp]

–

–

–

/3

HintHint
Note that the square
root key and the
squaring  key maybe
found on the same key
with one of them
being a second
function.

2ndF ⇒ 0.

DEG⇒ 0.

2 ⇒ 2.

7 ⇒ 27.

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

2ndF

/

/
3

/
3

/
3

/
3

/
3

= ⇒ 3.
DEG

/
3

Concept 5: To find the cube ofConcept 5: To find the cube ofConcept 5: To find the cube ofConcept 5: To find the cube ofConcept 5: To find the cube of
any number. [3any number. [3any number. [3any number. [3any number. [333333 = ] = ] = ] = ] = ]
Identify the cubing key marked.
Proceed as shown in the box:

3 ⇒ 3.

yx
DEG⇒ 0.

3 ⇒ 3.

= ⇒ 27.

3^

3^

3^3=

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

–

–

27

HintTip
Again experiment
with your calculator
to find if you need to
use the 2nd function
key.
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Concept 6: Raising a number toConcept 6: Raising a number toConcept 6: Raising a number toConcept 6: Raising a number toConcept 6: Raising a number to
any powerany powerany powerany powerany power. [24 = ]
Identify the exponential key
marked xy or yx. This keystroke
allows you to raise a number to any
power. Proceed as shown in the
box:

Concept 7: Finding any root of aConcept 7: Finding any root of aConcept 7: Finding any root of aConcept 7: Finding any root of aConcept 7: Finding any root of a
number. [number. [number. [number. [number. [                     16 = ] 16 = ] 16 = ] 16 = ] 16 = ]
Identify the root key marked or
   x   or       and experiment with it.
Some calculators do not have this
sign. In this case you may use the
inverse key in conjuction with the
exponential key e.g. to find the fifth
root of 32 using the following
keystrokes. 32 inv xy 5 = 2
Proceed as shown in the box:

/
4

/ /

Concept 8: To find the reciprocalConcept 8: To find the reciprocalConcept 8: To find the reciprocalConcept 8: To find the reciprocalConcept 8: To find the reciprocal
of a numberof a numberof a numberof a numberof a number. [8 [8 [8 [8 [8–1–1–1–1–1 = ] = ] = ] = ] = ]
To find the reciprocal use the key
marked     or   x–1.Proceed as shown
in the box:

NOTENOTENOTENOTENOTE that the when two number
have a product  = 1, they are
called reciprocals, in this case,
0,125 is a reciprocal of 8 and vice-
versa.
Inverse operations “undo” each
other e.g. squaring and taking the
square root are inverse operations.
Experiment this with your
calculator.

PETROL

DIESEL

Student confuse the
reciprocal key        and
the inverse key inv.

                              Common Error

8 ⇒ 8.

x–1

DEG⇒ 8.

⇒ 0.

= ⇒ 0.125.

8–1

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

–

2ndF 2ndF

8–1

  x
 1

2ndF

⇒ 4.

DEG⇒ 4.

⇒

16 ⇒ 16.

Key pressing sequence Screen display [Sharp]

DEG

DEG

= ⇒ 2.
DEG

4

0.
DEG/x/

x

2ndF

4 –

/x4 –

/x4 16 =

y x

 x
 1

y

⇒ 5.

DEG⇒ 5.

⇒ 0.

= ⇒ 0.2.5–1 =

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

2ndF

5

x–1

2ndF

5–1–



404

Concept 9: Use of the inverse key.Concept 9: Use of the inverse key.Concept 9: Use of the inverse key.Concept 9: Use of the inverse key.Concept 9: Use of the inverse key.
Inv.Inv.Inv.Inv.Inv.
The use varies among different
calculators. Please refer to your
Manual. Proceed as shown in the
box:

Concept 10:  Use of the secondConcept 10:  Use of the secondConcept 10:  Use of the secondConcept 10:  Use of the secondConcept 10:  Use of the second
function key 2ndF [5function key 2ndF [5function key 2ndF [5function key 2ndF [5function key 2ndF [5–1–1–1–1–1 =] =] =] =] =]

This key is usually marked as 2ndF or
Shift and is always used in conjuction
with another key. The 2ndF key is
used to activate a function which is
printed above an operation key and
not the key itself. Most calculators
use different colours for the 2ndF key
and corresponding functions above
the keys.
For example if you want to find the
reciprocal function, (  ) is printed
above another key. Proceed as
shown in the box:

⇒ 5

DEG⇒ 5

⇒ 0

= ⇒ 0.25–1 =

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

2ndF

5

x–1

2ndF

5–1

Concept 11: Use of the clearing or delete keyConcept 11: Use of the clearing or delete keyConcept 11: Use of the clearing or delete keyConcept 11: Use of the clearing or delete keyConcept 11: Use of the clearing or delete key
This key is usually marked CE or C or DEL. This key
allows you to delete the last entry entered into the
display. Continuous pressing the delete key will clear
the entire operation on display. Experiment this with
your calculator.

  x
 1

Concept 12: Entering numbers inConcept 12: Entering numbers inConcept 12: Entering numbers inConcept 12: Entering numbers inConcept 12: Entering numbers in
standard form into the calculator.standard form into the calculator.standard form into the calculator.standard form into the calculator.standard form into the calculator.
Any number can be expressed in
standard form i.e. in the form a x
10b e.g. 2300 = 2,3 x103

proceed as follows. 2.3 exp 3
Again this varies among different
calculators models so experiment
with your calculator.

.

⇒ 2.

DEG⇒ 2.

⇒

EXP ⇒

Key pressing sequence Screen display [Sharp]

DEG

DEG

3 ⇒ DEG

2

2.3.DEG
3

2.3V1000.

2.3V1003.

= ⇒ DEG

2300.
2.3 E 03=

DEL

Key pressing sequence

INV

Key pressing sequence

HintTip
Note that when very
large or small
numbers are obtained
as answers most
scientific calculators
express such answers
in scientific notation
(standard form)
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Concept 13: To find the naturalConcept 13: To find the naturalConcept 13: To find the naturalConcept 13: To find the naturalConcept 13: To find the natural
logarithm of a number i.e. thelogarithm of a number i.e. thelogarithm of a number i.e. thelogarithm of a number i.e. thelogarithm of a number i.e. the
power to which 10 must be raisepower to which 10 must be raisepower to which 10 must be raisepower to which 10 must be raisepower to which 10 must be raise
to get the number.[ log 100 = ]to get the number.[ log 100 = ]to get the number.[ log 100 = ]to get the number.[ log 100 = ]to get the number.[ log 100 = ]
Proceed as shown in the box:

Concept 14:  To find the anti-Concept 14:  To find the anti-Concept 14:  To find the anti-Concept 14:  To find the anti-Concept 14:  To find the anti-
logarithm of  a number.logarithm of  a number.logarithm of  a number.logarithm of  a number.logarithm of  a number.
[Antilog of 2][Antilog of 2][Antilog of 2][Antilog of 2][Antilog of 2]
Identify the 10x key the use the 2nd

function to manipulate the
problem.Proceed as shown in the
box:

Concepts 15:  The pie keyConcepts 15:  The pie keyConcepts 15:  The pie keyConcepts 15:  The pie keyConcepts 15:  The pie key
This is an irrational number and is
required mostly in the mathematics
of a circle. Its value on most
calculators = 3,1415927. It is
found by pressing the π key.
Experiment with your calculator to
see if you can get its value.

Concept 16:  The TrigonometricConcept 16:  The TrigonometricConcept 16:  The TrigonometricConcept 16:  The TrigonometricConcept 16:  The Trigonometric
keys [sin30keys [sin30keys [sin30keys [sin30keys [sin3000000 = ] = ] = ] = ] = ]
Sin-1   Cos -1 Tan-1

  Sin    Cos  Tan
These are used to find ratios of
angles and vice versa. Above each
of the three trigonometric keys
there is also the sin-1, cos-1 and tan-1

function with the 2nd function key.
Two concepts must be understood:
a) To find the ratio given an

⇒ 0.

DEG⇒ 1.

⇒

⇒ 100.

Key pressing sequence Screen display [Sharp]

DEG

DEG

= ⇒ 2.
DEG

log

10.
DEG

log–

log–

log–

log–

log100 =

1

0

0

⇒ 0.

DEG⇒ 0.

2 ⇒ 2.

= ⇒ 100.

10^

10^

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

–

–

10x

2ndF

10^2 =

2ndF

⇒ 0.

DEG⇒ 4.π

Key pressing sequence Screen display [Sharp]

DEG

= 3,141592654=

π –π

⇒ 0.

DEG⇒ 3.

0 ⇒ 30.

= ⇒ 0.5.

sin

Key pressing sequence Screen display [Sharp]

DEG

DEG

DEG

–
3

sin30 =

sin–

sin–sin

angle e.g. find Sin 300, Cos300, Tan 300 .
b) To find the angle give the ratio
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c) E.g. Sinx0 = 0.5, Cos x0 = 0.5, Tan x0 = 0.5
Use your calculators and experiment to see if you get the
following.
Sin 300  = 0.5
Cos 300 = 0.8660
Tan 300 = 0.5774

Sin x  = 0.5 x = 300

Cos x = 0.5 x = 600

Tan x = 0.5 x = 26.570

HintHint
The chapters on
solving the right-
angled triangle
will help you
understand more
about trigonometric
ratios.

Concept 17: Use of the bracketsConcept 17: Use of the bracketsConcept 17: Use of the bracketsConcept 17: Use of the bracketsConcept 17: Use of the brackets
Opening and closing brackets may
also be used with the scientific
calculators. The round bracket are
often on the relevant keys i.e.
(  and ) Consider the following
2x(2+3 – 1) -4 you proceed as
shown in the box:

Key pressing sequence Screen display [Sharp]

⇒ 2.

DEG⇒ 0.

( ⇒ 0.

2 ⇒ 2.

2V

DEG

DEG

DEG

–
V

2V(

2

⇒ 0.

DEG⇒ 3.

– ⇒ 0.

1 ⇒ 1.

DEG

DEG

DEG

3

–+

⇒ 0.

DEG⇒ 0.

4 ⇒ 4.

= ⇒ 4.

DEG

DEG

DEG

–

)

–

2V(–

2V(2+

–2V(2+

–2V(2+3–

–2V(2+3–

–2V(2+3–1)

–2V(2+3–1)–

–2V(2+3–1)–

2V(2+3–1)–4=

11

12

⇒
⇒
⇒
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(  )

Concept 18: Use of the  DRG  keyConcept 18: Use of the  DRG  keyConcept 18: Use of the  DRG  keyConcept 18: Use of the  DRG  keyConcept 18: Use of the  DRG  key
D on the key stands for degree mode.
R on the key stands for radian mode.
G on the key stands for gradient mode
For almost all our computations in this course ensure that the screen
is in degree (D) mode. Rarely do we need to operate the calculator
when its in radian (R) or gradient G form.

Concept 19: Memory key,   MConcept 19: Memory key,   MConcept 19: Memory key,   MConcept 19: Memory key,   MConcept 19: Memory key,   M
This key allows you to store a number for later use. Three aspects
are associated with memory.
a) Storing a number in the memory by using the key labelled M

or Sto.
b) To add to or subtract from the value currently in memory  by

using the key labelled M+ and M- keys respectively,
c) Recalling or retrieve the value in memory by using the key

labelled MR RM  or RCL.
Supposing you want to store the number 8 in memory
Step 1Step 1Step 1Step 1Step 1   enter the number 8.
Step 2Step 2Step 2Step 2Step 2   press the memory key.

You may then perform other calculators and when you need to use
8 you may retrieve it by pressing the memory recall key.
You may experiment with your calculator on how your can add to
or subtract from the value currently in memory.

Concept 20: The  eConcept 20: The  eConcept 20: The  eConcept 20: The  eConcept 20: The  ex  keykeykeykeykey
e is a special number in maths = 2.7183. Although its use is beyond
the scope of this book, this key should not be confused with the EXP
key.

1. Using your scientific calculator, write down the relevant keys
for the following operations:
a) To switch on your calculator.
b) To switch off your calculator.
c) To delete the last digit appearing on your screen.
d) To change your calculator from degree mode to radian

mode and vice-versa.
e) To find the square of a number.

2. Evaluate the following using the calculator
a)          2 + 1.92 V 102

HintHint
The word exponential
is used to describe
various situations in
Maths e.g., exponen-
tial number, Exponen-
tial form , exponential
graph. Discuss this
with your teacher.

                              Common Error

PETROL

DIESEL

Always ensure the
screen is in degree
mode. If its another
mode you don’t get the
correct answer
(Experiment this with
your calculator).

17A

 3
 7
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b) 4π  V  103                52
Log 20 + 36            36

c) ( 8400020 x 4-3) + (9π)2 – 6.002

d) 48 V 102 + 35 e)    0.00047 V 270 000
53 + 3 V 104              420 V 10–3 V  50

3. Find the following using the calculator:
a) Sin 460 b) Sin 1200 c) Sin 360

d) Cos 560 e) Cos 1500 f) Cos 00

g) Tan 670 h) Tan 1620 i) Tan 450

4. Evaluate the following using the calculator:
(i) Find the sine of the following
a) 0.6679 b) 0.1112 c) 1.000
d) 0.8660 e) 0.4679

(ii) Find the cosine of the following:
a) 0.8946 b) 0.7121 c) 0.4136
d) 1.000 e) 0.0000

(iii) Find the tangent of the following:
a) 0.3789 b) 2.7113 c) 1.4978
d) 3.369 e) 6.117

5. Manipulate the following using the scientific calculator:
a) [(–3) – 2π V 45]2  – 436.00 V 1.022 V 102

             [4π + (–3 )( 5)4] + (3.6)2

b)        6213678 – 47778
(4 V102)2 – 3.6 – 4 V (–6)3

c) 420 – [6.2 + 1.62]3

Sin 1400 – Cos2300

d) Tan2 402 + Sin2 100
Cos 1600 V   42

e) (4 x 10–3)2 + (–3)5 + (3.3)2

4π x 10–6 – 4921 + 3–

f) 4    + 8–    – (0.1115)3

   (25.6 + 37) – (0.22)5

+ √
√

√

√4

 5
 2

 2
 1

√
 3
 2

5
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1. This chapter is only a guide and is not intended to take the
place of your owner’s manual. The best summary for this
chapter is to read your manual thoroughly to understand it.

2. Give special attention to the following operation keys as you
read your user’s manual or experiment with your calculator.
(i) Arithmetic operation keys + – x  ÷ =
(ii) Clearing key  C  or   Ce .
(iii) 2nd function key.
(iv) Memory key and its associates M or Sto.
(v) Square root key         or      x
(vi) Squaring key x2

(vii) Reciprocal key
(viii) Exponential key xy or yx

(ix) Root key        or
(x) Change sign key +/–
(xi) Log key Log.
(xii) Anti-log key 10x.
(xiii) The trigonometric ratio keys  Sin   Cos  Tan as well as

Sin–1     Cos–1     Tan–1.
(xiv) The pie key πππππ or pie.
(xv) The DRG keystroke.
(xvi) The ex  key.

√√√√√ √√√√√

 x
 1

√ x
y √ y

x
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