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FOREWORD —

This new title in the MATHEMATICS TODAY series comes at an opportune time to help
students in the learning and understanding of mathematical concepts at GCE Advanced
Level. Being the key focus of this book, its main objective is to help students, whether
working on their own or receiving private coéching, to prepare for their A-Level Maths
examination by developing their problem-solving skills,

Written by two experienced Mathematical educators, Balah ARITHOPPAH and Ishwara
DUVA-PENTIAH, A-LEVEL MATHEMATICS - Examination-type Questions with
Suggested Solutions covers in one single volume all the topics outlined in the pure
mathematics section of single subject A-Level Mathematics 9709 Syllabus (P1, P2 and P3).

with their A-Level Mathematics students and hence confirms the accessibility of the material
of this book at this level.

This book has been written in a simple style mainly to allow an Opportunity to provide
motivational discussions in a number of places. Hence, a key feature of this textbook is that
it follows, chapter-wise, the same sequence as the 9709 A-Level Maths Syllabus and in this
format, it should prove an ideal book for revision work. The chapters are arranged in the
following order but can be studied independently:
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UnNniT 1 N

REMAINDER AND FACTOR THEOREMS

1. (@) The polynomial 2x* — §ax2 + ax + b has a factor x — 1 and, when divided
by x + 2, a remainder of ~54 is obtained. '

Find the values of a and b.
(b) With thése values, factorise the polynomfa] completely.
() Hence, or otherwise, find all the real factors of

) 2x6 — Ox* + 3x2 + 4,

(i1) 43 + 32 - 9x + 2.

2. Given that (x — 2) and (x + 2) are factors of ¥ + ax* + ﬂbx + 4, find the value of
a and the value of b. S

3. The polynomial x° — 354 4 2% — 2x% + 3x + 1 is denoted by f (x).
(a) Show that neither (x — 1) nor (x + 1) is a factor of f (x).
(b_) Use the fact that f (x) = (x*-1Dqx)+ax+ b to find the remainder when
) f (x) is divided by (- 1).
() Show that when f (x) is divided by (x* + 1), the remainder is 2x.
(d) Hence find all the real roots of the equation f (x) = 2x.

4. Given that f (x) = x* + ax’ + bx? — 2x — 4 has factors (x + 2)and (x - 1).
(a) Find the value of a and the value of b.
(b) What is the third-real factors of £,(x)?
{©) Prove that this thira'real fzictor is positive for all real values of x.
(d) If f (x) is positive, find the set of valoes of x.

S. Factorise (x* — 16) completely into real factors.

6. f(x)=6x3+cx2+3
(@  If 2x+ 1) isafactor of f (x), find the value of c.
(b) Hence factorise f (x) completely.


Toto


10.

11.

12.

13.

14.

Find the values of x, given that
(x — 2)(x* - 2x) = (x - 2).

(a) If (x2 — 1) is a factor of f (x), where
f(x)=3x4+ax3+bx2—7x—4,
find the value of a and the value of b.
(b) Factorise f (x) completely, using the factor theorem.
(©) Hence, sketch the graph of y =1 (x).
(d) Ffx)<0, write down the set of values of x.

(e) Now sketch the graph of y = \f (x)\

Given that g (x) = ¥t = 3% +ax® + 15x + 50, a being a constant.
It is also given that (x+2)isa factor of g (x),

(a) Find the value of the constant a.

(b) Calculate the value of g (5).

© Factorise g (X) completely.

(d) Ifg x>0, find the set of values of x.

(e) Given thWthe set of values of x.

Given that f (x) = 33 + ax? +x —2 and that x — 2 is a factor of f (x).
(a) Find the value of a.
(b) Using this value of a, show that f (x) =0 has only one real root.

Using the factor theorem, or otherwise, find the three roots of the following equation:

45 +8x*=3-—x

If(x-2)isa factor of f (x) = 2%+ cx? - 5x + b, find the value of the constant ¢.

-

(a) £ (x)=6x"+ 11x? — 5x — 12. Show that (x — 1) is a factor of f (x).
(b) Factorise f (x) completely.

Given that

4 3 2

2 3

x2+x+1=/2x * x2+5x + 3% % 2 gor all values of x.
ax* +bx+c
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15.

16,

17.

Find the value of (2) 4,
(b) b,
and (¢) c.

f(x)=2x>+ax’ + 16x + 6
(a) If (2x + 1) is a factor of f (x), find the value of a.
(b) Factorise T (x) completely, using this value of a.

(©) Using completing the square method, or any other method, show that the
quadratic factor obtained is positive for all real values of x.

(x + 1) and (x + 2) are factors of the cubic polynomial x? +ax?+ bx - 8.
a and b are constants.

Find the value of a and the value of b.

Use the factor theorem to factorise f)=xt+x°—x>-3x- 6.

Show that there are 2 quadratic factors.



UNIT 2

PARTIAL FRACTIONS —

5x+4

(x-1)(x+2)

Express into partial fractions.

Change into partial fractions: m

Express into partial fractions.

(x+2)(x+1)

4x-11

Change into partial fractions; — >~
(2x+1)(x?+3)

x*-11

———— - into partial fractions.
(3x=1)(x+ 2)

Express

’

3x+8

Gi that f =
tven that £ (x) (2x+1)(x2 +3)

change f (x) into partial fractions.

1+ 3x+x°

Change the following fraction into partial fractions: ————
(x+2)(x+1)

Express the following fraction into partial fractions: ————
x(x - 1) (x + 2)



10.

-~ 1L

v 12,

13.

14.

15.

16.

2
Iff (x) = Lh'z , express f (x) into partial fractions.

(x—l)(x+l)

2% -3
Express L——z in the formé+ B + ¢ =
x(x+5) X (x+_-5) (x+5)
1
Express ————— in the form 4 + Ez + ¢ .
x*(x-3) x x x-3
Change — into partial fractions.
x p—
3
Express 2—'x— in the form A + B + ¢ .
(,x —1)(x+2) x+1  x-1 x+2
5x . . .
Change 75—, . into partial fractions.
(x +1)(x+2)
Express Lz into the form A + %
(2x-1)(x*-3) 2x-1 x*-3
x=5

Change into partial fractions: —————.
(3x - 1) (x - 2)



INDICES, LOGARITHMIC

AND EXPONENTIAL EQUATIONS

Without using a calculator or mathematical tables, find the exact value of
4 ) 2
(1-3) - a(1-3) - 8(1-+3) - 4.
Hence write down one linear factor of
-4 -8x -4

in the form x + a + Vb ,a and b being integers.

In the following equations, a > 0 and a # €*.
Solve each equation and find x in terms of a.
(a) a‘ = eZX + 1’

(b 2ln 2x)=1+1na.

Find the value of x in the following equation:
4 = 82x +1 .

Given that 2(4) + 4™ = 3.

Using the substitution y = 4%, find the two values of x.
Find the value(s) of x given that

! 1 ! _L
x2+x2=2 xz2 -x?].

) 1
Use the substitution y = X 2 and solve the equation x * + 2x~t =10.

Find the exact value of x, given that

1
4x?2 =3-Tx.



10.

11.

12.

13.

-14.

15.

Solve the following equation:
3% =42+,
Give your answer to three significant figures.

Solve the following equation:

e?-2 = e,

X

Express e? in the form K*.
Give the value of K to 3 S.F.

Rewrite (3+\/§)4 in the form a + b/c .

1. (8
Express In (2\/2) ~ Eln (—) -In (g) in the form a + In b.
e

1 1

Given that x3 — 2x 3 =] .

1
Use the substitution y = x3, to find the values of x.

By using the substitution u = e*, or otherwise, solve the eciuation below:

e*-2e*=1.

Solve the simultaneous equations:

x+y=1

Cand 2 =3



UnNIT 4

QUADRATIC EQUATIONS AND EXPRESSIONS

Draw the graph represented by each of the following. Then draw the ﬁrié(s) of
symmetry.

@ y=x-3

(b) y4=(x+3)2+1.

f3x2-5x+1= a(x + b + ¢, find all the possible values of x, given that a, b and
c are constants.

Write down the coordinates of the minimum point on the graph of

y=4x2+12x+1.

Write the expression 9x2 — 36x + 52 in the form (ax — by + ¢, where @, b and c are
integers. Hence find the range of the expression 9x2 — 36x + 52 for all real values
of x.

Express 7x% —4x -5 inthe form A(x + B+ C, writing down the values of A, B and
C. Hence find the range of 2x2— 4x — 5 for all real values of x.

Sketch the graph of the curve

y = x(L.—- X).
Hence find the maximum and minimum values of yfor-2=<x= 2.

¢

Express 2552 —20x + 11 in the form (px + qr+r.
p,qand rare integers.

Hence find the set of values of x for which
25x2 = 20x + 11 > 23. . N

Given that f (x) = 3x2-Tx+1, find the maximum Of minimum value of T (x).

Express 7y~ Tx +Sinthe form a(x + b)* + C.
a,band care constants.

Hence solve the inequality
22— Tx+5>0.



11.

12.

13.

/10,

In the equation
4x* + 16xy + y* = —16x — 13 — 14y, x and y have distinct values.
Using the correct substitution, or otherwise, find the values of x and y.

It is given that f (x) = x> —4x + 9.
If x is real, prove that f (x) is always positive.
Hence solve the inequality

C+23+x+ 14>+ DE*+5).

Express the expression
f (x) = 2x* — 3x + 7 in the form A(x + B)* + C.

Hence, write down the minimum value of f (x) and the value of x for which it occurs.

If (2x + 1) is a factor of f (x), where
f (x) = 2x> + ax? + 16x + 6, find the value of a.
(a) Also find the quadratic factor of f (x).

(b) Using completing the square, or otherwise, show that the quadratic factor
is positive for any real values of x.

Prove that the equation
QRa-1)x?+Ba+x+a+1=0

has always 2 real and distinct roots for all real values of a.

Given that the roots of
X*-3x+1=2x+a

are real and distinct, find the least value of a.
a is an integer.

If f (x) = (k + 1)x? + (k + 2)x — (k — 1), has two real roots, find the range of values of k.
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UNIiT §
ARITHMETIC AND GEOMETRIC PROGRESSIONS

Given that the sum of the first twenty terms of an A.P. is 1 220, and the sum of the
next twenty terms is 3 620.

(a) Find the first term.
(b) What is the common difference?
© Hence find the sum of the first eighteen terms of the progression.

The first term of an A.P. is 3, and the twenty-first term is 8.
(a) Find the common difference.

(b) Find also the least value of n such the sum of the first n terms exceeds 20.

R WY

Given that a geometric series has first term 10 and the common ratio r is greater
than 0. The sum of the first 7 terms is three times the sum of the 8" and49™ terms.

Prove that /(4 =3/ = 1.

Look at the following sequence:
7.23,7.28,7.33,7.38, ...,9.68.

Then find:

(a) the common difference,

(b) the number of terms and,

(c) the sum of all the terms.

The following series is an arithmetic progression

X,a,,0,, 05,0, ...,
(a) If there are 11 terms in all, find the common difference.
Tx + 3y
(b) Show that a, = .
10
(a) If a, b and ¢ are in arithmetic progression, find b in terms of a and c.

b) If p, g and r are in geometric progression, find ¢ in terms of p and r.



7. Given that |r| < 1 and that r is the common ratio in a geometric progression.
S _is the sum of the first n terms and S is the sum to infinity.

(a) Express r in terms of S , S_and n.

(b) Find the sum of the first 2n terms.

8. In an A. P., the sum of the first 5 terms is 48 and the sum of the first 6 terms is 64.5.
Find the ninetieth term.

5
9. In a G. P., the first term is 15 and the fifth term is 7
Find the sum of the first 20 terms.

Find also the sum to infinity and calculate the least value of n, the number of terms,
et for which the sum to n terms is greater than 22.

The sum of the first 70 terms of an arithmetic progression is 6 387.5.

The first, third and seventh terms are the three consecutive terms of a geometric
progression.

Find:

(a) the first term,

(b) the common difference of the A. P.,
(c) the common ratio of the G. P.

A geometric progression is given by

1 1
T+—+ —-+ ...
eX eX

Show that this G. P. has a sum to infinity for any positive real value of x.

Given that x = 5, in the G. P. 1 + e + € + ..., work out an expression for §,
which is the sum to n terms.
Also write down an expression for the sum to infinity.

Hence write down an expression for

S.- ..
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13.

14.

15,

16.

Given that the sum to infinity of a geometric progression, whose first term is x and

AU G
common ratio 18 —, 18 1.

Find the value of x.

The sum to infinity of a G.P.is3(2+ \/5__ ). Find the common ratio if the first term
P4

is 3.

A geometric progression has first term a and common ratio 7, where 0 <r < 1.

If the sum of the first three terms is one quarter the sum to infinity, find the value
of r, correct to 3 S.F.

Find also the 10® term, given that a = 2. (Answer to 2d.p.)

An A. P. has first term a and common difference 5.
The sum of the first n terms, S, is 5 000.
Express a in terms of n.

Find also the n® term of the progression.



"UNIT 6
THE BINOMIAL THEOREM

(a) Find the ccefficient of x® in the expansion of (1 + x)™".

: 10
(b) Find the term independent of x in the expansion of (x + E) .
X

1
(@) Find the first three terms in the expansion of (1 +x)2.

1
(b)  Hence, find the value of (1.02)2.

show that

Ify=

I
y:l{\/E—Zx)—\/(l+x)}

X

‘ 1
provided x > — 5 and x # 0.

Hence expand this expression up to x*.
Also if x =0.01, prove that
10 79407

Ji02 + Y101 160000

Expand (1 + x)3 up to x*, where |x| < 1.

1
Find the ceefficient of x? in the expansion of (3 — x)3.

Hence write down the set of values of x for which the expansion is valid.

4



10.

11.

12.

1
Find the first five terms in the expansion of (2 + x) 2.

Write down the set of values of x for which the expansion is valid.

1

Expand (1 + x)2 up to x%.

Ifx= % , find the value of J37 to3dp.

(a) Expand (x + 1)’.
(b) Hence find the expansion of (x — 1)’
(©) Calculate the exact value of

(V3+ ) - (V3-1).

1
Expand (1 + 3x)3 in ascending powers of x, given that x| < —;—, up to x*.

Expand (1 + 3x?)7 as far as x°.

)

1
Find the first three terms in the expansion of (1 + 1)2
X

3
Hence write down the term in (l) .
x

1
Write down the expansion of (1 - 3x) 2 up to the term in x*. Also state the range

of values of x for which this expansion is valid.



1.

14.

. 1 . . .
Find the expansion of —1\/—_ as a series of ascending powers of x up to x*, given
- 3x

that |x’ < 1
3

Write down the expansion of (1 — x)~ up to the term in x°, where |x| < 1.

Hence show that {(1 — x)7* + (1 + x)*} is approximately equal to 2(1 + 6x?).

1
Expand (7 — 2x)2 as far as x*.

Then state the values of x for which the expansion is valid.

1
Find the first four terms in the expansion of (1 — 4x)™2, where |x| < Z



UNIT 7

INEQUALITIES

Use an appropriate diagram to solve the following simultaneous inequalities
g <3x+2y=<16

S<sx-y=0

and give the conditions which may make the inequality

If x(x — 2)(x + 3) >0, find the value(s) of x.

Find the solution set of x given that

5 7
X—=<-=

x 3

First solve the simultaneous equations:

integers (x, y) which satisfy the inequalities

Given that x € R, solve each of the following inequalities:

X
a < 8,
RETER

(b) x(x +3) <8,
©  |x<7x+3]




‘o 7. Find the value(s) of x by solving each of the following inequalities.

X+ 2

5

(a) x_2<,

|x|+2 s

(b) ‘x|_2< s
x+2

© 5>

-8. (a) Sketch the graph y = 3|
‘ and y=|x-2.
(b)  Hence solve the equation 3|x| = [x-2].

(c) . Find the range of values of x for which

3|x] >]x - 2|

9. Given that x € R, sketch the graphs of
y=|x+3|
and y=3x+1
Hence solve the inequality

Clx+3]>3x+ 1.

#10.  Solve the inequality

x> 5x% - 6x.

\' 1.  Draw the graphs y = x
and y= x3

Hence solve the inequality x> — x > 0.

Solve the following inequality

x+2
5-x

< 4.




13.

14.

15.

16.

Find the range of values of x for which

|x-3|>2—3x_

Sketch the graphs of y = |3x + 2|

and y = |«
Hence, or otherwise, solve the inequality

lxl > |3x + 2‘.

Draw, on graph paper, the lines
y=x-3
and y=2x.
Then on the same diagram draw the graphs of

y=|x -3 and y = |24.
Hence find the values of x for which

|2x| < |x - 3!-

Solve the inequality ~
l(x + 3)| > 2l(5x - 2)|



i i
UNIT 8
CURVE SKETCHING

Sketch the following curve
4x2 + 9y* = 144,

Sketch each of the following curves and give the equation(s) of the line(s) of
symmetry.

(a) y=x>-Tx+ 10,

On the same graph, draw the graphs of
y=x
and y= Jx.

Write down the coordinates of all points of intersection.

Sketch the curves represented by
y=sin 6
x=cos 0
Hence find the cartesian equation of the curve.

Sketch the curve represented by the equation
(3x)* + (4y)* = 5%

Also write down the coordinates of the points of intersection with the axes.

Sketch the following curves:

(@) y:l,
X

b y=—,
X

(©) y=x3»

on separate diagrams.



10.

11.

12.

13.

Draw the curve represented by the equation

y=6-x-x%
Write down the coordinates of its intersection with the axes.
Also find the equation of its line of symmetry.

Sketch the curve y = x* —3.
Hence, draw the curve y = |x* - 3|.
Write down the coordinates of the points where the curve cuts the axes.

Sketch the following graphs on separate diagrams

(@ y=-x
®  y=vx,
© y=x

Draw the curves represented by the equations
(@ y=x+2,

b y=

Sketch the curves represented by
y = sin 26
and = cos 20
Find the Cartesian equation represented by these curves.

Hence find the coordinates of the point of mtersectlon of these curves w1th the
x-axis and the y-axis.

Sketch the curve y = tan x, where 0 <x < 7.
Show the value of x when tan x = x, by sketching a straight line.

Draw the graphs of y = ¢* and y = In x on the same diagram, stating the coordinates
of the points where the curves intersect the axes.

Find the relation between the two graphs.



“14,  Sketch the graph of y = x> — 9x? + 23x — 15 by first factorizing the expression.
State the range of values of x for which the curve is positive.

15.  Sketch two graphs to solve the following equation
| P +x-2=0.



UNIT 9 |
PERMUTATIONS AND COMBINATIONS ——

Each card of a number of cards has a single capital letter printed on it. An arrange-
ment of the eight cards forms a code. A player has eight cards lettered A, B, C, C,
D,F,FF

(a) Find the number of different ways in which these letters can be arranged.
®) How many of these codes will begin and end with the letter C?

Ten cards are lettered A, B, C, D, ..., J respectively. Sonia chooses 3 cards from
the lot.

(a) In how many ways can she do this?
(b) How many arrangements of three will she get where there are no vowels at
all?

A group of 12 persons set off on a journey in 3 cars; each car will contain 4 per-
sons. If each car is driven by its owner, find the number of ways in which the
remaining 9 persons will travel.

A board of juries has to select 5 winners out of a total of 12.
Calculate the number of ways in which this can be done.

A group of judges has to select 7 finalists out of a total of 25, without placing them
in order.

Find the number of ways in which this can be done.

Four objects, p, g, r, and s are to be placed in four containers P, Q, R and S.
An object is correctly placed if it is put in its right container (i.. p in P, etc.)

Find the number of ways in which the objects can be placed in such a way that
there are 1 correct and 3 incorrect.

10 boys take part in a race.

If there have been no dead-heats, how many ways can the results be given for the
boy who comes first, second or third.



Tt B

A group of representatives of 5 pupils is to be chosen from a class of 20 boys and
13 girls.

Find the number of ways in which this can be done if at least one boy and at least
one girl are to be chosen.

12 juries sit all round a circular table with twelve chairs equally spaced.
In how many ways can they be seated?

Twenty guests are seated all round a rectangular table where there are 20 seats well
placed and equally spaced.

In how many ways can the twenty guests be seated?

How many even numbers, greater than 600 000, can be made from the digits 1, 2,
3,4, 5, 6, without repetitions?

Simplify:
n! n!

(n - r)!(r!) (n -r+ 2)!(n -r - l)!

How many arrangements can be made with the letters of the word “MAURITIUS™?

In how many ways can eleven players be chosen to play a football match if they
are to be selected from 6 players in Group A, 3 in Group B and 2 in Group C?

- At least one of each group should be in the football team, and no. of players in

A=8,inB=5andin C=4.

Simplify:
(a) n+l Cn— b
(b) n+l Pn-l .



FUNCTIONS
1. Functions f and g are defined as follows:
fix X
gix P 3-2x
forx € R.
Find the value of each of the following:
@ fg@),
)  ef @,
© 1O,
@ g™
2. A certain function f maps x onto e*, where x € R.
Find:
(@ &),
b e,
) 2.

3. Functions f and g are defined by
f:ix e¥, xE€R
gix > Jx , -b x=0

Simplify each of the following:

(@ fg ),
b ' ®.

4. The function g maps x onto 1 + ¢*, for all real values of x.

Find g™ (x) in terms of x. ~

5. Functions f and g are defined by
f:x— Inx, xER, x>0

gixt (x+ 1), x €R.



(a) Find expressions for (i) f-1(x),

(i) g' ().

- (b) Simplify (fg)™' (x).

The function h maps x onto x> —9x, x € R
and |x| <3.
Find an expression for h! (x).

Giventhatf:x > x+4, xER
and g:x>3x, x€R

(a) Find the value of x for which f (x) = g (x).
(b) Also find the value of x if {1 (x) = g™ (x).

The functions h and k are defined as follows:

h:xP2¢¢+3, x€R

and k:x— |22, x=3.

Find the expression for hk (x).

Given that functions f and g are defined as follows:
f:x > x-1,
g:x 2, xeR
(a) Write down an expression for
i '),
and (i) g ().

- (b) If fg (x) = gf (x), find the set of values of x.

The functions g and h are defined as follows:

g:lexl, xER

h:xl—)\/;, x>0



11.

12.

13.

14.

Find the value(s) of x for which
g'h'(x)=h"'g' ().

A function f is defined by

f:x >Ilnx, x>0

Find

(@ @,
b ',
© P

Given that x € R and that the functions f and g are defined as follows:
fix > x?

g:x P 3-2x

Find

(@ fg),
b ),
) g'W,

@ ()"0,

1

Ifx € Rand f (x) = 3% +7,
find the value of f 2 (x).

Given that f (8) =sin 0
and g(@)=cos@ for OsfO=mn

Find 8 when (a) f(8)=0.5,

1
Find 8 when (b) g(0)=—,
NG

fo [T].
(© g(z)



. Functions g and h are defined as follows:
For g x> (x—-Dx-2), xeR
h:x—= (*-1), xER
(a) Find gh (x).
(b) What are the exact values of x, when gh (x) = 07?

16.  Given that the function of f is defined by
fix P 16-xxER
Find the exact value of
(a) f1(x), and
b .

L l;l. Functions f and g are defined by
f(x)= 1
x

1
x)= —
g (x) 2z
(a) Find the range of f (x).
(b) Calculate the value of g™' (2).

S
Giventhat f (x) =3x—-1, x€R
andg(x)=2x+5, x€R.

7 Find :

F @ o,

(b)  gf (),

(¢ the value of x for which fg (x) = 2gf (x).




UNIT 11

TRIGONOMETRY

. . . 1 . L
1. Rewrite the equation 7sin® 6 = > (8 + 5cos 0) as a quadratic equation in cos 6.
Hence solve the equation, for 0° < 6 < 360°, giving your answers to the nearest

0.1°.

2. (a) Prove that tan 8 — cot 8 = —2cot 26.
) Hence solve the equation tan 6 — cot 8 =5, where 0° < 6 < 360°.

3. /4

Express (5sin 6 — 12cos 6) in the form R sin (6 - ), where R>0and 0 < a < g

Hence find the solution set of 8, given that 5sin 6~ 12cos 8= 15, where 0° < 6 < 180°.

. 1 - sin® x
4.9 (a) Show that cos x cot x may be written as ————.
sin x
(b) Hence solve the equation 2cos x cot x = 3, where 0° < x < 360°.

5. v (a) Change 2cos 6 — 3sin 6 to the form R cos (6 + a), where R > 0 and
0° < a < 90°,
Write down the value of R and of a.

b) Hence solve the equation 2cos 8 — 3sin 6 = 3, giving all solutions in the
interval 0° < 6 = 360°.

(©) Find the coordinates of the stationary point on the curve
y =2cos 8- 3sin 0.

6. Prove the identity cot & + tan 8 = 2cosec 20.
,7.‘)( (a) Show that the equation 3cot 6 = 2sin 8 can be expressed as

2c0s? 0+ 3cos -2 =0.

(b) Hence solve the equation 3cot 6 = 2sin 8, for 0° < 6 < 360°.



= 8 (a) Show that the equation sin (x + 30°) = 2sin (x + 60°) may be simplified to
- tanx = —(4 + 3\/5)

(b) Find the values of x between 0° and 360°.
(© Write down the exact value of sin 2x.

9. ¥Xa Express 3sin 6+ 4cos 8 in the form R sin (8 + a), where R >0 and 0° < 6 <90°.
Give the value of arto 1 d.p.

(b) Hence solve the equation 3sin 6 + 4cos 6 = 3, giving values of 6 such that
0° < 6 < 360°.

o ‘ 1
(c) Also write down the maximum value of —;
8 3sin 8 + 4cos 8 - 3

Given that 6 has values in the interval 0° < 6 < 180°.
Find the values of 6 given that cos 36 + 2sin 36 =0

(a) Show that the equation sin (30° — x) = 3(cos 30° — x) can be written as

tan x = 5—2\/§

(b) Hence solve the equation sin (30° - x) = 3(cos 30° - x), where 0° < x < 360°.

(a) Show that the equation cos (x + 30°) + sin (x + 30°) = 0 can be written in
the form tan x = k, k being a constant.

(b) Solve the equation cos (x + 30°) + sin (x +30°) =0, given that 0° < x < 180°.
Prove the identity cot x — cosec 2x = cot 2x.

Given that x = cos? @ and that 2x + 3x — 2 = 0, find all the possible values of 6
between 0° and 360°.

.(a) Express J3cos @ + sin 6 in the form R cos (6 - @),

wheré R>0and0O<a< %n, and find the exact value of a.
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17.

(b)

Hence find the set of values of 8 given that J3¢os 8 + sin 6 = /3 and that
0<0<2nm.

Solve the equation sin 2x — cos x = 0, given that 0° =< x = 360°.

(a)
(b)

Change the equation 4cos® 8 — sin? 8 — 3sin 6 cos 8 = 0 into a quadratic
equation in tan 6.
Hence solve the equation for 0° < 8 < 180°.



UNIT 12
DIFFERENTIATION

1. (@)  Differentiate /(x> — 1) with respect to x.

(b) The equation of a curve is given by

y = 2x% - 3x2.
i) Find the coordinates of two turning points on the curve.
(ii) Determine the nature of each of these two points.
(iii) What is the set of values of x for which (2x° — 3x?) is an increasing

function of x?

A curve has equation y = x> — 8x + 7. M is a point on the curve, with x-coordinate 1.

(@) Find the gradient at any point on the curve.
(b) Hence find the equation of the tangent to the curve at M.

The equation of a curve is
y=3x-2x-1.

() Find the coordinates of the turning point on the curve and determine its
nature.

(b) If X with coordinates (0, —1) is a point on the curve, find the equation of
the normal to the curve at X.

J’Ar

y=0B-x)nx




The drawing shows the curve y = (3 — x)In x. Its maximum point is the point M.
The curve cuts the x-axis at the points P and Q.

(a) Find the coordinates of P and Q.
(b) Show that the x-coordinate of M satisfies the equation

3
(1 +Inx)

A cylinder, open at one end, is made of a thin metal sheet. The total surface area,
the curved surface and the bottom base, is 96 cm?. *
The radius of the cylinder is 7 cm and its height is # cm.

(a) Express 4 in terms of r.

1
(b)  Show that the volume of the cylinder is Em(96 = r?)em’

© If V has a stationary value, find the length of r. /

(d) Find this stationary value and determh‘{e its nature.
<

Y{\

A

=Y

The curve on the diagram is represented by the equation y = ax® + bx* + cx + d.
(a) Find the values of a, b, ¢ and d.
(b) Find the coordinates of the point A.

©) Write down the exact x-coordinate of its minimum point P.
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11.

A curve on the diagram is represented by the equation y = xe*

(a)
(b)

Find Q .
dx

Write down the coordinates of its stationary point.

The equation of a curve is

y = cos 2x + 2sin x.

Find the x-coordinates of its stationary points for which 0 <x < 7.

Also determine whether these points have maximum or minimum values.

A curve has equation'y = x> — x? — 8x + k, k being the constant

(a)

(b)
(©)

Write down an expression for %x)i

Find the x-coordinates of its stationary points.

Hence find the value(s) of k for which the curve has a stationary point on
the x-axis. ‘

A curve has equation y = x* — 3x + 2 + k, where k is a constant.

(a)

(b)
(©

Find an expression for 92’-
dx

Write down the coordinates of the two turning points.

Hence find the value(s) of k for which the curve has a stationary value on
the x-axis.

The equation of a curve is

(a)

(b)

3x2 -2y +xy=15
. dy
Find the value of —=.
dx

Hence write down the coordinates of the points on the curve where the
tangent is parallel to the x-axis.


Toto

Toto


12.

13.

14.

15.

The curve y = 3™ + 2¢* has one stationary point.
(a) Find the x-coordinate of this point.

(b) Also determine whether this point is a maximum or minimum.

A curve has equation y = xIn x.
(a) Show that this curve have one stationary point.
(b) Find the x-coordinate of this point.

(©) Say whether this point has a maximum or minimum value.

The equation of a curve is

y = 1
1—tanx
(a) Find an expression for %

(b) Find whether the gradient of the curve is positive or negative.

A solid cuboid has a base of length 3x cm and breadth 2x cm.
The height of the cuboid is y cm and its volume is 144 cm’.

(a)  Find y in terms of x.

(b) Show that the total surface area of the cuboid is A = 12(x2 + @) cm’.
X

If x can vary,

© Find the value of x for which A has a stationary value.

(d) Find this stationary value and find out whether it is a maximum or a

minimum.



INTEGRATION

Find

(a)

(b)

©

(d

Prove that [ (x) dx = 0.06, given that f (x) =

Y
=

2
The drawing above shows.the curve x = {—1— which intersects the line y = x at

O and A.

(a) the coordinates of O and A,
(b) the area of the sector OAB, .
. 4
(c) the shaded area, by solving f . Vax dx.

1
Find the exact value of f03 sin 2x dx.

Use an appropriate trigonometrical identity to find the exact value of
1

=7
f . cos’xdx.
i
By using the trapezium rule with 2 intervals, estimate the value of
1

N il . . . o .
f03 cos? x dx, giving your answer to 3 significant figures.

Sketch an appropriate part of the graph of y = cos® x dx. Determine if the
trapezium rule gives an over-estimate or under-estimate of the exact value.

2x
(x - DQx + 1




YA

y = (In 2x)?

Q/

=Y

ol P e

Given that the function is f (x) = (In 2x)? for x > 0.

The above diagram shows a sketch of y = f (x). The minimum point on the curve
is P and the x-coordinate of Q is e.

(a) Find the x-coordinate of P.

d
(b) Find the value of (i) 2 ,
dx
dzy
(i1) R

© Using an appropriate substitution x = e, show that the area bounded by the
x-axis, the vertical line QR and the part of the curve between P and Q, is

1
-]‘ln(OAS) 2In 2(e*) + 2ue” du.

The gradient of a curve is given by
% =1+ 3x

The curve passes through the point (1, -1).
Find (a) the equation of the curve,

(b) the points at which the curve intersects the 2 axes.



l— —_
0 P X

The graph shows the curve X = (y - 2) M and N are points on the curve.

The coordinates of P are 3,0).

Find (a) the coordinates of M and N.

(b) the area of the curve bounded by the two axes, the curve and the

vertical line NP.
(c) the volume of the solid formed when the regi
the x-axis through an angle of 360°.

on MOPN is rotated about

(a) Find the value of fog (sin x + cos 2x) dx.

/

0 A B

—
X

Given the y-coordinates of A and B in the above diagram are 1 and 3 respectively.

1) Find the coordinates of the points C and D on the curve.

- ~f ¢la chadad nart



(il Also find the volume of the solid formed when the shaded region is rotated

throwipgh 360" about the r-axis.

8. Find the exact value of J-I%_ri Inx oy
. . 2
9, (a) Find the value of ffh: - — i,
x°
() The equation ol a curve is ¥ = 2+ 3

(i) Calculaw the gradient of the curve al the point whoere v = 2,

(i1} A puint with coordinates (1, ¥) moves along the curve so that its rate
ol increase has the constant value of (hU2 units per second.
Find the ratc of increase of ¥ when k=2,

(iil) Find the area bounded by the curve. the x-axis and the v-axis and the
line y=12.

{ivy Find the volume generawad by this region when it is rotated about the

v-gxis through 3641

. A

——

The diagram shows he curve ¥ = ¢ ' The shaded region is buunded by the curve,
the axis, the v-axis and the line v =3,

fa) Wwrite down the coordinates of 4, B and C.

{h) TFind 1he shaded acea.

(cl The shaded arca is rotated about the x-axis hrough 360

Find the volume generaled.



1. (a) Use the trapezium rule with 2 intervals to estimate the value of

T

f3——7—dx
01 +sinx

Give your answer correct to 3 significant figures.

by yy

1\

E 0.536
: X
0 z =
6 3
The diagram shows a sketch of curve y = — forQ = x = z
l +sinx 3

State, giving your reason, whether the trapezium rule gives an over-cstimate
or an under-estimate of the true value of the integral in part (a) above.

3 *
12. - Find the exact value of fo 2xe™ dx

d
13.  Acurve is such that av =2xt—3x+ 1

The curve passes through the point with coordinates 0.3
(a) Find the equation of the curve.

() Also find the set of values of x for which the gradient of the curve is positive.

9
2x+ 3
The point P(0, 3) and R(3, 1) are found on the curve.

14.  The diagram shows the curve y =

The point Q has coordinates (3, 0).




15.

(a)

(b)

(a)

(b)

{c)

YA
P
(0, 3)
9
Y 2x+ 3
y RG. 1
©, 1) T
o o
0 3.0)

Find the equation of the tangent to the curve at R.

Also find the volume of the solid formed when the region OPRQ is rotated
about the y-axis through an angle of 360°.

sin.x dy _

By differentiating , show that e sec’ x, given that y = tan x.

COs X

7 byd
Hence show that the integral of sec? x for 1 = = 3 18 ( 3 - 1).

If y =cot x, find the value of %ii



b have veclot equations

1. Two lines & and
+j+3K)

r=i-2k+ A1
and T=61— 5j+4k+ - 2§+ K respectively-
(a) Prove that the two lines intersect.

(t Write down the position vector of thelr point of intersection.

lane which contains both a and b.

{c) Find the cartesian gquation of the p
2. The position yectors of the points P, 0. R and < relative 10 an origin O ar¢ given
by
] 2 3 1

oP =121} 0Q = |-t} OR=11 and OS =101.p and g being constants.

_ 1 2 P q

Find (@) the unit vector in the direction of PQ,

() the vatue of p for which POR = 90°,
sch that 0] = V5 units.

(c) the value(s) of Qs

3. r X 13
Y '
f

OPORSTUV is a cube of edge 8 units. The unit vectors 1, § and k are along OP,OR, OV.
d Y are the mid-points of TS and VS respectively.

X an




Find  (a) the vector OX, in terms of i, j and k.

{(b) the vector OY, in terms of i, j and k.
(¢) the scalar product of OX and QY and find angle XOY.

£ and Q have position vectors [0f + 3k and 7i - 3j + 6k respectively.

A plane p has vector equation

3

(a) Show that PQ is parallel to the plane r,
{b) A point § is the foot of the perpendiculir. from P to the plane p.

Find a vector equation of the line"which passes through § and which is
paratlel to the line PQ.

6 units

36 units

This drawing shows the water tank of a solar water heater system.
The length of the tank is 36 units and the radius of its circular base is 6 units.

LM is the diameter of one base. The radius ON is perpendicular to LM, Unit
vectors i, j and k are parallel to OM, OL and ON respectively,

X is the mid-point of LO.
(a) Express XO and XS in terms of i, j and k.
{b) Hence calculate XOs.



A plane p has cartcsian equation
x+3y—2z=3,
X and ¥ are two points with position vectors 4i — j + 3k and i + k respectively.
(a) The line XY intersects the plane p at M.
Write down the position vector of M.
(b) Another plane ¢ contains XY and is perpendicular to p.

Find the cartesian equation of g.

P, q and r are three vectors such that

p= 2 Ll
~1
3
q=(-2{,
5
X
and r=| -x
x-1

Find (a) the angle between the directions of p and q,
{b) the angle between the directions of q and r,

{c) the value of x for which q and r are perpendicular.

Relative to the origin O, the points A, B, C and D have position vectors such that
0OA =3i-2k,
OB =2i+3j-4Kk.
OC=3i-j+k,

and OD=-i-j-k.

(a) Find the angle between AC and BD.

(b) Find the position vector of the point of intersection of AB and CD, if any.
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11.

(c} The point M hag position vector 3{ + 2j+k.
Find the perpendicular distance from M 1o BC.

The points P, 0, R and § have position vectors such that
OP =2i-2j+5k
0Q =3i+ 2k
OR=2j+ 10j+ 7k
and  OS=2j+ 7k
(a) Using the scalar product, show that PQand PSare perpendicular.,
(b) Show also that PS and QR are parallel, and find the ratio of the length of

PS 1o the length O%.

S

P and g are two planes wit/h equations
2x~v+3z:=4

and  x+2y_4d;=¢ respectively.

The two planes intersect in the straight line Xy,

(a) Find the vector equation of the line Xy,

(b) Also find the acute angle between the two planes,

The given drawing is a triangular prism. AD = 15 units and ¥ divides AD in the
ratto 2: |. AB = DE = 8 units.

BE = 15 units and X divides BE in the ratjo 1:2. Zis the midpoint of CF.
Unit vectors i, j and k are parallel to CA, CB and CF respectively,
{a) Express each of the vectors ¥Z and XZ in terms of i, j and k.

(b) Find the value of yz. XZ and hence find angle XZY. Answer to the nearest
degree.



g

12.

13.

A 8 units B

i
i 1
¢ X
2 Kk
v ".15 units 5
L Z
1
D E
5 units 5 units
F

The points P and Q have position vectors 2i - 3j + k and 3i + 4j — 2k respecti-
vely, relative to an origin O.
(a) Using a scalar product, calculate angle POQ to the nearest 0.1°.
{b) Another point R is such that PQ = 30R.
Find the vector in the direction of OK.

Two lines [ and m have cartesian equations

x-1 y-2_z-3

i
2 3 1
md m: x-2 _y-3_z-1
B 2
{a) Show that the two lines do not intersect. -

(b} A point X lies on the line { and another point Y has position vector
i-2j+3k
Given that XY is perpendicular to /, find the position vector of X.

Show that ¥ does not lie on m and that XY is not perpendicular to m.

(c

Ry



14.

15.

The lines @ and b have cartesian equations

x-2 y+l _z-4

| 1 -1

and 242 _y=2 _z-1 respectively
-2 1 1 '
(a) Show that @ and » do not intersect.

{b) Find the acute angle between the two lines.

Relative to an origin O, the position vectors of the point § and T arc given by
0S=4i-3j+2k

and  OT=2i+3j—k respectively.

(a) Using a scalar product, calculate acute £SOT to the nearest degrec.

(b) Find the vector ST in terms of i, j and k.

{c) Hence find the unit vector in the direction of ST.



UNIT 15§
PARAMETERS

The parametric equations of a curve are given by
_l+sing
cos 8

|

Jfor° <= g < 180
cos 6

and y=

(a) Find the value of EZ
dx

(b)  Hence find the coordinates of the point on the curve where the

S
gradient is 5

The parametric equations of a curve are
X=6+sin g
and y=1]-cos @

. dy
th 1 -,
Find the value of e

Two parametric equations of a curve are given by
X=t?
y=1-¢

(@)  Find the cartesian equation of the curve,

dy
(b}  Hence, or otherwise, find Ex_

The parametric equations of a curve are
X =20+ cos 26
and y=1-sin 26

dy
i l f—,
Find the value o i



The parametric equations of a curve are given by
x=t2~-1
and  y=2t+In(t+1),r>-1

. Ay
(a)  Find Q10 terms of 7.

(b)  Find the coordinates of point(s) on the curve at which the gradient is -4,

Two parametric equations are such that
xX=cos 2601
and  y=1-2sin 26
dy
(a) Show that i = 2cot 28

(b)  Give the cartesian equation of these parametric equations.

The parametric equations of a curve are given by
y=2sin g

1
and Xx=1-13cos 26, for-gﬁéﬂﬁi .

1
2

dy
Find the value of d—} in terms of 6, giving the answer as simply as possible.
X

The parametric equations of a curve are
X = acos?t

. . . I
and  y=bsin?t, aq being a positive constant and () < ¢ < -2—-1

. : dx

(a) Find (i) O
. dy

(ii) @

(11i) & .

(b)  Express the parametric cquations as a cartesian equation.
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Two parametric equations are such that
x = bsin® 6

. . 1
and  y=bcos’ 8; where b is a positive constant and § lies between 0 and 5T
Find &
(a) in dx :

(b) Find the equation of the tangent to the curve at the point with
parameter 6.

The parametric equations are given by
x = Asin’® 8

and v =Acos’ 0, A being a positive constant and 0 < 6 < 7.

1
2
(a) Find the equation of the tangent to the curve at the point with

parameter 6.

(b)  This tangent cuts the x-axis at A and the y-axis at B.
Show that the length of AB is equal to A.

The parametric equations of a curve are
x=t+¢
and y=r-¢,wherer€R

dy .
(a) Find 2 in terms of .
dx

|
(by  Hence find the value of ¢ for which the gradient of the curve is 5

A curve has parametric equations
x=4-¢*
and y=5+e¥,t€ER

(a)  Express the parametric equations as a cartesian equation.
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15.

d ;
(b) Find E); and hence show that there is no greatest value of x for

points on the curve.

The parametric equations of a curve are given by

x=asint

. - !
and  y = arcos t, a being a positive constant, and 0 <t < EJF

dy .
(a)  Find = in terms of 1.
dx

(b) Hence show that, when ¢ = cot ¢, the gradient of the curve is 7zero.

(¢)  Sketch a suitable pair of graphs to show that the equation z = cot f has
only one value of ¢ in the given range.

A curve has parametric equations
x=0+2In6
and y=260-In 8, where 6can have any positive value.

dy .
(a) Express E‘— in terms of 6.
X

(b)  Write down the equation of the tangent to the curve at the point
where 6= 1.

(¢) Itis given that the curve has one stationary point.
Find the y-coordinate of this point, and say whether it is a maximum
or a minimum.

A curve has parametric equations
x = ar’

and y = 2at, a being a positive constant. The tangent to the curve at a
point X on the curve meets the x-axis at A.

.o dy .
(a) Find Y in terms of £.
dx

(b)  Calculate the equation of the tangent to the curve at A.
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The parametric equations of a curve are
X =aucos 8
and  y=asin*8,
a is a positive constant and 0 < @ =< 2.
The tangent to the curve at any point M on the curve cuts the x-axis at A and y-axis
at B.
Show that the length of AB is constant.



UNIT 16
NUMERICAL SOLUTION OF EQUATIONS —

The set of values given by the iterative formula
2x 7

T

‘ra;|+l = 3 + x_:!

taking x, = 2 as initial value, converges to «.

(a)  Using this iterative formula, find a correct to 3 decimal places.
Give the result of each iteration to 4 d.p.

(b)  Write an equation satisfied by « and show that x = /2] .

(0, 1) - y=1
X=a
A \____y:e.r
O a "3;

The region A in the above diagram is bounded by the curve y = e, the line
x = a and the line y = 1, ¢ being a constant.

(a) The arca of A can be given in terms of the constant a.

Find this area.

(by  If this area is equal to %a, show that

_2e - 1)

i

c



(c)

Use the iterative formula

_2(e™ - 1)

¢ =
nal iy

starting with @, = 2.5, to find the value of ¢ correct to 2 decimal
places. Give the result of each iteration to 4 decimal places.

The equation x* - 2x* + x — 2 = 0 has only one real root.

(a)
(b)

By evaluating-. f(0),f (1), f(2),and f (3), find this root.

Prove that, if a sequence of values given by the iterative formula

= M 2
xﬂ+| - 2‘rn - 'ru + 2

converges, then it will converge to this root.

The equation x* — 2x — 2 has only one root.

(a)
(b)

(c)

Show that this root lies between x = 1 and x = 2.
Show that, if a sequence of values given by the iterative formula

_ 2xj +2

Yo = 52— converges, then it will converge to this root.
3x, -2

Hence calculate this root to 2 d.p., giving the result of each iteration
to 4 d.p.

Y

=Y




In the above diagram the given curve is y = ye* and its minimum point is X

(a)
(b)

(c)

(a)

(b)
(c)

Find the coordinates of X .

Show that the x-coordinate of the point where the curve cuts the line
¥y =7 18 the root of the equation

xr=1In (Z) .
X
Use the iterative formula

7 e, .
X, = ln(——J, with initial value X, = 1.5, to calculate this root to

ot

2 d.p. Also give the result of each iteration to 4 dp.

|
Given the equation ¢2' x-2)=1.

Sketch two suitable graphs to show that this equation has only one
root,

Show that this root o lies between 2 and 2.5.

Using an iterative formula, calculate the value of a correct to 2 dp.,
giving the result of each iteration to4 d.p.

Using the iteration formula

X, = x: —-074 X2 +0.74,

find whether the root is convergent or divergent. Let the first approximation
bex =0.7.
|

Show that the equation 2 = _I

|
, has a root or more betwen 0 and > .
SN x

. . 1 1
Sketch the graph of y = sin x and the graph of ¥ = — for0 < x < 57
X
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Using the iteration x,,, = ! . find the root(s) correct to 3 significant

sinx,
figures.
The iterative formula
2 5 . .
x,, = —x,+ — has a sequence of values which converges 1o o,
3 3x

L

with initial value x = 1.3.

(a)  Using this iterative formula, find o to 2 d. p., giving each iteration to
4 d.p.

(b)  Write down an equation satisfied by & and hence find the exact value
of a.

The equation x* = 2x + 2 has one real root.
(&)  Show that this root of x lies between | and 2.
(b}  The sequence of values given by the iterative formula

x_, = 3f2x, +2 converges, show that it converges to the root

n+l

between 1 and 2.

(¢)  Using the given iterative formula, calculate the root to 2 d.p.
Give the result of each iteration to 4 d.p.

(a)  The equation given by x* + 2x — 1 =0 has one real root.
Find f (0) and f (1).
Between what values does this root lie?

(b)  If a sequence of values given by the iterative formula

3x) - -

X, = %, | converges, show that it converges to a root between
2x, + 1

1 and 2.

(¢)  Using an iterative formula from (a) above starting with x=0.5, deter-
mine the root correct to 2 decimal places, giving the result of each

lincntine ta A Aacimal nlacrac
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13.

14.

15.

16.

17.

Determine the number of roots of each of the following equations.
(a) e +x-2=0,

(b) e —-2cosx=0, 0<x=<2nm,

(c) Binx+x-1=0, 0<x=2rx

Show that the equation e — 2x + 3 = 0 has only one root and locate the root.
Hence use an iteration formula of the form x,..= g (x ) to calculate the root
to 1 d.p.

The sequence of values given by the formula X, = _22_ + 3 X,
Ey

"

h

converges to the value p.
Find the value of p.

Write down all the iteration formula derived from each of the tollowing
equations:

(@ x'-3x"+5=0,

by 2¥-3x+7=0,

{©) x=2sinx+e*=0,

(d) X¥+4=4x+Inx.

The sequence of values given by the formula
3
==+ —X

xn+| n
x 4

converges to the value p.

Find the value of p.

The diagram shows the curve
y = (x - 6)ln xr and its minimum point 2.
The curve cuts the x-axis at the points A and B.



18.

19.

(a)  Write down the coordinates of A and B.

(b)  Show that the x-coordinate of P satisfies the equation x = l E]’
+Inx
(©) Use the iteration formula x _, = 6
I +Inx,

to find the x-coordinate of P correct to 1 decimal place, showing the result
of each iteration to 4 decimal places.

YA

Show that the equation x* — 2x -3 =0 has only 2 real roots and hence find
the greater root, correct to 2 decimal places.

Starting with x, = 1, use the iterative formula x = In (4sin x ), to find x,, x,,
X, and x..
Give each answer to 4 decimal places.

Then find the value to which this sequence converges, correct to 2 decimal
places.

Find the positive roots of ¥} — 4x + 1 =0, correct to 4 decimal places,
starting with x = 1 and using the iteration formula

%, = %(x: +1) -



UNIT 17
CoMPLEX NUMBERS

If z,=3-2iand
z, = —4 + 5i, simplity each of the following:

(a) 3z, + iz,,

() iz -z,
)  zz,
(d) z7,

(e) 7, %2,

Find the square root of —16 - 30,

If one root of the equation
X+ax+hb=0is 2-9, .
find the (a) other root," -
(b) value of ¢ and
(c) value of b

A, B and C represent the complex numbers
7,=2-3i,
Z,=3+2iand
z in the complex plane
Find z, given that
(a) OABC is a parallelogram
(b) LCAB =90° and AC = 2A8

If 2, =3+2i
and Z,=5-3i,
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find
(a) ‘31 =2
b  arg (z,-2,)-

and

6. Ifz=2-3i

Find
(a) \ 23‘ and
(b arg?

7, Ifarg(z+6)= %, find the least value of |z]..

8. Ifarg(z+4)=%and

5
arg(z—6)=gff,

Find | | -

+9.  If|z] = 4, find the least and greatest value of:
@@ |z+ 8],

(b) arg (z + 8).

10. Express (a) 2+3i
(b) 3 — 5i, in polar form k = ¢

1 11, “Sketch each of the following sets in an Argand diagram.

(@ 1=|z-2]<2,

A

0 - =apE+ds 3
, Sag@rhs



12,

13.

14.

15.

© |{z-2)| <1and -% <arg(z- 1) < %.

In an Argand diagram, O is the origin, the point A represents (2 — i}, the
point B represents (x + iy), x and y being positive, and triangle OAB is
equilateral.

Find the values of x and y.

The complex number z is represented in an Argand diagram by the point X.

. i . . .
Given that 7z = e where x is a real variable, and z* is the complex
+ X

conjugate of z, show that 7 + 7% = 477%.

Hence show that as x varies, X lies on a circle.

[n an A‘rgand diagram, the points X, ¥ and Z represent the cd;nplex numbers
r,s and 3 + 4i respectively. .

O is the origin.

OXYZ is a square described in a clockwise sense.

(a) Find the complex numbers r and s.

(b)  On separate diagrams show the points O, X, Y and Z.
Also draw the loci _

(1) |z—3—4z'| =35,
(i} |zl =1z -6 -8,
1
(i) arg(z-r)-argz = EJ‘I.
Let i denote the complex number (1 - ),

(@)  If uis aroot of the equation
X'~ 5x° + 8x - K =0, where K is real, find the value of X



16.

17.

(b)  Write down the other complex root of this equation.

(¢}  Find the modulus and argument of u.

(d)  On an Argand diagram, show the point representing u.

{e)  Shade the region on the diagram which shows the points represent-

ing the complex numbers z satisfying both the inequalities:

[z] <]z - 1| and 0 < arg (z — u) < %n.

The equation x*+ 3x% + x + 3 = 0 has one real root and two complex roots.
(a)  Show that i is one of the complex roots.
(b}  Write down the other complex root of this equation.

{c) On an Argand diagram, show the point representing the complex
number i.

On the same diagram, show the set of points representing the com-
plex numbers z which satisfy:

|z| <|z -

The complex number (1 + 2i) is denoted by u. The complex number with
modulus 3 and argument %:r 18 denoted by w.
(a)  Find in the form (a + ib), where a and b are real, the complex numbers
L@ ow
(i) wew,
(i) =
W
(b)  On an Argand diagram, sketch the points X, ¥ and Z representing
respectively the complex numbers (0 + 3/ 37), (-3 + 0i) and (3 + oi).
(¢)  What kind of triangle is AXYZ?



18.

19.

Let u and v represent the complex numbers (1 + 2i) and (3 — {) respectively.

(a)

(b)
{c)

(a)

(b)
(c)

Find, in the form (a + ib), where a and b are real, the complex numbers

u+vand uv.
Find the argument of uv,

With reference to an origin O, the points P, O and R represent the
complex numbers, u, v and # + v respectively.

Find angle POR and and QOR, in radians.

Solve the equation z* + 3z + 4i + 2 = 0, giving your numbers in the
form x + iy, where x and y are real.

Find the modulus and argument of each root.

Sketch an Argand diagram showing the points representing the roots.

The complex number z is given by

()
{(b)
(<)

(d)

24+
= .
3§

Express u in the form a + ib, where a and & are real.
Find the modulus and argument of u.

Sketch an Argand diagram showing the point representing the com-
plex number u.

On the same diagram draw the locus of the point representing the
complex number z such that |z — u| = 2.



~ UNIT 18

— FIRST ORDER DIFFERENTIAL EQUATIONS —

1. Solve the following differential equations:

(a) ¥ Y cos X»
dx

d 1
Loy
dx
2, ¥ Solve the following differential equations;
{a) lglz_jL,giventhaty=2whenx:l.
xde x +1
b dy = 2y, given that y = 3 when x = 0.
dx
3. The rate at which a certain bacteria multiply is proportional to the actual number

present.

If the original amount doubles in 3 hours, in how many hours will it triple?

4. Find the particular sqlution of the differential equation Y 2x° —4x, given that

y=3whenx=1. dx

5, Find the displacement, s cm, from O of a particle at time fs. given that its velocity,

V ct/s, is given by the differential equation
V= 9 24

de
and the displacement is 250 cm at time 3s.

Find also the initial displacement.

6. () Find the solution of the differential equation & = 2xy’, expressing y n
terms of x. dx



10,

11.

. ix
(b) Solve 9— = e—,given that y =3 when x = 0.
dx y

A circular inkblot, with radius r cm, is enlarging such that the rate of increase of the

radius at time ¢ seconds is given by

dr 0.1

a

Initially the radius of the inkblot is 0.4 cm.

Find the area of the inkblot after 2 seconds.

A spherical balloon, which is being inflated, has radius r cm at time ¢ seCONds.
Tt takes 3 seconds to inflate the balloon to a radius of 16 cm from its initial value of

. . . . 1
1 em. In a simple model, the rate of increase of 7 1s proportional to —.
JEE

Express this statement as a differential equation and find the time it would take to
inflate the balloon to a radius of 20 cm.

Answer in seconds,to 2 S.F.

A population of insccts, y, is increasing at a rate proportional to the total population

at time £, and is such that when =0,y =y,.

(a) Show that y = y,e", where & is a positive constant.

(b) If the population doubles in 5 years, find by what factor the initial population
has been multiplied after a further 10 ycars.

A mathematical mode] for a number of seeds, x, in a culture, states that x is
increasing at a rate proportional to the number present.

At noon, there are 1 000 seeds, at 13.00, there are 1 672 seeds. According to the
model, at what time will the number of seeds have increased to 2 0007

A certain substance decays at a rate proportional to the amount, y, present at time £.

If it takes 2 000 years for half the original amount to decay, find the percentage of
the original amount that remains after 100 years. -



12.

13,
—

4.

15,

Given that the rate at which the temperature of a body falls is proportional to the
amount by which the temperature exceeds that of its surroundings.

A closed area has a constant temperature of 17°C.
An object has a temperature of 60°C when it is placed in the closed area.

10 minutes later its temperture is 48°C, What will its temperature be in a further
10 minutes?

A tank is being filled with Yiguid. Initially the tank is empty. t hours after filling
starts, the volume of the liquid in the tank is V m?, and the depth of the liquid is Am.,

Giventhat V = % 4* . The liquid is being poured at a rate of 10 m® per hour. But duc

to a leakage, the ]ilquid is being lost at a rate proportional to h2. When i = 1147,

_cyi =10. s ~

dt

(a) Form a differential equation and show that Eidﬁ =h+ Ehz
!

40

(b) Express t in terms of h.

At a certain time 7, the pressure of air in a container is P.
The outside atmospheric pressure of the air is constant and is equal to X.

Air js being escaped from the container at a rate which is proportional to the square
root of the difference of the pressurcs, ie. (P-X).

Show that the differentia) equation connecting P and ¢ and X is

b _ -k [ fip - X)], k being a positive constant,

dr

(a) Find the general solution of this differential equation,

(b} It is given that P = 3x when ¢ = 0, and that P = X when £ = 1, find the value
of k.

(c) Find the value of ¢ when P = 2x.
(d) Hence find P in terms of X and ¢.

The rate at which the temperaturc {ct} of an object cools down is inversely
propostional to its temperature at time 7.



16.

17.

18,

19.

(a) Write down a differential equation and find o in terms of 7.

(b) Given that the temperature a decreases from 60°C to 50°C in 10 minutes,
find its temperature after 12 minutes.

At a fish breeding station, the birth rate of fish at any time ¢ is equal to L) the number
N of fish present in the lake at that time. 8

The tish are harvested regularly at a constant rate of 600 per day.
When ¢ = 0, the number of fish in the lake is 1 000.

If N is a continuous variable, write down a differential equation connecting fand N.
Solve the differential equation.

When will the population of fish in the lake be 15 0007

A balloon is being inflated. Its radius at time 7 seconds is r cm. The initial radius of
the balloon is 1 cm. In 3 seconds the radius of the balloon reaches 16 cm.

The rate of increase of the radius is inversely proportional to the square of 7.
(a) Using these data, form a differential equation.
(b) Find the time it will take the balloon to reach a radius of 20 ¢cm.

Answer n seconds, to 2 s.f.

: dy _(»Y
The variables x and y are such that - =|—
dx X
(a) Find the general solution of the curve, giving y in terms of x.

(b Also find the particular solution of the curve, given that it passes-through the
point {1, 2).

The rate of decay of a certain substance is proportional to the mass x kg of the
substance at that time.

Initially the mass of the substance is M kg.

{(a) Form a differential equation connecting M, x and ¢, where 7 is the time in
hours after decay has started, and solve it.

(b) Solve the differential equation, given that when ¢ = 20.x= %M.

(c) Find the value of t when x = %M' (Answerto 2 d.p.)



20.

According to a cooling system, the rate at which a body cools is proportional to 3,
where $°C is the temperature of its surroundings.

A body at 70°C is put 1n a room where the temperature is 18°C.
After 10 minutes, it has cooled to 50°C.

Find its temperature after 10 more minutes.



——— REMAINDER AND FACTOR THEOREMS
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(a)

(b)

©

Suggested Solutions

f(x) =2-3ac+av+h

Whenx—1=0,x=1

() = 2017 -3a(1¥ +a()+ b =0
2-3a+a+b=0
“2a+b+2=0

Whenx+2=0,x=-2

F(=2) = 2(-2)" - 3a(-2) + a{-2) + b= _54
2x-8)-CBax4)-2a+b=-59
~16-12a-2a+b=-54
-lda+b=-54+ 16
-l4a + b =38
Ma-b=38 o (2)

From (1) take (2), we obtain
—12a =-36

a=3 and h=4 {Answer)
Replacing & by 3 and b by 4, we have

f) =2%-3a +ax+ b

=2x*~0x2 + 35+ 4
(- DECx* - Tx - 4) (by division)
=@~ Dix-4)2c+ 1) {Answer)

]

(D 2x°- %' +3x2+ 4
Replacing x by x in equation (b), we obtain




(2= D —D(2x2+ 1)
= (x+ Dx— Dix + 2)(x~ )22 + 1)

(i 4P +3x2-9x +2

=x3(4+3—i+—2—)

3
X x2 X

Replacing x by 1 in (b}. we have
X

(e

=(l-—x}x+2¥dx - 1)

Let  f{x) = X+ax’+hx+4
If {(x — 2) is a factor,
x=-2 =0
x =2
ie. () =0
f{2) = 8+4a+2b+4=0
da + 2b =-12
2a+ b = e
f(-2) = 8+4a-2b+4=0
da - 2b =4
2a—b = 2

Solving (1) and (2), we obtain

da = 4
a = -1
and b = 4

Giventhat f (0) =x"— 34" + 2x* — 222 + 3x + |

(@) f(l)y=1-342-24+3+1

2, which is not 0.

(Answer)

{Answer)

{ Answer)

(Answer)



(b)

©)

(d}

Alsof (=) = -1-3-2-2-3+1
= 10, which is not 0, again.

neither (x — 1) nor (x + 1} is a factor of f {(x). (Shown)
f(x) = @-1gqgx)+ax+b
F(I) = a+b=2--mrmmmsrmmmmsmmns oo (13
f(=1) = —a+b=—10-smmrmmmemrmm s (2)

Solving (1) and (2), we obtain a = 6 and b =4
F=G—1)q)+6x—4
i.c. the remainder is (6x — 4) { Answer)

When f (x) is divided by («* + 1), the remainder is 2x and the quotient is
-3 +x+ 1. {Shown)

f =2+ D -3 +x+ D) +2x
Since 12/ (x}=2x '
FO=+ D -32+x+ 1) +2x=2¢
2+ NP -3x+x+1)=0
Now because (x> + 1} # 0*and xl is real
X-32+x+1=0
Applying factor theorem
iff=x"-3x%+x+1
then f (1)=0 *
| (x— 1) is a‘factnr of f (x).

Thus the real roots will be

x=1 (Answer)
x2 - 2x - 1
x=-1| ¥-32+x+1
Xy
22+ x+ 1
—2x* + 2x
=
—x+ 1
0

(Answen)



(a) Since (x + 2) and (x — 1) are factors of f (x),f(-2)=0
and f(x) = x* + ax’ + bx* 2x - 4
f(~2) 16-8a+4b=0
Sa—4b=16(+4)

R T {(n
Also f{1)=0

l+a+b-2-4=0

A+ D=5 e oo oo s (23
Solving (1) and (2), we obtaing=3and b =2 { Answer)

b - Dix+D=2+x-2
Dividing f (x) by 2+x-2,
the 3-factor \yill bex?+ 2x+ 2. ' { Answer)

{c) RCH+2x+2=x+2x+1+1
=(x+1P+1
(x + 1 being a square number is positive

(x + 12 + 1 is positive for all valucs of x. {Proved)

(d) Given f (x) > 0, and since x? + 2x + 2 is positive
x+2x-1>0
x>lorx<=-2
The set of values of x is

{xix<-2orx>1l,xE R} { Answer)

X 16 = (2P - (4
= +4)(x* - 4)
= (¥ + D+ 2)x - 2) { Answer)

f(x) =605+ cx* +3
() Since (2x + 1)-15 a factor of f (x)
When 2x+ 1)=0,f(x)=0

e whenx=_1.f(x)=0.
)



Sileis=o
8
lc:'=—3+E
4 4
1 -9
— = —
4 4
c=-9 ) (Answer)

(b) flo) = 6 —9x2+3
=302 -3+ 1)
Using factor theorem, (x — 1) is also a factor of £ (x).
Hence f (x) = 3(2x+ Dx—1Hx-1)
= 3(2x+ D(x—-1) { Answer)

(x -2 -2%) = (x-12)
(x - (% —2x) = (x =*2)= 0
(x= 242 =20 -1} =0
(x-2E-2x-1}= 0

Lx=-2=10 or X-2x-1=0
x =2 x =1 i.\/z
(Answer)
{a) (F-1=(@x+Dx-D
ifx>-1=0
x=-lorl

f() =3 +ad+bx"-Tx-4
f(h=3+a+h-7-4=0



(b)

(c)

(d)

(c)

f(-1)=3-a+b+7-4=0
B )

Solving (1), and (2) gives

a=7, b=1

flx) =3*+7+x2-7x-4

flx) =-DB*+7x+4)
= (x+ Dx-DNGx+dix+ 1)

= (x— Dx+ 1P*3x+4)

Yi

Divide f (x} by (x* — 1) gives 3x° + Tx + 4

(Answer)

{ Answer}

(0, —4)

When f (x} < 0,

{?q«—l} or {-1<x<t}

(1,0)

Taking the parts of the graph below the x-axis.

Y

(1,0

-y

(Answer)

(Answer)



i
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9.

g(x)=x4—3x3+ax2+ 15x + 50

(a)

(b)

(<}

(d)

x+2 =0
x =2
g(x) = W — 3%+ ax? + 15x + 50

g{-2)= (-2 — 3(—2)3 + al(-2) + 15(-2)+ 50 = O
~ 16+24+4a-30+50=0
4q =-60

a =-15 (Answer)

g(5) = (5 -3y + ~15(5)2 + 15(5) + 50
= 625-375-375+75+ 50
=0 ' {Answer)

g(x) = x* -3¢ - 15x% + 15x + 50
= {x+ Dx -3 -5 (Referring to (a) and (by.  (Answer)
or refer to the following division)

-5
- 35— 15x2 + 15x + 50
X~ 3 - 1027 '
55+ 15x + 50
—5x% + 15x + 50
0

X-3x-10

Sketching the graph of y = £ (x), we have

YA

e

/W/v Ll 7 //\_/
(-2,0) (5,0

(5.9

When g (x) =0, x= -V3, =2, J5 and 5.

v
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11,

12,

(e}

(a)

(b}

Set of values of x for which g (x) >0 is
x:xER, -2<x< ﬁ or x>5 or x< —\E} (Answer)

For g (|x|}>0,
0= |x| < J5 or |x| >5

Solution set=x E R {Answer)

Since (x — 2) is a factor of f {x),
f(2)=32r+a2y+(2)-2 =0
4a = 2-2-24

a = -6 {Answer)

Il

By division, or otherwise
A +axrt+x-12
= 3 -6 +x-2
= (x-2)3x*+ 1)
352 + | has no real root, since the discriminant=-12 ie. <0

f (x) has only one real root. (Shown)

Given 4x  +8x2=3-x

A + 8% +x-3=0

Using factor theorem, f(~1)= 0

MY +8 (-1 +(-1)-3
= 44+8-1-3=0

{(x + 1) is a factor.

By division,

Since

4 + 8¢ +x -3

(x+ DA +4x-3) =0

G+ D2x+3H2x-1) =0
-3 1

x=-l, — or — (Answer)
2 2

11

(x — 2) is a factor of t (x).
f(2)=22P+c(2-52)+6=0
16+4c-10+6=0



c=-3 {(Answer)

13, (a) f(1) = 6(1P + (1) -5 - 12
=6+11-5-12=0
(x— 1) is a factor of f (x).

(b) By division, 6x° + 11x2— 55 _ |2
== D67 + 175+ 12)
== M3+ 4)(2x + 3) (Answer)

2xt 4 23 4 542 +3x+3

14, Xtx+]= o hr e o
(2 +x+ 1)(a_x3+bx+r:)=2x‘+2x?‘+5x2+3x+3
ax“+b.x~‘+cx2+ax3+bx2+cx+ax2+bx+c
=2+ 23 + 5 + 3x + 3
ax’ + xb+a) + x¥a + b +e)txle+ b))+ ¢
=20+ 22X+ 52 +3r + 3

Equating ceefficients of x*, we have a =2
x*, we have a+h =2
h =0
x’,weobtain a+b+e = 5
2+0+¢c = 5
c =3 { Answer)
15, (a) 2x+1=0
-1
X = —
2
fixy = 2 +ax’ + 16x + 6
3 2
f(_—l) = 2(:—]) + a(i) + 16(-_—1J +6=0
2 2 2 2
2 + 2.3 +6=0
8 4

-2+2a-64+48 =0



a=9 {Answer)

(b) By division 234 9x2+ 16X+ 6

= (2x+ D +4x +6) (Answer)
{c) X2+4x+6
= C2+ax+4+2
= (x+2)7+2 which is positive for all values of x (Answer)

16. Since (¥ + 1)y and (x + 2) are factors of f (x),

f(—l)=(—1)-‘+a{—1)2+b(—1)—8:0 ———————————————————————————— (1

and f (-2)=(-2)" + a(=2)* + b(=2) — 8 = Q-mrmmrmmmmmr e (2)

from (1) N4 g-b=8=0 e (H

\ T S A (2

l'; Grom (2) 8+ 8@~ 2b = § =0 roenmseere e (3
f;li dg - 2b=16

" 90 — b = § —mmmmmrmmemermm oI T I T 4

B Solving for (2) and (4), we have
a=-1
and h=-10 (Answer)

17. f(h = 1+1-1-3-6#0

fol)y= 1-1-1+3-670

F2) = 16+8-4-6-67+0
f(-2)= 16-8-4+6-6#0
f3y= 81+27-9-9-670
f(-3) = 81-27-9+9-670

£(v3) =9+ 33 ~3- 33 ~6=0
(x_ﬁ) is a factor

So is (x+\/§]

One guadratic factor is (x* — 3) which is the same as (x NG ) (x - «fé]

(Answer)

By division, the other quadratic factor is (2 +x+2)



PARTIAL FRACTIONS

Suggested Solutions

S5x+4 A
1. Let Al = B

Gox+2)  (x-1) " +2)

Sx+4 A(x+2)+ B(x—l)

(x—l](x+2) (x—-1)(x+2)

Sx+4=Ax+2)+B{x-1)
Sx+4=Ax+2A+Bx-B

Equating ceefficients ofx: A+ B =5 s (1
Equating constants: 2A—B =4 o (2)
solve (1) and (2), we get
A=3and B=2
; Orletx=-2,
then -10+4 = 0+B(-3)
6 = 3B
t B =2
i When x =1
; 5+4 = 3A+0
A =3
.-_ Hence Sx+d = 3 + 2 (ANswer)
] (x-1){x+2) (x-1). (x+2)



B
Let 4 __A

(x—S)(xH) - (x-3) T (x+1)

4 A{x+1) + B(x-3)

(x—3](x+1) (x—3)(x+l)

4=A@x+ 1) +Bx-3)

When x = -}
4 = B{(-4)
B = -1
When x = 3
4 = 4A+40
A= 1
4 1 1

= - (Answer)

Let = +

(x+2](x+l) - (x+2) (x+1)

| Alxrl)+ B(x+2)

(x+2)(x+1) (x+2)(x+l)

- Ax+ D+ Bx+2)=1

Whenx+1 = 0
x = =1
thenO+B = 1
B =1

Whenx+2 = 0
x = -2
ACD+0 = 1
A= -1



l -1 l
s (Answcr}

(x+2)(x+ 1) (x+2) (x+l)

4x -] - A +Bx+C
(2x+1)(x2+3) (2x+1) (x2+3)

x| A(x2+3)+(8x+C)(2x+l)

(2x+l)(x2+3) N (2x+l)(x2+3)

4x — |1 =A(x2+3)+(Bx+C)('2x+l)
When 2x + | = 0
2 = |

X = —

By substitution,

2-11 = A(i+3) +0

4
3—4 = _3
-J—B-A = -13
4
A = —l3xi=—4

13

dr— 11 = —4(x*+3) + 28524 Bx+2Cx + ¢

dr— 11 = g2 _ 12 +2Bx%+ By + 2Cy 4 C
Ceefficient of x? o the right = Cefficient of y2 on the left,
We obtain —4 + 2B =

2B = 4



=

il
|

il

3

Comparing ceefficients of x, we have

4 = 2+2C
20 = 2
2
c= —-=1
2
plke l,.l = -—j"—‘ 2x+l { Answer)
(xr ) +3)  (2x41) (x*+3)
Let ‘___"f;___l_l._-—j-= A +___fi__+ C _
(3x-l](x+2)“ (3x=1) (x+2) (x+2)“
Then S A2+ B2 e )
('3x—1](x+2) (3x—1)(.r+2)'

¥I -1 =Alx + 2)t + BGRx -Dx + 2)+C3x—1)
When x = -2
2Pl = 0+0+CEBED -1

4-11 = C(6-1)

7 = -IC



4 !
9, o =8
9 9
494 = 98
A = 2

Whenx=0,0~il=4A+—2B—C
44 -2B-C = -1l
4(—2)—2(8)—1 11
8-2B-1 =11

2B = -2

B =1

i

I

x =11 -2 1 1

—_—_— +

(3x-1)(x+2) Geoh) (++2) (x+2)

= (Answer)

2

Ix+8 ‘ A Bx+C
e ———————— =
6. Let (23c+1)()c2 +3] (2x+1) * (xz +3)

Ir+8 ) A(.x2+3) + (Bx+C)('2x+l)

(2,\:+1)(x2+3) (2;c+1)(_vc2 +3)

Ix+ 8= AT+ I+ Bx+ O)Y2x + 1

I

When 2x + 1
2x = -1



4
3 —
PRNERE PRI
2
13 4
A: —><—-:2
2 13

Comparing constant terms, we have

3A+C = 8§
H+C = 8
6+C = 8

C =2

Comparing ceefficients of x2, we obtain

Ax?+2Bx* = 0
A+28B =0
2+2B =0
2B = -2
B = -1

3x+8 2 —x+2

(2x+l)(x2+3) - (2x+1) * (x2+3) (Answer)

14 3x+x°

S )

1+3x4+x°

X+3x+2

X +3x+1
43542



By division,

1
X +3x+2 7+?+1
A+ Bx+ 2
1

X2 +3x+1 -1
=+1+

(x+2)(x+1) (x+2)(x+1)

Let ! = A + B
(x+2)(x+1)  (x+2)  (x+1)
-1 _A{x+1)+B{x+2)
(x+2)(x+]) B (x+2)(x+1)
-1 = A(x + 1D+ B{x +2)
Whenx+1=0

1l

x = —1

-1 = 0+ B(-1+2)
-1 = B(1)

B = -1

Whenx+2=0

x = -2
-1 = A2+ 1)+0
-A = -1
A=1
1+ 3x+x° 1 i

{ANSWer)



5 B Alx—1)(x+2} + Bx(.x+2)+Cx(x—l)
x(x~l)(x+2) - x(x—l)(x+2)
5=Alx— D(x+2)+ Bx(x+2) + Cx(x-1)
Wheny-1= 0
x = |
5= 0+B(1+2)+0
3B = 5
5
B ==
3
Whenx+2 =0
x = =2
5 = 0+0+CED(-2-1)
5 = 6C
c=2
6
Whenx = 0
5= AO-1D0+2)+0+0
24 = 5
PR
2

{ Answer)




2 ‘
Let ___:t__+_2_r__— = A + B + ¢

(x—l)(x+l)2 (xrl) (X+1) (x+l)2

then ¥ +2x :A(JC+1)2 +B(x—l)(x+l)+C(x—l)

(_3(—1)()c+])2 (x—l](x+1)

1

P4 2x=Alx+ 1Y+ Blx- Dix+ D+ Cx-1)

Whenx+1 = 0

x = —1
(1P +2(-1) = 0+0+C=1-1)
2C = -2
20 = -1
c =1
2

Whenx-1 = 0

x =1
(2+2(1) = A+ 1P +0+0
A = 1+2
A= 2
4
Whenx = 0,

0+0 = A(0+1)2+B(0—1)([)+1}+C(0—l)
0 = A-B-C

= z’..—l_.B
4 2
g = L
4
©+2x 3 1 1

{Answer)




P
-3
10. Let = _______2)( 5 =é+__——B + ¢ >
x{x+53)y X x+5 (x+5)

33 ALx+5) + Bx(x+35) + Cx
x(x+5) x(x+5)

2x? -3 = Ax + 5 + Bx(x + 5} + Cx

Whenx =0
2 -3 = AO+57+0+0
254 = -3
-3
A= —
25
When x = =5,
2(-5)-3 = 0+0+C=5)
-5C =50-3
-5C =47
47
C = —
5

Comparing ceefficient of x*, we have

Ax 4 Bxt = 2x°

A+B =2
-3
—+B =2
25
B2+~
=% s
53
B = —
25
2x° -3 -3 53 47

1S 25% | 25(x+5) Answe
x(x+5)¢  25x 75(x+5) 5(x+5) (Answer)



Let | A . B N C
el = 2 =— T
1. (x+3) x x (x-3)

1 _ Ax(x-3) + B(x-3) + Cx’
X(x=-3) xg(x—S)

1= Ax(x -3+ B(x - 3)+ Cx*

Whenx = 0
1 = 0+BO0O-3)+0
38 = |
B = —l
3

i

Whenx—-3 = 0

x =13
1 = 04+0+9C
c =1

g

Comparing ccefficients of &%, we have

A+C =0
A+l = 0
9
4= L

9

1 1 1 1
— -+

PE-3) 9% 32 9x-3)

{Answer)

16 16 A B

12 et o T il a3 )

16 _Ax=-3)+ B(_f+3)
(x+3)(x-3) (x+3)(x-3)

TA— Afv — 3 4 Riv + 2



13.

Let

Whenx—-3 = 0
=3

16 = 0+68

, 6.8

6 3

Whenx+3 =0

x = -3
16 = A(3-3)+0
64 = 16
16 B
A= ——=—7
6 3
_____.}6 =__._.—F8 ¥ 8 (Answer)
©—-9 3(x+3) 3(x—3)
3x A B C
__7‘___-—-—-—2—-—-+ +
(x* —1)(x+2) x+1 x—1 x+2
3x _ Alx=D(x+2) + Bx+1)(x+2) + Clx+1)(x-1)

(x* —D(x+2) - (2~ 1x+2)

Ix=Alx— Dx+2)+ B(x+ Nx+2)+ Clx+ Dix-1)

Whenx = |
3 = 0+BQ3)+0

68 = 3

1

B = —-

2



Whenx = -2
6 = 0+0+C=1)-3)
3C = -6
C = -2
Whenx = -1
3 = AE2X1)+0+0
A = =3
3
A=
2
3x 3 1 -2

(Answer)

E_Dx+2) 2+ - @42

Ji: S5x Ax+B €

T'i:=14' Let = == o

i @ +Dx+2) (& +1 - (x+2)

:

| 5x . (Ax+B)(x+2)+C(x2+l)
b (x* +1)(x+2) (x* +1)(x+2)

Sx=(Ax+ B)(x +2) + Clx*+1)

Whenx = -2
10 = 0+C@E+1)
5¢ = -10
-10
C = —=-2
5
Whenx = 0

0 = B(Q2)+C(1)
0 = 2B-2
2B = 2

B =1




5x=(Ax+1)(x+2)+—2x2—2
5x=Ax3+x+2Ax—2x2—2

Equating ceefficients of x*
0=Ax? -2
A-2=0
A=2

5x 2x+1 2

(x +D(x+2) T4l x+2

3x _ A N Bx+C
2x-bHx* -3 (@x-D (x* —3)

15. Let

3x A -3+ (Bx+C)2x-1)

(2x—1)(x* =3) B (2x - (x> = 3)

Ix= AW -3 +(Bx+ O2x-1)

When2x -1 = 0
2% = |

i

x= —

2

{ Answer)



Comparing ceefficients of x*, we have

AX® +2Bx = U
A+28B =0
:E+ZB =0
11

w= 2
11
B = _g.
i1
When = 0
0 = A(0—3)+(0+C)(0—1)
34+-C =0
6
al-=] _
( 11) =C
1
c=2
11

3x 6, (—,f”l- X+ %)
Q2x—1x"=3) 11Qx-1) x -3

3x -6 3x+18 _
- - = 4 > {Answer)
(2x-D(x" —3) 11(2x-1) 11(x” - 3)

x-35 A B C

16. Let ___—————————,,—=___———+______+ .
(3x—D(x-2) Bx-1) (x—2) (x=2)

x-5 =A(x—2)2 +B(x—2)(3x—1)+C(3x-l)
(3x - D(x—2)’ Gx—N(x-2)

x-5=A(x-2y+Bx- D(3x — 1) + C(3x - 3]



Whenx—2 =0
x = 2

7.5 =0+0+C6-1)
5C = -3
oD
3
When3x-1 =0
3x = 1
1
¥T 3

3 3
A2l
9
3
| A:ﬁx—g'_=:_42
) 25 2

Equating ccefficients of 12, we get

i 0

= Ax’+3Bx?

A+38 =0
1B = A
4
3p = 2
25

42 1 14

B:——X-—:———

25 3 5

x-5 42 14

=t +
Gx-Dx-2) 25(3x—1) 25(x-2)

-3

5(x—2Y

(Answer)



INDICES, LOGARITHMIC

AND EXPONENTIAL EQUATIONS

Suggested Solutions

(1~\/§)4 = 1+4(-~./§) + 6(~\/§)2 + 4(-\/5)3 + (-\/5)4
[-4v3 + 18 - 1243 + 9
= 28-163
~4(1-v3)’ =—4(1~2\/§+3)=-16+3ﬁ
So that (1- V3] - 4(1-43) - 8(1-3) - 4
=28-16V3 - 16 + 83 -8 + 83 - 4

=0 (Answer)

Let (1-13) = x
The expression becomes
Xt —4x?_8x—4 = ¢

sincex=]-3 =@

x—1+43 =
Hence (x- 1+ ﬁ) is a linear factor of the given expression. (Answer)
(a) at = e2.\'+ I
Ing” = |nex+
xlna = 2x+DIne
xlna = 2x+ 1) x 1
Xlna = 2x+ 1

xlna — 2x ]



x(lna—2)

1

)] 2l (2x)
21n (2x)
In (2x)
(2xy
4x*

x2

4+
(2)x
2

2x

2x — 6x

2(4‘) + 47

{Answer)

(lna—Z)

l1+Ina
Ine+Ina
In (ea)

cda

{ Answer)

(Answer}

3

Substituting 4* by y-

1



2v2 + 1} 3y
23y -3y+1= 0
(2y-Diy-1H= 0

i

l

y-1=0 or y-1=0

2y = 1

yo L
2

or

Let x*=y

ba | —

Lo
x2 4 =21x* - —
7

X X2

' 1
¥+ i :2(_}!- _)
y ¥

yV+l=207-1)
Yal=27-2
y'=3

y= 3

y=1
4= 1
4o = 4
x=20

(Answer)




= -
= rat—=
i il

Tad

S G

e
11
S

b | —

4x

16x

16x

4957 ~ 58x + 9
(49x — Nx - 1
49x -9

49x

X

{Answer)

10
10

I
famn)

0 ot y -2

H.
ea | L
il
]

= =3 v ] da va | da
w ) ~|—h"‘

r
Lh
=

(Answer)

3-Tx

(3 -y

g -—42x+ 49x*
0

§]

49 (Answer)




32x - 42—.:
lg 3’1\' - lg 42—.r
2xlg3 = (2-x)g4
2Zxx 04771 = (2-x) x 0.6021
09542x = 12042 - 0.6021x
0.9542x + 0.6021x = 1.2042
1.5563x = 1.2042
x = 0774 (38.E)
e? " = 2
e’ _2_
ez"._ = e-r
Ix '32
e' = 2
1,
1 = —g
¢ 2
|
= In|—¢e’
* (2 )
] 2
x = In—+lne
1
X = In—+2mhe
2
I
x = ln—+2x1
2
1
" x = In=+2
2
e? = \/e?

(Answer)

{Answen)



11.

12.

13.

(3+ﬁ)4 =3+ 4(33)(\5) + 6(3)'2 (ﬁ)z + 4(’%)(«[5)3 + (ﬁy‘
=81+108J§+108+24J§+4

- 193+ 13242

tn {24¢) - %m (9 ~In @

=1n2+ln\/_(;-%(1n8—1ne)—(lnc—]n3)

{Answer)

=M+lzlne—-ln/2+%—l+in3

=:2—+l+ln3=:l+ln3
3 2 6 {Answer)

yioy-2 =

0
y-dy+Dh = 0
: 2

y =

x=2"=% x=-1 (Answer)



@
1

b

(DI
-
i

e — —27 =1
e
letu=e'
i —% =1
I
Ww-2 =u
w-u—-2=
(—Du+ ) =
u=2or-1
et = 2 or er = —1 (not defined)
r =In2 {Answer)
x+y = |1
< = 1-y puttingthis value of x in the 2™ equation.
2 o= 3
oy o=
(1-Yn2 = yln 3
(1-y*% LK ¥
In 3
In2-yin2 = yin 3
yin3+yn2 = in2
y(1n3+1n2) = In2
In2
y o= (In3+1n 2)
Since x = 1=V
In 2
* 7 - (In 3+1In 2)

m3+n2-In2
In3+m?2

In3
= n- (Answer)

In 6
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QUADRATIC EQUATIONS AND EXPRESSI

Suggested Solutions

¥y 4\
Line of symmetry
Ao\ © (/3.9) .
(09 _3)
®) =3 |
v
{(0, J10)
Gt (0
— 0 7

Line of symmetry 3, -1)

0.400)
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3

Ix+3=0 = x=-3 = x=75

Minimum point has coordinates
3
(-__- ’ _8)
2

Let f (x) = 9x? - 36x + 52
9x? - 36x + 32 = 9{):2 -4x + 5—92-}

2 ¥

9J|x _4x +(2) +;-(2)*}
{(x 2y 4}
9{“ ) + 2936}

- e ]
o(x—2)*+ 16

= (3x—-6)*+16
a=3, b=6, c=16.

N

il

|

Il

The minimum value of f{x) is 16.
Range of f {x) = 16. (Answer)

2x2—4x -5

2{,{3 - 2x - %}
2{»:3 —2x+1 —%- 1}
{4

20— 1)* -7,
A=2 B=-land C=-7

Ii

i

1



Range of 2x? - 4x _ 5 js > -7. {Answer)

Y = x(l-x)
= x-x?
= x4y

= —{xg-_x} yf(
2

= Lyl 11

{x x+4 4} - L~ 2____+
|

_ (1)1 !
2 4 |
[
Ny :
= =lx-=! 4+ 2 |
) .
!
f
[
|
]

Whenx =2, y= 201 - 2y« o, 2)=-6
Whenx=2, y=2(1 2y~

Max. value =

PN

Min. vajue = _g {(Answer)

Let f (x)

25020 + 11

25{»:2 -—zg.r + il}
25 23

)

I

s

-

()

I
WX IR

¥

+

[T Y
R
Sz

I
e
-
_—

1
3
Lh
S

)

U?.I[\.)
S—
+
5=
|
AN
\———w___,;



Il
)
Lh
_—
-
|
th | w2
—
+
-3

5x =20 +7
p=5g=-2 and r=7. {Answer)

25x2 — 20x + 11 > 23
2552 = 20x + 11 — 23>0
255t —20x - 12> 0
(5x — 6)(5x + 2} >0

6 2
X»>— OF X<—— { Answer)

5

3x?—-Tx+1

1]

%)
——,
=

[ 39
1
ea |~
P

+

| —
——

. 37
minimum value = ——
12

7
when x = — { Answer)

6



9. Letf{x) = 2x*—7x+3
= 23 ——x+£}
2
, 7 7)2 5 (? :
= 2x"  ——x+|—| +=—-|—
{ 2 (4 2 \4
= 2 (x_,z) +_5__19_
4 2 1
( ?]2 40 - 49
= 2<lx-—=1 +
{ 4 16
2
= 2 (x__z] __g;
4 16
2
_ z(x_i) 2
¢ 4 8
a=2, b= I and ¢ = —2-
4 8
27X - Tx+3
= (2x - 5)(x -1)

5
critical values of x are 1 and E for f (x) to be greater than 0,

5
x> —2- or x<l. {Answer)

10.  Form a quadratic equation in y, we have
Y4 i6xy+ 14y +d+16x+13=0
32+ y(16x + 14) + (4x* + 16x + 13) = 0
for real roots, b — dac > 0
(16x + 14)2 — 4(1)(4% + 16x + 13 ) >0
256: + 448+ 196 — 1622 — 64x = 52> 0
240x2 + 384x + 144 >0
522 +8x+3>0



(5x +3Nx+ >0

x<—1 or x> ﬂ:—;- (Answer)
By qubstituting X < -1 or x> .._3. ,values of y follow. {Answer)
5
1. X-dxT 9
el —dx+A+9- 4
= (x— 2P+
which is always positive {Answer)

x3+2x2+x+14>(x+ Dt +3)
x-‘+2x2+x+14:-x3+x3+5x+5
x?a4x+9>0

Already proved for any value of x.
+ has any real value (Answern)

12. 22— 3x+7

i 1
2 -
—— —T
1 \
B S )
‘H_-_./‘.J “‘"—-‘/
+ +

—

=5 _|%
]

el

E

%

3

(Answcr'

Ia

. . 47
. Min. value of f(x) = —-é- when x =



13.  If (2x+1)is afactorof T (x)

1
then when 2x+ 1 =0, 1e. x= -

fix)=0

(4o o ) oo

'2(—l)+5—8+6=0
8) 4
L !
4 4
a_?
4 4
a=9 {Answer)
(a) By division
X+4x+6
2+ 1|28+ 97+ 16x+ 6 -
2 + x*
B+ 16x+6 -
8x* + 4x
12x+6 -
12x+ 6
the quadratic factor is X*+4x+6 {Answer)
b (b) X 4+4x+06
=x’+4dx+4+6-4
=(x+2)+2

which is always positive {Answer)




14, (2a—1).r3+(3a+1)x+a+1=(}
Evaluate b* — 4ac, the discriminant, we obtain
(3a +17 - 42a - Dia+ 1)
= 9a% +6a+1 402 +a-1
= g+ 6a+ ] — 82 —da+4
= a’+2a+5

= a3+2a+l+5-l

(a+ 1)y +4

which is positive

the given equation has 2 real and distinct roots.

15. 2-x+1=2x+a
. x2-3x—_2x+l—a=0
. x3—5x+1—a=0

for 2 real and distinct roots,

b —dac > 0
g 25 - 41 —a)y> O
I | 25_4+4a> 0
M+4a> 0
4g » — 21
21
4> ——
4
a > —5l
4
a=->

{Answer)

(Answer)



16, f@O=Gk+D2+&k+2x—(k-1)

b —4dac >0
k+2P+4k+ 1)0k-1)>0
EF+dk+4+4-1>0
B+dk+4+4k2-4>0
5 +4k >0

kSk+4) >0

k>0 or k< 41

{Answer)



ARITHMETIC AND GEOMETRIC PROGRESSIONS'

Suggested Solutions

S,, = 1220
Sy~ Sy =3 620
Let a = the first term,
d = the common difference,

n = the number of terms.

{a) Then S,, — 55, = 3620
%{2.«,; s (n = 1)d} -1220 =3 620

529{2.9 +39d}=3 620 + | 220
2024 + 39d) = 4 840
20 + 39d = 242 —-mmmrrmmarme e @
s = ~{2a+(n - 1)d}
2

20

= 229{201 +19d}y = 1220

10(2a + 19d) = 1 220
Vg + 19d = 122 —o-ermmmsmmmmmm e
Y 4 39d = 242 ——v-me o mmmm T

Substracting @ from @

20d = 120
412
20

=6



Replacing d = 6 in @

rS DL £ . S

2a+ 19x 6=122
2a+114=122
2a = 122114
2a = 8§

=4

{a =

b | o

© S, = §{2a+(n-l)a’}

18
- 7<{2><4+17x6}

= 9(8 + 102)
= 9% 110
= 990
(a) a=3,
2% term= a+20d = 8
3+20d = 8
20d = 5
R
20 4
® S,= ={2a+(n-1)d}>20

23n+n’ > 160

{Answer)

(Answer)

(Answer)

(Answer}



e+ 23n-160>0

b+ Vbt —4dac _=b - Jb? - dac

= ————— Orn=
2a 2a

2

<23+ J529 - 4(1)(-160) e J529 1 640
2

1

2

-23 + 342 -23-342
2 2

11

2 -572
=——or
2

2
Let f (1) = n? + 23n - 160

When n = 286 56
f(n) = 0.16 0.16

n is therefore greater than 5.6 ie.n=6

a=10
common ratio = r
r>0
7
atr’ -1
el =)

& term = ar’

9 term = ar®

a(r? ~ 1) _ , .
(r - 1) = 3(ar + ar )

23 + /529 + 640 orn = 23 — 529 + 640
2

(Answer)



Pl -1 -1
r 1437 (- 1)
P30t -1 = 1
(1 -3r2+3) = |1
4 - 3rh)

Il

1 (proved) (Answer)

4, 723,7.28.7.33,7.38,...,9.68

(a) d=728-723=005 { Answer)

(b) [ =968
a+(n-Dd = 9.68

723 +{(n—-1)x 005 = 968
(n-1) ><L =968 -723
20
!
—(n—1) =245
2001 )
n—l =245%x20
n—1 =49
n =49 +1
n =50 (Answer)

(c) Sy = %(a +1)

= %(7.23 +9.68)

50 x 16.91
2

= 25x 1691
= 42275 (Answer)



(a) NMtterm =a+ 10d= vy

x+10d =y
10d= y—x
y—x
d= g
10 (Answer)
(b) a, = the 4% term = @+ 3d
= X+ 3(}! — x)
10
3 10x + 3(y - x)
B 10
_ 10x+3y - 3x
10
7x + 3¥
= - {Shown)
10
{a) the arithmetic mean of ¢ and ¢ = b
a+c
b= {Answer)
2
(b) the geometric mean between p and r = g
4= \/; {Answer)

(a) s = ai-7)

l-r
g _ 4
Tl
Co_aft-r) . a
_:_ 1-r T(l—r]
_ a(l—r")x“_.,)
= . -



ro=n (S« - Sn] (Answer)

{replace n by 2n)

S r=S5-8,
S, =S-S5, 1"

=S (1- r2m (Answer)

5
S,= S (2a+(n -1} =48

5
E(Za +4d) =48

10g +20d = 96
PPURETY ST @

6
S, = E{Qa +5dy =645

6a + 15d=645

10 + 25d = 1075 oremmrmrmmsrmmsrrmenmem s an e @ x5
[0t + 20 = 96 =wrrerrmmmemrmsmnsemmms s @ x2
5d=115
15
g= 12 223

5




2a+5d=215
2a+115=2135

90" term = a +89d = 5+ (89 x2.3)
= 54+°2047=2097

=15x = —5—
27
5 1
rt= X
27 15
i
F=
81
1
Fr= -
3
a(l —r")
Szu = '_'1_:—
15(1 - )
oL
3
P
15[1_(1) )
_ 3
) 2
3

{Answer)

(Answer)



S = = —_—
* 1 -r 1 ___l
3
It
C 2
3
= 15 x—
= f— =225 {Answer)
2
all-+"
§ = ( ) > 22

l n
nlg (-3;) <1g 002

—nlg 3 <1g 0.02
_n(0A4771) < -1.699
n(0.4771) > 1.699




190,

1.699
>

04771
n > 3.561
least n=4

S, = 329{'201 £ 69d} = 63875

35{2a + 69d} = 6 387.5

6 387.5
35

Za +69d=

2+ 69d = 1825 ——omomrmmmmemmm e

1t term = a 1 term of G. P.
2 term of G. P.

3 rerm of G. P.

Jlterm=a + 2d

Il

Thterm =a + 0d

a+ 2d _a+6d

a a+ 2d

{a + 2dY = a(a + 6d)

@® + dad + 4d*= a* + 6ad
Aad + 4d* = 6ad
4d? = 2ad
2a=4d

2+ 69d = 1825 «rmvrmmmmrmmemm e

4d + 69d = 1825 (Replacing a by 2d)

73d = 1823
g 1825 o
73

(a) a=2d=2x%x25=3

(b) Common difference of the AP.=d = 2.5,

{Answer)

{Answer)

{ Answer)



11,

(©) Replacing a by 2d, we obtain

a=2d
a+2d=4d
a+ 6d=28d
r—ﬂ—%=2
2d  4d

1 o
r = — , which is less than 1.
e

this G.P has a sum to infinity.




T et (65 _ 1)
S, == 1
1-r 1- _1'_
ex
— e-:
Tet -1
e® -1
By division,  Of
=1+
5 eSn
G 5= e (

(Answer)

(Answer)

(Answer}

{Answer)



NE)
1
Xx=1-__
V3
x=1- —? (Answer}

l=(2+\5)(1-r)

1=2-2r+\5—ﬁr
2P +\2r=2-14+2
r(2+\/5)=1+\/5

r:1+\/§x2—\/§
2+V2 2.2

_2-V2+2¥2-2 2

- 2 2

1
or -—2— {(Answer)



SENRE Rl o

3 }—r
5. = —
L—-r
a(l-—r3) .-l( d )
—r  4\-r
1
al -7 )=—a
(-r)=5
1-r' = 1
4
RS
4
r= -
4
r = 0909 { Answer)
100 term = ar’
= 2 x (0.9097
= (.85 (Answer)

N
it

92.{2.9 ¥ (n - 1yd} =5 000

n{2a +n- 15}y =10 000
San + 3p* -3 = 10 000
2gn = 10000 + 5p — Sn?

10 000 5n S’
+ e - ——

a =
2n 2n  2n
5000 S 5
= 4+ — =0
n 2 2 {Answer)



" term

a+(n-1d
5000+§—En+(n—1)5
n 2 2
5000+§—§n+5n—5
n 2 2
5000 5n 5
+___
n 2 2

(Answer)



THE BINOMIAL THEOREM —

suggested Solutions

Aa) General term ="C_a"" ¥
— —iCr (1 Ry
- _IC,- (1)—[—1’ (x?.r)
Since we have to find the ceefficient of x*,
2r =8 '
r =4
the required term = ~'C, (1)1 (x?)*

:—l. —2._3.—4 X(])_S ]

X X
1.2.3.4
=1 xxFf
= x*
/
ceefficient of ¥* =1 ~ (Answer)
3 10
(h) General term ="C @ I Expansion of (x + _) .
X
o (3Y
— mC x i0-r (_]
NORME
10-r=r¢.
2r =10
r=>5
- w0os [ 3Y
the term indegxedent of x = °C; (x) (*)
X
=252 x° x 3‘53
X

=61 236 | (Answer)



8 (Answer)

®  (L02): = (1+002)2

1
So that the expansion of (1 02)z =1+ %x - Exz

where x = 0.02

value of (1.02)51: =1+ %(0.02) - ;;-(0.02)2

=1+001 - %x0.0004

=1.01 - 0.000 05
~1.01 (to2d.p.) (Answer)

_ 1 § (1+2x)—,/(1+x)
\/(1 +2x) + \/(1 +x) (1+2x) - \/(1 + x)

B J(l+2:) -J(l-a— x}
{J(I +2x)}2 - {J{x +x)}2

_ 1a'(] + Zx) - ,/(1 + x)

1+2x~1~x




_ \/(1 + 2x)~J(1+ x)

X

= LT+ 25 - [T+ ) | provided x 2 0. (Shown)
X

(2] = (14 200 = 2C, (1)t (2)' + ', (1) (25) + 2C, (1) (2x)

5

G (1)-:2 (23‘)3

b3 | -

+

lyw_ 1
=(lxlxl)+[lxl><2.7c]+(—2-x—2><Ix4.1\:2
2 2x1

L _ 1y _ 3
L2 T2%T0 g v gyd
Ix2x1

3
X

=1 +.Jr-l,\c2 +——...
2 2

We expand up to x*, " we have to divide by x in the end.

I i I ! 3

IR = (1 9 = 36,05 () + 5603+ T3




1{1 3, 7
= —|x-Sx +—x
x\2 8 16
= %— %x T?gx' {Answer)
L 3001+ Lx (001
2 8 16
13, 7
T2 800 160000
_ 80000 — 600 + 7
- 160000
= 1?69(;:)%?(') {Proved}
3 oo o 2o S . AP
(1 + x)§ = *Co(l]'s(x) + 3C,(]) 3(x) + "Cj(l) 3(x) + 3Cj(l) J(x)'
l 1 x_l
=(1><1><1)+(—><l><x)+(3 3>-<l>-<)€2)+
3 x 1
(%lx_ix;% x | x x"')
b4 o

2

=1+ %x - % + %xl (Answer)
1
(3—x)§

for x*



PR JOL G I -
:T(z)r 21 9 2 9
_lx_4 s,
37 33} 3lx
(5 3()
(1 4 1} 2
=|—% — % — b9 X X
303 2 3
=2><-15x2
9 33
=___._%———i-x2
3 x 32
2
=1Tx1
33
- _1.1-
Ceefficient of £=2x3"7 {Answer)
validity = (¥) < 3 (Answer)
S 1 - I -1 3
6. (2+x) 1= 1C0(2)2(x°)+ 2C(2) 2(x1)+ 2C2(2)2(x2)
| 1 1 A
LG (2) 2 (x)+ PC2) (x')
_lx-2
= lx—ll—xl + -lx-%xx + -—z—x-ix-]‘?xx2
- 2 2 1x2 Z
21 23 22
OO O U TN o £ bl 38
1x2%3 : 1x2x3%x4
22
11 3 1. |5 .1l 0® 1 .
:—T——S—x+ -gx—?x --igt-—:l.r m*———.‘,
2 22 27 22 22




70

=1+£—l:!c2

2 8

1 1

( 1)2 (36+1)1
=1+ =

36 36
A

6

=1+(.1_.x_1_)__
2 36

1

8

1
36

x(_'

:

Replacing x by §1€ in the expansion, we have

(Answer)

(Answer)

(Answer)



10368 + 144 - |
1728

10511

—_——_—

T 1728
143

=01 728
= 6083 {Answer)

8. (a) ()C+1)?=7CUJCTX1“+7C1x6>(11+7C2x5X12 +7C, “x1P+C, Ox 1+
1C 2 x P Tcxxw ?cxﬂxl?

Ex D+ 3Sxxx)F

=(1 xx x1)+(7xx"><l)+(21x
(1x1x1)

(35 x x* % )+ (2157 x DN+ (Txx D+

! =x +';’x“’+2‘Uc5_-|-?>5x1 + 35 + 217 &I 51  (Answer)
® o1 -T2 354t 4 350 — 21 + Tx— 1 (Answer)
(©) (x+1)7—(xr17=14x°+70x"'+42.r2+2
" Replace x by J3.

Then

(ﬁ + 1)7 — (ﬁ - 1)T = 14(\/5)6 + TO(J?;T + 42(ﬁ)2 +2
2378+ 630+ 12642

=1 136 {Answcr)

i 3 ¢ 1y (3x) + c VE (’>x)2 + %CS(I)_%(Sx]3+

9.  (1+3x) = Cq () (3x) +
i (1) (3x)
(1x1x1) (lxlex) (%x_%xlx9x2}+
1x2

_2 2 5 &
_f_-—l—z(—-—j—xlxﬂx +____.—-—>-(—-—3—i(—-—*x1x81x
ix2x3 1x2x3xd




=]+x+(~—l— x 9x? +(i x 2?x3)+(——l£)— x 8]x4)
9 81 243

5
=1l+x—x? +€x3-19x4 {Answer)

0. {14307 2 20002 B +2C, (17 B + 3¢, (1) (32 + 2C, (1) (322

=(Ix1x l)+(—2 x1 x 3x2)+(_]2 x;;x 1x9x4)+

X

-2X-3x-4
I'x2x3

x1x 27x°

=162+ 27x% — 108y {Answer)

X
1y 1 2
=(lexl)+(1x]xl)+2x 2x]x(l)
x Ix?2 X
1 1
=1+ — _ — {Answer)
2x  8x
3
%C(l)_5 l) =———______%xhilf_x_a;’x]x—l-
: X I1x2x3 X
1y
= |- {Answer)
16\ x



14,

—2
2 x1

1x

-1
=(1x1x1)+(-%x1x—3x)+(

x 9x° | +

_%x-%x"%xlx—ﬂxg
I1x2x3
=1+ —x 27 gxg {Answer)
16
|4 < ! (Answer)
3
1 1 1 o 3 : s )
e ={1-3x)2 = 2C,(1)2(-3x) + 2C,(1)2(-3x} + 2C,(1)z(~3x)
1 1 p
+ 2C, (1) 2 (-3x)
=(Ilx1x1)+ —lxlx—3x + . _%x1x9x2 +
( )
2 I x

(1=x)7* =2C Y + 2C (7 x) + 2C)7° =) + 2 C (1) 5=y

-3 x-4

1 x 2

=(I1 x1 xDD+(-3x1x —x)+(

(-3x—4x—5

=1+ 3x+6x%+ 10x°

(1-x7=1+3x+62+ 103
(1+x7%=1-3x+6x2— 1053
-2 +Q+x7 =2+ 127 =2(1 + 6x%

xlxx2)+

xlx—x:’]
1x2x3

{Answer)



Loy 1 3
7 X =93 X —5 X

5
2

Ix2x3x4

1 L 3 5 7
PPN Lkl PR Pl IR P FERR o
2 2

1 K
=75_i1_ x* 3 x 3 5x°
I 3 5 7
7 2(72] 2(72] 8(?2)
1 g4 _ X x* x 5xt
=TV T TR T 3 o
. 727} 2(7) 8
1
-7
72 (87°)

T
x7 2xlxl6x?

(Answer)

{Answer)



16. (1 -4x) 2=2C,(1)7 (—4x)° +2C, (1) (=4%)" + 2C, (1)* (-4 + 7C, (1) (-4

=(1x1x1)+ (—2xlx—4x)+(_2X_3x1x16x2)+
1x2
2xA3x4 x 1 x —64x°
Ix 2x3

= | + 8x + 48x% + 256x° {Answer)



INEQUALITIES

Suggested Solutions

We have to draw four lines and four regions:

(a) x+2y = 8
2y = 3x+8
= _3r+4
y SEt4
®  3x+2y = 16
2y = 3x+16
-3
= —x+8.
YT
©  rvs s
-y =2 —x-5
¥y = x+5
JU}
------ 31
) @y
©y=x+5]
1 S :
” 16
.’ |5
10 ' N
2 \{a)}=-~x+4 x
5




{Answer)

Ifx-1=0 or ifx+2=0
ie.if x = 1 or -2, the inequality will be impossible to solve,
3 5
x—1 x+2
3x+2) > Sx-1)
> 5x-35
3x-5x > -5-6
>
<

-11
11

o x < 5-— {Answer)

Critical values of x are:

0, 2 or =3
when
e e e e
X = -3 0
fixy= - 0o + 0 - 0 <+

Since f (x) > 0,
B<x<0 or x»2. {Answer)



5 7

xX— <=

x 3

x———ch
X 3

%{3.1;2— 15—7x} <0
e

Critical values of x are

1y
3x
impossible
3 -Tx-15=0
xg-%x—5=0 whena=1,ph= —%,c=—5

;+\/@]-(4x]x—5) -;—J@?)—(élx]x—fi)

X = ar
2
7,229 7229
p=2 X9 3 Vo
2 2
7 4504 7 504
x=—3————- or
2 2

=3.69 or-1.35 (2 d.p.)

or use formula again when g = 3,5 = -7 and ¢ = -15.

T T T R
X= ~1.35 3.69

fx)= + 0 - 0 +
-135<x<3.69

2

(Answer)



Substituting @ in R4y =29 @
(124 2y +y? =29
144 + 48y + 4y2 + y2 = 29
57°+48y + 115 = ¢
(57 +23)(y +5) =0

2
=—— or -5
’ 5

Replacing these two values of yvin @

.1?':]24-2(—-23)‘—‘]2-59-:60_46:5
5 3 5 5

or

x=124+2(-5)=12-10=2

when x = 2 25‘E
5
23
and = -5 -==
Y 5

X-2y=2+10=12
X +y?=4425=29
x>2

y>-5

or x<-li

5

23
y< s (Answer)




X

a) <0
( x+3
T 8<0
x+3
—8i(x+ 3)|<0
(- 8)(x + 3)]
x—-8x—-24 <0
—Tx <24
24
x> (—] { Answer)
7
by x{x+3)<8
> +3x-8<0
CV.ofx=
S3+.,/9-{4x1]x ~8§ -3- - -
. \/ (x x ) or 3 9(4x]>< 8)
2 2
.= —3+ﬂ'9+32 or 39+ 32
2 2
-3+64 -3-64
A= ar =
2 2
34 9.4
x=— or --
2 2

x=17 or —4.7

Paanl T T T
When x = -4.7 1.7

fxy= + 0 - 0 +
-47<x<1]7 (Answer)



©  |x<7jx+3
Squaring both sides, we have
¥ < 49(x + 3
49(x + 3 - x*>0
49(x + 6x + 9) —~ x*> 0
49x% + 294x + 441 — x*> 0
48x2 + 294x + 441> 0
(6x+ 21)(8x +21)>0

2, 2

or

CVv.of x

When x = 5
f(x)= + 0 - 0 +

21 or xc—z {Answcr)

(a) T2
x+2 <5x-10
—4x < ~12

4x > 12
x >3 (Answer)

b | x| +2 5
o<
\xl -2

|x1+2<5|x‘ -10

—4 |xl <12



4|x| >12

'x|>3
x>3 or x<-3 (Answer)
X+ 2
5
(c) b
2
(x+2) <35
x-—2
(x + 2)* < 25(x -2)?
X Hdx+4<25(x —4x + 4)
x* + 4x + 4 < 25x2 - 100x + 100
25x7 — x? = 100x —4x+ 100 - 4> 0
24x7 — 104x + 96> 0
6x?—26x+24>0
A —13x+ 120
Bx-dHx-3)>0
CVof x = —or3
4
When x = 3 3
fixy=+ 0 - 0 +
4
x>3 or x<— {Answer)

3



(@)

L3

0 (2,0)

(b)  Hence 3lx| = lx - 2

Checking answer

Squaring both sides, we have:
92 = x2 - 4x + 4
g + 4x —4=0
2 +x—1=0
2x—Dx+ 1= 0
X = lgor —~1 { Answcer)
(Answer)

(©) -1<x<§



A y=3x+1

e
x<1 {Answer)
10. x> 5x? - 6x
P —5x*+6x>0
x(x*=5x+6)>0
x(x — 2)(x-3)>0
CV.of xare 0, 2 and 3.
T T T T T T T T,
When x = 0 2 3
fx)= - 0 + 0 - 0O +
O<x<?2 or x>3. (Answer)
11. 32 =-x>0
x(x2-1)>0

x(x+ Dx-1)>0



YA

8 ]

o
('_11_1)
C.V.of x are -1 0 1
o~ T T T T
When x = -1 0 1
f(x)=—0+0—0+
x>1 or —-1<x<0 {Answer)
2, rZas
5-x
x+2<4(5-x)
: x+2<20-4x
|5- Sx <18
! 18
| x<—5— {Answer)
i
; 13, |x-3]>2-3

Squaring both sides, we have
(x—3)>(2- 3x)?
xX-6x+9 > 4 — 12x + 9%°




~Bx*+6x+5>0
8x2—6x—5<0
(2x + {dx - 5)<0

CV.of x = ! or 3
N.oof x = 5 2
| T T
When x = = 2
2 4
f(JC)z + 0 - 0 +
o X< {Answer)
2 4
YA
y=|3x+2|
{0, 2)

LD 111
(4{3)

b

i X
“l<x< —5 {Answer)




15.

(0,-3)

(-3, -6) Acx<t { Answer)

16. l,{+3~>2\5x-21

(x +3)> 4(25x% - 20x + 4) squaring both sides
2 + 6x + 9> 100x% - 80x + 16
9952 — 86x + 7< 0
(11x - DOx -7 < 0



.. 1
Critical values of x are T or %

O "t | -
+
-
Lyl

11
+ve i —ve
0

1k 9

(Answer)



4x2 + 9 = 144

/\

X

144

(a)

\-‘2
=1
1
9

©-7x +10=0

(x—2)(x-5=0
x=2or5.

Suggested Solutions

UNIT 8
CURVE SKETCHING

YA

—

i
o

(0, 10) IE j

ol m\i/(s, 0) x

x=235
Line of Symmetry




0

Eo

Line of symmetry

3 o= Jx YA e
; *=x
E x*-x=0 y =x
| x(x*-1)=0 (1,1
x=0orl .
y=0orl % &
or (0, 0) and (1, 1.

4, x2=sin* @
' YA

yi=cos* 8

xi+yt= / cos 8
0 >0
sin 6




5.

e
=l
W | o
e’
A=
—
w | =+ _
- \.IS |||./.4
= 1
i _n.\u
= < S’
—_—
=
|
|
R
ﬂ-.y —
il
I
n.\/._]-. o
) ) e
=+ ——
g +
\_I
nwv.r.. _\.III...;,
[} e | nten
oy ——

v A

—

-

1

(b}




@  y=x vA

z x
1Y
= — ]
2
line of syminetry
= (0, 6)
Fobh-x—x :
y=(31 22~ 0 /
cuwrve passes through :
(=3, D). (2. 0) and (0, 6) :
lc3.0 ! i2.0)
vh ¥ T |x_ B 3|
|03
.} _-)l.2 -1 r: “1.
v . R
|{ \.,'31 []} N (} I(\I"S, D) X
{0, -3}




[al y=-x {b)

=

i}

fch

Hnr

{

(0, 2}

{ 2.0}
<

/_/LJ—-x 2

¢

by



'-:'1!'

¥ =sin 24 ¥ =cos 26

P=sint2f . (D o= ooy 28 (&

Cartesian equation js obtained by adding
@ and @, thus

SIF 28+ cost 26 = |



i
-t



T

13

14,

In x is the reflection af ¢ in the ling ¥ = X

Iy other words, the inverse of In x i3 e,

v

w0

posxt - Oyt 4 Tde - 15

flo)=x -9+ 23x- 15

f(0)=-15
Fy=1 9+23-15=0
F2y=8% 36146 1570

£(3)=27-81 +6%-1570

o that, [{¥) = (x- Iy - 3y — ).

{x-

(x-

1} i3 a lactor

3} is another factor



Fa

=3 |

i

H"‘:—-:.

the curve is positive where | <y < 3 or when x = 5.

15, x'+r 2=90
x'=2 x
the 2 graphs 1o sketch are

J.-'—'.T1'

and -2 x

2L

y—2-x




L]

{il}

(b)

(a)

("

Mo,

Mo,

PERMUTATIONS AND COMBINATIONS

81
213
40 320
2% 6
3 360)

Mumbwr of ditferent ways =

Number of codes that will begin and end with

6! T

C = |20
3 &

Mo ol wivs = Y00 = =17
i al ways . 123 120)

No. of armangements of three = °P, = 210

of ways = *C, +C, +'C,

B+ 20+ 1
105

ol ways = %, = 792

No.of ways = 20 = 480 700

Suggested Solutions

[Aswer)

[T

[ATSRCT

LA NS W)

AT

[ A= 0E)

EATISWCT )

p can be correctly pliaced in £ In only one way. After thal p his heen
correctly placed. we have g, and » left to be pul in containers &, X and 5.



L.

11.

No. of ways in which g can be incorrectly placed is 2, i, g m R or 5.
Yince lhere are 4 objects, required number of wiys = 2 x 4= 8. (Answen)

first = 1) possibilitics

second = 9 possihilities

third = B possibilitiey
tatal no. of ways to have 4 first, a second and
dlhicd= =9 = 8§ =720 [A I WeT L

Total no. of ways
={1A+ 4N+ {28+ 30+ 3B + 2L + {38 + L)
= (m(_-l " I.1£'._.'J + {?::CJ % '.-1{_-_-1) + {2!](3 % '-‘['_'2“1 + {Enci w '.3(_1|}
= (14 3000 + (190 % 2860 + (1 140 = 78 + {4 845 » 13)
= 14 30 + 54 3] + BB 920 + 62 985
=220 545, AT

No. of ways W seat 12 persons round o circular table

=012 -1
= 11!
= 39 Q6 KO, [ A=wer)

The 20 guests can be scated in
{20 1) ways

= 197 ways.

The tirst digit hus o he fi.

The last digit has (o be 2 or 4

s G- - - - 2 =41 =24 ways
and  6- - - - 4=4 =24 wuys

total no. of ways = 48, AN}



12,

13,

14,

15.

#l n!

{n—r}!r! {rr—r+2]!{ﬁ'“—;':l-:j'.;

_ (s {n-r+ I]{n—r+_2;|fn.!.{n—r+’2]

r!|[n—r.+2}!-
) ar!{n—r+'2}{"{r.t—rj- I}— I}
r![n—r+2}!

nin—r+2)(n-r)

- r!{n—r+2}! LA W)
, cl
Nooof arrangements =
2121
= 90 70, CAnswrr)
No ol ways = *C = *C, % °C,
= 1 68k EANSwCT

Iin + 1]!
(r- I}]{{n 1) = (o - 1}}'
{2+ 1) .
fn-Ua+1-n+ 1)

{n+ |}3

[::—1}!2!

_ [H t ]]Iin:l

71

fa'} " {-:‘.'I-'. =

I
Ain+ 1) LA s wer)

I



It

{n + 1)

{n-.l-i.—n+l:|!

(m+ 1}

1
(4 1]
2 )

AW



T b PRI B A

UnNIT 10
FUNCTIONS —

Suggested Solutions

. [ig) = &
aixl = 3- 2x
{al fgex) = F{3-20
= {3-2xF { Al

o) g0 = gwd)

= 3-2x [0
(c) flo:let &= = ¥
-
y = * W ¥
fiia==x Wa [ ALswrl

i gl let 3—-2¢y= ¥

d-y
X = 5
| Ii-x
a Xy = i
() 2 CATE T
{il] fiay = o
fix = FfFix)
= f{"
= o [AdsweTh
(b} y £ U
r= Iny

iy = Inx i A



<) fi-1 = g = ?
{{xy = .'ﬂ-!*
—
glx) = X

@ el

Li]
o,
—_—
“——\
o
L—
A
o
£

B (fgrid = L—ln _:} o e

g a1 =1 ye
lel | +et= Y
e =v—!
miy -1y=x

& Hxy= lnix =1}

fixr=1n X
gu:}=x+'l
(a) gy fap=ln X=Y
et= X
P l{gi=¢
(i g(,\:}:x+]=_\'
=y
g 1) = a1

O RGETA
=g '
=(et— 1}

1

n

wx

—In ¥
3

.

—In v
3

[ AnsweT

L AnRsLr)

[ AW

[ Amswert

{ At

[ eyl

{ AHHWm'}



o —Qr=
X Gr- =10
g
AL LIS
P
g s Y8+ 4
{x}_ - 2
(a) tix) = g ()
A+4= 3x
2r=4
r=2
by 'ixy=p ')
r—4= 5.1’
n-J2=x
2x=1]2
=8 (Answoer)
Mex) = 2e% + 3
k |_h.-_?
{'1}_ 2
bk ()= b | x—‘_:*\:z[x—'j
7] 2
=x -3 +3
=x

2
AT
A nswer)
(RS T
led X+4d =y
r=y-4
lixt=x—-4
g e
ket dv=v
1
r= "
g2 'y = Il {Aswer

LA wer)



{ih i rxa=x-1

let r—1=x
A=v+1
t'{ixl=x+1 [ AL

fil) piey= &°

loe =y
r==x -\|'I'_T
E Nyl = = \-'r; [ wer)
i) fg (x) = pfix}

)= gix 1)
£ o1=(x- 0y

Fol=x-2r+1
= 2
=1 CAL T
g ="y
hixl= \-'I..;
IET' |t| =X JCI H'I'I =¥
r=¥ =
glixy=x b = 5t
glh M= h'eg' ()
g% =
x.'-‘ = .1[3
1R [Allmwers
Fixi=Inx

1) {(i2y=In2 [ Answert



il iy =e let Inx =y
X = g FA s W)
i) Pixt=1ffixi= [{lnn
= In{lnx) CARNWLYT)
Tix) =5
gix) =3-2x
(i} g {x)
= {3} 2}
= (3 - 2¢F LA
(b frr==+t et v =y
CA NN S o= i\a'l-"' [AdtstcE]
I_x
() g'{x}=—2-— el 3—-2x=
-2y = yv—3
LA w0T) '
2y = -y
J-w
xr = - [ AIswLE)
2
N Lie
@ = 5[3=%)
{Answer) let 3-22x¥ =¥
3 2y = Ry

K= El[’r +\I'|'.'"_'] AN



t'(x)

f 2 t.-l:}

14. (2]

(b}

=11 'ix)
(x-7)

] - —
: 9

[.1': —ldx + 49 - (ﬂl .

Bl

(¢ —14x—14)
s

i (8)=sind=035

ﬁ|=E ) E~1r
) 6
(1) = cos B = !
{ B _\-'E

!
9

AT W

[ ARSWCT)

VNS wer)



15,

16.

(c) fe (E)
2

v

r [COH EJ
2

{0y =sinl
0

gxl=(x IMx-2)
hivi=(x2 1)
fu) ah(x)
=g -1
{(x* = 1= 1Hx* =1y - 2}
(x* = 23xf -3

by ghix=0

(x? =2t =31 =10
o oxt=20r3

e, r=+482 o +3

Fiv) = 16—x

let 6H-x'=y
=y - 10
P=1la-y

x= L e - ¥)

= = {16 - x)

{h Ry

imix)
Fila - 1%
16016 - x°F

L]

It

16— 256 + 3201 — x'

16— (256 320 + 1)

AW

§ A e

LA W)

[Arnswrrl



e i T =

o rmmde T T

L
P {{x)=
17. {z () p

v

— 240 + 32 —
—{240 - 320" + 4

&
Range of { {3} :
flay=0
i
{b) glx= o
L
let —-= ¥
e
1
©o=
¥

gy = =

o



18,

te.  g' = +\/(;]

[ Ao

fiv) =3x-|
g{x)=2v+3

{a} Feixt = fiZyv+ 5)
= Hlv+ 51—
= Ox+ 15— |
= O+ 14
= Nic+ 7} [Answer)

(b plicy = p3xr-1)
= 2(3c- 1)+ 5

= fx-2+5
= Oy +3
= 32+ 1) AT}
ic) lm{xy = 2pfix)
236 +7y = 2xH2r+ 1)
Jx+7 = 3o+ 1y
Jr+7 = b+
o= 3-7
=Gy = -4
dr =

R LT



T EARERTT . T

TRIGONOMETRY —

UnIT 11

| Suggested Solutions |

Tsin® 6 =

1dsin’ @ =

%(E + Seos B

B+ fcow A

I4(I-msl M) =&+ Scos ¢

14 — 1dcos® =8 + 3cos

1dcos’ #+ Scos -6 =0

cos

_5,f25-a(14)(-6)

24

—54+ 25 + 330
2%

52361
28

o factorise
{‘.-‘ cos 2+ ﬁ]{lcus B - I} =1

b | —

coy (1= -—E ar
7

| A=W



f

tosfl = - cos = —
7
&= 149" pr 2((® #= 60", IN"°
f=60° 149°, 2117 or 300°. {Answer)

2, (e tan 7 — ool 1

sin & 05 11
L.g = 07 _cosl
cos 0 sin
sin® H - cos’ @

sin 7 cos

—(L‘UH? # — sin’ H}

sin & cos !’J'
—2(cusﬁ @ - sin” @)
Tsin B eos

—2ioos 24
sin 24}

- 2ol 24 LA wern

thj tanéd - cotfl =5

~dent 28 = 5
col 26 = ——j
2
tan 2H = —E
5

Wn 28 =04
24 [58.2%, 3au 2 318,27, 605 -
# =791 |69.]°, 2592, 349.]°, (A Nawrr)

il

Let
Ssin & — 12¢05 & = Bsin (6 - e

Ssinf - 2cos @ = .‘-.'{sin & cos o - sin « cos F,i'}

Jun# - 12cos @ =Reos e sin f ~ Rsin ar cos )




Eguiting cefficients, we have

ROeO8 =5 oo (1

and Bsineg=12 -

Dividing @ by @, we get

12
tin rx = —
it =674°

Bsinea=12
Eanlli=|2

g =13
Svin @ 12c0s f1= 13sin (60— 674%) ———— D fANSWer)
S & — 1Z2eos 8= 5
Using @ above, we have: “
135in (B - 674 = § _ 3
dn(fl AT4M = 2 -
s1n .4 = 3
Kin (H- 674 =0.38 1 . i
f—674° =220
B=807" or WI.3° (180° - 8O.7%) A
{a} Cos renty = sy ¥ c.m'x
sin x
_ cunt x
ity
s
= l—?lll . AW
5N X
(b} Jeos xcotx=3
,’[I —nin® x|
2 . =1
snx

2 - 2xin‘x=3%inx



25y 4+ Isiny -2 =0
{dsiny— IMsinx+ 2y =0
! .
sin x = 5 or -2 refecied

x=30F, |50, [AT%UR]

(2) 2eos & - 3sin & = Reos (¢ + et}
2eos 1 = 3sin 6 = Ricos # cos @ - sin AT

2eos B — 3sin 1 = Boos e et — Rsin o sin

equating ceefficieny, we obtain

Hsiner =3 - . e oo e cem— el . {D
Hoos =2 . —— e e —— e R @
divide (1) by @ . we have
fan =15

o = 563" RV 03 -3

2eos # - 3sin & = V13 coy (H + 5ﬁ.3“:]

{s)] 2eos - 3sin fi=3
Reos B+ =3
VI3 eos (6 + 5637 =3

3
i {f) + 56.3°) = ﬁ
ns

Ciry (ﬁ +56.3) =

cos {8 + 363" )=08

1+ 56.3%=369° ur 123.1°
3647 15 impossible ang hence, is rejected
f+563% =323 1°.

i1 = 266 8°
AN Wer)

€} y=Z2cos & —3sin ¢

=—25in £- 3cos =0 ffor g stationary point}

&l



Tein £+ Joos #= 0

nein 6 = —3cos A

tun = -3
tun B= ——
2
(%] :-'!I
g=123.7° [nzzj ;-5] Answer)
. cot @+ tun 8

cos d sin i
J— + — ——

sn gl cosf

cost B 4 sin’ £
sin (& cos

|
; = ———X 2
i in 6 oos 0

2
Tsin # ok B

2
T in?

= Jeosec 24 {ADET)

ool # o= Dxin 0
el & 2sin fl = 0

3008 )
—Lﬂﬂ - Zuinfl =1}

sin

¥ 2008 0 - 2sin' B =0

Toos 0 - ’2(1 — oy H] =1
Jeos 8 — 2+ 2eos’ =0

Teostf + Acos -2 =0 { Answer)




ib} Jeor = 2g5in &

is the sime as
2008° 0 + ok =2 =0

{24.:05 a— |}{L'{‘.IH £+ 2) = [}

L
cos & = — or - 2 (rejected)

“
LAy

2=0" or 300",

(i) sin Cx + 30 = 2sin {1+ 607)
sinreos W + 5in 30 cos r = 20500 ¥ cos 60" + 5in &% cos 1
| . \.ﬁ J
—%iny + = Los«

NN I "
— &INX 4+ - JONK s
2

|

W3 I . =
SINK + —CO5Y = 5iNX + +/ 3eos T
»

2 2

NN [ .
— 5Ny - sioy + EL"UH.I - \-'rj COSY =1}

= i
} ]+'L‘UH.X(-; - \ﬁJ =1

- W
sinx| — —
&
T -
3 .
_k,'in.x'[j— - l] = |1 - ]—]cnx.r
2 2}
= 1
3 _
810y _ V- 2
Co5 X \l'ﬁ |
2
tany = éﬁ al
. 77
23 -1 (342
tany = |- ¥ =
Ja -2 Jiaz




4+ 33

= —(4 + 3-4’])

(k) tanx= —{4 + BJE)

tam x = — (4 + 5.19A)

tan x= 9195

=902 or 2762
{C_J 4
{4 +33)
X
B )

;

AB = ulf[:::#;ﬁ}l + 17

=16+ 2443 + 27 + 1

= 44 + 243
=211+ 6+/3)

{a) Asin O+ 4 coy 8= K sin [+ )
R=+3 +4" =5
Axin &+ 4005 & = Jsin (0 + e}

= 5(sin & eos ¢ + [in @ cos &)

[ Answerk

EA W



k..

3sin B+ deas

= 55in B eos o + 350 ¢z ook #
0% e = 3

Ssinvr=4
3 : 4
CO5S = - NI o = —
5 5
o= 53. 1

3o 4+ deos g = sitn (8 + 53 ) {MAswar)

by 38N B+ deos @ = 3
Min{#+53.1°) = 3
Sin{#+ 5319 =ng
f)+53.l°=3ﬁf9” o 143"

refected

1= 14319 _53,)° = S0 [ Mnerr]

{c) Maximum valve of — —I—— —
Inf + deps - 3
will Gucur when
dsin O+ Jeos & - 34
1o, when ¢ = ype
(3 +id =y .3
=3+0-1

=1

O miniigr,

!
Max valme = L 2

r { Answer)

cos 30+ Zsin 38 =
25in 3 = - ¢os 30
2sin 38 _

cun 3G

1
tan 3 = - =

2

3= 153 4%, 33345 513.4°, 693.4% R734° | 05347, ...

=301 11112, I7012.231.0° 291 1° 35 A7t Answer

-



.....

1. i)

(bl

12 ()

sin {0t —x = Yeos (307 - x)
cip 307 cos g - SiNX TS 30°

[
l NERS J3 .
SR Y — ¥ nx = 3| ——onsx + oEllA
2 2 2 2
g
-3 33 3.
— 0N Y- LIy = -—-E{_‘I‘.i.‘{+—-ﬁll'i.1?
2 A 2 2

csx - o dsiny = 3 3eosx + dninx

Jsiny + \E.xﬁnx = COHE — H\Hrf!- CUs T

b;in,u:(?J + 43 = cusx[! - 31."3}

{ - 33
tny = __lll__
Ty
rationalising
N N T i R R
i = ——— XT3 i S e
3443 343 g -3
_ 30 - ll*\ﬁ
6H
ﬁ(ﬁ_’_ﬂ\ﬁ .
-+ - — = 5 - 'Z\II::-I
()

tanx = 5 - 2403 (depending on 11ca))
§=tun' [5 - 2«."3]
= tan ' (5- 34064}

=tan ' (1.536)
=565 or 236 .97

= 3jcos M cos ot sim M sinx)

muliply by 2

[ AW

[ Apewer)

cos (x + 3P+ sin (x +30°=0

cog rooos 3T - sin ¥ sin 307 + sin x cos 307 + sin 3 cos x =1
_
J3 I NEN |
Xl osy - —snx + 2ginx v —-ClRES= 1
2 2 2

multiply by 2




N3coss — sinx + 3siny + cosx =0
cnﬁx(\.’rj + 1) + Hi!‘l.t'(x-'ﬁ - I!) =1
:sinx(v"g - l) = —cou(\.@ + I)

e 4500, (51
1) ()
—(3+ Zv'ﬁ +.])

Linx =
—(4+2v’§)
2_

N

= =_-2_.3 A Nswer)

2

{h} cos {r+ 307 + win (x + 30°) =0

.‘iill.t(u"r:i —-1)+:;L}5Ju;[xf'§+]) =1} from part {a),

(ﬁ -I}Hin.:: = —(u".'_’r+l}ms.1:

1l
[
~l
e
[ %]

oo = 1057 [Answeer)



13,

14.

cof X — cosec 2y

L.HS

SO 1
sinx S0 2%
CO¥Y [

siny  2sinx cosx

2ot — |

2sinx sy
LOG 28

SIL2X

=cot 2r §AE W)

20+ 35 -2=0
2r=-Nx+2)=0

=
5

T

{a}

] I
cosfx=— or -2
2

ot —2

f
rojeced
R
cosy= % N
=457, 1357, 2255, 3157 { An=wer)

J3oos 0 + sin 7 = Keos (8 - a}

k= 'r{?T+T

y

-

—
—
1.-'rf1 cos & 4 sin = 2eos £ cos o + sin 0 sin )
JIcos f+ sin & = 2eos & cos o2 + 28in § s e

oos =

ml‘,f:' f;_r-]

CUs = -



M3
a = =
V)

I
Reos(H- a)=2cos (f E} AT W)

by  NFcos & + sin 6 =3

2ocos |H - g):xﬁ

cm'.(ﬁ - E]:ﬁ

' 6 2
ad
f
i
i}

- ==
6
= — + Tz
6 3
T 5
or f=2T- E =§ 4 [T}
14. sin 2y cos o =10
Minroeosx —cosr=10
s x (Zsinx—11=10
crsxy =0
r=90° or 270°
or Zsiny-1=0
. f
sinr=--
2
xo= 30, A
x=30°7_90° 150, 2707 {Answacr)

17. (@} deost H-sin' @ 3ain Qeos 8=0
+ throughout by sin & cos

deoy & sin” # 3sin A oeos 8

sin f l.'.'.i.-'!l-!i & sinflcos ) sl & coy B



doosf_smb 4 _g
sin & cos g

—4- —tm & 3 =10
tan &
multiply by lan £
4 —tan® §—3tan 0 =0
tan? 8+ dJtan F-4 =10 £ANSWT]

{b) deos’ G- 3sin Beos ¢ sin® @=10
fdeus B+ sin Bicos @ sin =0

Henee
deos A+ sin =1 o cos @—sin =0
deps 8= -sin O sin (0 =cos A
tan #=4 tan &= 1
wn #= 4 7 =45
&= 104"

&=45" or 4" [ AW}



{ANSwer)

¥ =(x — 1)
N I I,
— . = _ _] z
dy 2{ )
3. I
= —r W —
2 .
fx -
B 347
20" = 1)

(i) %_h —he =10 6&31@-}-)@6:3_
Ixir—2y=
.1.'=ﬂn 61(1——|3
y=0or

the 2 stationary

(0. 0yand (2, 4)

fit) -—m—ﬁ

Ik

when v=72

R~ 5

puint\ have coordinaley

ANSwWery

point (0, 00 is a maxinum

[ A=wer


Bongani
Callout
vabhaiza ku differ





Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Pencil

Bongani
Oval
the way it should be done



Bongani
Accepted set by Bongani


{iin)

(a)

()

(a)

. i o dy .
fur an increasing funcuion EI must be positive.

{3x2- 6x) =0
A(y- 2) =0
' =2
or x =0
=5 -fBa+T
{E—Et ]

dx T

m=2-8=2-8=-56
when x=1, }'=1—E+?=E}

{1.{]‘J.m=—fr
¥-0 _ 4
=1

y=-foth

y=37-2x— |
dv

oo gy-2=0
X
Ge=2
1
e
3
14 1
= 3]s -2[—-1
’ (J %}
L
3 3
__ 3
1

—— =12-6=6 s point (2,4) is @ minimum,

CATISWeT)

{ADSwETh

{ AT W]

[ Arswert



33

148
coordinutes of turning point = ( J {Answer)
dy
— =6 silive
1 {positive)

¥

[ 4
curve has a minimum poing at [—. ——J

fAnswerd
b} =00 -1
no= d—i = 2
dx
. - L
gradient of normal = —
Fquation of normal w X is
r+1 !
=1 2
y+2=x
y=y_2 { Answer)

(a1} r={3d-xinx

when v =) (3 . nr=10
3ox=0 or lnk=1)
=3

1=
Coordinates of £ are (1,0) and of O are (3.0 AT

™ P oauxtimeen
dx x
3_
=27 e =0 o .
X (For statiomary poing)
J-x—zxinx=0

r+ixlnr=3
¥l+lnty=3

3

- CANSwLT)
i1+ Inx)



{a) T.5.4 = 2mrh + 1
Qfh = 2ark + AT

Ik =00
2rh =96 -
Oy 2
I = Y0-r { Answer)
2r

b} V= arh

. [@'ﬁ — ]
T gl ——
IF

= lsrr{@t’m —r) LA s
2
: i,
(c) d—1 =d4Ra - mr =10, Vo= 481 - -! o
dr 2 2
for a stationary valuc
3
48— =D
2
3,
Zyt = 448
2
1 2
PP=dBx D =32
3
o= 5660 0m (AT
ur “."32

of 442

| _.
(@) Stationary value = rhile 442000 - 321

= '2\.'@?! x 6

= |28 x.E:r ¢t A nsweer



d- L .
5 = 3xr, which is negarive
JE

Stationary value is a maximum LS Wer

{iL) Sinee curve pagses through, (-1, (03, (2, () and (5.4
: Y=o+ e —2%r - 5)
Y= —r =2 -5
¥y=x' o= 5S¢4 50+ 10
FUE L T i N Py [

i

m

loh=-f.c=3amnd d = I} [ANswer)

=} AL, x=0
L ys=0-0+04+10
ie. y=10
The coordinates of 4 are (0, 10 [Anwer

il For a minimum point,
dy _
5 -
e, 33— 12k +3=0

(

Divide by 3
-dx+1=0

4+416 4 4-le_4
A= or —
2 2
4 +412 4412
= — or _—
2 2
4423 4 - 247
= — O —
2 2

|

=2+43 or 2-4
x liex between 2 and 3
23 rejected

Hence the x-coordinare of £ is (2 + sfﬂ) £ sy



8.

(b} TFor a stationary value
& _g
dx
xer+e’ =0
cix+ 1)=0

e ={ JOr r=-1

—

impossible
when x = -1}

}_. = {_”er I

ol —

v

coordinates of stationary point are [

yo=oos 2o+ 28iny
For stationary points,

(—sin 2y % 2 + 2008 X = 0
_25in 2+ 2eosx =0

-sin 2x + cos x =1
_Fxin x cos x + cos 1=
cos xt) - Zsin =0

cus r=U or sinx=
T

X==

2

i =

o | A

o =

| —

=

vl 3

L2
1

)

.

i Anmwert

(AT



d*y

E = deos Zr— Zginx

T . F
=—4dcps— - 2sin—

:—4)(1—2)(-[
2 2

=2

= =3, which is negative

R
3ty = o, stutionary point is maximum

Fi4
aAxy=—
2,
d*y ,
T =-dcos 2y - 2sin x
dy
.
= —deos - 2sin —
2
={-dx-1)—{2x 1
= 2. which ix positive
at x = > stationary point has minimum valua.
9, (a) y=x - - Br+ k

du
i It -2r-4
dx

{h} for turning points

9% _y
dr
I - 2k-E=0
G +dix-2 =0
|
r= or 2

3

{ANSwer)

CAnssaeart

AW

[ Anawerr)



el r+y—6

=2 | &-x- B4k

Py
T X -8x+k
¥ 2x
Hx + k
G+ 12
k-12=0
k=12 1A
v . . |
Similarly, for x = —
3
m. y=x 3Ix+2+4
{d::l di = 3-12 - 3 i:'ﬂ'ln"!“"'-.‘f}
d-x
(b} W —-3=0
I =3
==
x ==+l

Coordinates of 2 turning points are

=1 artd x= |
p=1-3+42=0 y=-1+3+12
(1.40) ¥
1.4 LA NEwerl
{c) _ Hrx=-2
,r_—l_: ,9—3_r+2+k
K-
_35?—3x+2+k
A x
-2 +;+k
£+E
L=0
ar (W 3+ 24 E) gives k =4 AW
(x+ 11




1. -2 4av=s

fa) Differentiating with respect i x,

d1 '
fur - 4y—l+,rd—“}+y=ﬂ
dx dr

th) purallel to x-axis mean
dy
Wy

b1+ -

{h

dy-x
br+p =10
¥ =-tx

Substituting v by — 6x in given cquation,

we hyve
7 - H—bx)" - (—6x) = 5 R
3 -T2xitexi=5 _’/
03 =5
p=-L
—6H}

No sedution

12, v=3¢ 4 2

{a) s = 0} for stationary point.
dx
dy =-3e+ ke =)
dx
-3
—+ 2e" =0
e

342N =
2¢?.I = .

LA e

LA wen



13,

14.

- ;l= x 04085 = 00,2027

(b 'j_} = 3¢ + 2o

2

LAaswer

1 AN

{ Adwerd

{Answrr)

dv
- 3 Pt h his a1t
= + 2e*, which is positive
il hias o minimunt vidue.
¥ = xln x
dy ]
{a) _}:J.;x—+lnx:I+Inx=ﬂ
dy x
Inx =-1
el=x
1 =023670
diy | . .
(b} — =—. which s +ve, . minimum
de” X
sinx
¥ = ——— by changing wn x into and simplify dl
e 5 ging s 1 plify 1o obtain
COR X
fa) y= —
CORY AN
Letn = cos x and let v=cos o —58inx
dne . v .
then — = —sinx then — = —&iNXY —rOnx
dy dx

= — {sin x + cos 1)



. | Lb - oy,
dy v Mo

{cm X — SN XD K = SIRX) 08X (st x + cosx)

(cosx — sinx)

W‘X*ﬁ-i]!’l I+W+CDH X

[cosx — §In xJ

I . .
- _ - [Ansaer]

(CosA — sinx ¥

s)] +ve [ Answerd

15, (&) Volume of cuboid = 3x x 2x =« ¥

144 = 'y
¥ = E = & AN
Gx° X
(b} TEA=(?x3cx2+(2xyx I+l xyx 24
" ] 24 24
:(121‘}+[\ﬁx>¢-,—} —hx—]
X X
I T FR
=12y + — +—-
X X
240
=121 + —
X
. 20 5 .
= |g(_r~ + _.] o AW
X

{c} A= 108 + 240x7!

A oy - 240x7 =0
lx
RN}
T i =0
I
F-10=0
=10

x= Y10 =213 [ANnSwCr]



240
+ —_——

X

{d) A=120

!11_’:1_'*&'{1, sipre &4 = 10
X

120 + 240

—— -

60

_r-1

which is +ve.

A has g minimum vl [ Apawer]




me i s
A AR T M TR e

INTEGRATION -

1_ {H" _-|||=_{' [ T et tmmmm === mmmme mms WA

di=¥
dx = v replacing @ in &
X -dx=dl
i -dr=10
x=0or4d

Caordinates are (0, 1) and Ald, 4)
Thus coorhinates of B = (4. (A weTh

(b Area of QAB = J': v elx

J‘: \I"'_-l_'f idx . T ="

4 .
=I 2x? dx
L

| p = dx = 23y

[ ) ’
= (?__XE = —1 1
3 Il =2yt



= 32 = |||_];.2. 5. Units {Amswer)
3 3

i) Shaded arca = Area of region OAR — AOAR

=|Ug—[lx4x4]
2 ;

3
= mg -8
3
= 2‘_3 5q. Uity L ANawr)
{a) J-n:' sin 2x el
= |——cos 2115
2 |

[Answer)

] f“-'* cos” x dx

il

o .
=_[-u- 5[l+cns 2x) dx



s
= b + t AW
(wh Area
2Ly aa
6|2 4] 4 =0 ¢ 3
_ :r{i . 3} . 3
618 2 SN = | T E
= ET = L7205y, unis { Adiswer)
fdy

]
I's
W | -
o

Trapezium rule gives an overestimate of the ared
under curve, PANSwT)



Tx

im

l' x —_— -
[ ‘J (x - M2e + 1’
Changee into partial fructions. i gives
2 4 2
f{.r] -t T
T 9i2x + 1) A2x + 1Y

frere <{ots-n-gigeeren e

g g2

-2 1 2
_%n5 --—+ —-In3+ -

9 15 4 !
7 2
:-2—!n3 _SIns v -—
9 9 45
Al

(b §1) il£="‘[‘ln Ex] x(——]xi =0
dx
2 2
— S =0 ln{2yF =0
X
In2x=0 {2 =1
Jr=l Ji=™
1 |
r=—
2 2
(i1} E =ZInlx
iy T
! 2 22
51_1' =(2 x——\+11’12(x —ﬁ]
dx’ X 2x;

1

{ Aanwerl

=73 {+ve only) [ ATy



fe)

(it}

-
== _ %In 2x
X7 X
= i{[ - I 2x)
=
:
. e de a
= ||||:lfl.‘l_:|(In 23 ) ¢ du d” i
= |-I[u:|2]n 2e" x ¢" dy Wwhen x = ¢
¢f 3
I v
=1 2" (J‘nE + In e“‘} dir
Infin 2
! W
= wiossi e {inz + u} dir g —

) . o= n (5
= I”mjzlnl(u"J + 2uet dy

N e
'-i’!.

' |
i‘:-_ = (J + E.r}i

dy = (1 + 11}2 dr

Integrating boih sides, we abtain

When r = ly=-1

-l = é(] + 3)3 +C

CAwer

CADswe



2
_l===x#+C
9
c 16 23
T 9 )
equation of curve i
2 A3
}-:a{l + dx} Sy
20025 23
(hn Whenr=10.% = ?} - ? = 19

.. 3 . -
LU- —%] courdinates of point of

{ AT

imersection between the curve und the y-axis.

When ¥ = 0.
25
v = .;’;.{u NS
i
0 =2{1 + 3x): = 25
2(h+ 3x): =125
L) "t )
(1+ 3x)z = = ~quaring both sidles
L+ ) = 625
{1+ 3} = ;
623
T = 22
1+ 3x "5| 1
|623
= J-—-
1[,j625 |
=== -
3|V 4
i
= {5386 -1
(5385 -1)
L » 4386
i
= 1462

Point of inrerscetion with the y-axis = (1

Az ) i Answeor)




(2)

)

{c}

2

=y
Squaring hoth sides, we have
si=y 2
y=a+2
Coorndinates of M, when x =0
y=0+2=2

Coordinates of M = (0, 2)

Whenxy=3
y=8+2=1I
Coordinates of ¥ =3, 11}

Areaof MOPN = [y ds

= j:(x? + 2) dr

X

K
X
— + 2y
3
I

=G+ -0+
= 15 syuare unity

. 5 -
Yofume = f Ty ody
L.

= J'rf:(x? + ’1}}' dv

"!.'J::(XL +4x° 4 4]dx
= {3 +4x 3+ ) (07 + 4 x 0" + 4)}

=x{(81+ 36 +4) 4l

= 1177 units*

LA W)

ATy

[T}

LAWY



(4}

(k)

J': (sin & + cos 2¥) dx
n

T

1. fi
=|—uc0sk + ;ﬁll‘ll}:
- ]

NEREINE
=Xl —-+1
=4 2
_i-n3+d
4
,:___3_:|_ l.ﬁ
d 4

(it Courdinates of Care (1, €) and
Couordinaws of L are {3,e"
(i) Area = J'I' y dx
ﬁ T
= J-I ey
1
={e']
— gt —p=200H - 2718
= 1737 5g. umits
iy Volume = J'j:n‘: dx
|

= :'IJ-I1 et odx

Il IL
H =
T
w3 | 2 | %
| .
(EARLY
EE———

= {201.7 - 369}

— £22 cubic units

LA

LA NEWCT]

[ AT

[ Awer)




fIHf Inx dr = J"I}In x xt

Using integration by party

d'l" F
Let — =k and let = In oy
dx
th&ﬂ W o= l _1-':' thCH E = —I
3 dy
Applying | dv drx = uw f'» d dx
¢ 3 —_— = - f—
idx dr
We obtain,

i

; d '
f:xz Inx dr = [uu - fw mad de

dx |

!
=9M3i- 34 2

g

=%n3 - zﬁ LA NN W)

{a) f31 - % dr

:f(Bx—E,rEde

r+ 2 + CANS WOy



by

{ii]

(i)

{Ex + 3}!

: ! |
d—}:—{zx+3}:x2 : - = cwhengy=2
dx (Er + 3}? ‘M + 3

L}_ = _? [A=wer
T kL
E 0.2
de T
dy _dv e
dr  dr dx
vi_dy 1
7 dr (L2
: ), 7 .
d—} = M = DLUTE units ¢ see, {ANwer]
df 7
L §

b-r
ny



Area = f: vodr
= fj{lr + ?}I dx

2 " I
=-{2 3w -
3{,r+ } XE

- B[zx . 3;'.2‘}

il

=075 - Ly

3
=0.17-1.73
=444 unijts” e T |

{iv} Volume when OAFD bs rorated abouy

Y-AAIR = Tt (r =2and k = uﬁ)

J‘rxd-xx."'}

4{'5.?: CUL URniy

Volume of BOF = DERC - DEC

sarth - [ dy
o

=& xdx (x-"rf— xﬁ] - :rff(\' -3 }2 dv

= 4.—'1'(\,'5 — ﬁ) . T‘:ﬁf‘*? (_1‘-‘4 _ 6_}‘: + QJ d}‘

]

1

= 4,«1_-(\{';?_ ﬁ) - :TF;'_ _ by, g_,_.]xl?

415 3

S



LILN

[a)

()

an(\7-3) - E{{zs.@ _ 374 238) - (3.0 -104 + 156)]

N

i
115 -2{127 - 82

= 11.5-3.5=8cu. units AT
Therefore vulume generated by this region is (4\'.'_3:3 + t‘.] umits*,
AtA, x=3y=u’

. coordinates of A =(3,¢7) CATISWCT

AtB. x=3.y=0
- cqurdinates of B = (3,0} { Ansawer)

A, x=0,y=et=¢"=1
coordinates of C =0, 1 Aot

Arcil = _r : v



11.

. Voa
{«) Volume gencrated = or f v
-

2
— _l_n.‘[c—r:. -z ]
i
- _ln_.l:c—h _ Eu]
2
L &
= —E.‘-‘I[E - I]
=157
7T T
4 When = 0 - el
(a) M h 2
L, 2 2
I+ siny 3 2 +43
= 1 0.007 0.536

. x|l
Estimited area = E{—
6|2

(1+ 0.538) + ﬂ.ﬁﬁ?}

= 1435
= 11435

= 0.751 s4. units

{AnEwer)

AN WwLCr)

{ s



12.

th) I

l+sinxk

0 x T X

The trapezium rule gives un over-cstumate ol the true value because the trapezium
includes a segment which does not form part of the area under the curve,
[Answer)

J'\ 2.0 dy using integration by parts

de
Lot uw=2x and 1t . et
dx
1 .
then dre =2 then V= ’EEM

J-:E_ru“fir = [m']i - :j—t dx

2 . 2. p 200
:[— w 4o *-’——9]—[—xﬂxch——c“
:1' .I .3 9 ‘
a1 2 .
=2 ——e -0+ -
o i
16 206 | Bl 2
= A - + -
’ g
2
= 14 45 ij AN



13,

{a)

(b}

dy
2 oy ix +]
dy

dv ={2¢" -3y 4 1} dy

integrating both sides, we have

L I
Y= —=0" — —x" 4+ v+ ¢
3 2
Whenx=0, y=3
e=3
henee cquation of curve §s
2. 3.,
¥= Do - —r + x4 3
3 2

If the gradient is positive,

e, (2 -3x 4 =0
(25— 1x- s

|
CVofr= —ort
2

When v = l |
2
fixb= + 0 0
| ]
v> 1 oar y< —
2
'
YV=—"_

Ot
¥=92x+3)
{E-—-—H’{Exa-’i} » 2
fr

CARswer)

CAmswery



MR =3
dy _ I8 _-18 2

81 ¢

2

dx 9

Equation of tangent al R (3, 1) is

y-1 -2

¥-3 9

Gr—0=-2x+6

Yy = -2y + 15 1 AnsweT]

(b Volume OFPRQ = Yolume OARQ + Volume AFPR

YVolume PR 2ev+ Iy =Y
=Yool GARQ + J'j ady Qxy =9 - By
| .
w1 g — 3
3 a0 = 3y . X = o4
={x9x1)+ .:‘Ifl [ 7 J dy 2y

oo 3
= ;7 7 [ :
3T + TJ-'-(E_V 2] s

if ¥l 27
=071+ 1(_.7__4-21{1}'
i - : L
='}:r+nf' ﬂ}"-ﬂv' + -{d_'p
! 2 4
7 g
=Yg+ q|—¥ ——]n}'+1}'

(%1 27 9 1
=O0gx+a|l—- ——Iny+—%
4 |

| 4y 2
(81 27 9 3 ~
=Y9x + X —];——In3+—>c3 _[ﬂ f}_,.E]
a(3) 2 4 n Y
- “
=9:I+::[£-—E—£I:13+—l E]
12 4 2 4



15.

{8} Lot v = &inx
anel v =08 X
d—“ = o8 L
tht
v ]
 =—minxy
dx

(b} f; sec’ o dx

£

T
= [t;m ).'] s
4

;(Ji—i)

AW

smx M

and ¥
# cosx v

dy _vii-wy

il

dy ¥

cosx % cosk — sinx(- sin.x}

?
cos” X

: L
COET ¥+ NI X

LIl

cos’ X
]

CosT X

= secly CAnsRTh

{Answert



(el

-
1

Tet:

then

cot X

COh X

%in
[ = Ol X and lel v =yinx
du

di . de
— = —%In A then P Ccos X
i

dy 1 —u:fi
e -

v

(sinx x —sinx) - [cosy x 005 X

sin” X

—%in° & —eosT X

sin- X

—[xin: X+ oo’ .r)

.2
b1 119

sin’ x

—coseet y { AW
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' UnIT 14
YECTORS

Suggested Solutions

1. For line a ¢
fa) r=i—-2k+ A2+ j+ 3k)
[ 2 1+24 i
r=|0 |+ A|l] = A =¥
—2 3 2430z

}I.. =Y

~
Tk
r
+
ot
b

For line b -
r=00i-5+dk+uii-2j+ k)
H 10 Qg X
r=| J3|+¢2=|35 2¢| =¥
4 . _I _ ) 4+ _ 2

Comparing v, ¥ and = from line o and 6.

| +2A=H+ i e s e
2;1' —_ q‘u = {;} —_ I - e ———————— e —————
2)\- —_ q" = 5 _— e e m————— e m e ———— .

- (U

S



2A—qp=5— e e {D
Aod 2p == eemmmmmemmen onnmnoe e RN )
4h- M= L0} omes oomenn mmmmm + mmmmns mmemmns mneeze O
+ i+ =5 e e e e e
SA=3
A i e emeemee e e R T @

| +2¢=-5
2p=-5
=3

Substituting in (3], we have
3}\.-—':?:33‘:1— —3
=13 4+ 3 = 6, which is truc.

lines ¢ and # inlersects, as the equations are consistent, LA W)
(b} The point of inwrsection is when A =1 and g =-3

Sinee x=1+24 =3

¥=A =1
and z=-24+34=1
|'3"-
L2 point of intersection has pusition vector | | {Answoer)
|
=
{c) .ot normal to (he plane be mand letn = | &

.E_

(4 + j + 3K is the direction of line .

2
n.|[!|=0
K]



2
Bl o[l ]=n
3

Zatbtde=0 o e (D

(i- 2§ + K} is the direction of ling b

n.|-2=1
|
al |l
b “21=10
e !
i.e, =28+ =0} e T e L '@

Solving (1) ang {2}, we oot

!
d=-—p h=- ?“ and ¢ = ¢

o

7 X
| v =4
-] |z

TA+y—5r=



Taking any point 00 cither line a or line 5.
Tel+l-5%x-2=d
d=T7+10=17

Reguired equation = I+ y—sz= 17

1 2 kX 1
P = 2], 0@ =|-1]. OR =1I and 08 = |0
| 2 ” o

P = () + (3 + (I =VIe0xT =1

Lmit vector in the direction of PG i

|
—={i-3j+ K
11
-1 3
)y PO.OR=|-2).41[=0
- Ju
3 .2 p=0
_Pzﬁ
p=-5
i
¢y O8=|0
i

e {1,y

AT

CATIS T

(A nswerd



w,‘llf]_h‘i?'—'ﬁ
l+g =5
4 =

Gg==x2 EAR )

{a) OX = 0P + PS+S%
=B+ 8k +4]
=Bi+4j+8k
=4 +j+ 2k} (AT )

B)  OF = OV + vV
=4k + 4i
=4i + 8k
= 4{i + 2k) {Anawer]

8% (4

()  XO.OV=[-4{ 0| =_32+0+ 84 = 05

-5 8

X0 . 0Y = |1Kﬁ|I P |L'IT|I *0s A

= (64+16+64) x (16647 x cos p = —96

= \."I_ 44 x VBO % cow o= 496

T
cis it = —
12 = v@
] -2
N TN
#=26A" LA Nswr)



OP = 10i + 3k
() =7i- 3j+6k

(i) hrection of P_Q =y-p
=-3i-3j+3k

PQ.n=|-3| |]|=.64+3416=0p
a2

Since n is perpendicular to both P{) and he planc.

Pﬁ is parallel to the plana. [ Artabeur]

) P00, 3)

Line A5 has equation r = 10§ + 3k + A(3i - i+ 2Kk
A, HIG+30+ H0-A)+2(3+20) =48

M+Yh+A+6+44 =3
1424 = 8 - 36
_

A= =-2
14

10+34 (4
Hence position vectar of § =] -4 =2
3424 -1
vector equation of the line that passes theough § and which is jrarallel
o P is
P={di+2j-Kk)+d-i—j+ k)

of T={3H+2j k) +uli+j-k) tANSWer)



(a) XS=XQ+0Q8
= 18j + 12i

= 12i + 18]
X0 =XL + LO

= —18] + 6i

= 6i— 18

12% {6
(b} X8 . XO=|18].|-18
0] o

=-72 324 4+ ()= -306

X5 . X0 - J X5| x ,fllﬁ] % cos i = 396

=268 w 360 x cos B = -396

3¢
cos A = _,r—m—v— = -1 964
408 K /360
= 164 67

Plane prxr+3v-2:-=1
"
normal n to the plune = | 3
-2

i) Equation of line XY .

4 3
E=l—1]+ ¢ 1
3] 12

.x-

Any point on the line XY has coordinaics | v

-

4 ¥

l+7

-2

A W)

i Answer)

E AW eTS

LA NS wery



If this point lies in the planc, then
(4 -3n+3-1+n-23-2n =13
4 -3+ -6+4r =3

4-5 =3
di =8
P =2
4-3%y (-2
Paint of intersection M= | —l+7|=| |
3-2 y
hence position vectorofl M=-2i+j-k [ Answer)
3 L
{(h} IFXY=| || andntopis | 3
2] - )
Ly ;
1| und | 3| are non-zero, non parallel vectors then
i -2
.
k-2 —2x3% [=2+6Y [ 4 -2
Awl--3x-2|=f-2 6|=| -8 |=-2 4
C-ax3 axd ) Le—) Lo 5
-2
4| is non-zero and perpendicular to both,
3
R » 5
i ¥ 4| = L] 4|,sincer.n=a.n
F‘. h 5-’ . 3 d 5

Cartesiun equation of ¢ 18 =2y + 4y + 52=13 {Answer)



-1 5 r- 1)
GF oy
Cak p.y=| 2|.|=2|=3-4.5=_5
-1 5

=|P.I bt |Q| x cos # = /b x V38 cos @

6 - V8
com il = =
‘ufax\."ﬁ YR
=066 AW
R X
(b q.r= -2 | —x | =f3c+2x 4+ 5 5
5 x|
={llr-13)
g.v =|q|xIr xcos#
8 =cox” {__':I.[—u_jl CALWw )
palx|r]

fch It q and r are perpendicular, then £ = 903°
Oy-5=0

== {ANSwWEr)

2

fu) AC=¢ a=|-1

BD=d-b=

L5



(b}

oy -3

=0+4+5=13

AC.BD=|-1|. |4
3} 13
=149 % VO+16+9 x cos ()
£ 13 0.7
i = —=1]. b
V10 = 34
d =452

31
Equation of AR is r=| 0
2

3

Fyuation of CBis r= |-
-

For AR, | ¥

Bor £f . | ¥

I—wu
= 3A
—2-24

Fa -
—_— e
I

[AnEwerh



- A =0 e S e e (I
1
dpe+ - =0
3
di = ——
B |
TR

Substituling in (3}, we have
2+ 24
I

=-2x—l +2x -—
12 3

|
6 3

2

the 2 lines A8 and €63 dn not intersect. [ANawLr]

(] OM=3i+2j+k
BC =i-4j+5k

Equation of BC ;

I 2 b s i
r=| 3f+ /-4
-4 3

any paint O on BC is (2 + i + (3 - 4s1j + (—4 + Sk

MQ ={q-m
=2 +5 3403 -4y -2+ -4+ 5 - Dk
= IH+ (s + D)j+(5y - 51k



MQ . (i-4j+3k)=0

i—1 ]
Aygi|. |2 =0
5s—13, 5

[.\'—'I}xl+{—4b‘+l)x~4+{5.c—53x5={]

s— 1+ lﬁ.\'—4+25.5'—25=l}

425 - 30 =0
425 = 3}
30
b= o— = —
42 7
— - 5 ]
Hence MQ = L——1)1+ (_E + 1]11 + Lii_g}k
7 T 7
2,13 10y
7 T 7

o= 2] --IET ’-IET
M=) 15 5
L
‘*.' 40 40 49
_m
y 4u

— [ ATsacTd

OP =2i-2j+5kK
00 =2i+2k
- i+ 10j+ Tk
=2j+7k



(4) PQ=q-p=|0]-|-2
2, 3
0 pi
E:s—]}: 2 - —2
7, 5
-2
PQ.PS= |2].| 34
3 2,
Ejﬁ_ml’ﬁi.
2 -1
{h) PS=|4|=2|2
2.-' I
iy 1
QR =r—g=[t0|-|0
7 2

PS and Qli are parallel,

7|

JA+16+4

\fﬁ:v’m

we obtain /4 . 25

=2 : 5

= 2+H-6=0D

{Answaers
-5 |
=(l1=5] 2
5 I
[Anaer)

C 254100425

{+ 6}

[ Answrer)



10, (a2 prand i have guations

Jx—y+ dg=dom T

and x+2y- 4= b respectively. -

Salve (1) and {23, by climinating &, we get

o L
’ 3
Golve (11 and (2). by eliminating ¥. we have
14 - 22
y=——
5

L. ] A= Ballt
When o = £, COTUMOR pointin both planes will be k 5——, -—+5i . r}

i’

or (14 - 20,8+ 11e, 5%)

When ¢ = 0, comimon poinl in both planes will also be (14, ¢, 0y, called B.

And when t = 1.the point will e (12, 1950 called £,

Eyuation of comman line is

14 -2
| r= |8 | +7 1 [T
| o, 5

s
"

{1 Angle berween the 2 planes = an le between the 2 normals.
P g

e, hewween (20— j+ 3k and {(j+2j—4k)

CDSH: —lr—_——_
44140 1+4+16

[ AT h




1. {a) YZ=YA+AC: (7

—_10k- Si+ 123:

=-5i- Ok
2

XZ -XB+ BC + CF

= sk-s5+ By
2

() YZ.XZ=

: '
Pa|n D A

O X.% Y= __ﬁ :

X2¥ = (0] 5°

CATWe T}

AT}

LA wery

(AN er)



12. OP =2i-3j+k=p

Uﬁ:?-i'i'q'j_zk:q

G.-12-72
(i) cos POQ = J4+041 xVO+16+4

- pawT
'\Ilr]- 4 W 2".}
CANswer)

POQ = 66.6°

[ARSWEr]



13, Lettory, -t—_]-:}l_gzz_-_szf

then '——=:‘,x—|=2r._.r:2r+l

Il
.
o
|
]
Il
e
=
-
|
=2
+
[

-2 -3 L_
For m Ietr——:1—-—=4——]=i
! 5 2
r— 2
then T EN -2 =k v =542

L"—z'-.'i', .1'?_3:5‘?‘ _'\.-‘:.‘5.\ + 1

=4 o=l =35 122+

Working with x. s+ 2= 2 Fl e

withy, Ss+3=3r42e .

with LM+ = P4 S o m—— e L

@ o e

Solving (1) and (2}, we have
A+2=214 ], S5+ 3=3¢42
§=2r= | (x5 (la) Ae—Tdr=_1 {2}
Sy -3t =] from (2a)
Mla)-2ay -——
s - 10r=—_5
Ss— 3= |

By substraction
-Tr=-4

=

w1 )



Supstituring in (1 1)

vl
#
s— —=1
7
g=1+ §=1—5—
7

£ bsiituting 5 and ¢ in (3}, we have

25+ 1 P+
[ 4

-'=—}-+l = —+ 4
T T

_ 7 _»
7 =

These two are not equal,

the o lines do not intersect AN

(b Eor [, equation is

I 2
r=12[ +* 3
x=2s+1
Y= yoz R+
z=5+9
1
Y= 2
3.
XF =y
=2y
= 1-4 -3y
-




14.

4]

For a,

For f,

Mixz=2 4y
¥y=34+5
=147y

if v lies on m, then
Z+a=1
F+h=-2
+2¢=13

which is not o,
¥ does not 1ic on m,

x
XY. |51 #0, . XY isnot | tom.

2
2 : r=5+42
F=1- MEET I r=xv—1
4 -1 i=—s1+ 4
x=-2 _2
r= e v=rf+2
=1+ 1

LA W)

[ATiswrr)



Equating X and .
yr2=-2-2

v -1 =142
by substraction
3 =-3 -4
“3 =T
3 =1
-7
t = —=
3
5 -1 :_—j|-+2
D
-7 2
y = — +3=7
3 3
—y+d =+

a R
Replacing s by i aml ¢ by il
. 3

-2 -7
T id=—+)
3

I_ﬂ_-zi

3 i

ihe 2 hines & and B o not intersect,

(b cos H= -

g = hi 87 [ AT

AT



W 08=]_3
" 2.-
g
OT=1 3
1
8-g_2
cos So = =
VIB+T+4 xS9O0
-3
L —— Ty
Ny
SOT =8| .4°
(b} ST =t-g
2 4
=lal_ |23
-] 2
_2‘1
=l 6| ==-2i+6f 3k
=3
() Unit vector in the direction ol
— [
5T = - —— (-di+6f- 3K
443649 !

1l

Tl{—zimj_?m

=
:—-i+Ej—§k
7 7

A IS W

AN wer)

FAN0r]



UNIT 15

A T
R T

— PARAMETERS —

e cos O {cos H}

e
ot pasin e’ 0
B cost B
L+ sin ©
cons f
|
= ——=sec t)
o 6
dy
Y L sectran
Jde
dr _ & 40
h JiF dx
' est B
l —geu Htum B -— -
i |+ sin ff
i 1 sin O cos {1
5] = - » —— Y —_——
f cos @ cosd | + &in H
1 y
|| = —b—m,H— [Apsar]
i i+ sin B

] 1
Ilﬁd (b} Where the gradient = =
1
{ sinf L

1 +sinfl 2

- Zsin ft=1 +sin 6




st =)

== qrgges

Givinr = @4 5in &

(373

an = P+ cos 0
&nd ¥ =l-coyg

dy .

—- =g #1

de

dy _ v dy

= = w
dr di dy
sin % ——'——

|+ cox g

f

Given = ¢
and y=1] _;

1

{a} =M - __ TTTTT e eem L L e L

| —t=y
—t=y- ]
F=1-¥%

¥=01 -y Replace ¢ in e {1 dbove

(h} - = 2¢

FA N W)

LAy

AT we




[ Ayt

¥ =2+ cos 28

dx .

— =2 —23in2d
Jde

vo= 1 —sin 24

de
dy dy  did
2 - W —
dx ded dx

= —2vos 2

= —2eos 2% P m
- 2win 2

i+ 2}

— Lk E
= | — sin 2!}

e Y
coy 20 [ AT

= an 20 -1

=r-1

y=2+Init+ 1

dx gy L,
{;:1} Ef =2t and ar - {I + P,I

dy dy y dr
de  dr dx

I
——
| ]

+

—
~
7] -
—

. " |
——'
x
Fad | —

~

LA



b

(i)

When the gradient iy —4

(2r + 3)

26{r + 1
2+ 3 =-Bitr+ 1}

2+ 3 =B - e

BE+ 106+ 3=0
2+ W3+ =0

When { =
I =
When i =

t
2

coordinales ae

|

Y=oy 26 -t
¥=1-2sin 24

= —2sin 2}

dy
A — g 217
Jdd

7

16
-3 ] ;
—, In — .| P
a2 ] and
-7 Py
—_ In -
6’ 4 zJ

{Answer)



Y P
d}— = 4&.05“._@ = 2col 28 { Answegrt

dx -2sin 20

{3 r=cos 201
cos 2=x + 1
y=1-24in 28
Ain 2= - ¥

] 1 -w
sindd=——

K]

Take cos 20 = X4 1 = o =mmoi o @

. - ¥ 7
and sin 28 = —7'— T -

Squaring everywhere. cosE 2=k o+ 1) o e i)

v w2

and sin® 28 = Ll—_ E) N €
2
By addition. we have
L (i=xY
=+ 1FE+ [—7' )
=y
[ =dx+ 1F + = —
4
d=He+ ¥+ - Vi { AL

y=2sin 0 and x=1-3cos 28

oy — dr exin 20

—- = 2o — = 6sin 2
P ag =

dy _ Zeosf _ RwesD
G Gsin 20 6 x2sin b ces?
_
f=in &

|
= Emﬁeu H {ATwer)



L3 X = acos’

¥ = asin?y

{a) (1)

(i}

{iii}

ol . .
= 24005 | sin 7 = -<isin 2y
dr
dy ) .
g =2enin foos p = £ 2
e
dv  dy df
—_— = . x ——
dr  df oy

eI 2r _

—ersin 2r

by By addition, r+ ¥ =a{cos*t + sint )

L+ Y=y

9, A= Bsin' )
¥ = Fcont

)

fb}

—dﬁ = 3bs5in° ey g
drd

& 3bcos § sin §
dp = TPC0sS H sin g

4y Ao B sing

0x e d eoxd
o —ros H
_an o

= —cot &

Cradient at MY point and the curve i« —ot &

POIM On curve = {2 ¥) = (Bsin' B, oo £}

Y—bcos' @
J——hg—- = —cut f}

¥-boos @z —cot gy .. frsint §)
¥=heos' 8- x oo g fsint oot ¢

{Amswor

[A W

LY INEERTS]

CANRer)

[ m ey



y = -xcot g+ beos' B+ bsind @ cos ()
y = -xcot O+ peos 8 (cos™ 0+ sin® (O

= —xeot g + boos [ AW

10 ¢ = Asin o

y = Acos’ A

(a dx _ q55in #cos f
11zl
dv o
G _ _apcos st i
di
gy _ dhcos’ Bsin®

3y ks Hcos f

= —cat {i

Gradient ol tangenl = —cot 2
Point on curve = (. Vi = { Asin® B, Acos® B
¥ - Acos #
T = _¢ot fl
x - Asin B
¥-- st = —cot (x - Asin' £}
v = apns (- xcut i+ Asin’ Heo &
y = -xcot A+ Avos' fi+ ssind B eos

y = —yeot G+ Acos (o8 sin® &

y = -yt {1+ Acos LAnswTh
3] When ¥ = H- 0 = —xcot 8+ Acos B
oot = Acos o]
Ao O
= ———"
cot B
5= hsin £

A has conTdinates {+ Asin TN

and when X = {1,
y=0+ Ao 8

y = AL i




Coordinates of 8 = (0. Acos &)

Length of AR = V"I{ims B -0 +(0- Asin f—})"'_

=i eos B+ Alsin: B

= ,.i,l'llz {cnsz g + sin” H}

= A7
=2 . CADNwer)
11 X=r+egf
Y=rt—¢g
dy
{a} — =1+
d¢
dv
dr
dy  1-¢
IL; = _+ - {ANswer)

dy 1
b) rradient = —- = — ——_ —
l: £ dr 1

Jef =42 - |
g = +1
3
f=1In % LA CE)

12, =4 %

¥=5+4e¥

() By addition, x + =9 CARR Wy



13.

b -= = -Je*
by g T
4¥ _ o
i
gy 27
dy  —2e”

dy e .
[Fora gn:ah:ﬁt valug, —Iy =1}, which 1 |mpr_-551hlu,

dx
{4} 1= asint
dx
-— = 0% !
dr
¥ o= afeos !
dy _
JL oo s acos f
¥
= gcus § — aisin s
dy cos £ — aEsinf
dx Lo08 £

_ ciow f — fNIn

cus

dy
(b when 2o
by
cas - asin g =0
fsin = COs !
oo !
f= —— =kt
sim !
() For = col ¢, we draw the Two praphs

y=1 und y=cotf

LAWY

{ AT

[ AT

[ Aavswer)



.}:.+
y=i 1
)
17 k3 r
2
Only one root. CARNROr)
14, X=6+2n#
¥y=20-Ing
} ix =1 . E
W ¢
&, 1
e &
. dv  dv df dv v dy
s — — - 7 or — =L & ==
dy &4y dy 28 oy
!
a2y 20— 1 | _
ar W 2 940 (A mwer)
o
{b) When 0= |, mradient 2] i
en =1, mradient= - — = =
' £ +2 3

Poim on curve has coordingley
(P +2In & 28— In &
= {l +{J,2—D}={]~2J

Equation ¥ -2 _ !
x -1 3
Iy -6=x- |

3y=yx4+ 5 PAIEWLT)



{c) At the stationary point. iji =0

dr
IH -
. :E-’I__] =0
+2
ag-. 1 =0
|
==
2
y=26-In i}
1
¥ = - in (;\
Conrinates of stullonary point =
!
(B +2In 20 - in B where 8= 7
M 1
{— +2ln—. 1=1n —)
2 2 2
d'x -2
AT
Fy o)
and —5 = 3
des
&y i # .
e T negative value
e v -2
hence this value of ¥ will be a raximi.
15, ¢ =af’
v = 2af
dx
(2] — = Zat
df
JI |
&Y 2 2u
dr

?!.; T oar

}

AW

{ Al



16.

|
b} gradient = :

Any point on curve has coordinates {ert?. 2an)

cquation of tangent is

}-‘--2&'1‘

1
oot

M- 2att=x- g’

¥M=x+u’
AtA, y=0
(= x + =
X= -l

Equation of any tangent 10 the curve i si=x+ar

X =acosty
dy “ \
— =-3acos” #ain d
e

¥ =uasin' g

5— = 3asin® & cos ¢

Jasin® #oos d

-3gcos @ sin

&

= —tan ¢

Equittion of tangrent

[ |
V—gsn g2
:I_ :—Tilnﬁ
r—oons” o

¥ -asin' #= —xan 6+ atan @ cost @

¥=—xtan B+ atan & coy' B + asin® #

AtA, y=0

0 =-wtun B+ atan O cox’ i + el £

sin A .
man f= a8 — wcov #a asin’ @
crry

LA wer)



stun @ = asin B costH + gsin’
stan © = asin B {cos* 0+ zin® B

gsin f
L — =ueos

= an

Qimilatly ¥ = usin #

Henee the length of AB

= Mlllﬁ_aziﬁ})_+ (asin f - {]]1

(F
= Mt
{Answer]

— g which 5o constant



Where

(b)

r=2.14N§%,
X =21407.

r=2.14|

2t 4 20
r=- -
J¢

Jet =2 4+ 2

=21

= ¥21

Fxl = 22083
fivh=2.1222
vy =2.1472
Fixy="2138k
f{vi=21414
F{xy= 21405
Fixdy=21408
fi0 = 2.1407
My =2.1407

[Answer]

EATISWeTY




2.

{ch

When

=g — ¢
= —I +1
o
e ei
cl‘l
¢’ =1
T ——— sq. units
g -1 |
=--d
' 2
=2 =
He® =1
LAY
Eﬂ
a=2-2"
a=25 flay = 1.E3SS
a= 18358, f{a)= 16810
w= 16810, f{a)= 16276
a= 16276, fiay= 16072
a= 6072, fiz) = 15991
= 15991, f )= 15958
a = 13958, f{ey = 15995

= 15945,

a=139

f{a)y= 15940

{Ap=werh

CATIEWEDD

[ AnmweTh



fa}

b}

(i}

(b)

When

It fixi=r—2x" 4472
FiM=0-0+0-2=-2
Mly=1-2+1-2=2
({2)=8 -8+2-2=0
Fy=27-18+3-2=10

x=2 [ANswer)
X=42x —x+2
x= | fix = 3.!’2—]+§:iff3,=|_4422
r=14422 fixh= 16372
x=16772 ({xy= LE1IY
Not convergent.
When v =2, fix) =1 Only | root, CAaswer)
MM =x-2v-2
Miy=1-2-2= 3
f{f2y=8-4-2=2
Sign chinges
there is a root between | and 2 CANMECT)
_2x' 2
-2
x=1, firi=4d
r=4, {(xt=214826]
1 =28201, t{x)=2.1467
x=2.1487, fivy= 18423

xr=[.8423, ()= 17728

x=17728, [ix)y=17693

= 1.7693, Fix) = 1.7693

x=17693

This rowt = 1.76973 {AnNwer)



{c) =177

(al ¥ = e
di w4+
iy

I‘Y- =0
e =0
e{x+ =0
L. o = 01, which iy impossible

and  x 1 =0

= =-1
When =1
¥ = ag

= -x¢ !
. |

&

Coordinates of £ = (—1.

{h) ¥ = 4t
y=7
voint of intersection s

When T =xe"

7

r = -

.1

ar ¢ ==

X

-1

2

)

{ Answeer)

i A

¢ A nswLr]



fc) v=1In (I]
A

When x=175,
x = 1.53404,
r=15139,
x=1532,
x = 15199,
= 15273,
x = 15224,
&= 15256,
xr=1.5235,

f{xy=135404
M= 15139
firy= 15312
T(xy=135199
Fiz)= 15273
f{z) = 1.5224
Fixp=1.5256
fix)=15235
[{ry=1.524%

the root of v = 1.52

{a) e {.t—l}— |

nd ¥ =

-t

Y

{Answers

¥ =

I
x-2

I
—

X

EATINweT)



1
b [m=ei(x-2)-!
Fi2p=e'(2-2)-1=0-1=-1
F25) e (25 -2 1= {0.5) -1 =0.745

Sign changes.

there (s a Toot between 2 and 25 [ ATy
. _.I..
(el fiai=2+e’
When Xx=2. fix)=2367T0

r=2379, f (x) = 2.3061
c=23061, t{o=23157
C=23157. fi=23142
x=273142, fix)=2.3144
r=23144, [ (1 =23144

x=23{2dp) { A=}

y=v 07t + 074
fixp=xt —0740 + {174

=0, Fflxy=0.74
r=1, =1 —074 +07d =1

Converges o 1

x =1 {(x)=07204
¢=07204, tixp=07298
T=07298, F(x)=07346

Whenao=1, Tixi=| EATIE W)
: ]
X =
six
] 1
siny =-— -
i

The 2 graphs are:



and ¥= -7

Mz =¢siny |
(i) =Wsin{n-1=-1

) (5] )

k4
The change of signs means that a root lies beiween () and [g]

Lo

Fa

O

s
0o [_] =110 1732

p
Tuke x=1U08, than tix)=1.15}7
r=1.1807, f{x) = 10398
x = 10398, fix) = 10764
x= 10769, f(x) = 1 0657
= 10657, Fixy= 10680
xr= 10684, F{xy= LGB0

= 1068 {to3dp)
w | 43T [t 3500 { Answar)



9.
(i1
(b}
1. {a)
(b
(c)

When x1=1.3, {ix)=2.1448
1= 2.1488%, I {x} =222
x=220482, Fixy=22268
x=272268, fiy)y=2.2330
x=272330, fiay=2.2351
£ =22351, F(3) = 22338
=2

((x)=x"—2x -2
flj=1-2-2= 3
Fiy=%-4-2=2
Signs changes.

there s a root between | and 2

x=u2x+2

When o v =15, figy= 1.7l
x=17100, f(x)= 17566
e = 1756600 [ (x)= L7066
x= 17066, ((xp= 17687

=177

[

A maeert

AT

AT W)

{ ATy



1L fa}

(b

()

When

S+ 1 =0
Fikb=x*+22-1
FiN=0+0-1= -]
t{li=1+2 1=12

Signs changes.

root lies berween O and | CAmswert

I+ 2.24 1-224
S~ ar —

=162 or 162

X ligs botween | and 2. {Answer)

S+2r— 1 =0

LI
[ 1
X=
2
ry=13, Fixy=04375

o=04375, i =0458]
x=04581. =045y
r=0451%, () =04539

Loronl =045 [ AT



12.

{ih e +x—2=0

e'=2—7
= e
¥y=2-x
0 \ i
1 roat AW
b} g —2eon =10
= 2oos k. Vi
= e .r
7 y=2cosx
¥ = 2cos
\ }. e "
- o
o x
2 oty [ Arwerd
() ninx+x-1=0 ¥
Isink=1-x .
y=13sinx
¥ =350 % \
ry=1 =x
2T
ol
0} X

3 roots

}J:l_x

(AN @ eT)



13. e'—2r4+3=10 ,_V+
¢ = 2r- 3

L’ 1

2r-3

¥
|.1;I

| peint of intersection

ie | root

The rootis =10

v = ¢ + 15
: y
r=15, Fix)= 18033
= 18033, fivl=1.5824
x=[.5824, fixy=106027
x=1.0027 fixy= 18007
x= ] 6007, {(x)= 16000
x= 1.6009, (ix)y = 16000
x=16 (ldp) fANSWer)
3
14, X .= 1 + -
x, A
Since f{ly= o
t{lyj=2n
t(2)=17
there is 4 rood Detween | wd 2,
starting with =1, Firy=26
r=20, tir)= 1 K55y

= L E55G, T (x) = 1 .6942
X=laudz, T{x)=17i33
&= 17133, i (x)=1i.7093
r= 17003, firy=1.7101
£ =1.710]



15,

16.

{iL)

(b

()

(d?

When .

Since sign changes, there is @ Toot betwedi [ and 2.

= b.TIHY,
x= 17100

the root of =171

= Ny 3.:2-_5

s

Bl oy = —
(n} 1III| n

N
R A

270+ 7

(i) = rj.-
Al

r=2&inx e*

o+ d -ln_x

o ox=

': 4

(iiy v = Jiyrlnx-4
203

r=— +=x

X 4
2 3

i =4+ -X —x

Fx) 4

§ Aswer)

(AT

[Amswer)

[Agt=aerh

[ AnmweTs

(AN W)

CANSWer)

AW

(ATIRWer)



2
X

3
Sofor =1, fid=— +Iz;

-2+ i =275

4
x =275, Fiv)=21587
x= 175, £ (x) = 1.6857

x = 16857, fix}=1.0818%
xr= | 6EIE, Tixi= 1684

root of x= 168 {to 2d.p.) AT

17. (a) At Aund B, =1
x-8)Inxy=0
=3 x-f=0 or Inao={
hence =6, m r=1
Coordinates of A = (1, (1
and coordinates of 8 = (6. 0),

[Answoer

LANSWLeT)

{b) It F 15 4 minimum point,

dy
then i =1
dy

e, {x-6)x 1, (Ing) x 1 =10
x

6 .
I - —+Inx =0 {multiply by x)
X

1+ =6

w{l+lng=06

X = “—E;} {Hence Shown) A
+Inx
{c) When =3, 6 .= 2 RS9
(I +ln3)

x=28590. f(x)=29262



18.

x= 29262, ficy=2.8034
x =2 8434, l(x)=259002
x = 29002, f{x)=2.5015
r=2.9015, fixy=29052

xr=24 AsReTy
H-2x-3=0 v
=2 +3 p=2x+3
=
y=2e4+3
y=x

T
o]
s

The sketch shows that there

are only 2 real ronts,  (Shown) [ AdiswelTh

The greater raot is greater than 0.

M=Tr4d
i= ;';."[_Z,u: + 3
Whea x= 1.4, fly) = 1.5519
L= 15734 1.5744
x= L5740 1.5747

the preater roat is 1,57 CATswer)



19.

20.

When =1,

x, = 12137
x, = 13548
x, = |, 3628
£, = 13645
x, = 13648

ool ol x =136

X ., = —(_r: + I)
r= l(x" + ])
4
When x=1,
x=1[h5,
x =0.2813.
x =0.2556,
£ =0.2541,

in {(4sin v) = 12137

Fixy=13211

[la)y=035

[{x)=0.2813
{10y =102356
fixy=102542
Fixy=00.2541

oot of x =025

{ A n=wer)

[ Answer)



(b}

{vh

(di

(el

REAE iz =3(3-20 4+ i+ 5
—Q_Gi—3 -3
=4 I

iz, =103 20 {4+ 50
—3j+2+4-0t

=6 -2

T Er T i3 - =4 + 50
- 13+ B WK
— 12+ 10+ 2%

=2+ 23

2t =i 5iF
=16 -4 -23
= G- i

4+ 5 3404

- 2 = = w - ——

3 -2 A4

| ki

At

| Answer]

{ Asweetl

AN

CANSWLT)



Let \."f—_Iﬁ - 30i = i+ P
Then  —16 - 300 = {a + bi)2, &b i)
=06 =307 = & + 2ahi — B
Equaling cwefficients,
rcal parts = real parts
and  imagining parts = imaginary parts,

weobtain &t H= 06 e e S—).
and Jehr = 30
-5 -
4= —— e e . S ).
b

Substituting (23 in (1), we have

o= - B
16 = (‘_“E) e
B
o= 223
bl
Now let b = y. then
225
6= _‘5 - ¥

-6y =225
W16y -235=0
¥ -250 (¥ + =10

¥y =25 ar ¥ o=
b =25 B =9
h =+5 no solution
Case | Case 2
=35 or h=-3

- 15 - 15

=— =3our =— =3

&L o _ﬁ

the 2 rooty are (=3 + 50 and (3 -50 LA nswer)



(a) One root is (2 — ),
the other root is its conjugate,
ie (2410}

{b) r -2+ [x-(2-81=0

Wox(2—0 X2+ 0 +(2H {2

oy 4+xi 2x- xivd-—0P=0
Fodr+5=0
=4
(4] =3

Given A is the poinf where 7. = 2 — 3
£ is the point where 2, = 3 + 24

and € is the point where 2 =a + bi

{a) If QABC is a par™,

h.
e Cla+ b

{Answer)

1=0

2

Lt Chez=u+Hi
then ¢ = AR = 002 = AR

K

Vo + P =+ 57

B =1+25

[ AwOT)
AT wWEeT)
B(3+2i
A{2-30
AR =b —a
=1 +3i
....... e D



@+9 =(3-ur+(2-b¥
13 =U—bu+a*+d4-db+H
@ —ba—4k =0
X —bg- 4 =1

o + 4k =26
JuA 2 =13 e e
15— 2k
i = 3

Replacing in (1) above, we have

[Eﬂ]_ + 5 =26
3

Br-dh-5=0
h=50r-1
and a=1ors

_"\-I
+
|24

or mid-point or AC

rx.l|

1]
1 |4

mid-point ot O8

Since QABC s a par™
o, +IiI=a

iz, -z, =1+

s={l+51 o (5- 1}

A



(b} Cy

z,) o)
2AB = AT
Ap-g) =lg—a)
Uz, —g) =23
dz, -2z =i-3
z =27, —=

=203+ 20 -2 3
=6+ 42+

=4+ 7T

Given z = I+ X

and T, = 5 3

{(a) 5, B, =(3+20)-(5-3)
=3+ 2i-3+3

=-2+ 4]

=4+ 25 = 29

I - da

[ ATISWET)



-5
{b) argdz, — ) =arz (-2 + 5/ = tan ' (_E_J

= 1495 rud [ 5w

5

i) Giventhat =2 .3

T=Q2-M =4 120- 92 - 3
= (=5 - 12002 - 30)
= 1 - 24i + 15i + 36
=46 9

= ey (o)
=2 176 + 81
=2 197

= 4f K7 AW
‘ {9 ]
(b} arg 2t =dan 46,
=2 048 rad. [ ANsvr)
46

P —
1-9




m A

\

x
13
&
P RerecInin
A 0}
(6,0
The least value of I|E| =0X
In A QAX = sin T 0%
e =" e oA
| _ 00X
2 &
Ox=73
Least value of 2] = 3 units.
5
Given arg (0 +41= E
5
And  arpiz -6)= ET
fm +
Loy

.

L
ol Al

{ Apsaerh

o Re-clXis



Arg {z+4) and arg (z—6) mectat £,
PX is 1 to the real axiy

X is the mid-point of AB
E OX=1 and AX =5 units.

o 4 §
[an — = —-
& AX

X
PX =AX = tan _f
1

:5 b4 ::‘:
W3

<l

| = |oP| = YOX* + PX*

[, 28

| 25
= + —
V73

28
= |— LAnswer

V3

W |74 8 =lz-( 8 = ap lasshown)
frre

P

¥ [eocivis

P is any point on the circumference of the circle, centre O,
radius 4 units.

Least value of AF = A8 =& - 4 units LAWY

and  Createst value of AP = AC =% +4 =12 units [ANswLer)



(b

and

aned

10, {2}

(b

Argiz+8) =arg {z- (=B}

= 7 PAC), where £ 18 any point on
the circunifercnce of the circle.

in, /
B

Girealest valus of £ PAG
=/ BAQ A 5

IJ
leust value of AL PAG g i ol rH{.’-—cI.‘(r-‘&
= /CAOD

Greatest value of arg (z + 8y =€

G 4 1
sinfl=-——=—=—
04 8 2
i
H=— i Answer)
f
-
least value of arg {z + B} == e LANSwCT)

43 =2 ¥ =ar0 =413

n

"3
arg (2 + 36 = tan ! [_EJ =1rad (to nearest integer)

24+ k= xl'r]i g [ Ao

-5
ary (3 — $i) = tan™ (— } =—]sad (to the nearcst inwger),

i-5«= xn'rfﬁ ¢ [ Answer)



1.

{2} {I£|z—2|=’.2}

The shuded region
i the required set,

(b ;fsﬂrg{z+f}£§
ImT
*Re-axiy
S AN

N\

‘The shaded: part is (he required rogion,

@ Jz-2) =1 ,

—IT. \ L
——=urg{z-1)jg =
g =he{a-) 4

"

-_f_)_ Re-awiy
a=_%
b

The 2 given tnequalitics are represented by the shaded reginn.



12,

Since H is the complex number x + iy,

and

Also  AB= NHI{Z —xf (-1 }-‘}:-

OB = & + ¥

s ;

(4 = \,122 +({-1) = NG

&%+ ¥'= 5 since OAB is equilateral

AR ulso will be equal t 5.

e

(2 AR+l 3F=5

4 -dx+x+ L +2y+ ¥ =3
4 Ae4+T+2v+ 5+ =]

d-dx+ b +2r+5=3

henee 2y —dx = -5

_4x- 5
2

¥

Substituting in 3 + v =5

We oblan
r=1+ l \."'E
2
1 —
and v — 4 3
2

fmm A
Bix+iv)
g Fr-raxiS
]
Ai2-=-7
e
(A WeTS



R TEN .
' {4 + :rz) [4 + x"’)
Then + 5% = (4 j_rz}
1ridl dr ¥ = 4 + al ® 4
(4 + x1) [4 + X }
_ (4 + x:} 4
(4 +x1}‘
_.1
= m =z+z¥

+ X

l
As X vanres, the modulus of 7 will always be m which mwans that the

Incus of ¥ will be the circumiference of a circle



14.
It &

Y
(=1 + i}
5 units 3 units
23+
X r - . -
{4+ 3
2 unity
5 units
— -y

L) r= 44+ 3
I5':—|+F|'r£
iy () je-3-4 =3
'lz_{3+4;'}||=5

im 1i.

{Answert

[ AT

Locus of x

- [ IXIN

o

[ANSWeTh



::.—f:—Hi|

iy el

o= (6 + )

Im &
- Locus of z
{6+ Bi)
W fLoraervin
£}
[AwLr)
1
()  arg(z-r) argz= P

arg [z - (<4 + 300 —are (3 + 44

P Ro-ais

LA s



15. Civen that

w=1(1-1

() -5+ Bk

fil—iy={1-iP=5¢1 (F+8l-i-&k=0

=2 -2-5{-2Y+8-Bi-k=0
2410+ 8- Ri-k=0
—k+6=0
k=6 { Answer)
(b} The othet complex oot 15 (1 + 1) LAnSwWeT)
(e) lu| = J1° +"|:—1j]'2 =T+ 1 =42 LANRCT
arg i = tan” (-1}
= = ) AW
4
- > Re-axis
(0
(=4
(d) frir i
! .
v - Ri-crls
& '.
IF-==
(1-4

[AISWeT)



@ el <l

“Q
and ncarg[:{—uj::%rr

fre

N

1

W Re-canis

4 <le-1

16.  fu} Y3+ +3=0
fisif+37+i+3
= f-T4+i+3=0)

i 1s a complex rool of the eguation.

b} The other comples root 18 —i.

|z - (1-#) or {z-u)

[ANWLT}

[ Answor)

[Answord



el ter

T i [Arawar)
-  {ANswerh
W ey
€}
|z =]z~ 4
Given that =1+ 21,
i i - JT.
(a) aml (i) W= 3((:1_15 — + § &in —3)

I [AbeweeTd

= (E - \F%) +0 |3+ E] fAnswer]




(tif} - = —
1! 3
+.... _f
2
244 3-43
= —_— X — —
T+ 43 3

AR

= 4+ =
f f
X o+ 3J3§}
1 unils
¥ (7 7z
i 31600 funits {3+ 00}

) AXYE ix equilateral.

18. Given that g =1 + 24

E

and v =37
v+v={l+2}+(3-45
=l+2i+3-

=4+

sy

A mswer)

LA

LA NSWLT)



ue = (1 +2iJ(3—F}:3—i+Eu'+2

=54+ 5 L AnEwer]

{m arg {(uv} =arg (3 + 381 = tan ' (1)

=2 €A nswer]

4

{"-:} {1 ry
Fil+2i)
Hdri
o (L TER L
)
oG-

POR = arg OF —arg OR

!
= turr ¢ {2) — tan” Lg{]

= 1107 - 01245
= DH6e2 [Anmswer)
OOR = urg OQ + arg R

= tan™' ["l,J + tapn ! [L?]

=0.322 +0.245
= (3.507

AW



1% (al

Lo

Lhen

Eeplacing

Szt + =0
3=/ 4[4i+2)
2

L =

-39 168

| ]

T .
ST =188 = x + iy

I — 16 =27 — v+ X oxy

roy=1 2rv=—16
Y xy=-§
- — =1
) N
y= -
6 *
L [—1] =1
i
aehd =y
- ad=0

£ hy »owe ablain

v-v—6d=10
=Sl + 256
2
| + /257 | - 257
v= - o o——
' 2 2
1+ 1603 | - 1643
_‘_I-" e or —_— . )
2 2
1703 =150
¥ = ot il
2 2
¥ =832 or 752
=832 (or -7.32) rejected
—

Y= £ 852 = +20140



—4 -8
209 20149
y=-2741 or 274

But .o o rI=I6 -3 Ji-lei

2 2
. 34 21912741 ~31- 2919 + 2741
e = : ar .

2 2
 00BL-274K
p
- (00405 137057) o 2219+ 2HE

z = (00405 — | 370540

2
or  (—2.59595 + |.3705)

{5}] modulus al & = |:| = 1."'1.37‘.59 =1371

arg z = tan ' (338)

) =-004-13% or z= 3+ 130

fm &
(=3 11375
.-
]
(- 137 e Z:

(LN ENAREE )

[ Anstwer)

(AW

[T iy

A MWL)



2.

fa)

{b)

(<)

{d)

{ [ AW

AN WEr)

A= }

\| = tan '{I} =

=
Lo 0o}
-
H
—_
=
=
1
I
e —

L=

LS FLVE

Cirgle drawn with centre o and radiug 2,



{an)

(b)

UNIT 18
FIRST ORDER DIFFERENTIAL EQUATIONS —

Suggested Solutions

dy
¥ = {08
dy

wdy = cone dy

I . .
—¥ = &Nk + ¢ CAnswer)
2
dy
T =Xy
d
[
—dy = &y
¥
Iz
lhy=—x"+v¢
2
e
(th =¥

¥=4 e AWy




Iny = [In{.x“' + I] - In2] +In?2

3
y= %{.In{.r: + I} -In2+2 JnZJ

lny = %[In(x3 + 1} + inE)

lny = % In{Z}{x: + i}

Iny =In {2(_{2 + IJ}?

¥ = \J'Q{,rz + I} (LY | TAVERT
dy
b —_ =2y
®) dr ’
! dy =2
_\-!

flaefa

¥
[n¥]; = 2{x],
In ¥ In3=2¢

In A 2x
3

gt =

CAdwer)



i

Let s = ne. of bacleria at fime ¢ hours

bl o = nor, of bacteria at time § =0

dr
— X
iz
E = kv
di
I
—dy =& v
K

e 1
f —de={ k4
" x L|

[nx] " =[],

In2a—Inw=34-1)

-

k:l]n“_“
3 7
|

ff::hﬂ.z

3
When the bacteria will triple, v = Ja whene= 1

f ]_ dy = J"k dr

X

[lnx]™ = kT

L

Inda Mma=Fx—In2
3

m> =% % - n2
e 3

1
In3i=—T1In2
3

T=3=16=48hours

CATIS T



2
3:——2+I.'
3
2
I-—_+2=u¢
3
3
c:4—§:L
) 3

ds = (r* — ¢ + 4 dt

er.i.' = f(r"' -1+ 4]dr

1

- | 5
===+ + e
3 2
125 25
W/0=" -3 M+
3 P
125 25

PR R S, Ty
12

¢ = | S — 2500 + 75 — 120
§]

. | 205
6O

CANSWUT



(i)

imitial displacemnent (s when £ = (),

then & = T2 20008
fy ;
dr _ 2o
x
L
—, dy=2x dy
¥
_r}-": dv = J-Ex dy
N o
-1,
=1 +u
¥
l = Ax"
¥
l = Kx'ﬁ
¥

[T

[ATINWT)

[ SIS



r==z Ve 4 R {Aswer)

dr 0.1

dr r
rde =000 de

frdrzfﬂ.ld:

r:‘
—=01r+
2

when =0, F=04cm

ir.4)’
—{ ] =+
“

L. .
2
% = .0t + (08 [ANSWeTE
When =2,
T hix 2008
2
F=0d w016
¥ = (156
Area =g

={.56 x¢cmd CANSWweT)



_,'I x {16} = 34 + ¢

[EI] whenr=|. r=0

l =10+ ¢
3
|
and -=—
3
I B
= {16) =3k + ¢
3
T !
3 3
Uk =295
k=453
I, |
—r =455 + -
3 3
When r= )
i A |
- x {21:) = 485; 4+
3 3
AL = 455;
3 3
199 = 4535;
3
0y
——? E =59 xer

LA}

tA e

LA wer)



dr

= kv
e

1
—dy=4%&
'||_:'

fid_}':fkd.f
Iny=4F%+¢

When =0, y=y,

]n }II'I =

Iny=4r+1nyp,

Iny—Iny, =kt

¥
il'll—“=;('f

.
|
I
=
[

Adter a further (U years r = 15

So y=xn " as
:_\’n EI.-|-"i

= E _‘}.'”

After 15 years, the population has increased by % times,

[AEs e r)

[Anawerd



10.

11.

When
Then

-]- de = | & dr
frode=f

£
Inax =kt +v
When ¢t =0,.x= | (00

In 1 OO0 =0+ ¢
e =1In 1 (KK

Inx =4kt +1n i QOO
Whent=t x=1672

— = kx (% = 0, hecause there is an increase)

In L6772 =&x=x1+1In ] Q0

A=1In 1672

Ihe={ln1.672)yxr+1Inl
MNow when xr = 2 DI,

In 2 (6K) =¢In 1,672
feiln1.6721=1In2

n2
f= e = | 3% howrs
672

Time will be 13,35 or |
dy
—_
dr ’
v
E = _k}'
Wr

|

-dy = | ko
fla=g
Inv=—kt+¢

v=de*

(H)

%t +In 1O

35 p.m (AL wer)

Crhere 35 decay, the rate 1s negative)



l ¥.=y = I
P T 1]

2

3 =EZEHHJJ.

In 2 =2 000k

._ In2
2000
Foled

| —
P T
¥F=M 0

When = 1K)

[ " o

}_. = }-|:. & (R ) SN

=0653y,

After 1000 years, about 97% stil] remains, EA W)

12. Let T° C be the temperature of the by at time ¢ minutes after being brouwght
inta its surroundings.
d7r

Then — —_4 (T -17)
di

I

- dT = —{&
f{T—IT} fr
I — 1Ty ==kt + ¢

F—1T=Ae ¥

When r=10. 7 = al

L e ]
A =43
T 17T=43¢¥

When (=10, T=48"
A8 1T =43¢
31 =43 ¢



31

L
43
3
LTI 4_
il

43
10k =InL—]
31

ko= L]]’][ﬂj
10 31

When ¢ =20 (after a furthur 10 moonuies)

_[' " ':'J e N
f-17=43 ™ 7
T=17+43e 1
= 17T+ 43 x 00443
=17+ 1.@
=189
q
13, 0 V=—_ 4
() 3
CLAPY.
d#
dh .
— = kh-
dr
T
in out

dh
When m = 10, =20 we et

]
=2 4%
k=-2
o

dr

LAnswer)

(AW



drr

® e i) =
di = ds

[
B{1 + 24)

using partial fractions,

E T +22h}} di =i

f{?]a i iz;:}} dh = dr

Inh-In{t+2h=t+r¢

When r=0, 8 =10,
: Ink Ini{l +2hy=1

) ft
=3 t =1n [ } CAnsweT}

M w Lo ()

iy NAN.
dP ;

— = kJ(P-
L - He-

|
|:h:| IT dﬂ = k.r +
\JII'{_P .x}

E{F - x}z =—f+ 1

Whon r=0, =3
2{3x - .1]: =

2 {P—x}; =kt + 2{2;}-1



When P=x.0=1

20y =k + 2{2.:]:
k=2x {25}1-'

|
Hence 2{P —.r]z = —?.{2:.‘]?: + E{Ex]l'z

{c) When P =2y

u":).rﬂ‘u'ri—l
|

t=l- —-=
2

{P - r}ll = —{2.\:]!2 P+ 2{21_};
(P2 = (2 {1 1)
pow=2x(1-1)F
P21 - +x

dex -k
15. i —=—
(w dr i
o oda=—kdl
forda= [kt
“ = kI +c

[ ATWET)

divide by 2

squaring both sides

{ Aqswrt



L=

$ oAk

2

= 2A ki
{1=\."E.E

by When a= L 7=10.
1) = J24 k= 10

J2A k% 10 =10

24 fow 0= 100
w5

Wx2Aa A
ali=2Ak

rrlzlﬁxixlz

av |
e L.
16. il R( }
[ [
e e
-[{\f 600} &

In{& - 600) = 13’ +o

[on {1 000 — 00y = O+
¢+ = In 4K}

In(N - 6010} = %: + e

When N = 15000

In (15 000 — 610 = :?r + In 400

-I—r =inld 400

L]

A 4000

[ A=)
e =120
= u"'EU'
= 11" § AEweTh
LADnsweT)

[Auswerd



17,

1, g, 1440

8 400
lr =In3i6
8

§= 2% days

drq ]
) de P
{I_r_ ko= _]
¢t F-
Fde = fodr
fr? dr = f!r e
r—:h‘ + ('
When r=0,r=1
—:f}+('

hence % = kI +

When f=3.r= 16

16’ i
R ¥
3 3
3o 309 1
3 3
5
M= 4 {Jq”
Al
k= 4095 _ 455
Ix 3
Fi= 3w 4551 + |

[ AT eeT )



When = 20, we have
2=1365+1
RO -1

1= — —— =59 seeonds (to 2 significant figures)
| 385
18, o _ (2]
. i) de  hx
dy _ ¥
dr 1
L, iy = L« dx
¥ X

— =+
¥ X
1 [
—_ = =1
yooox
I_I—xr_'
¥ X
x
¥=
| -z

1
2=
1-¢
X
Ml —e1=1 ¥= P
1— &
2
“
2 -2 = | m:q“'f
2—x

£ A W)

CANSWUT )

[Answer)



19,

@ s

LIPS

X

1 - _I
J’;m_f i de

Inxr=-k+¢

When =0 x=Af

mAM=0+¢
c=1nM
Lo, Inz=—kt+In M

[b', Y=g wi = I A
r=a erelu-ﬂ

X =A™

ButA=e"*
InA=InM
S0 A=M
1

When = 5 M, =20

l M=M=
)

A
L

there is decay)

i Answer]

{ANSWLLr)

[ANSECTY

et =2

In2 =20k

|
k= —In2
E



Sothatlny = [—L]HZJ i+ I Af
20

When = l M
3

| i
n =

L |n-z] Py
3 0,

(LanJ:=inM*InlM
20 3

)

(L ]HZJ t =1n ]ﬂ
20 M
7

=2 = | 385 = 31.7 houry

20. — *q

d¥% \ ]
i =-k8  (decrease in wmperature)

l dy = —kdS§
by

]
== | -k dr
fse=f
In&=—kt+¢
When =0 8={70° [8%). By substitution, we have

=52°
In 532% = ¢

A TI5WCT



When £= 10, §=50° 18 =32°C
In 32 = —1{k + In 32

a2

-0k =in Fs—L
52

B
11} 32,

' k3
In§ =--!n [ -]+ In32
10 413,

Y |.I:.1
lnud = InL— —] + 152
13

n

iny =1In (-H—]m x 32
15,

§=32x (_E-]”"
13

After 10 more munutes, £ =24

m

.5'=52x(i "
3]
. g 52 xKRx8
='12><—]—— —
i3, 13«13
256

Final temperature = 19.7°C + 18°C
. =37.7°C 1 Answer}





