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PREFACE

This book came as a result of rigorous work and extensive consultation with 'A' Level

Mathematics teachers, former and current students. After successfully publishing the students'
guide series in 'A' Level Mechanics, Pure Mathematics and Statistics for the Cambridge
lnternational Examination'A'levei syllabus, the authors saw it necessary to also provide
relevant study material to their constituency as a way of contributing to the development of
the human in Africa through education.

This book is the first and oniy mathematics text book authored, printed and published in

Zimbabwe by Zimbabweans for Zimbabwean 'A' Level mathematics students. Most, if not all

text books available on the market fail to adequately tackle the Zimsec syllabus well as they are
generally authored to suit any syllabus hence the authors of this book saw a knowiedge gap
which resulted in the production of this book.

Students equipped with this book need not worry about consuiting other books as it provides a

permanent solution to the Zimsec syllabus. lt focuses on paper 1 which is a compulsory paper
written by all students sitting for the Zimsec 'A' levei syllabus.

The book was developed using the'doing by learning'and'learning by doing'approaches. At
the beginning of each chapter, the book gives a brief, but complete theoreticai framework
meant to orient students to the topic at hand. This'iead-in'theory is specifically designed to
give students a learning platform before putting the concepts into practice, thus'doing by
learning'. To cement on the concepts iearnt, detailed worked examples from past exarn papers

are incorporated into the text coupled with diagrams, tables and hints. We believe that
plunging a student in the practice zone enables one to have a feelof the terrain. As such, a pool

of challenging past exam questions with answers at the back are part of every topic to ensure
'learning by doing'. The fusion of the two approaches is an attempt to'hit two birds with one
stone' thereby providing a theory-practice nexus. While covering every topic within the
syllabus, the book places concepts in an orderthat is incremental in nature with linking devices
called adverts strategically placed between sections. The adverts are used as introductory units
to a pooi of topics that apply the same concept.

we have no doubt that not only students will find this book useful hence it is important that
everv school provides it to both students and teachers if they are serious about producing
quality results.

Globai lnstitute of Business
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Chapter One: Quadratics

"A bold onset is half the bottle."
- Giuseppe Garibaldi

This topic deals with algebraic problems in higher order power two. Equations are named after
their highest order power. For example:

axl+b=0

axz+bxlc=0

Linear equation

Quadratic equation

ax3 + bxz + cx * d = 0 Cubic equation and so on

Quadratic equations are solved using either the method of factorisation or the quadratic

formula. Of particular interest is the quadratic formula which states that:

-b t,lEz - 4rc
2a

At this stage, much emphasis is placed on the discriminanU that is the value under the square
root sign. A discriminant is a tool used to draw up a conclusion on the nature of roots or
solutions.

Discriminant= b2-4ac

The discriminant gives birth to three conditions outlined immediately below:

L. b2-4ac=A
This condition gives rise to two identical roots or soiutions commonly known as one
repeoted root. Two identical roots occur at the point of intersection of a curve and a

tangent as shown by the diagram below:

Global lnstitute of Business
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lf the discriminant is zero, the quadratic formula reduces to

-brv0

-b+0

2a

-b-0
21-

..r-

2a

b
-2"

OT
2a

b
-2"

2. b2-4ac>0
This condition leads to two different or distinct roots. lt implies that the two graphs

intersect at two different points as shown in Fig'1.2:

\
\

\curwe

Assuming that the discriminant

to:

Fig. 1.2

is, for arguments sake, 9, the quadratic formula reduces

-b t^19

-b+3

2a

-b-3

I two identical roots 1

lo, orc repeated rootl

Ttwo dif f erentl
L solutions l;.x- or

2a2a

b2-4ac<0
This condition gives rise to non-existence

graphs do not intersect as shown in Fig. 1'3:

of real roots. Diagrammatically, the two
3.

Global lnstitute of Business
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- Fig. 1.3

Assuming that the discriminant is -9, the quacjratic formula reduces to:

-6 a,/a
2a

=9 x is undefined because the square root of a negative number cannot be evaluated in
realterms.

NB:

o To use any of the three conditions outiined above, one has to combine the two
equations in question and reduce them into a general quadratic equation. it is from this
general equation that one can pull out A, b and c.

o Conditions two and three make use of inequalities.

The nature of roots is inspired by the location of the discriminant on the number line. A
discriminant is ether positive, negative or neutral (zero). Below is a number iine summary of
conditions hinged to the discriminant.

two identical roots

narealroot i cwo dif f erent roots

\
\ curve
I
1

I

I

I

I

\\.9

negative 0

(b2-4cc<0)

positive

{b2*{ac>0)

Fig.1.4

3

Global lnstitute of Business
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Method of Completing Square

This technique is used to summarise a quac):'atic expression and/or equation. As the name

implies, completing the square is inspired by'perfect squares'. ln this case, a quadratic

expression is rnanipulated into a prefect square by considering the following steps in a standard

quadratic expresslon, ax2 + bx -r c:

r Factoring out the coefficient of the term in degree power two with the view of making

the coefficient positive one (*1).

o(r' +1* * 9)
\aa/

o Adding and immediately subtracting the square of half the coefficient of the term in x.

ol*, *Lr*(L\' -(!\' *:l*L^ ';"=\zo) -\zil 'al
o Expressing the first and third terms as a factor summarises the first three terms into a

perfect square. The last two terms remain the same.

lr b\' rb.."1,l\, * n) - \n) *;l

it b\' b2 cl

" l\r 
* zr) - or..* al

o Extending the effect of the overall multiplier to all the terms inside the major pair of

brackets.

1 b\' b'
o\**z) +c-4a

NB: Once the quadratic expression has been successfully summarised, one can easily determine

the coordinates at a turning point (whether maximum or minimum)' The x value is given by

equating the value inside the pair of brackets to zero and the corresponding y value is the part

free of the brackets.

ln this case,

bx* 
^=0

and
b?

"4a

b
'" 2a

. .'. The coordinates at a turning point are (- *t , - *\\ 2a' 4a/

Global lnstitute of Business
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Example 7

tf f (x) = 2x2 - \2x *

> f(x) = zfr'- 6x *

r

=f(x)=2lx'-6x*
L

I
=f(x)=2lQ-3)'-t

t
=f(x)=2lU-3),-t

'.f(x)=2(x-3)'-S

)'- (-3)'.f]

where (3, - S) are the coordinates of a turning point

Exomple 2

tf f(x) = 2x2 - L2x * 7

+ f (x) = zlr' - u, *:l

+ f (x) = zlr'- 6x * (-3)' - (4Y +;)

+f(x)=zl,-3)'-,.:l

+f(x)=zfo-ry-+]

,.f(x)=2(x-3)2-71

where (3, - 77) are the coordinates of a turning point

13

131

2l

(-3

9

5r
-l2)

.+l

Global lnstitute of Business
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Example 3

h(x)=6x-xZ

= h(x) = -ll-xz - 6x1

; h(x) = -7lxz - 6x * (-3)' - (-3)'l

+ h(x) = -11(x - 3)' - 9l

,.h(x)-9-(x-3)z

where (3, 9) are the coordtnates of aturntng point

Revision Exercise

I The eqttatiott of a ctu.l'e is r' = 8r - ..r1.

{i) Exi:ress 8.-r: - rl iu the tbi:it o - i-r'+ lr):. stnting lhe ututrerical r'rittes of a attd &

(ii) Herrce. or othenvise. firrd ihe coorriiurlei r-lf tlte >!atittttatl'pt:int of the ctrt"'"e.

2 Ttrre i\iuctionf isciefiuetlb1'l:.r* 2-ti - 8,t* ll tbr.r e l:1.

Esplers i(x) irr tlte fct'ttt o(.r'- /:): + c. rt"itete a. } anri c are col)statlfs.

3 Er;.li'-'ss l-r: -'{'r'+ I irl th* lirrttt lt(t'+ lril o t ltt)t! hcttut stlttt" llt* ctx)r{lilliltL's ot'{ltt tttiltilttttttt
poirrt. A. orr ti:c cuive .\'= }l - i.i + i. I-l]

-1 Erprcs, 1-r'l +. 8.r - l{) in rltc lirlrtr rr(.t t /:)l .i- r'.

5 Tirt l'ulctiprr t':.r e.r: -,1.r * A i. rj,-:lirr'-'rl lirr-{hc r!rrrtuil r } /). *'h,.'rt A atltl Tr irrt'c{)tlstil,}l\

ErJrpgr. l'{.t) in thc lir;y1, ,.t * <r}l * ir r A. '0,, llctc rt rrrttl /r ltrc coltstitttts. l)l

l-il
L'J

i:l

t_ l

trl

Global lnstitute of Business



'A' Level Pure N{athematics: Theory,-plnctice Nexus

Worked Examination Questions on Ouadratics

Question (Cambridge, June 2007 qp.1)

Solution

! =2x *c---------------- 1

!2 = 4x ---------------- Z

by combining (1) and (2)

(2x+c)2=4x

+ (2x + c)(2x * c) = 4,

=4x2*Zcxl2cx*cz=4x
+4xzl4cx-4x*c2=0

+4x2+(4c-4)x*c2=0

where a = 4) 6 = (4c - 4); c = c2

using bz - 4ac = 0

+ (+c - 4)'- a( )(cz) = O

= 16c2 - 32c + 1,6 - L6c2 = O

+-32c*16=0

+ -32c = -16

1

2

Question (Cambridge, June 2009 qp.7)

Finil tlrc :r-'[ oj'r'aluu.r ot'( lir:.u,hich (ht. lirrr r

1:roin1s.

Filcl the valtte of the co]lsta1rl c fol u'lricir the liue.r'= l.r * c is a taugent to the crul'e r,l = -{.r l1l

= l'.r - i inlci'rcctr llte cutvc \' = .l'l - }-at tri tl rlisrirtct
t+l

Global lnstitute of Business
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Solution

! = kx -4-----'-'-------- 7

"-.tZ-1*+)y-^LA

by combining (1,) and (2)

kx-4=x2-Zx

+-x2*kx*2x-4=0

)-x2+(k+2)x-4=A

where a = -|1i b = (k * 2); c = -4

using bz - 4ac > 0

+ (k + 2)2 - 4(-1)(-4) > o

+k2+4k+4+4(-4)>0

+k2+4k+4-16>o

+k2+4k-1.2>a

+(k+6)(/i-2)>0

+ -6 and 2 are critical values of k

NB: A quadratic graph is U-shaped if the coefficient of the term in order power 2 is positive and

n-shaped when the coefficient of the term in order power 2 is negative. ln this case,

Fie.1.5

Since the region that satisf ies the inequatity, kz + 4k - L?, > A, is pcsiti'ue,we shade

the area aboue the x - axis.Thi.s areq must be bound by the x - axts and the curue.

:.k<-6andk>2

Global lnstitute of Business
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Question (Combridge, November 2005 qp.1)

9 The eqtlalir)ll of a crule is.r-r'= 1l and tlte eclrmtiou of a iiue / is l-t r.1'= k. rvirele I is a coitstarit.

(ii) Fittrl the sel of valrte: of L- tor u'iricir I does uoi iniersecr the curre. ll]

Solution

x! = 12 ---------------- 1

2x*y=k-+2

by combining (1,) and (2)

x(k-Zx)=12

-kx-2x2=12
>-Zxz-tkx-12=0
,NheTe a = -2; b = k; c = -1,2

using b2 - 4ac < 0

= k2 - 4(-2)(-12) < 0

+ k2 + B(-12) < 0

+k2-96<0

- (k - "qO(t + r,/oo) < o

+ tlgO and - ,66 a." critical values of k
I

Fig. 1.6

Since the regionthat sattsfies the inequality, kz - 96 < 0, isnegati-ue,we shade the

area below the x - axis. This area must be bound by the x - a.xis and. the curve.

..-^tq6<k<^196

Global Institute of Business
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Revision Ouestions on Ouadratics

Question ( U n know n so u rce )

Find the set ofvalue of k forwhich the line ! = 2x-F k cuts the curve y =
distinct points.

November 2002 qp.7 {Zimsec)

x2+kx*5attwo
t6l

L. (a) Find the set of values of k,for which the equation kxz - 3x = k - 3 has real roots.

l2l

November 2000 qp.3 (Combridge)

1. tn the quadraticequation kxz + 2(k+ 1)x + (k - i) = 0,k isconstant.

i. Soive the equation in the case when k = 5.

ii. Find the set of values of kfor which the equation has distinct real roots.

November 2002 qp.7 (Zimsec, O LevelAdditionol Mathematics)

8. (a) Find the range of values of k for which the equation

Zxz + (4k - 2)x + (2k - 1) = 0 has real roots.

(b) Find the range of values of c forwhich the curve ! = x2 - 3x intersects the

straight line y - x + c attwo disiinct points.

November 20A7 qp.7 (Combridge)

I Deteluine the set of values of ihe constaut I for q'hicir the lirte r' = '1.'; * i; cloes uoi il]tersect iire ctuve

12]

l3l

t4l

l4l

Global lnstituie of Business
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November 2009 qp.72 (Combridge)

l0

(ii) Dr.:tcIrttirtc tltL' \t'1 {}l
f\'=.\---+.\'* /.

t_.1+.\+/

t+-5

',r'ltieh tlrr. linc lr' = .r + A- d()rs i)()l lnlelsL'cl tllc cul'\'c

l+l

June 2077 qp.73 (Cambridge)

2 Findfitcsetol'\'itluL"\(Il'rltlirt'ulrieittlt.. lilct =,/J-\.; jinter\cci\lhcerir're i=.l.rl*{.r.+7altrro
tlistitiet poirrts. I5l

lune 2012 qp.73 (Combridge)

l0 The etlttattott ol'tr littc is l.t +.t - l'. $he rc l' ir :r cortrlurtt, trttl thu c(luirti{rrl r)l'r ui,rvc is.r.\. - (r.

(ii) Fir:cl lltc:ctol rliiitcsol'llirru'lticltllrclirre li*,\'rAirrtcrscctstlreculrc.11':(ruttrr,()(li\titlcr
l"roir)t.. i'i i

L

GIobal lnstitute of Business
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Chapter Two: Polynornials

"Nothing willwork unless you do."

- John Wooden

Polynomials deal with probiems concerning algebraic functions with much emphasis on the

order of powers. This topic analyses the relationship between factors and multiples. On one

hand, a factor is a lower order expression that gets into a higher order expression (in this case,

a polynomial) without leaving a remainder. On the other hand, a multiple (that is, the

polynomial) accommodates lower order expressions.

For example, if the polynomial f (x) is such that,

f(x)=Zxz+3x*1,,

(x + 1) and (2x * 1) are factors af f (x) because they get into /(x) without leaving a

remainder.

Much of the work in polynomials is centred on the analysis and application of the remainder

and factor theorems.

The factor theorern states that when a polr/nomial is divided by a factor, the remainder is

zero (0).

The remainder theorem states that when a polynomial is divided by a lower order expression,

it leaves a remainder.

Factors versus Roots

A factor is an expression whereas a root is a solution.

For exarnple, if (x + 1) is a factor then x = -1 is a root. This implies a factor can be

transformed into a root or vice versa. This feeds from the fact that,

If(x+1)(3r-2)=a

either (x+t)=0 or (3x-Z)=A

1n"2=x=-r or ,=i

.As 
such, (x + 1) and (3x -Z) arefactors, and x = -1and x = 3 the corresponding roots.

Using linear factors, P(roots) = 0 and P(non - root) = remainder
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In short, if a root and a non-root are substituted in place of a variable in a polynomial, the result
is zero and a remainder respectively.

For example, given that, (x + 1) is a factor of p(x) where

P(x)=x4-2x2-3x-2
+ x = -l is aroot of p(x),

=+ P(-1) = 0

=+ P(-1) = (-1'1+ - 2(-112 - 3(-1) - 2

+P(-1)-1-z+3-z
+P(-1) =0(shown)

lf thesame polynomial P(x) = x4 -Zxz -3x- 2 isdivicied bya non_factor (x *2),

= p(-2) = (-Z)n - z(-2yz _ sGZ) _ 2

+P(-2)=16-B+6-Z
) P(-2) = 12

.'. \2 is the remainder when p(x) is divided. by (x + Z).

NB: The strategy outlined immediately above only works when using linear factors.

when using quadratic and other higher order factors, the only workable way out is to make use
of long division' Since long division is idealfor ailtypes of factors (linear, quadratic, cubic and so
on) it is mainly reserved for non-linear factors because ihe method outlined above provides a
less laborious way to account for linear factors,

The Long Division

This technique is made up of four component parts as shown below:
quotient

divident

a series of elimination steps

"ffi=x4-Zxz-3x-z and
factor of P(x). To find the other factor of p(x), one has to use long division.
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xi*x2*x-Z

(x+1) i rn*0x3-zxz-3x-Z
*(xa + x3)

-x3-zxz- 3x-Z

-(-r'- rt)

-xz - 3x- 2

:-!:li: r)
-Zx- 2

*(-zx - 2)

ln this case,

. (x + 1) is the divisor;

. x4 - 2x2 - 3x - 2 is the dividend;

. x3 -xz - x -Z isthequotieni;

c zera (O) is ttre remainder.

As such, P(x) = x4 - 2x2 - 3x - 2 canbe written as a product of its factors, that is

P(x) = (x + 1)(x3 - xz - x -Z).

Worked Examinqtion Questions on Polynamials

Question (Combridge, I une 2070 qp.32)

5 The Polr rtorrri;rl l.rl + 5.t': + {t.t + /r. rlhci'c rl irrtri 1r ir!c u{)rl\lirrl{s" it r"le lttrlcti ir'. |{.1 ). lt is gilcrr (ltlll
(lr + 1 ) ir l llctor o1';-r(.1 ) rrrr.l thlt rvNtcrt 1:{t ) ir rlir it[:tl hv {.1'* ]} llrc ltilririlirlcr is t}.

{i) Finrl thc vlrlucs ol'rt ult<l b. l-5 I

1ii) \\rhe'n rr ltttll /; hltlt thcsr- rltltt{*. llteioris,.'l}{.1'l e{}rlll)itrtcl-\'. til
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Solution

(i) Given that,

P(x)=2x3+5x2+ax*b

o To solve for the unknown values, one has to form a pair of simultaneous equations using

the fact that (2x + 1) is a factor ot p(x) and that when p(x) is divided by (x + 2) the
remainder is 9.

z 1r
-pl-:)=Oandp(-Z)=g'\ 2/

-/ i\' -/ 1\' / 1\
= 2\-r) -s(-ZJ -o(-1)+ b = 0

15a
=--r---+b=0442

a
= i-=-r-b=0

,/

) -a * 2b = -Z -----------"'-- 1,

and 2(-Z)' + 5(-2)z + a(-Z) -t b = 9

*-i6+20-2a+b=9

=4-2a*b=9
+b=5+2a
by substi.tuting b tn (1,)

=-a+2(5+2a)=-2
+-c"+10+4a=-2
+3a=-12
-a,=-4
by substituting a in (2)

+b=5+2(-4)
+h-_?
-l)--)

:.a=-4andb=-3

--_
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(ii) Stnce p(x) = 2x3 + 5x2 - 4x - 3

b1t long diui"sion,

4x2-4x 3

-(4x2 + 2x)

-6x-3
(-6x * 3)

+ p(x) = (2x + 7)(xz + 2x - 3)

where xz + 2x- 3 - (x + 3)(x - 1)

'. p(x) - (2x + 1)(x + 3)(x - 1)

Question {Cambridge, November 20A8 qp.3}

5 The poll:ton:ial +r3 - -Lr:l + lr + r'," lvilere r: ts a cL-lll$tarlt. is deuoted b1'pix). It il gilerr thai pi.r't is

cirvisible b1' 1rl - -rr + 3

(i) Fincl the valtte of c.

(ii) ll-heu n has this r,alue. solve the ineqnalitl, p(.r ) < 0. juslif illg )'clul' 3tls11:e1'.

Solution

(i) Given that,

p(x)=4x3-4x2*3xla

using Long diutsion,

2x2- 3x+a

-(2*'_3*.3)_
a-3

a-3=0
3

rrl
L-rl

l3l

where
;. a-=

x?+2x-3
2x3 + 5x2

-(2x3 + xz)

2x+7

4x3-4x2+3x*

-(4x'-6vz+6x)
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(ii) N ow, p(x) - (2x' - 3x * 3)(2x + t)

if p(x) < 0

then (2x2 - 3x + 3)(2x + 1) < 0

either (2x' - 3x + 3) < 0 or (2x + 1) < 0
a2x1-t

t
= x < -2 onLl because Zxz -3x * 3 ( 0 has no realroots L.e. bz - 4ac < O

tnthis case, b2 _ 4ac = (_3)z _ 4(Z)(3)

+b2-4ac=9-24
)b2-4ac=-15<0

1

". 
x < -2 onll

Revision Questions on Polltnomials

November 2003 qp.1 (Zimsec, A LevelAdditional Mothematics)

1". (a) Theremainderwhen x3 -xz * 5x*a isdividedbyx* 2 istwicethe
remainder when it is divided by x - 1. Find the value of a

(b) Solve the equation

2x3-Sx2+x*2=o

(c) Find the vaiues of p ano q for which x2 - 2x - 3 is a factor of

2x3+pxz-12x+q

November 2006 qp.7 {Zimsec)

L. The polynomial x3 +pxz + qx - 81, where p and q are constants, has factors (x + 1)

and (x - 3). Calcuiate the value of p and the vaiue of q. t4l

tsl

tsl

t6l

l
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June 2007 qp.3 (Cambridge)

2 Tle pol1:rtrurial .ti - j.r + o. rvl:ere rr is a c*lstattt. it cltttoted b1'p(.r). It i: givett tltat ir - l) is a

lhctor of p(r).

(i) Firxl tlie value of a. ifl
(ii) l\}eu n ltas this valtte. fuiti lhe quathaiic thctor of p(.r). []]

November 20A7 qp.7 (Zimsec, O LevelAdditionol Mothemotics)

13. (a) Thepolynornial P(x)=x4 +ctx3 *bxz -Zx- 4hasfactors(x-1)and (x+2)

(i). Showthata=3andb=z 141

(ii). Find the other quadratic factor of P(x) and show that this factor is positive

for a ll real values of x t4l

(b) Find the range of values of xfor which x2 + x - 6 > 0 [4]

November 2007 qp.3 (Combridge)

2 Tlie poli':roxrial ,r4 + 3.,:l + o. u'irere r is a cou:taltt. is cleltoled bf il(.r). Il is given lhat rl + r'+ f is a

taoor oip{r). Fiucl tire vaiue of a auel the other tlnadratic faclor of p1t). []]

November 2007 qp.7 (Zimsec)

L. Find the values of a, b and c such that

2x+ + 6x3 + 7x2 + ilx * 5 = (x2 * 3x * 7)(ax2 * cx * c)

for all values of x

tune 2077 qp.37 (Combridge)

.l Tlr,.: 1:olt'nottriitl l(.1') is clclinctl hr

i'( r) = 1}-t + l-5.t': - -t.l - ll.

(il Sho* thirt l'(-l| * ();ttttl Iletoi'i:c l'{.r'} corlrpictclr'.

(ii| (iivcrr tlrat

Il x f7) * l-S x 9r _ -l >: -1r _ ll = O.

statt (hr.'r'lrlur. ol -j)'irntl hcncr'tirrl 1 c()r'reel to.i signilicitnt li.gttrr':s.

t3l

i-+ I
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June 2077 qp.33 (Cambridge)

i Thr- polvrrtlnial ,r,rl * lr.r'l + 5.r'- a. u.'lrcrc o arrrl l ar{ c()ttsl:t,tts. is dctlotctl h1' p(.t). It is givcn tillt
(l.r * i) i: u l'ucror ol'J:( r) lrrti tllrt ulrr"'n J'r1.r) is di,u'iilctl h1,' t.l - 2) thc rtnlliltrlcr i\ ll.

(il Find lltc vrtlttcs ol't/ rttttl /r.

(iil Wlrcrr rt uttd /t ltuvrr tltcst' r'rtltt,.'s. lintl tllc tluadralic lirctol ol"l>(.t').

November 2077 qp.37 (Cambridge)

3 The. lrolvnorrrill .r'r + i.r t + ,,.1 * -] ir r.lcrtotcr.l h1 pl.r ]. lt ir givcn thlt p(.t] ii divitihlc l,r' .ll - .t' + I

{i) Find lhc ralttc ol'tt.

(ii) Whcn rl ftas this vuluc. linrl tltt rcll r(n)ls ()l'lhc crlualiotl p{.t) = {).

November 2077 qp.33 (Cambridge)

7 Tlrc lrolvltotrtirrl p{.r) is tlt'lirlctl h1'

p(.tI = t/.{-t -.1'l + -l.t - tt.

rvhert: l is:.r eonrtlrttl. lt is gir',.'n tl'lllt (1.t.' i) ir l ltretrx ol'p(-t).

(i) Firr,,l tltc valttc ol'{/ iltl(l hcttc* llrctt>lisc p{.r).

{ii) Whcrl a lras lhc rrlrre lirur:tl in ;;urt (i}. crpresr 
}# 

irt pirrtllrl lractiolts-

tune 2072 qp.37 (Cambridge)

3 Thc lrolyttorttiltl p(.1 ; is ilclirrcrl I'ry

i){ ri = \'r - -lrl'v + -kt'

rl lt.:t.: r/ is it erxtslrtttl.

(i| Civcn thlt {.\ - l) rs it lrtelor trl'1t(.1 ). linrl tltc r,alu,j of tt

(iil U/ilcrl rl lras lltis vrrluc.

(:r) lirctor'isr: l)(.f ) e()l)lplrt.l\.

lil

tlt

Ill
ltl
l-l

l+l

Iil

r)l
t-l

ttl
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Chapter Three: Analytical Geometry

"l like to pick things aport, analyse them and put them back in o better order than they hod

been in before."
- Jessica ThomPson

Widely known as coordinate geometry, analytical geometry deals with problems concerning

the location of points in space. The topic revolves around properties of shapes and lines. lt must

be emphasised that of all the plane shapes with straight edges, rhombus and kite are two

shapes of particular interest in analytical geometry. These two shapes are special because their

diagonals meet at 90o (see Fig.3.1).

Rhombus Kite

Fig. 3.1

The geometry of shaoes with straight edges feeds from six concepts outlined below:

1.. Parallel Lines

Parallel lines travel in the same direction, As such they share the same gr"adient (*, = ^r).

2. Perpendicular Lines

These are iines that meet at 90o. The product of gradients of two perpendicular lines is -1.
(^rxmz= -l).

Global lnstitute of business
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3, Midpoint

This is used to describe a point that is half-way through two given points. lt is given

mathematically as follows: (ry), ey)

4. Distance between two points

Distance is a measure of size of the path joining two given points. lt is given by:

distance=@

5. Points on coordinate axis

o All points on the x-axis correspond to a y-value of zero.

. All points on the y-axis correspond to an / -value of zero.

6. Points of intersection

A point of intersection is common to the two graphs in question. To determine the

coordinates at the point of intersection, one has to solve the two equations simultaneously.

The Circle

The circle is another unique shape because it is the only plane shape without any straight edge.

A circle is defined by two general equations:

l. (x-a)z+(y-b)2=12
where (a, b) is the centre and r is the radius. For example, given that a circle has

equation (x - 2)'+ (y + 7)2 = B; (2,-7) is the centre and VB is the radius.

NB: the centre is given by switching the signs of the values associated with x and y, and

the radius is given by the square-root of the stand-alone value free from x and y.

ll. x2+y2*Zgx+Tfy*c=0
where (-g, -f) is the centre ana ,Q4 J' - , is the radius. For example, given that a

circle has equation x2 + y2 * 4x - 3y - 7 = 0.

)f - -?
3

- 
f - __,.)

L

NB: g and / are given by dividing the coefficients of x and y by 2

In this case;
a^ _ iL!1 -'t_ ^_,)'g-L

and

4
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3r_t
z)

+ centre = (-r,

radius =

and rad

Tlte cliagtartt sltou,s a rectartgle ^{BCD
Fittcl

(i) tire eqr.taliou of BC.

{ii) the coorriiuates of C and D.

Solution

(i). Grad (AB) = :*
J: Grad (AA) = -,2

BC L 1"8

:+Tn-xffiz=-L
3

=;X ffiZ= -iL

-2)fftZ= -J

Global lnstitute of business

The pourt -l rs (1. 1-l). B is (-l E) anci C' lies on the -r-axi:.

trl

t3l

I

ie),!
ius =

' o.2
. (-;) -e7)
VS3

, units

Worked Examination Questions on Anall/tical Geometrv

Question (Combridge, I une 2007 qp.7)

6
1',A

A (2' i4)

22

B
(-) R



(ii).

'A Level Pure Mathematics: Theory-Practice Nexus

using!=mxlc,
-2+B= ^ (_Z)+c
5

20

3
220.'.v=--x+-"33

C ts a point on the x- axis,

+atC, !=0
-2 20+ 0 = -x 

+---JJ

220
1a
JJ

=x=1-0
:. c (10, o)

The translationvector whichmaps B onto A is the same as the translati.onvector
whichmaps C onto D

Translation

=0, = ('oo)

Fig,3.2

,A =ed= (2)vector

. (:)

Global lnstitute of business
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=0i =

,. D (L4,

Question (Cambridge, I une 2009 qp.7)

tt

Thc r.lirtgl'urrr rlror,r'r 1:oi1111, 11. B arrr.l ('if irrg orr thr lirte l.l'=.r'. -1. Tltc Ft:ittt,l licr ot) tltc.t'-itxis
rrrrtl ,18 - 8('. Thc linc lir.rrnl) (lO" -j) t() B i\ itrpr'rttliculirr to 1(-. ('ulcttl:ttt lltc crxrrclirtatcs ()l'B

irrtcl ('. l7l

Solution

AC:2y=x+4
nI+v=-x*2'2

> Grad(AC)

BD LAC

+mIXfrZ=-\

1

=-Xm"=-12'

-mz=-Z
usingY=mx+c,

+ -3 = -2(10) + c

ac=17

Global lnstitute of business
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) Y=-2x+1'7

Lines BD and AC i"ntersect at B,

1,

^w, ! -;^'T L- L
Z

BD: y = -2x + L7 ---'-"----+ 2

by combining (1,) and (2),

1,

=;xl2=-2x*1,7L

5

=;X = 15
Z

)x=6
by substituting x in (2)

)y=-2(6)+1,7

)Y=5
:. 8 (6, s)

The translationwhichmaps A onto B is the same as the one whicltmaps B onto C

r AtA, x=0 \

)-r=*rol*rI
\LT

l= y = 2 |

t=,a(0, 2) )

Fig.3.3

Translationuector AE =

Global lnstitute of business
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OC

OC

.., C

Question (Zimsec,lune 2003 qP'7)

15. Theequationofa circle is xz +y2 + 6x+2y -6 = 0'

Find

(i). The equation of the diameter of the circle

(1, 4).

(ii). The exact values of k for which the line y =

which Passes through the Point

t4l

x - k is a tangent to the circle'

t6l

=(g) .(3)

_ (r2\-\s/
- (12, 8)

Solution

-0
'-)

f=1

(i) Gtven the equation x2 + yz + 6x + 21t - 6

29=6 and 2f
--

-g-r

centre ts gi,uen AY (- g; -f)
) centre = (-3, -1)
Since the dtameter passes throughpoint (1' 4) and centre (-3' -1)'

4--1,
aradient =:------;
" | - -J

5

= qradient =;"+
usingY=mx+c

5..
=4=;(1)*c+

L1
1C_

+
511:.y- +*+ +

Global lnstitute of business
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(ii). Giuenthe two equations:

x2+y2i6x-tzy-6=o .------.--....-1

Y=x-k
by substttuting (2) in (1),

= x2 + (x - k)' + 6x + 2(x -k) - 6 = 0

+ x2 + x2 - Zkx + kz + 6x * 2x - 2k -6 = 0
+ 2xz + (B - Zk)x + (k' - 2k - 6) = 0

where a = 2;b = (B - 2k);c = (k, - Zk - 6)

using b2 - 4ac = 0

= (B - 2k)' - 4(2)(k'z - 2k - 6) = 0

+ 64 - 32k + 4k2 - Bk2 + 16k +48 = 0

=-4kz-76k*tLZ=0
:. k - -Z - 4lZ or k = *2 + 4l-z

Question (Zimsec, June 2070 qp.7)

7. Write down the equation of the circle with centre (-3; 2) and radius V10 . t1l

Show that the point A(-2; -1) lies on the circle, and find the coorciinates of B, the
other end of the diameter through A. t4l

Solution

The generaL equation states that:

(r-a)'+(y-b)'=r'

where (a, b) is the centre and r is the radius.

)A=-3, b=2, r=tlT}

= [x - (-3)]' + ly - 42 = tL^lTrl'z

.'. (x + 3)2 + (y - 2)2 = 10 is the equation of the circLe

-

Global lnstitute of business
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NB: Allthe points on a graph satisfy the equation of that graph. By substituting -Z and -1for x
and y respectively:

)(-z+3)2+(-1 -2)z=L0

= (1)2 + (-3)2 = 10

;. 10 = L0 (shown)

Using the sketch diagram below

7-*-__

C (-3; 2)

5

\4
\
\

f
I
I
,2
,
I1

"3

-4

Fig 3.4

NB: by vector move, the translation vector which maps

translation vector which maps C onto B.

- OE = 0e + ffanslattonuector

= oE = (;). (;')
t 

-A-t)08 =( -')\5/

:.8=(-4,s)

A onto a, (?), is the same as the

Global lnstitute of business
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Question (Cambridge, June 2077 qp.12)

Thc jinc'1, Plr.:r. tlrrolsg|1 thr l"rcitrrs.{ il. 5) lrnd 1j (l(). 9). Tirc iirlc 1__

thtrlrrgh tlrc oriuirr. Thc 1'xrirrt ('1i.".,,rr 1., :ucir thut.,1(-'i, pcrpclrliculrrr:

(i) thc eoorr,lilu.ites ol'C.

( ii) th.' distlrncr.: .,1(''.

is prirltlie l to l, ',,,., {)ir\\e\
tir 1-,. Firrri

l-i ]

t)l
l-l

Solution

For questions without diagrams, it is important to come up with an imaginative picture
capturing the relationship connecting the given facts

Fig. 3.5

(i). Grad (AB) - e-s
L0-2

+ Grad (ea) =!
2

ABTAC

=ml X-ffiz=-L
1

3:Xffl.t=-Lz-
)m2=-2

Global Institute of business
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ustngy=mx+c,
+5=-2(2)+c
)c=9
)Y=-2x

Lzi! =

C is o-p

Lzi! =

AC:y - -Zx*9 -'-----"---'--- 2

in (L)

1,

2n

oin
1

2'

+9

1c = 0 because it passe

I i.
\ and*=r9ecause

of intersection of L2 a

_)1

s through the origi.n y

1,, is parallel to Lt )
nd AC

and (2)by combining (1,)

1
-_)v-Lo

- ^4 - 
L^ L

Z

5
+-v-O

2
1B

1x-:
5

by substituting x
1 rlBr

=v=-l-l' 2\5 )
9

- 
v 

-- 5
r1-8 9r

,. C ( - , =l\5 5/

(ii). lncl =

+ lACl
BVE

- 
-urtits

(r-T)'*(t-i)'

Revision Ouestions on Anallttical GeometrJt

November 20AI qp.7 (Zimsec)

L The points P, Q have coordinates (2, -1), (4, 5)respectively. The !ine L passes through

the mid-point of PQ and is parallel to the line with the equation 2x I ! * 7 = 0. Find

the equation of L, giving your answer in the form y = mx * c. t3]

Global lnstitute of business
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2. A circle has centre at the point with coordinates (-1, 2) and has a radius 6. Find the
equation of the circle, giving your answer in the form xz + y, + ax * by * c = 0. t3]

N ove mbe r 2002 q p. 1 (Cambrid ge )

9

d lJ.:)

Tltc r"liagr'ltrn slt<lw's ;r rr;:i'tlrrrgle ,\R('l')

(i) Firtrl tlte crluation ot'BC.

Ciilcrr tlrlt llrc crlii:rtiorr ol A('is.r' - ,r'

tiii the ctxrlrlirtritcr ol' ('.

u'llr'fr.: ,,1 i: {.t. li urttl /J is ( l. (r).

i. lind

line joining the points (3, 4) and (7 , 6) meets the

t-l l

I]Il-t

{iii} thr. lrcrirrretcr ol thc rr-.cllirrglc..1B('1)

November 2002 qp.7 (Zimsec, O levelAdditional Mathematics)

1. Solve the following equations simultaneously
y=x+1

y2+xy-3

3. The perpendicular bisector of the
y -axis at (0, h). Calculate h.

1,4)
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June 2003 qp.7 (Cambridge)

7 T|e lure I, itas erluatir-rn L"+.r'= 3. Tlie lile I, I)asses lluotrgh lhe poirrl-'l (7

to I,.

(i) Find the eqtration of I..

(ii) Ciiven thai fhe lines I, a:rd L. infetseci ai tlte point 8. find the length ol-18

November 2003 qp.1 (Zimsec)

L4. A circle touches the line y =1* at the point (4, 3) and passes through the point

(-12, 11). rind:

(i). The equation of the perpendicular bisector of the line passing through the points

(4, 3) and (-12, t1) l4l
(ii). The equation of the circle t8l

Nove mber 2003 qp.l (Cambridge)

-i) aucl i: pe11)e1i(licular

trl

trl

Tlrc ,.iirrgrlrnr \11(t\\'s l tl'rtPc7i11111 ,lU('l.)
crrortiittrtcs oi','1. B :tnri 1) ltrc (:. {)). l-1.

(i) Flrtd lhc *;ttations ttl'BC antl CI).

(ii) Cllculirtc titc crxrrclit:ltes ot'C.

in *hie h /l(' ir r;11'.1llgl to ."1IJ irrrrl itrrglc B('/)
(r) irrrcl ill. 5) rcsl'rcctivclr'.

= 9()" Tlre

rit
l -'l

I)lt-t
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November 2004 qp.7 (Zimsec)

12. Find the points of intersection of the circle x2 + y2 - 6x + 2y - 17 = 0 and the line
x-y*2=0.

Hence show that an equation of the circle which has these points as the ends of a
diameter is xz + yz - 4y- 5 = 0.

lune 2005 qp.7 (Cambridge)

5

v
1-

D (6,2)

ol

The cliagratu lhou's a rirotubur .1BCD. Tlrc por:its "B arrd D
respectit'el1'. anc1.,l Iies on the.r:-axi:. The rrucll:oitrr of BD ii.1/
of each of ,1.f. -{ arr<l C.

November 2007 qp.7 (Zimsec, O LevelAdditional Moths)
2. Solve the simultaneous equations

-"'.--.---__--'.-">

y-x=3andxy=4

June 2008 qp.7 (Cambridge)

ll

isl

14)

Ita',"r cor:rlriirraicr (2. 10) aud (6. ll
Firxl, b1'cale rrlatiol. tle r'otirdilates

[6]

t4)

tu-

Global lnstitute of business
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i1 l[e <liagralu. tite points.J auri C lie cu tlte.r- nrrcl-r'-axes re5peciile]\'and the eqtration of --lC'is
l1'+.r = i6. The poitrt I has coordutates il, l). The i:er1:enciicttiar tjottt B to.lC'ltleets "lC'at the

poxltr.

(i) Fincl iire coordiuates of .Y.

The poitrt D is sucir tilat the tlraclriiateral ,IJfCD has --{C as a litte of :1'ttutretrl

(ii) Find the coordinates of I)

(iii) Filrd. col'rect lo I ciecintal place. the petltretel of -IBCD.

November 2009 qp.72 (Cambridge)

9

Thcrlilgt'ltrtrhtttsrttcclartglr'.'\BCD ThtPoirtt'lis({}'-l)arldCi'{ll' l'l}'Thctliugortirl 1i1)is
parallcl to lhc .i.axis.

(i) Ex1;lliri '.r,ltv lhc.t'-coortlittlttc ol'I) ir (r. IiI

Thc .i-erxrrrlir)utc ()l' D is lr.

(ii ) Er1:rltsr lhc griu.licttls ul','11) itrtt! CI) irt lclrlts r>l'/i.

(iii) ('lrlcrr lrrlc lht ,\'-r(x)rtlirtatcs ol'1) artt! B.

(ir ) Caicullrlc thc arca ()f lhe rcctattitlc AII('D.

November 2070 qp.1 (Zimsec)

10 (i) Write down the equation of a circle with centre (a; -3) and radius 5

(ii) State the condition satisfied by the point (x; y) inside this circle.

(iii) Sketch this circle and the line 2x * y = 3 on the same diagram with the line

intersecting the circle at two points

l-11

rl"lt- I

t -.1

i3t

l+l

Ijl

t1l

t1l

l2l
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(iv) Find the range of values of x such thatthe point insidethe circle lies on the line
2x+Y=3

November 2077 qp.72 (Cambridge)

9

u irilt tlrc poirrt ,.1 ir r- l .

BD iil{*r\c{l ut .l/. A1}glc

t3l

- I). the 1'xrirtl B i: (.1, (r) lrnd
$,\1fi x: tX)" :rtri I],1{ . nlD"

Tlte rliagrurtt \ix)\\ s ii (;riir(lril:rtL.r:rl ."11iCI) in
thc. point ('is 19. -+). Tlrr r,lia.sotr:rln.,1C arrrl

Culcuhtc

(i) ttlc coor.liir)ittr.:r ol'.,U irrtd 1).

{ii) tlrt'r'rrlit,..I.l/ : .l/( .

111

lllt-l

June 2012 qp.77 (Cdmbridge)

5

t =6.r+,(
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Thc rliagrartr sho$s th* crtr|L- .\' = 7r.r' lrrtti tltc !ittc .r' = 6.r - A'. $ hclc ,(- is lt gttttslltlrl

thc linc inlclsccl at tltc lroirtts ,1 artll B.

(i) For thc cilsc rt'hcrc A'= l. lirtd thc.r'-ctrorclir)iltes ()l',4 ltnd B.

(ii) Firrdtltclitlue ol'Ali.:rr,'ltichr'=(rr+Lisit(itttgctttto(hcetrr\c.1'=7r,.t-

November 2072 qp.73 (Cambridge)

l{} A stririgirt linc hlr c($r:tti()n )' = -Lr + A'. u hcrc k i\ it u{1n\lllrtt. irt}(l lt cttrr c h,r.

(i) Shou ll')ill thc,r'-corrnlirralcs ol'any l"roin{r ol'ittlcrscctiott ol-thc iiit: ."1t.:

c(ltlilli()n -).t: - ((r r A'}.t * {1 , i() = O.

(iit Firrtl lhe t$,o r,aluc< oi'A'lirr $.'lriclt tltc linr'i: u tlrilgL'nt t() ll)c cttl'\c

Thc lun t:lngultt\. gircn h1 {hc lahrcs ol'I lirrrrrtl in piul (ii). tottch tltc;t::'.c .r:

{iii) Find thc coordinu{ss rrl'l uu,:l B artd tltc crlultiott ol'tire lirtc AB.

Tltr- cttt-r'r.: iLrtrl

lhc

ltl

lrl

1 .r:lti B

l-r i

l:l

l6l
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Chapter Four: Logarithmic and Exponential Functions

"l found out that if you are going to win gomes, you hod better be ready to odopt."
- Scotty Bowman, Hockey Coach

Theoretical Framework

This topic revolves around the laws of indices and logarithms, with much emphasis on the
relationship between indices and logarithms.

Indices

A number in index form is made up of three parts, namely:

o Base

o Power/Logarithm

o Number

The reiationship connecting the three is such that a base, B, raiseci to a power, P, gives a
number, N, as shown below:

BP =N

lf the power is an unknown variable, the index number of that form is known as an exponential
function, for example,2*,3',10r. Since all members of the exponential family behave in the
same way, base e is used to represent the exponential family. Below is a snapshot on the laws

of indices:

. a' x a! = ax+! - sum of powers

t a' : s! - qx-Y - dif f erence of powers

o (ax)t = a*! - product of powers

. a-,=1 -negatiuepowercLx

, ,X = W o, (W)' - fractional power

. eo = I - power of zero

, al = a - power of one

<E---
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Loearithms

A logarithm is made up of three parts, namely:

o Base

o Power/Logarithm

o Number

The relationship connecting the three is such that the logarithm of a number, N, to a given

base, B, gives the power, P, as shown below:

lo96N = P

As such,

logsN = P <= BP = N

Laws of logarithms are used as the guiding framework to the study of logarithms. Below is a

breakdown of the laws of logarithrns:

. logax*logoy=logoxy

. loga x - logoy = iog, (i)

. loga x! = llogox

. logaa=L

NB: Logarithms are defined for positive real numbers only.

Types of Logarithms

1) Common Logarithms

These are logarithms that use a real number as the base, for example,

logro 2 ;logr2;log, 10 and so on. lf a question remains silent on the base, it is beiieved

that the problem is a logarithm to base 10.

2) Natural Logarithms

These are logarithms to base e where e is a special base that i'epresents members of the

exponentialfamily. A special notation, ln, is used to represent naturallogarithms.

Global lnstitute of business
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As such,

log"a=lna

+logeel=lne7=L
qlnex=x and eln*=x

Since this topic is abounding in restrictive conditions, the following conditions have to
be observed when using indices and logarithms:

o When introducing e or ln, extend the effects of e and lnto both the left hand side (LHS)

and right hand side (RHS).

r e and ln are not distributive in nature; they affect the LHS and RHS as a whole, and not

individualterms.

For example, given that y = 3 + 2x,

by introducing e and 1n

) e! = e(3+2x) and" lny - ln(3 + 2x) respectively.

It is an error of principle to take it as

e! = e3 + e2' and lny = in3 * ln2x respectively.

o When introducing e to eliminate ln and introducing in to eliminate e, make sure the
coefficient of the term in ln and e respectively is one (1). That elimination process only
works when coefficient of the function to be eliminated is one (1).

Linear Law

This is a technique used to reduce a given equation into linear form using logarithms. This is

done by way of introducing logarithms to both sides of the equation and re-arranging the
equation to liken it to the general equation of a straight line, y = mx * c.

Questions on this topic test the ability of students to identify the gradient ano y -intercept
from the reduced equation. For exampie, given that

!2 = bx3

Global lnstitute of business
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By introducing In to both sides,

lnvz = lnbx3

+ Tlnl = ln b +lnx3

+Zlnl=3lnx*lnb

= ln v - lln x + 1ln b whi.ch is similar to
LL

Y=mx+c

Inthiscase, y=lny, *:1, x=ln x andc=1lnb.22

Worked Examination Ouestions on Exoonential Functions

Question {Cambridge, June 2008 qp.3)

2 Solr.e. correc! tr: 3 siguificant figtues. tlte eqttatiott

et . elt = e-tt .

Solution

Gi"uenthat, ex + ezx = e3*

lety-ex

)y+y'=y'

)Y3-Yz-Y=a

+y(yz-y-1)=0

either!=0 or y2-y-1=0

)y=0 or 1.61803 or -0.61803

where e* = L.6180 / inthis case,O and - 0'61803 are inualid sntce \
'3 only 

\logarithms are d.ef ined f or positive real ntLr,bers ortly)

= ln ex = ln 1.61803

:. x = 0.481

t5I
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Question (Cambridge, June 2077 qp.33)

I L;sc logut'ithtns [(] \ol\(' lll(' c.luirli(]n 5lr-l - 3(-1't]. gil itig !,()ut'ln\$ct'coll'cc{ [tr -i s1on111a,rnt ligurr:.
tlt

Solution

Giuen that,

52x-7 _ Z(3r)

by introducinglnto bothsides of the equation,

ln 52x-1 = ln 2 (3')

+(2x-1)ln5=ln2*ln3'

+2xln5-in5 =lnZ*xln3
+ 2xln 5 -x ln 3 = ln 2 * ln 5

+x(21n5-ln3)=1p19

ln 10
-^-(2tn5-ln3)

:, x = 1.09

Revision Questions on Exponential Functions

June 2003 qp.7 (Zimsec)

1.. Solve the equation
1-w ^ -2voJ ^ 

_ lo J^

giving your answer exactly in terms of logarithms. t3l

L-
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tune 2004 qp.3 (Combridge)

.l (r) Shou' that if.r' = 2'" riren the equation

l'-l-'-l

cal be rvlirten as a quariralic eqtratron iu-r'.

(ii) Heuce solve tlie equatiou
,r_l-:=1.

June 2006 qp.3 (Cambridge)

I Giverr thatr = J(r-').express.r'iu ter:us of .r.

November 2077 qp.37 (Combridge)

I L:sinr: thr,'sutrstiltrti()ll rr: rt. qrr oihcrrrirr. solvc thc equalirrrr

ct=l+(rc-t.

cir.irrg v{)ur ur'}s1\'rl c()rrcct to -1 signiliciurt Iiglrrr's.

November 2007 qp.7 (Zimsec, O LevelAdditionol Moths)

1,. (b) Find the realsolution of the equation

e3, _Ze, _3e-, = 0 [O]

lune 2007 qp.3 (Combridge)

{ tlsrng tirc rubstrttrtion ll = 3'. or othcrrvise . soh'e. crrllecl Io -1 riguificaul 0qru'cs. the cqrratiorr

-il =l+3-r. i6l

tune 2070 qp.32 (Combridge)

I Solr,,: tlrc ciiuation

-?l;t:l = -\.

uir inr .,-(tur uns$cr c()rrrct to I signiliclnt liqurcr. l-ll

November 2009 qp.37 (Combridge)

2 Solvc {hr crlurtliotr -lr'-l - .1r + .\2. rir irtr }rrrr';rrrtrcr'('(}r'l'cct to .l silrrilicurrt ligurcs. l+l

rrlt:l

lrl

ljl

tri
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November 2072 qp.37 (Cambridge)

2 Solvc tlt,,- r:tltiutir.rn

5t-' = 5t --5.

tir irtg y()ilr run\\\'*r'(()l'l'il.I to -i 51ur',i,1.,rnt ligrircs.

Worked Examination Questions on Natural Logarithms

Question (Cambridge, June 2009 qp.3)

I Solvc tltc c't1tt:tlion lrr(2 + c-t ) = l. Si. irt{ \,orrr luls\t'{r c()n'ir'c{ tu I ilce irtr:rl rl;tccs

Solution

Giuen that,

ln(2+e-x\=2

by introducing e on botlt sides of the equation,

eln(2+e-x)= e2

1)z+e ^=e'
a^)e ^=e'-z

by introducing In on both sides of the equation,

= lne-x = ln(ez - 2)

) -x = Ln(e? - 2)

:+ x = -ln(ez -Z)
:. x = -1,68

llt

tlt

G-
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Question (Combridge, November 2Afi qp.37)

\'.

Solvc lhc cquation

gir irrg r()ur art\!vcl c()rter; I t(r

ln{l*.r'l}=l+lln

"i sigrr iticlnt li.'trrcs.

ln(1 +x2)=i*Zlnx

of the equation,

l+l

by collecting ti"ke terms,

+ ln(1 + x') -lnxz = L

/7 + xz\
+lnl--------=-l=1

\,'/
by introducing e on both sides

. /7+x2\lnl 

-l 
")e \x'l=e'

l*xz
x2

+1*x2=x2e7

) x2 - x2e7 = -'r
+ xz(l- et) = -1,

^1
L-er

Solution

Gi"uen that,

)x=

:. x = 0.763

1

-1-eL

44
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Revision Questions on Natural Logarithms

November 20A8 qp.3 (Combridge)

I Solr,e tire eqrmlirxr

ht(s+1)=l+hr'
givilg yolu'atrr\yel' cc)Il'ecl to -i cleciual places.

November 2009 qp.32 (Cambridge)

I Solv,.: thc cllr,ratiolr

lrr(5*.r) = irt5- itt't'-

gir.ing V()r-u lrns\\'rr'\ crlr'l'cdl to .i siqrrilieur,tI li::ulcs.

June 2072 qp.32 (Cambridge)

I Solvc thc crluatiotr

ln{-l.r +-1) = I ln(.r + I }.

gir.'irrg y(,ul ilns\r'ct'c()ftr'L'l t6 I ri.11'1' r;tt llgtr1t-s.

June 2072 qp.33 (Cambridge)

2 Solvc tllt etlttttiotl lrr{l.t - -ii = I ln"r + lrt i, sirils }'r)ui'al}\\l .r'(r}rrccl to -l siitrriliuur}t liuurcs. l"+l

November 2072 qp.33 (Cambridge)

I Solvc tlir: ecluatiou

ln(.t.+S)= l+lrt.t.

r:ivirtg ,voul ilns\\,(-r' irt tcl'rtts r.rl- c.

Worked Examination Question on Common Logarithms

Question (Cambridge, tune 2017 qp.32)

2 (i) Shorr, lhlrt tlrc crlrurliorr

l()Si(.rr5) =5-krg,.t
ctrrt l'rc rvrittcrt us u rlturrir^:rtic ctlrru{ion itt .t.

(ii) Hcne,.' solrc tlrc r(lllilti{}l}

Iogr("t + -51 = 5 - lg::. t.

t3l

tlt

t-r I

tjt

Ijl

L=
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Solution

(i) Giuenthat,

log2(x+5)=5-log2x

by collecting like terms,

= log2(x + 5) + togrx = 5

+ iogr[(x + 5)(x)] = S

+ logr(xz * 5x) = 5

by transf orming tlte logarithm into index f orm,

)2'=xt+5x
..x2+5x-32=o

(ii) Since logr(x + 5) = 5 - log2 xcanbe writtenas x2 + 5x -32 = 0, the

problem can be solued using the quadratic f ormula.

)x=3.68or-8.58
Since x canneuer be negative,

:.x=3.68only

Revision Ouestions on Common Logarithms

November 2002 qp.3 (Cambridge)

3 (i) Show that the equation

log,u(x+ 5) = 2 - log,rx

may be written as a quadratic equation in x.

(ii) Hencc find the valuc of .r satisfying tbe cquation

log,o(: + 5) : 2 - log,o"r.

November 2007 qp.1 (Zimsec, O LevelAdditionol Mothemotics)

1.. (a) Express as a single logarithm in its simplest form
3

logZ 1- 2 log 1B - ; log 36

t3l

t2)

l3l
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November 207A qp.7 (Zimsec)

1. lf aand b are positive real numbers,A+ b and log, b +- = 3, express b interms
log, b

of a. l,4l

Worked Examination Question on Linear Law

Question (Cambridge, June 2070 qp.33)

2 Tlrc vurilrblc..t uncl .t rlrtirl,r'tltc r:tprltinrt.l'i =..1c:t. rvhcrc..1 is u cor:11irnt. Tltr'lrlph ol'lnt'ug:rirrsr
-r' is u stlrri*ht lirlc.

(il Find th('srarlicnt ()l'lltis lirlr. l:l

(ii) (ii!en tltlt tltc lirrt: irrtcrrccls thc l\i5 ol- lnt'rrt ti)r'[xrinr rvlrcrc ln.'r'= O.5. lirrrl thr.'ruluc ol'.rl
c()l'rcel to r 1lgcis111l1 1-rllrcr's. l:I

Solution

(i) Gtventhat, !3 = AeZ*

by reducing the equationto linear f orm,
+ lnY3 = lnAezx

=3ln!=lnA+lnezx
=3inY=lnA+2x

21,
=lny=;x*;lnA55

by making (t comparative assessment with the general equation of a line,
2

)t = ntx + c, the gradient is i.

(ii) Since the y - intercept is 0.5,

1+;ln A = 0.5
J

+ In,A = 1.5

by introducing e on both sides of the equation,

- ^tnA _ ^1.51e 
-t

:. A = 4.48
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A1



'A' Level Pure \,lathematics: Theon,-Praclice \exus

Revision Ouestions on Linear Law

November 2003 qp.2 (Zimsec, O LevelAdditional Moths)

3. (a) The table shows experimentalvalues of two variables x and y.

below shows part of a straight line graph obtained by plotting lny

ny

(b) The graph

against x.

+,
I

I

i

I

The variables are related by an equation of the form py * qxz = x. Using the

given data draw the graph of I against x and use it to estimate values of p and

q' 
t8l

Express y in terms of x.

The diagram below shows part of a straight line graph drawn to represent the

equation x+!=by.

l4l

(c)

GIobal lnstitute of business
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Calcuiate the values of a and

November 2005 qp.3 (Cambridge)
2

Tu'o valiable qllantltles ..- artcl .r' are leiateci
Tlie diagraru sirou'r the reurlt of pir.rttiug h: r

ciiagraru ro eslitl)ate tire values ol-; iiurl r:.

June 2070 qp.37 (Cambridge)

-l.r:". rllere --l anci lr al'e coltstalus.
pairr r;f,r,alttes of -t arrtl;'. L,se the

tsl

ctltlrliilll\. wlrcrr,t = l.io

i4lb.

b1'the eqlmtiot)
' agairtst lu.r lol

.1 :
tbril

3 Thc vitrillrlc'.\'a!t(l 1.:utisl'1 thc crrrirtiorr,t''l'= (". ulrcrc ri urrr.l ('lrr.c
.r' = -i.2{). altl u lrcn .r = -1.10. r' = l.{}5.

(i) I-ir)d tlic vrlucs ol'rr :rrrtl ('.

(ii) [ixllluirr nlrr tlrc gt'uph ol'lrr1'asuinsr ln t ir u srr.uight lin,'.

I.i I

III

lune 2070 qp.7 (Zimsec)

5. A mathematician working with an exponential relation ! = abx reduced it to linear
form and came out with the graph shown in the diagram below.

4-_
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(i). State the label on each axis.
(ii). Calculate the value of a and the value of b.

l2l
t3l
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Chapter Five: Modulus Functions and Inequalities

"!t's a mothemotical foct two negotives moke o positive so even under odverse circumstonces

think positively."
- Amit Abraham

A modulus sign is used to cushion against a negative sign'

For example,

lxl = tO meansx = L0 or x = -10 and lxl < 10 means- 10 < x <'L0.

lnequalities are either linear or quadratic in nature. Questions on this topic can be grouped into

three. This form of grouping is inspired by the techniques used to solve the problems. The

section immediately below gives a detailed outline of the three instruments used in question

a na lysis.

Analytical Tools

1,. Simple Interpretation

This technique can only be used when there is a modulus sign on one side of the equation

or inequality and there is a real number on the other side.

For example, given that,

lx-31 <5

=+-5 .--x-3<5

For easy analysis, the inequality can be broken down into two:

=-5<x-3 and x-3<5
+-5*3<-x x<5*3
;-2 1x x(B
By combining the two results,

:.-2<x<B

-3--
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2. The Graphical Method

This method is used to solve problems where ihe modulus sign is affecting only one side of

the equation or inequality and there is an unknown variable on the other side. As such, the

graphical nnethod has a bias towards the first technique. The only difference is that the

graphical method factors in a graph to aid the decision-making process. Problems solved

using this technique give rise to two values of x where only one of the values can be used as

a criticaivalue.

For example, given that,

It is strongly encouraged to

criticaivalue. ln this case,

let y = L1'75

)y=lx-61

lx-61 13-2x

construct a pair or graphs to help in the determination of a

and

NB: Modulus graphs cannot be extended

moduius graph, act as if you are drawing a

reflect it using the x -axis as the mirror.

Y=RHS

)Y=3-Zx
to the region below

normal line, but when

the x -axis. To draw a

the line hits the x -axis,

t':lr*6i

Fig. 5.1

NB: the section below the x -axis has to be reflected to make it positive.

-5

-8
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bi

Fig.5.2

When the two graphs have been shown on a singie diagram, they lead to the following
image (this diagram is what should be shown to the examiner).

Now, to find the critical value, use
results with the graph above.

+lx-61 <3-2x
e-(3-2x)<(x-6)<3-Zx

Fig. 5.3

the simple interpretation technique and merge the

+-3*2x1x-6
+2x-x<-6*3

a,,t<\-J

and

and

and

x-613-2x
3x<3-t6

x < 3 (discard)

Since x = -3 is a critical ualue,

:.x<-3 only

Global lnstitute of business
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3. Quadratic Inequality Approach

This technique is mainly used when the modulus sign is affectirg both sides of the

inequality or equation. ln cases where there is a special multipiier ic a 'nodulus sign,

it is best to extend the effect of the multiplier to the te:'ms cushioned by the

modulus sign. Problems of this nature give rise to quadratic inequai'ties,

For example, given that,

3lx+11<lx+21
=(3x+3)z<(x+2)2
+9xz*1-Bx+9< xz+4x+4
+BxZ*L4x+5<0

{.Jsi"ng the quadratic f ormula or otherwise,-

Using the graphical interpretation (see Chapter 1

15.land - 4 are crittcal uahLes.

on quadratics).

5
--<x4

7

2

Fig.5.4
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Worked Examination Ouestion on Simple Interpretation

Question (Cambridge, June 2072 qp.31)

I Srrlvcthcctltltliirtti+-l'i = l().Sirirrg)()til-iln\\r'('r'c()rfr.utto.isigrrilieurrtligures. ljt

Solution

l+-2'1=19

either4-2x =10

+2x=-6

= 1n2x = In -6

=+xln2=ln-6

4-Zx = -10

+2x=1,4

+ ln2x = In 14

+xln2=1n14

+ x is undef Lned because in(-6) is indescribable _ * =rlr^nlnZ
.'. x = 3.81

Revision Question on Simple Interpretation

November 2005 qp.3 (Combridge)

I Fittci tile rel of valucs of r iatisf irg rlie irieqrulirl'13'- Si < 0.5. givins 3 sienificarlt fiei{es it voru.
arls\\'er. t1]

Worked Examination Question on Graphical Method

Question (Combridge, November 2009 qp.31)

I Solvr,: th* incryullitl' 2 - -3.r < ir * -1 j. t.+ I

-5-
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Solution

2-3x < lx-31

let y = 1115

+Y=2-3x
and

and

v-
y=

Fig. 5.5

RH.'

lx-31

x-31-2-t3x
*-2x1L

1,
iv\--

2

2-3x<(x-3)<-(2-3x)

+2-3x1x-3 and

+-4x(--S
5

+v\-
4

i
Since -; ls a crttical value,

Z

L
:. x> -- onlvz"

Revision Ouestions on Graphical Method

June 2006 qp.3 (Cambridge)

2 Solr,e the iuequalit)'2.r' > ir - i l. t4l

Global lnstitute of Business
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November 2007 qp.L (Zimsec)

3. Sketch, on the same axes, the graphs af y-l2x-31 and y=x* 1. Hence or
otherwise, solve the inequality lZx - 3l I x * 1 [ J

Worked Examination Question on Quadratic Inequalities

Question (Cambridge, tune 2070 qp.31)

I Siilr,t'tirr.' irrctlLr:rlitr 1t'r -itr, > llr'- lrri. r,r,l:r:r'r'rl is l positivc (()t'tttilnl

Solution

lx+3al>Zlx-2al
+lx*3al>lZx-4al
+ (x * 3a)' > (2x - 4a)2

* x2 + 6ax t gaz > (4x' - 76ax -t 1.6a2)

+ -3x? *22ax-7a2 > A

using the quadratic f ormula,

-22ax@
2(-3)

-22aa1[agAaz-BiF

t-r I

-)x-

-I-

-x=

-6

-22a f 'l4oo7
-6

-22a * 20a

-6
-2a -42a

< A 
- 

- 

tt, ) 
- 

-

-6 -6
1
: a and 7 a are critical ualues
J
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Fig.5.5

I:.ga1x17a

June 2008 qp.3 (Cambridge)

I Soh'e the inequalin lr - : I > _3 jl,r + I l.

June 2070 qp.7 (Zimsec)

3. Solve the inequality lZx + tl > Zlx - Zl

lune 207A qp.33 (Combridge)

I Solvc tl:t'incqullir] ir*-rl> 2i.r'* Ij.

June 2077 qp.32 (Combridge)

I Solrr tlrc irrerlr.raliry l.rl < i5 + 1t. j.

November 2A70 qp.3t (Combridge)

I Solrc rhc inctlualitf..2i.r- _il> i-i.r + Il.

tll

l4l

Itt

tlt

l1t
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Chapter Six: Vectors

'lf A is a success in life, then A is three dimensional in nature, thot is A equals x plus y plus z.

Work is x; y is ploy; ond z is keeping your mouth shut."
- Albert Einstein

The location of points in space depends on the size and direction of travel from the point of

origin. This form of analysis raises two quantities: vector and scalar.

Vector versus Scalar Quantities

A scalar quantity is component with magnitude or size oniv. For example, covering a distance of

3km in an unspecified direction.

A vector quantity is a component with both magnitude and direction. For exampie, covering a

distanceof 3km duesouth.lnthiscase,muchemphasisisplacedonthedirectionof travel.

Types ofVectors

(i). Position Vector

A position vector describes a quantity that emanates or feeds from the point of origin.

As such, the source point is always the origin. For example, Of; O8; OZ;N; Of and so

on'

(ii). Displacement Vector

A displacement vector is used to describe any vector that is not 'referred to' from the

point of origin. That is, vector in space. For example, AE, Qi; d and so on.

NB: The difference between the vectors is best expiained by the breakdown below:

Position Vector

o Allcoordinates are used to describe position vectors because they are'referred to'from

the point of origin.

o For example, given that A(2; 6) and B(5; -3) are points in space, diagrammatically the

set-up is as follows:

59
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Fig.6.1 FiE.6,2

A pair of coordinates shows the location of a point in space whereas a vector shows the

movement for one point to another.

As such,

A(2: 6) ,- CE = ('u)

B(5; -3) -' 6e = ( t,)
\ 

-Jl

Coordinates are expressed in row form and vectors are expressed in column form.

Displacement Vector

o There are two approaches to the analysis and interpretation of displacement vectors:

diagrammatic approach and position vector approach.

(i). DiagrammaticApproach

This approach makes use of a diagram to analyse the movement from one point

to another. Any reversal in direction should be compensated by a switch in sign.

For example if

ee=(:3)
thenBT--/-3i11 --\ I )

= sT= ( 3_)
\-/ /

Global lnstitute of Business
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using the exampLe in Fig.6.1- and Fig 6.2 aboue,

Fig.6.3

EE=

+aE

=+ AB

... AB

AO+OB

=-(3) *
_ {-2\ ,- \-el -
_/3\- \-sl

displacement vectar = destination point - source point

using Ee' = oB'- 0f

+ AE',= (_ur) - G)

ffi=(_")

(j,)
(j,)

(ii). Position Vector Aporoach

This technique is best in analysing problems without diagrams. The approach

states that:

--.}-.
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Addition and Subtraction of Vectors

All the examples we have reviewed so far are meant to put the reace, i- context of vectors.

Much of the analysis at this stage makes use of 3-dimensional vecto's i:', ;, and z) and not 2-

dimensionalvectors (x and y oniy) as in the examples above. Using arbit:'an'vectors:

/3\ /-1\
OA=l-2landoB=131,\a/ \-z/

/3\ /-1\ /3\ /-1\
oa+sOE=l-2 l+El 3 I and 2oA-30B=21-z l-31 3 l\;/ \-z/ \o/ \-z/

/3\ /-3\ /6\ /-3\
=oA+3OB=l-21+l 9 | =2oA-3oB=l-+l-l 9 

I\;/ \-e I \nl \-ol
/0\ le \

.'. oA+308= l7l :.20A-308= l-tg I\;/ \rel

'A' Ler,el Pure \{athematics: Theorv-Practice \cxus

Dot/Scalar Product

The sum of products of corresponding directions is known as dot product. Conceptually,

/xr\ /xz\

l:,) \n) 
= (x'*') + (Y'Y) + (z'22)

= (_,,)and" od

6x-2)

(*)

3)+(

For example, gi"venthat OA =

=+6f .6E=(3x-1) +(-zx

+6f.6E= -3-6-L2
. 0d. oi = -zL

Negative

Zero
Positive

Dot product is used to draw up a conclusion on the size of an angle between two vectors. The

table below summarises the relationship between dot product and angle size.

Table 6.L - Dot product and srze

Obtuse angle
90.

Acute angle

Dot product Type of a

Global lnstitute of Business
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Magnitude/ Modulus of Vector

Modulus is a measure of the size of the path joining two points. Conceptually,

T--;--:----=lx-+y.+2.
x
v
z

For exampte, given that oA= f -'r) and 06= (;')\o/ \-z)

lo7l =@ and" [g,=@
.1071 ={s+4+36

=, lofl =,14s

.l6fl =z

=+ OE = 1l1;19-.,r 4

,. Od, = tlt+

Unit Vector

This is used to describe a vector whose magnitude is one (1). To transform a vector into a unit
vector, one has to divide a vector by its modulus.

IJnit uecto, = 
u"""

Modulus

For example:

6rOA=-
loal

/3\
I -zl\_t

=6I-\b/ 7

n/3\
6A = ;l_:)

Global lnstitute of Business
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Angle between Two Vectors

The scalar product approach states that,

cosg=#ffi
where g is the angle between the two dir"ections in question. This technique makes use of

converging or diverging directions. For example, angle A0B is given by:

io?\ Ad and Bd ar" converging directions.

0r

iod ) 0i and 0E 
"r" 

diverging directions

cosAoB = ZZ
lo Allo B 

I

where oA' 0B = -21' I see how to obtain dot product and" \
,-! ,+, 

- 
1 moduli f rom sections above )

andl0Al x lOBl=7tlt+

-2LcosAOB r -------:
71L4

/ -?1 '
= A0B = cos-1 (+\

\71L4/

:. AOB = 143.3o

Forms of Vector Expression

1. Coordinate Form

The three directions x,y andz are expressed in row form. For example, A(3, -2, 6).

2. Column Form

Three directions x,y andz are expressed in column form. For example, 6f = (*)

Global lnstitute of Business
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3. Vector Form

The three directions x,y andz are associated oy a plus or minus sign using the

coefficients i, jandk respectively. Forexample, Of = 3l -2j + 6k.

Worked Examination Ouestions on Vectors

Question (Cambridge, tune 2002 qp.1)

5

,\/ ?

t

l
l _(

k+ j. ,

8L__.______, .14 _______:.r

Tlte cliagr.ani sltotr': a ro[rl cr.lirtder stautlutg ou a lrrrlizolrtal cilcrrlar base. ceutlc () and radius J ruiits.
The lilte B-'1 is ir diattteter au<i tl:e ladiirs OC' is at 90 to 0-.1 . Poir:rs O'. --j'. B' anci C' lie on llre npper
sttt'face of the c11ilr'ler such thar OO'. -1"-1'. Bg and CC' are all vertical and oilerrgrh i2 urrits. The
urici-poiut of 83' is -1-r.

Lirit r,ectols i. j anci k ale palailel ri'r O.-1. OC'alLl O(/ t'espectn'ei1,

(i) Express each of the vcL-ror's -V() alrct.1.('; rrr lernrs oli. j arrci k

(ii) Heuce iiuri the augle OllC'.

Iit

t-11

:--
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Solution

+
M0=MB+80

-tWd=-6k*4i
.. Md = 4i- 6k

Md=rwfr+sd+aT
-Ud=6k*4i,+4j
..Md=4i-t4j+6k

(i).

(ii).

0̂
t@

+cosB=
.,8536

*o-^^^-',(-20\
-u: COS'l:l

\v3536r

:. e - 109.70

Question (Combridge, tune 2003 qp.7)

8 The prrirr{s.-1. B. C'arrtl D har,e puriticrr vectoLs -ii + lk. :i"- lj + 5k. lj r 7k antl -li + 10j + 7k
respectivell'.

(i) Lise a scalar.i:rochrct to shot' timt 8-l arrcl 8('ale i:erpeuciicuiar. tl]

(ii) Sirtru that BC'anri--ll) are patallei aud finci the ratio of the lensth of 8C to the iength oi--tD. ll]

Solution

(i). Given that;

Dz=f3), ( /2\
\z/ 'u = \.?i

/-2\oo=ltol
\t /

BC = AC -08

-se = (?) (+)
/ -2\

= BC = 
\:)

* =G)

and

66

=ai = an-on
/3\ /2\

-sA = {ol-(-zl\z/ \s/
/1\ll

=BA = I Z I

\_E/

and

Global lnstitute of Business
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(ii).Be =l+ I

t'z )
+art = m on

/-2\ /3\
=AD = [ro l_lol\t / \z/

/-s\
=AD = irOl\s/
+EZ and. AD are parallel if and only if they haue the same d"i.rectionuector.

/ -2\ /-l\+BC = l1j AD = irolxz/ \s/
=Ee =r(1'\ AD = sr 2 t-'\i) nu '\;)

Since Bt and Art hou" the same d"irection uector, (;) they are parallet\r/
/-1\ /-1\

Now,z(zl u s{ zl\r/ \r/
;. Ratio of Ee , Art = 2:S

'A Ler,el Pure Mathematics: Theory-Pracrice ){exus

The scalar product of perpendicular vectors is zero.

= pT'Et = 0

=-2+B-6 =0

= Scalar product is zero (condition sattsfied)

:. BA and BC are perpendicular

67
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Question (Cambridge, November 2003 qp.1)

7

6 unils

-/-
,-./ ll units

C

Tlrcrliagrurrtslro\rsutrilltgttllrrpri\rn\\itltirhorrzlrrrtll rtuturrgttlalblsc..l1)/j('.xltcrc('/i= l2ttrtits
anrl /)/: = ('r urtils. Thc lerliull r'rrrlr,'18( rrrrrl Dljl- irtc isoree lfr lriiutglcs ,'rith 11IJ = l)( = 5 trnits.
Thc rniti-yrtrints ol'BIf urrtl I)[ ulc,1;/ rntl ,\'r'cs1'rcutire l1'. Thc rrrigin () ir at thc rtiid-poirtt ol',1('.

Unit vcut()r's i. j arttl k :rrc pllallcl ttr ()('. (),V und ()13 r'cspcelircll'.

(i) Firtrl thc L:ngth <tl' ()8.

(ii) Exlrrcss r:ueh (ll-tlru \c.l()r\ d?'urr.l Mi ir) lcrn)s ol'i. j i.rni.l k

ttl

trl

{iii} Evlrltratr,:,}/? . LIi urrr.l hcrrce lirrtl urrgL'('',11,\i. gil'ins \'(}r.u-ln\\\'L'f e()nL'ci t{} lh. r}cillL'\t elcgrcc.

t-11

Solution

(i) by Pythagoras tlTeorem,

- (AB)z = (oA)2 + (08)z

+ 52 = 32 + (08)z

+25 _ 9 = (08),

+ (08)2 = \fi.6
:. OB = 4units

(ii). MC =

)Me
+

.,, MC

Ed+oe

-4k+3i
6j - 4k, and

MB+

- -Ai

= 3i-

Global lnstitute of Buslness
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MN =ME

twfr =6j-
+EN

4k

(iii). Me .Mfr =

- UZ .tttfr

.,, MC.MN

usLng

N'ow, cos CMN

ME,Mfr
cosCMN = ::-:-:--

WEIWfrI

-20

(jr) fu-)
-0-36+1.6
= -24

"rEl x.r@.

= CMN = .or-'(3)
\131,72/

+ CMN = 110.8"

:. CMN = 111'

Question (Cambridge, June 2006 qp.7)

8

o

Tlie cliaglani slto*.s tlte loof of a houre. Tlic i ase of the rorrl. Q.-iB(.' . is recrat)gulal' alcl lrorizotrral
rvitlr O-{ = CB = l.lur aud O(' - --lB = Sur The top of the rooi-D.[ is Sni above the base autl
DE = 6 ui. The sir)pins edge: OI). CD -lE atril BE are all et}ral il leueti).

Lltrit vecti--rr: i irrttl j are parallel to ().1 auci O('respectivell'ancl tire rurit \'€L"tol'k ir velticalll,upnplrls.

(i) Espless the \:ccror Od in t"rurt of i. j arirl k. alrd fiirci ir: uiaslinrdc

(ii) tlse a scaiiir'ptoduct to fincl airgic DOB.

lrl

lrl

JlL_.

Global lnstitute of Business
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Solution

(i). Let Q be apoint onthe base uerttcalLy below D,

1--- oD = ;0c + (4u,nits n 04 + 0D

+0D=4j*4i+5k

,.Oi=4i+4j+ 5k

Now, lADl = ,[+z + 4z + 52

- lDDl = ',lT6i6TZs

lDrl =,1s7 units

^ oD'oB(u). cosH=:\.../. 
loo lldEl

but0E=07+m
- OE =14i * Bj

/4\ /1,4\

" H(:l
-COSv=--=-ntr7 'l-zoo

BB
+cos0=

.'tT4Bm

+ o =.or-'(9)\"1Mezot

+ 0 = 43.70

:. DOB = 43.70

Global lnstitute of Business
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Question (Combridge, November 2007 qp.7)

l0

()it'A

Tlrediagrarusho*sacritreO-,lECDEFGtttuluchthelengrhofeacitricleisJrurits. TheunitveL'Iors

i. j anci k are palallel ro Df . O7. anri OD rerpeuir eii'. Tirt utitl-poirrts of O-l and DG are P au<l Q
lespectivell' aucl R rs the cerltre of tlte siptale lace .-lBFlf.

(i) Expless each of ihe vectors Pi ancl @ i,, ,.,'t,r, of i. j arxl k

(ii) Use a scalar plochrct to fiud augie QP"R.

(iii) Firxl rlie pel'iuretet of tlrarrgle POR. gilurg )our ans\\'cr correct to I decirual place

Solution

FR =Fi +! AE +! AEZ2

-FE=2i+2j+2k

Fd =Fd + oD +Dd

)PQ_

,.Fd =

-2i+4k+2j

-2i+2j+4k

(ii). cos 0 =

+ cos6

[ -1]

trl

tjl

(i)

PQ, PR

lFpllFx=l

=00
^ln ^tm

Global lnstitute of Business
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oo
+cos0=--:.

V2BB

rB
=0=.rt-,(;#)
:. Q - 67.9'

(iii). Perimeter of trtanste PQR =lF?l * lpFl * l03l

where lFdl = ^lO, lFRl = iu, and

1-.---. 1_
OR = qG +G * Tfr +;BA

.0F =2j + 4i-Zk-2i

=QF =4i-2k

= lQf l = ^lT-(+)'+ 
(-z)'1

= l0Fl = ntTo

Now, pertmeter of trtangle PQR = ^ln + 
"lT4

:. Perimeter of triangle PQR = tZ'B units

Revision Ouestions on Vectors

November 2072 qP.72 (Cambridge)

7 Thc ptr.iliott lcL'l()rs ol'ihc ntrittt'

+'m

(). arc givcrt h1.1 urr,l Ii. rcitrlrrr' l(r .lll ()l igill I

rl\ 1tt
={ t, 1 ,r.tt tn=l-*l

\:/ \:t/

$'hr'rc A is a cottstltttt.

(i) Ilt lhc cltsc rrhcrc A'

tii) Finrl lhc valtttrs ol'A

oA

= l. ;ltlettltrtc rrrrr:lc .'\()/1.

li,r'*hiclt .fiJ i, . trtlil r'cclor.

t+1

t1l
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OA=

fc gi\.er} bv

\\'ltcr!'/) is lt rjottstltil.

(il In lhL' citsc \\'hrrL. O,,18 i. il \triti{h1 linc'. slirlc' thr' r'nlue' ()f'l) arl(l lind thc unit \.cct()r in th!'

rlircction,,l'0i. l3l

(ii) Irr tlie cilse ulrcrc (I1 ir lxrperrtliculal to,4E. lirtrl the l:ossiblc r':.rlut: ol'p. l5l

{iiil I1 t|c cur* \\'hrrr. /} = j. tl-rr' liuint ('ir rucit tilrl (),18C is rt plrtllltlogrtll}1. Fir}rl lltc posiliort
vr'ctt)I trl ('. lll

November 2077 qp.77 (Combridge)

Rclatilc to un ongin (7. thc point A hus position \e.i{}t 1i * 7.i - pk un<l Ihe poirtt I has 1'rositilxl vcct()r
fii - j - 7rk" *'he tc 7r ir u eorrstarrt.

'A Level Pure \'lathematics: Theory-Practice Nexus

November 2072 qp.73 (Cambridge)

9 Tltc posiiirtrt vcct()rs ol ;rrlittts.'1 itttrl

{i} Finrl oi.ofr
(ii) Hr'rtiJc sltcrt llurt (hare lltc tt,r rcltl vlltre s ol'1r lirr

()t her.

(iii) Fincl lhc'r'alucs ol'7r llrs tlticit rirtgle A{)[) - 60'.

November 2070 qp.77 (Cambridge)

5

ilt

uhiult OA arttl ()B arc pcryrencliculur t() clrh
lll

t+1

IJ re latilc to rtrt origirt () rr

(i) 'un'l 
*=(;)
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November 2006 qp.7 (Zimsec)

12. Giventhatthepositionvectorsof pointsA, BandCare (61 :2j --6k);(2i+3j +k)
and (141 + 1,6k) respectively,

i. Find AE and Ae and state the exact value of lAEl,

ii. State a precise relationship between vectors AE anO ,qe .

Hence draw a sketch to show the relative arrangement of points A, B and C

in space. t3l

tune 2003 qp.7 (Zimsec)

12. The points A, B and C have position vectors

/1\ /2\ /4\
( zl,(z ) and I o l'"'p".tively.
\s/ \o/ \ol

The point O is the origin and the point M is the mid-point of AB

i. Find the vectors Ofr anaefr

ii. Calculate OfrC. Hence find the area of lriangle OMC.

November 2070 qp.7 (Zimsec)

5. The position vectors of points A and B with respect to the origin O, are given by

'A Level Pure Mathematics: Theorv-Practicc Nexus

Thc tlirrgrlrr: sllo*.s l p1'rarrrrrl 0,.18(- rrith l
arrgic ,,1()IJ = t)0''. Thc point (' is lcrtie llir
prrnrllu'l to ();t. OB itnd ()C lrs shou'n.

Lf sc a .,;alur prodltct l() find nnclc A('8,

0A=i+3j+3k,
0E = -4i+5j +3k.

Show that cos(lAA\ = L\ / -t2a

Hence, or otherwise, find the
perpendicular to OB.

Global lnstitute of Business

!tcrizoniitl hlrc (),.18 ',r lte t,' (/- 1 = () ! l,rl. (.lB = li r.:l'tt ittttl
lrlrorc {) lnrl ()(- Io e ir L':til rce lor. i. .i lrrrtl k irrc

12)

position vector of the point P on OB such that AP is

t4l

l6l

l4l

l2l

lsl
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November 2007 qp.7 (Zimsec)

8. Two birds, P and Q fly such that their position vectors with respect to an origin O are
given by

0i = (Zt + 3)i + (r - 1,)j + 3tk and

0d = (t - z)i+ (sr + 1)l + G + z)k

for 0 < t < 10, where i,j andk are unit vectors of magnitude 1 metre in the x, y and z
directions respectively.

(a) For the time t = 0 ,

(i). calculate the distance between the two birds, t3l

(ii). Find the position vector of the point mid-way between the two birds. t1l

(b) Find the value of t for which f 0q = 90", giving your answer to 2 significant figures.

t3l

June 2007 qp.7 (Cambridge)

7.

iL
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With respect to the origin O, the corners A,B,C of the square base ABCD
position vectors i + j, -i + j, -i - j resoectively (see diagram). Write down

of D.

of a pyramid have

the position vector

l1l

t3l

l2l

The vertex 7 of the pyramid has position vector ("6)t.

(i). Express the vectors fr and77 in t"trt of i, j,k.

(ii). Use a scalar product to show that angle AVC = 60".

Global lnstitute of Business
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Advert One: The Concept of Partial Fractions

"A man is like a froction whose numerotor is what he is ond whose denominotor is what he
thinks of himself. The lorger the denomindtor, the smoller the froction."

Leo Tolstoy

The concept of partial fractions is used to breakdown a combined fraction into its component

fractions. A combined fraction is one in which the denominator is expressed as a product of
factors. Partialfractions are used as a'lead-in'concept to questions on binomiai expansion and

integration. The choice of a partialising technique is inspired by the nature of the combined

denominator. There are four techniques used to breakdown a consolidated denominator:

o Linear-factorapproach

o Quadratic-factorapproach
. Repeated-factorapproach

o lmproper-fractions approach

A factor is said to be linear if the highest order power of the unknown variable is

one (1). For example, (x + 1) and (x - 3) are linear factors. Below is an example
outlining the breakdown of a combined fraction using the linear-factor approach.

3x-2
Giuen that f(.\\"/ (x - 1)(x + 2)'
NB: Each factor is assigned to a constant which assumes the position of the numerator
as shown below:

3x-2 A B

(x - 1,)(x +2) (x - 1)' (x +2)

+3x-2=A(x+Z)+B(x-1.)

Letx=\ letx=-Z
L=3A -B=-381B
- 

4_ _D_1t1 
-- =D--3"3
3x-z I I

--- 3 _r 3
(x-t)(x+2) (x-1) (x+Z)

,.f(x)=*=.rciu

{\--

Global lnstitute of Business
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A factor is said to be quadratic if the highest order power of the unknown variable is

two (2)where the power directly affects the unknown variable. For example, (x2 + 3) is

a quadratic factor,

Zxz -1,) ) \rt/ (x + i)(x2 + S)

NB:

o A linear factor is assigned a constant that assumes the position of the

numerator;

o A quadratic factor is assigned two constants to assume the numerator. One of

the constants is attached to a variable x and the other is a stand-alone constant.

2x2-1, A (Bx+c)
,t _.1_ _

(x + 1.)(x2 + 2) (x + 1) ' (xz + 2)

= Zxz - 1 - A(xz + 2) + (Bx+ C)(x + 1)

letx = -1,

7=3A

letx=1-

1-=3A+28+2C

,=r(1) +zB+r(-:)

5

=B=3

letx=0

-7=2A+C
r1r

=-1 =2\d+c

5

- " _ _i

L

'A=i

L155r2x2-1 3 \g'-gl
Gll)(x,.+a)=1r+i- (x2+z)

1 (5x-5). cf *\ - r --:-----------:"t\x)-TG+D-Xxz+D

Global lnstitute of Business
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Factors are regarded as repeated if there is a power affecting allthe terms to the factor.

For example, (x * 2)z and (x - 3)' are repeated factors because the powers are not
affecting individualterms. A repeated factor is broken down by assigning a constant to a

factor to the power 1, and a constant to a factor to the power 2, and a constant to the
power 3, and so on.

For example, i=- =, A 
-+, 

B=.-++.' 
+ = ? =-,(x+Z)a (x +2)' (x+ l)z' (x+2)s' (x +2)a

4xz-3x-Ltf f(x) = (x-2)(x+L)2

4x2-3x-L A B C
+ L ^-

(x - 2)(x+ 1x = 
1* - 21 

- 
G + 1) 

* 

-1, 

+ g'
+ 4x2 - 3x - 1 = A(x + 1)2 + B(x - 2)(x + t) + C(x - Z)

Letx=2

9=9A

+A=1,

Letx=-1

6=-3C

- r-n--)L--L

Letx:0

-7=A-ZB-2C

-1 = 1-ZB -2(-2)

=B=-L
Lt2. {(u\ 

=_'\"/ (x-Z) (x+1) (x+l)?

A fraction is improper if the highest order power in the numerator is exactly equal to or
greater than the highest order power in the denominator. When the highest order
power in the numerator is exactly equal to the highest order power in the denominator,
a fraction is broken down by way of introducing a constant that is free of the
denominator in addition to the normal breakdown process. For example,

2x2+2x+2If f(x) = (x+1.)(x+3)

'-t-_
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NB: the highest order power in the nurnerator is 2, which is exactly equal to the highest

order power in the denominator when expanded.

2x2 +2x *2 B c
ttrctt (;i 1)(;Tr= A+ 1,*r*1,*,
Zxz + 2x * 2 = A(x+ 1)(x + 3) + B(x + 3) + C(x + 1)

letx=-L letx=-3 letx=O

+2=28 =14=-ZC =2=3A+38+C
)B=1 +C=-7 =2=3A+3(1)-7

+A-)

17,.f(x)=z+GT9_Gls)

When the highest order power in the numerator is greater than the highest order

power in the denominator, we employ the long division process. For example,

3x3-zxz-1,6x*20

3x-2
3x3 -ZxZ - L6x * 20 ^ 

-

=ff = (;t'-+) l rt'- 2x7 -16x+20(x - 2)(x + 2) r'- '' 
I

*(3r'+oxz-12r;

-2x?*4x+2Q
*{-2*7+0x*8)

-4x * 1,2

remainder
Since the combined fraction - quoti.ent + 

dLuisor

3x3 -2x2 -76x*20 -4x*12_(2"._?\r
(x-Z)(x+Z) xz-4

3x3 - 2x2 - L6x -l20
_ l),. _ 1\ r

(x-2)(x+2)
-4x 1- 12

G_DGTU
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-4x*12 A B
,,,t,^-^ _.i_ _vvtLetL 

G-i)G+z)- (x-z)' (x+z)

+ -4x * 1.2 = A(x + 2) + B(x - 2)

letx=2
4=4A
A 

-1t-t-L

-4x*1.2 1 5

(x-2)(x+2) (x-2) (x+2)

3x3 - zxz - l6x -t 2o 15

letx=-Z
20 = -48
B=-5

" (x-2)(x+2)

Long division is universal in that it applies to cases when the highest order power in the

numerator is equal to or greater than the highest order power in the denominator. Students

are, therefore, encouraged to master this technique.

Revision Ouestions on Partial Fractions

Express the following os portial fractions:

Li ne ar- Facto r Ap pro ac h

n ,'*7x-6 ) 3xr' 6 (x+1)(x-z) ' y(4-y)

Qu o d rot i c- F o ctor Ap proa ch

10 - 6*7x 4x 3x2+xA-l-/:-" (2-x)(t+x2) (2-x)(1.+xz) v' (x+4)(x2+3) t' (;TZ)-GTTT

Re pe ote d -F a ctor Ap pr oa ch

- 4x 9x2+4o_u' (3x + 1)(x + 1)2 Y' 
ex + 1)(x - 2y

10
7x*4

' (2x + 1)(x + 1)2

I m prope r- F r actio ns Ap p roach

x3-x-z x3-Zx2-4x-4 4x2+5x*311 4n

(x-1)(x2+1) x2+x-2 2x2+5x-t2

Global lnstitute of Business
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Chapter Seven: Sequences and Series

"l om tomarrow, or some future day, what I estoblish today. I am todarl whot I established
yesterdoy or some previous doy."

- James Joyce

Doing nrathematics involves finding patterns and crafting beautiful and meaningful

explanations out of the patterns, Sequences and series are jointly used to study number

patterns from different perspectives.

Definition of Terms

1. Sequence

This is used to describe an array of numbei's following a specific order or pattern. For

example: 2; 4; 6; B; 10 ...

Z. Series

This refers tothe sum of nurnbers in a sequence. Forexample: 2 * 4 + 6 + B + 10 .,.

Notation used in the computation of sequences and series

. lJn - the nth term

. a- firstterm

. n - positton of the term in the sequence

o fl-commandi.fference

. r - commonrati.o

o l-lastterm

Types ofSequences

1. Arithmetic Progression (AP)

An AP is a sequence in which the difference between any pair of successive terms is

uniform. For example:

GIobal lnstitute of Business
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100;95;90;85

-5 -5 -5

Common Di"f f erence = Proceeding Term - Preceding Term

a) The nth term

Un=a+(n-L)d

For example, the sixth term in the above sequence is giving as follows:

) U6 = 100 + (6 - 1)(-5)
:'Ue = 75

b) Sum of n terms
nn

Sn = ilZa + (n - l)d1 or S" = ila + l)

For example, the sum of the first four terms in the above sequence is given as

follows:
4

S+ =;12(100) +(4- 1)(-s)l
Z

:'S+ = 370

2. Geometric Prosression (GP)

A GP describes a sequence in which any pair of successive terms gives a uniform ratio.
For example,

2 ; 4;B ; L6

xZ x

Common Ratio =

2 x2

Proceeding Term
Preceding Term

Global lnstitute of Business
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a) The nrh term
Un = drn-l

Forexamplethesixthtermintheabovesequenceisgivenby:

ttu = (z)(z)6-1

"'Ue=64

b) Sum of n terms

* -a(1-r')sn (1-r)

For example, the sum of the first four terms in the above sequence is given by:

't('t 
-'14\a -o\' 

"'J6- o-z)

"'5o = 30

c) Surn to lnfinitv

This concept can only be employed to convergent sequences where the common

ratio lies between negative one and positive one exclusive.That is, -1 1r <.7'

It is given mathematically as follows:

a:O"- - (L-r)

NB: questions on Sequences and series are centred on the manipulation of

statements in theory into mathematical expressions. This transforrnation process

leads to an equation which should be subsequently solved'

Global lnstitute of Business
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Series Expansion

Series expansion, widely known as binominai theorem, is a predetermined pattern used to
expand the relationship connecting the sum or difference of two terms. For positive whole
number values of n, the general formula states that:

(a+ b)" = "co(a)n-o(b)0 + "c1(a)"-1(b)1 + "c2(a)"-2(b)z + "c3(a)"-s(b)3 ,..

For example, the first three terms the expansion of (2 - x)6 are given as follows:

(z - x)u = ucn(2)u-o(-x)o + 6ct(z)6*t(-z)' + 6cz(z1e-z?*),

.'. (Z - x)6 = 64 - t92x * L20x2

Students are encouraged to masterthe universaiexpansion that applies to allvalues of n:

(r + x)n= 1 * gI2 *@@ - L)(x)2 (n)(n- 1)(n - 2)(x)=
1t;r*st"

This formula only works when the first term is positive one (1). lf the first term is not 1, factor
out the limiting term. Remember to pull out the power as well when factoring out that term.

For example,

(-z + x)o = (-z)o (r - i)-\2/

r - \4 . .1. 4 (- i) , r+>r+ - r) (-;)' I=(-2*x)*=161,*-;*--- 
lL^l

=(-Z+x)a =rc[ 3 - 'l

,1. - 2x n r*' ...1

.. (-z + x)4 = !6 - 32x + 24x2 ...

ln most cases, questions on the binomialtheorem are hinged to partialfractions. For problems

of this nature, the combined fraction has to be broken down into its component parts before
bringing the denominators up.

lf the terms to the factors are arranged in such a way that the first term is not real, re-arrange
the terms to start with the real number.

_^l-_
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For example, given that,
3x*i

f(x)= Gr_D@+D

Obtain an expansion f (x) in ascending powers of x, up to and including the term in x2.

(3x+1) (Ax+B) C

Oz=qf- +, tl= G2 - 4) = G + D

= 3x t 1 = (Ax + B)(x+ 1) + C(xz - +)

letx=-l letx=O letx=Z

-2=-3C 1.=B-4C 7=(2A+B)(3)

2 n - ./2\ '11\+r- 1-R-at-\ 7=64*3{=.JL_Ii-u 5 ':"-*\5/ \3/

-,-11 
2

-o-T ==,;=-3

(2 11\ Z
. i(*\_ (-g'+-3)- 3:. Ilx)= @z_4) =(x+1)

Now, f (x) = (-'r-. +) e4 + x2)-1 -L'1f, * ,>-'

where (-4 + xz)-t =(-4)-' (, -+)

- (-4 + x,)-, = -I(' - f) '

+ (-4 + x,)-,= -;lr. 
(-t) (-+)'. 

IL]
- (-4 + x,)-' = -i(, - f)
) (-4 + x')-' = -'r-*
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/ 2 11r r ? 11r/ 1 x2\
= (-;, *;) (-4 - *,)-, = (-;,.T) \-;-*)

r 2 i 1r 
+ xz)-r =!* _! _11 ,,= (-I, *Z)G4 , ^ , - 6^ 1.2 48

t 2 11r. a\ . L1 L LL,
= (- 5, - T)G4 + xz)-l = - u+ i* - i*,

ona 
21(1 

+ x)-r ='rlr. q# * 
(-t)(-t-- t)(x)'Z * 

1

22+r(1*x)-t=i11-x+xzf

2.. 2 2 2.+5(1 +x)-'=5-1x+1xz

f (x) =l-#*!- -#*)* li-'r..'r*l
Ll7,.f(x) =-4-rr*16*,

Behaviour ofSequences

A sequence may exhibit any of the following four attributes:

o Period icity

o Oscillation

o Convergence

o Divergence

1. Periodic Sequence

This attribute manifests itself in a sequence that repeats the same pattern after a

particular number of terms. Periodic sequences are cyclic in nature. For example:
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Oscillating Sequence

An oscillating sequence is inspired by the action of pendulum. lt swings back and forth

around a particular value. For exampie:

-2. _-3. v4, _y5
 t 4 t A t L t ^

ln this case, the terms are alternating the signs as shown by an illustrative diagram

below:

2.

3. Converging Sequencing

This is used to describe a sequence where terms progress in such

to a particular value. A convergent seguence is one that has

example:
r1r"

vn = 3 - (a)

a way that they reduce

a sum to infinity. For

o

a

a

o

)V.,=t=r,r5

V, = *= 2,984375

V, =# = 2,984375

Vn =H = 2,99609375

and so on

ln this case, the terms converge to 3.
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4. Diverging Sequence

This is a sequence that springs up from a certain value and accelerates in one direction.
For example:

Un=(n-3)(n+Z)
. Ur = (-2)(3) = -6
. Uz = (-1)(+) = -+
. Uz = (0)(5) = 0
. U+ = (1)(6) = 6
. Us = (2)(7) = t4

and so on

ln this case, the sequence stretches from - 5 to positive infinity.

The Sigma Notation

The sigma notation,l, is a symbol used to represent the'sum of '. For example,

r=4\-
) r2 means 1-2 + 22 + 32 + 42,2

That is the sum of a ll terms of the form rz from r = 1 to r = 4.

o lf the sequence is never ending, that is if its stretching to infinity, it is expressed as
follows:

i,,
t_,
r=l

implying the sum of all terms of the form 12 from r = 1 to positive infinity.

o This notation is mainly used to summarise a series.
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Worked Examination Ouestions on Proaressions

Question (Zirnsec, November 2006 qp.1)

13. (a) Given that

n

Yrzr-3)=255.L'
1'=7

find the value of zr. tsl

(b). After running a 40 km mai"athon race, an athlete "trains down" by running 80%

of the distance run the previous day, starting the day after the competition.

Find (i). the distance run on the tenth day after the marathon race, 12)

(ii). the first day on which the athlete will have run a total of more

than 155km after the marathon race. t5]

Solution

a) Giuen that

Y,r.-3)=255
2

by taking a snapshot of the f irst f ew terms:

whenr=li ur=-1
whenr = 2; uz = L

whenr = 3; u: = 3

whenr = 4; us = 5 and so on

From the anaiysis, the progression is following an arithmetic progression (AP) with

the first term of - 1 and common difference of 2.

3
) (2, -3) represents sumof allterms,/ ,'

r =1,

= 5r, - l$$
n_

- ;lZa + (n - 1)dl = 255
I
TL

= ;12(-i) + (n - 1)(2)l = 255
Z

90
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TL

=;L-2*2n-2)=255z
Y'

+ ;L-4 * Znl = 255
Z

1 ^--)-zn+n'=255
1^

=nr-Zn-255=0
=n=17or-1,5
:. rL = 17 only since n is never negative

b) (i) The distance run is following a geometric progression (GP) because

the ratio between any pair of succesive terms is 0.8. In this case,

a = B0o/o of 40

+a=32
and r = 0.8

using Un = arn-7

s l)rc = 32(0.8)10-1

:' Un = 4.29 km

(ii) ^/1-'nlUstng Sn = ffi
32(1 - o.Bn)

- 
1tc

(1 - 0.8)

=+ 155 = 160(1 - 0.8")

155
-lOO=1-0.8n

155+0.8"=1-160

1

= 0.81? - -32

by taking logarithms of
1

=+ log0.B, = togS2

the LHS and RHS
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1

= nloB0.B = Iog_
3Z

.1log-" 3l
log 0.8

= n = 15.5

:. rL = L6th day

Question (Combridge, November 1993 qp.1)

the first, third, fifth, ... ninety-ninth, is i f - 1000. Find the value of d.
2

Solution

a) In a geometric progression (GP), the terms in the sequence are given by

Un = ern-7. The snapshot of the first few terms is as follows:

a', ar; arzi ar3; arai ars; ar6 ...

Euen - numbered sequence: ar; ar3; ars ...

0c_
f 1 - -'\
\1 t )

lar
+--C--

2" - (1- vzl

Lr a 1

z\t- r) -

Global lnstitute of Business

A geometric progression 6 has positive first term a, common ratio i- and surn to

infinity S. The sum to infinity of the even-numbered terms of G, i.e. the second,

fourth, sixth,...terms, is - i.S.

Find the value of r. I3l

(i) Given that the third term of G is 2, show that the sum to infinity of the

odd-numbered terms of G,i.e.ihe first, third, fifth, ... terms, is A. I3]

(ii) ln another Geometric progression H, each term is the modulus of the

odd-numbered terms of G. Show that the sum to infinity of H is 25. 12)

The sum of the first hundred terms of an arithmetic progression with first term a

and common difference disT. The sum of the first 50 odd-numbered terms i.e.

(b)

t4l

Where the first term is ar andcommon ratio is ,' (tnot ,t #)

(1 - r')
92
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-a ar
2(1 - r) (1 - r)(1 + r)

= -a(1. - r)(1 + r) - 2ar(L - r)
+-(1 +r)-Zr

=-1-r=2r
+-l=3r

1

3

(i). Odd - numbered sequence: a; arz; ara; ar+; ar6 ...

Where the first term is a and common ratio is ,' (tnot r +)\ a)

Since the third term of G is 2

+ arz =Z
t 1t2

+ al-=l - 2\3/
z1r

=al-l=2\9/
+a:18
Now, S* of odd - numbered sequence is giuen by;

ac - 

- 

{since the first term is a and common ratio is r2}"*- 1,-r,

'A' Level Pure \4arhematics. Theory-Practice Nexus

1BC_
, 1,2

, - (- i)
1B

-c ,a./o\
lq/
B1.'.S-= . (shown)
4

(ii). Now that the values of a and r are known to be 1B and - ] respectively,

G: a; ar; arz; ar3; ar4 ...

GIobal lnstitute of Business
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22
+ G:18; -6; 2; -5r g...

since the mod"ulus stgn ts used to cusl'iion agai"nst a negattue sign.

22
= H: 18; 0; 2; i; , ...

10 18IUc anci.i* -'-Jq of Li = ---T ultu r60f G 
" 1,1-e r--3

18^18 \ -_-JaofH--T 4

33
. c -11 27

-)ea[11 -Lt )S=T

/Vow, S* oy ru = 2S

,)'7 \

= 27 = r\z)
:.27 = 27 (shown)

b) For an Arithmetic Progression (AP)with first term 4 and common difference

d, the snapshot of the first few terms is as follows:

a; (a * d,); (a + 2d); (a + 3d); @ + ad) .'.

n
S, = =tZa+ 

(rz - 1)d].Z

100 _

- Sroo =T = ilZ"+ (100 - i)dl
L

=T =50(2a+99d)

=T = 1004* 4950d

O dd - numbered' sequence'. a; (a * 2d); (a + 4d) "'

where the first term is a and common difference is 2d

50
Sco=alz"+(50-L)(Zd))

Z

1,

-)r-1000=2512a+98dl2

= i-lrooo + 4gsad)- 1 000 = 504 + z 4sod"
2'

+ 504 +2 475d- 1000 = 50a + 2 45Ad

Global lnstitute of Business

i-



'A' Level Pure N4athemarics: Theorv-Practice Nexus

) 2 475d -2 450d = 1 000

)25d=1000
:.d=40

Question (Zimsec, tune 2003 qp.7)

17. (a). Evaluate

i3l

(b). Find the least number of terms for which

n_
\' /1\L\z)
r=0

differs from its sum to infinity by less than 0,001. t6l

(c). Two sequences are defined for n = LZ.3 ...... ... as follows

[Jn = (n+ 1)(n -t 2); V,= , - (;)'

(i). Describe the behaviour of each of the sequences as ?? -+ oo. l2l

(ii). Express Ur*t I U,, in terms of n simplifying your answer. l2j

Solution

a) Giuen the series

200\-) (zr - :'t2'
The first step is to determine the first few terms of the sequence with the view

of establishing the type of the progression (that is whether it is an AP or a GP).

whenr=l;Ur=-1
whenr=2iUz=1
whenr=3;Us=3
whenr = 4; U+ = 5 and so on.

95
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As such, the progression is arithmetic in nature with a first term of - 1

and a common differen ce of 2'

n
Now, S, = )lZa + (n - i)r/l.Z

200
= s,nn = 

=[2(-1) 
+ (2oo - 1)(z)]

Z

"' 'Szoo = 39 600

b) Due to the fact that the progression (])' has a sum to infinity, it implies that

it is a geometric progression (GP). Below is a snapshot of the progression:

whenr = 0; Ut = i
1

whenr=1,',Uz=i

1
whenr = 2; Uz = 9 

and so or'.

4t1

whenr = n; rr-, = (;)
i

In this case, a -- 1 and r = ;

n-v/l\'-"
L\E) - r,1.+\

r=0

- a(7 - r'*1)
+ Jn*\ - /4 --\[1 - r I

ac --'*- (1_r)

1,
aC<.t- - .L

I -x 5

1

=S-=l-:lL\
\3/

3+5-==
Z

and

, [, - 11rn'lt^ 'l' \3) l
- Jrr+t = --;- 1l -r _ 

13

^ f1 -(+)'-']
4Jtt+\ - 1r

LI /3

Now, -(* - Sn+r < 0.001

Global lnstitute of Business
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[,- < 0.0012r
/J

0,001 <

(+)".']3

)

a
J

')
['- (1)".']

)r
/3

zl r n

14ss 1-(;)
/ \J/- 1 ooo - z//3

=(+)".'<1-
\ 499

1 500

^ n+7/t\ I
-, | /-\5/ -1soo

by taking logarithms to both sides of the inequality

/1\'-1 , 1 \= los (.3J ' los (r soo/

c) (i) Un = (n + 1,)(n + 2)

Ur=6
II^ - 1)

Uz=20

Uq=30
lt_ - 4)

and so on

{ remember to swltch the inequality I
I sign when diuiding with a negative number J

t1:fi
V-=3-{-l,, \4)

11Vr=T=2,75

47
Vz = 16= 

2,9375

1.91
vs=ZT=2'984375

767
V+ = i{6= 2,99609375

and so on

= n *r r '"t (+o)
r"s (+)

= n )'"*(+o) -,
i"s (+)

+n>5,66
:,tL=6

Global lnstitute of Business
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From the aboue snapshot,

Un = (n + 1)(n + 2) is a diverging sequence, and

/ 1\'
vn = 3 - tal is a conuerging sequence'

(ii) Un+t* IJn = (f,n+ 1n + i)([n+ 1tr + 2) + (n+ 7)(n+2)

) Un+r * Un = (n + 2)(n+ 3) + (n + 7)(n + 2)

) U,+r * Un = (n + z)L(n+ 3) + (n + 1)l

:. U n+.t * lJ, = (n + 2)(2n + a)

Question (Cornbridge, November 2072 qp.1)

tl (:r) Irt a cc11rttetriL p1rrg1'glslqryl. xll thc ltnl)\ ilir'lrosilirt.. lllt'rtentttl lcrtll i: lJ lrrrr.i lilc li)tlrtlt tcrlll
, -,ii. 1 .i.. Filttl

(i) thu' lirst tcrrtt. lll
(ii) thc \tttll t() inlinih'ol'lltc l-rtogrcssiott. lf l

(b) A eiruic is divirlctl inloll :cclors irr .irrlr u $lrr tltul thL'llilglci ()l'thc \cul()l'\ lrru irt irritltrttctic

Itro:rurrion, Tile rrrtlllest tlto lutlL's ul'c.l';rrttl 5'. Fincl tltc r,itlttc ol rt. l+l

Solution

(i). Givtng that,

Uz=24 rr - 7
Ua = 1'3;

ar = 24 ----------------) 1 '
-*3 -27 

-,

-T-'
by solutng (t) and (Z) simultaneously

^27^---1ut ')
L

cff 24
g

+72-_<t
1b

33 r = = only since all terms are posltiue4'
by substituting r in (7)

Global lnstitute of Business
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{ii). 5- - 
j-

1-r

32
-c+Jm 

37-7
a

aaJL
-c__c__ 

1

4
;.S* = 128

Since the angles are in arithmetic progression, a = 3 and d = 2.

All sectors form a circle which is 360", that is a complete revolution.

=Sr=360
n

=;lZa + (n - 1)dl = 366
Z

TL

= ;[2(3) * (ir - 1)(2)] = 360
Z

n
=;[6*2n-2)=360Z

n
= =14 

+ Znl = 360
Z

=2n*n2 =360
+n2+zn-360=0

-n=tBor-20
:. rL = 18 only since n can never be negative.

Revision Questions on P rogressions

November 2003 qp.2 (Zimsec, O LevelAdditional Mathemotics)

2. (a) The eighth term of an arithmetic progression is 150 and the fifty-third is -30.
Determine

(i). the first term and the common difference, l4l
(ii). the number of terms whose sum is zero, t3]

- '(|) = zn

,',A=32

*-
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(b). The sum of an infinite geometric progression is 500. Given that the common

ratio is 0.8, calcuiate

(i). The first term, l2l
(ii). The twentieth term, l2l
(iii). The least number of terms of the progression whose sum exceeds

Ass. tsl

November 2003 qp.7 (Zimsec)

12. (a). The sequence U1, U2...Un... !s such that Ur*, -'Jfo, r 21-.
ur

Glven also that Ur * U, = L?,find the possible values of tJr' t3l

For each value of Ur, describe the behaviour of the sequence as n tends to

infinity. 121

(b). Given that on =rf, + (0.1)", show that

y a- = 4N + 
(o'l)N (i - (0.1)N)

L --tL 
9n=N*1 

I5l

November 20A2 qp.7 (Zimsec)

8. A sequence U, is define d by IJ, = (n - 3r).

(i). Write down the first 3 terms of the sequence.

(ii). Find in terms of n a formula for 
zn

!u-L
tsl

November 20A7 qp.7 (Zimsec)

1,6. (a). Three sequences are defined below, for n = 1, 2, 3,....Describe the behaviour

of each sequence as n tends to infinity.
i ^ - f-1\nr. u71 _ \ i)t

ii' bn = Z-n

iii. cn = (-1)" + 3n i3l

t1l

Global lnstitute of Business
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(i).

(ii)

(b).

(c)

Ut=2 and Un+t=Un+3 forn>1

Write down the first four terms of the sequence.

State what type of sequence it is, and express U, in terms of n.

t1l

l2l

A geometric progression of positive terms is such that the sum of its first two

terms is 24 and the third term is 2. Find the common ratio and the sum to infinity

t6lof th is progression.

June 2008 qp.7 (Cambridge)

7 The first tenn of a georuetric plogrcssiou is 81 arrd tlte lirurtli telttr is l-1. Futrl

(i) the conlluoll ratio of tlte plogressiott.

(ii) the suul Io urhuitl of the progressiorr

ttl
r?l
I -l

The secouci ancl thir'cl tenrrs olthis ger-rmetlic pregresllorl are the fir'sr artcl fotttth tentts Iespectivell'of
arr alithrttetic proglessiolt.

(iii) Find the siuir of thc hlst tcll terilu r.rf the alitluuctic ploglcssiori t-f ]

tune 2017 qp.73 (Cambridge)

6 (a) A sconrctric progrcrsiurl ha\ lr t!)it(l tur'rlr ol'a() und il surll l() irtlirril], r.vltie lt is lltree titttc: tttc lirst
tcrrn. Firril tlte lilst tcrnr. tll

1b) Art irritlrrtrctic pr(xtrcs\i()t't ir suelr thut tht'cigltth tt:rnr i: thrcu tirncs thc thiltl tcrrtt. Slto* tlrltl
thc sulli ()l'llu lir\t righl tcrnrs ir lirur tir:les tltc sulir trl'thc lirst lirur terttts. tll

November 2005 qp.7 (Cambridge)

6 A snrail rlading colnpall)'nrade a profiI o1 5250000 iu the 1'ear'1000. Tile cotupau): consiclerecl nvo

clillerent plarrs. plau -J anci irlau B- lbr incleasutg itr plofits.

Lrncler plau-'{. the aruutal profit *-oulci ir:crease each 1'ear b1'.ioo r}f its value in tlte precediug i'ear.

Fiud. tbl plan -J.

(i) the ptofit fol the 1'ear'2008. t"ll

(ii) the rotal plofit tbr tlte 101'eals 1000 to 1009 irtclrrsive. tl]

Lindel plat B. the aru.ural profit t'ouicl iucrease each 1'ear hv a corts{attt all}olul Sl).

(iii) Fincl the r.aluc of O tirl u'hich fhe totai profit lbr tire l0 y-ears 1000 to ?009 inclusive t'ortlrl be

the saure lbl botli plans. t-1]
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November 2007 qp.7 (Combridge)

.l The lst ienl) of al alitlnrrctic ploglersiou is r; anil thc couutrou rliftclcucc is rl. uitere r/ + 0

(i) \\'r'itedouLtcxprerrir.lr..irrtculrsr"ri'rranriri. lbrthc'5tirlel'rltilli(ithei5thtenn. il]

The lst tentr. tile -5tir ienu anci the 15th teun of the aritluuetic i.)rogressior] are llle first three temts of
a geornetlir- plognersiorr

(ii) Sirot' titat -ia = 8r/. l-1]

(iii) Fiuci the crlllultr)lt ratio of fire geottrelt ic pi ogt essiort. 12]

Worked Examination Ouestions on Series Expansion

Question (Cambridge, June 2072 qp.32)

r/ I - \ \
3 [ixgrrrrrtl {/{]-j: } in irrccrr.linr l)()\\'('t'\ ot-.I. ul'r lo irrrd irrcltr,.lirrg thr lcrtrr irt .r:. sirrtplillilrg thc' V\l+r/ '

cr>c1'ficicrtts. 15 I

Solution

Iri - xt
Letf(x)= /(.-r,)!\i--rx

1
,1 _ u;1

sf(v)-1- ^\'.r*L/ 
\t+x/

1
(1 

- v\2
- f (x) =::---

(L + x)z

f.i

= f(x) = (1 - x)z(l + x)-z

, (1) r-,r +C- r) (-,)'
where(t-x)z=1+"t" *"'" ,';. +"'

TvxzJ(1-x)z-1-;-- 28

Global lnstitute of Business
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I Erpilrrtl 
-l{l- 

i,l lr\ccn(lin{ Ix)\1 ('r\ tri'.t. u1'r tr; i111.1 irrelrrtiin:: tlrr.- tt:rrrr irr .t:. sirnplill,irrg thc
t- r \)-

cocl'licir-ttts. l+l

'A' Level Pure Mathematics: Theory-Practice Nexus

1

anct (t+ x)-i = r * qi? *-i?i- iar *
. .-1 x 3x2+(1+x) 2-t-r* 

g

/ x x2\/ x 3x2\
Now, f(x) =(1-r-T)[r-Z* , )

,x3x2xxzxz
= f(x) - 1-r+ B -r+ ?- B 

+

x2

'. f(x) - L- * *T

Solution
16

Let f(x)= p*ry

= f(x) = \6(2 * x)-z

+ f (x) = t6(2)-z (, *i)-'

I r-r> (t) , r-r>(-z - D (;)' i=flx)=+lt---J-- z -... 
1L]

| 3*'f
=iQ)=oLr-*+ 4]
,.f(x)-4-4x+3xz

h

I( 103
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Question (Combridge, November 2009 qp.31)

ft {i) Ilxirrcss 5r + I 
irr rrartial li'uctior:s. l5l' rI+ l)-('\1+11

5r - j
(ii) He rrcc ohtairr tlrt crplrrrion (,1 

I ru | I:;* r a irr lrrr'r'rrrlitts l)()\\('i'\ (rl'\.. LlI lc itttrl ittclttrling thc

tcr.rrr in.r:. sirnplit-r'ing thr- ct,cllicicttts. l5l

Solution

5x*3 A B C/'\ -:- 

- 

-l 

-

\r"' (x+ 1)2(3x +2)- (x+ 1) (x+ 1)z' (3x +2)

= 5x * 3 = A(x+ 1)(3x + 2) + B(3x + 2) + C(x + 1.)z

2 let x=Aletx=_L ktx=_3
s-) --R =3=2A+28+Ct1
=B=z )-l=gc =3=2A+2(2)-3

=C=-3 +24=2

-A-1

5x*3 7 2 3
-!-" (x+ L)2(3x +2)- (x- 1)' (x + 112 (3x+z)

5x*3(ii) f(x) = 
-

' (x + tY(Z* + Z)

- rr^-\- 1 , 2 3: J \t) - e + 1)- 1* + 1y- (3x * Z)

- f(x) = (1 + x)-' + 2(1 + x)-z - 3Q + 3x)-'

where (1 +,r)-1 =1*ry *?DGl--1)(x)2 *.'
+(1+x)-L=1-x*x2,

and. 2(7 * x)-z = zlt *Gz)(x) *(-z)(-z - t)(x)'Z * ...1.'L' 1r ' z! ' j

+ 2(1, * x)-z = 21L - 2x * 3x2l

=2(L*x)-z -2-4x+6x2,

Global lnstituie of Business
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and - 3(z +3x)-r = (-3)(2)-, (, * +)-'

= -3(2* 3x)-r = -:|-, . 
t-'11#) 

+ 
(-1x-1- 1) (+)' 

+'L a'

+ -3(z* 3x)-i = -ll, - + -+'1
,l

+ -3(z + 3x)-t = -;.7-T'
Now, f(x)= [1 - x + x2f + [2 - 4x + 6x2]- [-; .T-'** 

I
31129,.f(x)=r- 4r+ B*,

Question (Cambridge, November 2012 qp.33)

__ 9_7r --S.r:9 tit Ii\1rt.'r.;l-----:----- irr prrllirrl lrr.rrtiorr: l5l(.i-\)(l+r-t

(ii) Ht'nccobtlinlirccrprrrrri.,,,.,l'1:J't'8'tl inasecnrlirrgl)()wL't.\et-.\.uirtpagrl ilcltrrlilstltc' (.i- r)(l * rr)
rcrril in .t l. 

I 5 I

Solution

9-7x+Bxz A Bx*C
rtl

(3-x)(1 *x') (3-x)' (t+yz1

+ 9 - 7x * Bx2 = A(1 + x2) + (Bx + C)(3 - x)

let x=3 let x= 0 let x=1"

+60=10A +9=A+3C +10=ZA+28+ZC

=4=6 +9=6*3C =+10=2(6)+28+2

=+C=1 +B=-2

9-7x*Bxz 6 (-Zx+L)
(3-xXfiT=(sH)- 1r*11

-
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9-7x+Bxz(ii) let f(x) = (3-x)(1*x')

I r-rr1-I\
, l, * llll-3i *- t^ 1r

(-1)(-1- 1)(-1- r) (-;) ** -----------:-

1)(1 + ,')-'
,\-'

-;t3/
t vr2

(-1)(-1 - 1) l-.;i)
= 6(3 - x)-1 -

= 5(3 - x)-t ,

Zi

l x xz x3l
-'ll:' r-r- -l- I_.1, ,3,9 '27 )

= 6(3 - x)-1 = 2 *T.+' +#'
x2)-i = (_2x +rl 

lr 
+ c-r11,')' * 

]

+ (-2x + 1)(1 + x')-' = (-2x + 1.)(1. - xz)

+ (-Zx + i)(1 + x')-' = -2x * 2x3 * 1- xZ

* (-2x+ 1)(1 + x?)-1 - L - 2x-x2 * Zx3

I z" *?' *'J'1+ 11 - zx-x? + zx3)Now, f(x)=|12+'3 , g 27 l' ,
L,
4 7 ^ 56',.f(x) -3-,x-sxt*Vx'

Revision Ouestians on Series Expansion

November 2AX.0 qp.33 (Cambridge)

I Iirplrrll (t + l-t)-.t irr lsecrrdirrg l1()\,fcrs ol'.\'. u1.r lo ittt,.l ineltr,.lin;: lhc lctrtr in .rl. sinrplil'ling the

eocl'licicrtts. I3I
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June 2077 qp.31 (Cambridge)

I Iixplrrtrl i'( I - t).1) itt usccrtclittg lrowcr\ of .r. u1.r to alrcl ineiudirr-r tlrc rcrrn in .r'1. sinryrlit'vins rhc
coct'lie ictrts. lJ I

June 2072 qp.33 (Combridge)

II ErPtrrrtl ,, r itt usr'r'tttiittu po\\'('r'\ ()l'.\. ul) tr) irn(l in.'ltrrlilrt tltc tcrrrr irr\(-l:'i'\) '
cocllicicnls.

sirrrplill,ing

November 2A72 qp.37 (Cambridge)

J W hcn { I + rl.l- }-1. u ltct'c rr is u posit ivc cr )r)\tilrlt, i: cx lxrrrtlcrl in lise ,,:nil ini: l)o\\.cr s of .t . tlrc ctr.l}ie ic-nls
ol'.r" lrrtr,l rl lirc ctlttlrl.

June 2072 qp.37 (Cdmbridge)

2 tit FirP:ilt.1 -,l * i,) irret'11.lirtg J)r)\\('r'\ (!t'\. ul) t() 1lr)(, il'l(.lU(ling tlrc tet.rrr\(i--ltt
r,'r rc llit'ic nt..

(iil H!'ttcc lintl tlrr-'!'rt!-lli.ir'rlt ol'-tl irr tl)t'c\Prrrr'ion,,l'--]-1 
jl-*.

\'{-i - lot )

(i) Fintl lhc e-x:rct vulue. ol'a.

(ii) Whcn a lrlrr lhis rulitc. obllriri th. cxlli.r,lsi()n ul) t() rrnd iricllrding tfie ternr irr
cor-llicicn(s.

November 2009 qp.32 (Cambridge)

tJ (i) I:x1'r|.'.. , ' l]--- in |11111',; tlr('ri()ns.
1l - \)(l + r-)

l +.r

in t.:. sirrrplil-t'ing tlr,..

l.r I

l:l

I ttl+j

rl. nir:rplil'vir):t thc

t-r I

tht

tlt

lir
l.l

{ii) Ht:rrcc ohtaitt thc crp:rrt:ion ol'

.l
tcflll lll .\'-.

irr asccnditrg lx)$:crr of .r. up to iintl irreluclirrg thc(l -.r)(2 + r'l;

il-
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lune 2070 qp.33 (Combridge)

-l--5.r--r'l9 {i} E.rl'rlcss
{l-l.l)(l- r'):

in pultilI ll'rtctiotts tilt. I

p()\\'c!'s ol'.\'. up lo u*tl ine lurlirtg

til

\'. up trl lrtrrl itttlrtrlitis tilc tct'ttt in

l-s I

r. ill) t() urrd irrcluiiirr! tltc

t5t

(ii) F*,.'ncr: ohlaitt tht cxpxtnsit:n

lhc tcnlr in .\j.

November 2070 qp.37 (Combridge)

tune 2077 qp.32 (Cambridge)

! (r ..:+- r\- \
pl" ----------*--- itt ltsccttllittg

( I - l.r){: +.\ }-

-1"r'
[-ctl'( t]=-.

{l+"\')il+l.t-)

(i) L,xprcss {'{.t ) in partial ll'uctiorts.

tii) Hcrrec t,trrtititt thc cxprrnsiotr ol'l"{.t) itl lrrer'tt,.litlg Pt:ucrr ol'

tsl

.\' ,

tsl

(i)

{ii}

-).\' * \'-
I-,r|l'crs 

- 

itt nlrttilri Illtcti,tlts.' {l -.r'}{l+.r-)

Hencr,: ol'rtririn lltc cxlr:lrrsi,,,,,11'-- 
Jr: tl 

irr lrsccntlirrg l)r!\\'a,.' {)l
( I +.t )(l -.t'-)

.1tcll]) ilr .\" .

November 2007 qp.7 (Cambridge)

3 (i) Finrl tire filst tiu.ee telitrs irr the erparrrir-n t f (l - rr;' irt ascetrtiirtg po\\'ers of 11. [-1]

(ii) tlre tire lrrbstilrrtiou r = -r - -1-: iu iorrr Au,\\\'er lo pflri (i) to filrti llte coef}icicllt ol .y: ill the

expailsiolt of (t + ., * ..': ): t2]

tune 2072 qp.72 (Combridge)

TIlc uoel'{icicl}t r)l-.i'i irr tlrc cxrlnsiorr ol' {rr -.ri5 + {l -.r}6 i. 90. Firtrl tltc lulrtc ol' thc I)(}sitivc
c()nst.lnt ./. I-5 I

-1
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Chapter Eight: Trigonometry

"Today I am going to give you two exominotions, one in trigonometry ond one in honesty. t hope
you will poss them both, but if you must fail one, let it be trigonometry, for there ore mony good

[people] in this world todoy who cannot pass on exominotion in trigonometry, but there ore no
good [people] in the world who connot poss on examinotion in honesty."

- Madison Sarratt

Trigonometry is a branch of mathematics that deals with problems concerning angles and

distances.'A'Leveltrigonometryfocuses on two components:trig identities and trig equations.

Trigonometrical Identities

These are trigonometrical statements that resemble a state of balance where the LHS is exactly
equalto the RHS, Trig-identities are grouped into five families as outlined below:

A. Standard ldentities

' tan,=# ' cosecg=*

. seca=* . core=*={{

B. The PvthaForean Group

. cos2o+sinzo=1,

o l.+tanz0=secz0

o 1*cotz0=cosec2g

C. Double Ansle Formulae

o sin2A=2sin0cosd

. cos20 = cos26 -sin2 0 : 2cos2 0- 1 - 1_-Zsinz 0

. tan ze =ffi

Global lnstitute of Business
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D. Addition Formulae

" sin(,  * B) = sin.4 cos B * cos,4 sin B

. cos(,4 + B) = cos.4 cos B T sin,4 sin B

o tan(A*B)= tanraranB
' 1+tanltanB

E. SmallAngle Formulae

o sin0=A

. cosg=l-t
2

o tan0=0

It is an undisputed fact that a lot of siudents make an attempt to memorise the identities, yet
still fail to solve some problems using these identities. It is against this background that
students are encouraged to be flexible enough to adjust or manipulate identities. An identity is
just a framework that is open to any adjustment; os long as the adjustment does not leod to
breoch of mathemoticol principles, A snapshot of sonre valid adjustments is outlined below:

A. Standard ldentities

Frameworl<: tan( ; = 
ti'! 

]- cos( )

o tan 49 - sin +o

cos 40

. tan3 20 =#
B. PvthaEorean Group

Frameworft: cosz( ) + sln21 ; = 1

. cos2 39 * sin2 3o = 1

NB: all the adjustments shoulcj retain the squared ratio, that is, both sin( ) and cos( ) should
be squared quantities and the supporting value (angle) has to be the same, for the relationship
to reduce to 1.

Framework;sec( )= '- cos( )

. sec5x= 1

cos 5x

cl. sec- ,t f ---::-
cos'x

Global lnstitute of Business
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C. Double Ansle Formulae

Framework: sin 20 = 2 sin 6 cos I

o sin 40 = 2sin20 cos20

o sin 100 : 2 sin 50 cos 50

. sin2 20 = (2 sin 0 cos g)2

NB: make sure the angle to the LHS is a double to the angles on the RHS.

Framework: cos 20 = Zcosz 0 - 1 = 7 - 2sinz 0

This is the most widely used identity in 'A' Level mathematics. Adjustment can only be

extended to angles, but the framework remains the same:

. cos(40) :2cos2(20) - 1= 1,-Zsinz(20)

. cos(60) = 2cos2(30) - 1 = 1 - 2sin2(30)

. cos2 Z0 = (Z cos2 0 - l), = (l - Z sin2 0)2

Since this identity can be modelled along the lines of cos0 or sin0, the choice of a particular
path is influenced by the desired conclusion. lf the desired end has a bias towards cos0, one

has to use the identity in cos 6 and vice versa.

Revision Questions on Pure ldentities

lune 2007 qp.7 (Cambridge)

3 Plove lhe icleuriry' I - tan-'t 
= i - f srnl.r"

I + tau-.'\'

tune 2009 qp.7 (Cambridge)

I Prorc thc itlerrtrtr , 
t"',t 

- 
ritt.t 

= 
, t,rnl.r'l-sirt.r l+sirr.i

trl
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June 2077 qp.72 (Cambridge)

5 (i) Provc lltc irlcrrlitl ;r*#ii', err = , * .*

tune 2077 qp.73 {Combridge)

8 (il Prt'rc rlrci(t',rtit\ (* - #)t = 

=j*
June 2072 qp.73 (Cambridge)

I {i} Prolc lltc iricritilv tatt)0 - sinr0: llrtt:0sirt:9.

November 20A8 qp.7 (Cambridge)

2 Plole the r<lentitr'

i+siu,r:= -los.- =-?r^oSJ( l*Silrr cos.1.

November 2A70 qp.77 (Combridge)

{ (i} Plr:r'c'thc i(lL:nrit)- i*5 = , - *

Unknown source

2. Prove that:

i3t

tjt

l-1 l

lrl

Irl

,[-."t4!-=cosec0-col?
t1+cos9

Unknown source

3. Prove that:

cos0*sin0
sec20 *tan20 = 

-

cos0-sin0
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November 2002 qp.7 (Zimsec, O LevelAdditional Mathematics)

6. Prove the identity

(cosec.A * sin.A)(secA * cosA) = 
?H;1## U)

June 2002 qp.3 (Cambridge)

I Prove the identity

cor0-ran0=ZcotL0. t3l

Unknown source

Express sin 40 in terms of sin20 and cos 20 ,and hence express #f 'n 
terms of cos 6 only. [4]

Trigonometrical Equations

ln most cases, an equation has to be simplified into a digestible form using one of the identities
from the five families outlined above.

For example,

sec0+2cos?=7

1,

9-------+2cos0 =1,cos I

+1*2cos20=cos?

=2cos20-cosg*1=0
When a trig equation is solved, it will lead to one soiution or two solutions in cases of quadratic
equations. This solution is known as the principal or primary value (PIz). There are three main
methods used to develop a PV into secondary and tertiary values. These are:

i. Graphical Method

ii. Quadrant Diagram

iii. General-SolutionApproach

Global lnstitute of Business
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An Overview of General Solutions

sin(O) ,0 = (-l)" . PV + 1B0n

cos(9) :0 - *PV * 36An

tan(O):0=PV*180n

where iz is an integer.

lf the equation is in radians, manipulate the general solutions to radians. Since n is an integer,
use the different values of rz up to a certain stage where all the values in the specified range

have been exhausted.

For exampie, given that,
AvZA=1, for 0'<9<180'

+ 20 = tan-1(1)

= 20 = 45"(PV)

NB: do not prematurely make 0 the subject of the formula; this can only be done when the
general solution has been introduced.

20 = 45 * 180zz

45 + 180nD_ll 
- 

-

2

whenn=0;0=22.5o

whenn=1;0=112.5o

whenn = 2; 0 = 202.5" (out of range)

:. Q - 22.5' and L12.5"
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workedExaminationQuestionsonEquationsof theformR cos(O + a) /Rsin(O + a)

Question (Combridge, November 2008 qp.3)

Espress5sitt.v+llcor.tilttlrefor:uXsil(r+ai.rvhereX>0arrcl()o<u<90..gir.insthe
vaiuc of rx cotrecr to 2 clecitllal piaces. t3]

Heuce iolve tlie equatiorr

-isil20+l)cosfti= ll.
eiviug all solutionr iu the inrcr-r'liX 0' < e { 190..

Solution

(i) 5sinx * 12cos x = Rsin(xf a)

using the addition f ormulasin(-A + B),

= 5 sin x * 1,2cosn = R[sinx cosa * cosxsin a]

+ 5sin x + 12cosx = R sinxcosa + R cosxsina

by comparing coef ficients,
Rcosa = 5

andR sina = 12 ----------------

by dividing (2) by (t),
Rsina 12

=-=_Rcosa 5

1,2

=tan(r=- 5

r12t
=a=12p-rl-)\5/
=) q = 67.38'

by substituting a in (1),

+R=

(i)

(ii)

tsl

1

2

.ortrn-'(f)

=R:13
.'. 5 sin x + LZ cos.r = 13 sin(x + 6Z.gg.)

Global lnstitute of Business
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(ii) 5 sin 20 * 12 cos 20 = 77

Since the LHS is the same as the expressi"on 13 sin(x + 67.38') inpart (i)

where 2A = x,

=+ 13 sin(2 0 + 67.38') = 11

+ sin(2g + 67.38) =Yl5
r11r

= (20 + 67.38") = ':--r I I)rrr U3l
+ (2A + 67.38') = 57.8"(PV)

using the general solution f or sin(20 + 67.38'),

(20 + 67.38') = (-1)"' 57.8 + 1B0n

^ (-1)' ' 57.8 + 1B0n - 67.381o- 
z

whenn = 0; 0 = out of range

whenn=1;0=27.4o

whenn=2;0=1.75.2"
:. e - 27,4'and175.2"

Revision Ouestions on Equations of the form R cos(0 + a) /R sin(e + a)

November 7999 qp.7 (Cambridge)

6. Express 4sin 0 * 2cos0 in the form Rsin(O * a), where R is positive and a isan acute

angle, giving the exact values of R and tan q. l2l

Hence solve the equation

4sin0 -l-2cos0 =3,

for 0o < 0 < 360o, giving your answers in degrees correct to 1 decimal place. t4]

Global lnstitute of Business
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June 7994 qp.7 (Combridge)

6. Express 3 cos I - 5 sin g in the form R cos(O + a), where R > 0 and 0 ( a < 90o. 12)

Hence, or otherwise, find the generai solution of the equation 3 cos 0 - 5 sin 0 = 2,

giving your answer correct to the nearest 0.1_o, l4l

June 7997 qp.7 (Combridge)

10. Given that

3 cosx - 4sin x = Rcos(x + a),

where R > 0 and 0" < d < 90o, find the values of R and a, giving the value of a correct
to two decimalplaces. t2I

Hence solve the equation 3 cos20 - 4 sin 20 = 2

for 0o < 0 < 360o, giving your answers correct to one decimal place. t6]

November 2003 qp.2 (Zimsec, O LevelAdditional Mathematics)

4. (a) Giventhat3cos0 *sin0 = Rcos(d-a),whereRispositive andr.
acute, evaluate R and a. Hence solve the equation

3cos0 * sin0 = 2 for 0o < 0 < 360'.

(b). Given that sin a = 1, where 90' < a ( 180o,

and that cosB = -4, where 180' < P < 270",

calculate, without using tables or calculator

(i). sin(a - B),
(ii). cos(2a),
(iii). sin(28),
(iv). tan(Za).

November 1990 qp.7 (Cambridge)

5. Express5cosd - 12singintheformRcos(6 +a),whereR > 0and 0 < a <360",
stating the value of R and giving the vaiue of a correct to 0.1. . 14)

L!7
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November 2070 qP.33 (Cambridge)

(i)

riit

ErPr.ess {1/(i)et.r0 - {v }O}rirr $ in tlrr tirt'ttl /ieos{e - rx). rvltcrc l{

thc valr.tc ol'a corrcct to I dccinrltl l'rllrcr's'

Hr.ncC. in Cuch ol tltc lirllorvittg c:trcs. litrtl tltt- tttl:tllctl i"rtitirc

> () rrnrl (l'' '- {t < t}(}'. Ciil'c

ljl

arr!.lc fl *'lrich satirtics th''

IhL'a\ltcl
lj I

r<lt-'r

ctlttatioll

(al (1,'6)cos f) + (,'/lO)sin 6

1h) {1'fr}etts{9 + {'u'iO}sin'

November 2077 qP,37 (Combridge)

6 (i) Ergrr.crrc()s.\.+-i'ilruinthc{irrrrr/{r'1rs(.1 -a).u}tt'rcIt>{)rrrrtl {}'<rr<9(}"girirr::
r,;t[ttt. .,1 R irrtcl th.. l.ltlttt- t.,{'({ c()r|c{l tt, ] ticcitlrirl lrllrcc:.

(iiI Hclrcc solvr": lltc utltrrttiott cot f6 * i sitt lg = l' lirr () < 6 < 9O '

_t

io=-r

rall-i

I-r I

November 2A77 qP.33 (CombridEe)

3{i)Eti1rrg..,1ctrs9a!.5sint]irrthclilrrlrRcrrs{e_u).lr,lrt-rcft>()lrntl(),
ol'o corrcct to r ciccitnitl P"l:tucs'

( ii) F{crtct' rolvc tltt: ctlttlltiott E eos 6 * l5 rirl B = l l' eir ing all colt:liotts itt

< (l < q{).. (iivc thc vllttc
lrl

tirr ir'!t('r'\'irl O'< 0 < -1(':0-.

t+i

November 2072 qP.33 (Cambridge)

2 {i} Errrs'sl{sitle *7cr:s0iiltlrclitnllRsin{s-el)'\\hcrr-"R>oilrlr"l ()'<{/<tx}

ol'c corrcct io I tlccitttirl plltcr's'

{ii} Hcrrcc lirt,.l thc strlitllt-r1 p*sitivc rllttc of tl sati:l'ritrg tltc t-tlttrttit'tt

l_t sin tt _ 7 c6s g1 = 17

( iir c thc vlluc
I .11

l:l
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Worked Examination Questions on General Trig Equations

Question (Cambridge, tune 2070 qp.32)

3 k is giv,.:rr tl:at cor11 = l. u.l.r.:rc ()'' < rt < go'. Shorvin* vour u,or.king lnil B.ilh()ul r.rsint u calcululor
It.l cvaluatc (.

(i) lirrrl ll:e cract r.lrluc tll'sinic - -i{) ).
(ii) lirtd tltr'cxrtcl Iulttc ol'tatt lrt, unil ltcncc lintl thr'!'\ii('{ \'lrlur ult:rnlr.

tirl- t

tlt
Solution

(i) .oro=i,

using aright angledtriangle, opp

-? ) ^a5- = Opp' -r 5'
oPP=\tTS-9

oPP=4
44+ sin o = S 

and tano = 
3

N ow, sin(a - 30) = sin a cos 30 - cos a sin 30

+ sin(a - 3o) = 51, /vE\ z1r,"\Z )- cos a (7i

=+ sin(a - 30) = (+)(f) (;X)
zJi 3

=sin(a-30)= 5 -10
4.,,tr - S

". sin(a - 30) = 10

Ztan a(ii) tan2a = 1-tan2 a

= ,(:r)rA-t21- (i)
Br16r

= 5: (' -;J

) tan2a

+ tanZa

B-9+tanZa==x _37
24+ tan 2a _ __
7
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N ow, tan 3

=tan3a=

a=tan(Ta*a)
tanZa * tan a

1 - tan 2alan a
24,4

,^ - -7=3
- La)t -u - . ( z!\ (I\I-t- / t\s/

44 / 32"itan3a=-21*(i *l)

44 39+tan3a=-21,-7
447

=tan3a=-..,"39
44

.'. tan 3a = - 
'LT

Question (Cambridge, tune 2008 qp.3)

{(0Shou'thattlteeqrmtiolttan(30o+(i1=]tan(60o_{i)canlrelr'tittenilthefonrr

tal: 0 + i6 v'3) tane * 5 = o'

(ii) Heuce- e''r olirerr-ise. soh'e llie eqtmtiott

tatl(3O'+ e ) =:tau(60'- e)-

foro'<0< 1s0".

Solution

(i) tan(30" + 0) = 2 tan(60'- 6)

tan 30 * tan I
where tan(30" + 0) = 

1 _ tan 30t.an 6
6

lf+tano
= tan(30' -r A) =

r-ftane
tan 60 -tan0

and tan(60' - 0) = G trr 60 fi?
r,E - tan o

=tan(60o-0)=1+tr""6
724

Global lnstitute of Business

tll

r.f| 1lL' l

-,



'A' Level Pure Mathematics: Theory-Practice Nexus

r;v.1
, *tan0 | V3-tanglA/^,., 

-11 
I

r-ft'n e L]-+V3tanoi

$*,rn e z,lz-2rano
--------------=-r-ft'n e 'I*rEtang

= (f + tan e) (r + r6tan d) = (z'11 - 2.,n l (, f ,," r)

V3
= T *tan0*tanO + V3tan' 0 =2',E-2tan0 -Zrane *z$r^n'e
,5 z,l1

=; *zhno +rlltan2 o =2t,5 - 4tan , *;tanz o

vE sJ3
= E 

tan'0 *6ranr- , =O

tanz0+(ova)tan0-5=0

tan 0 = -10.85
0 = tan-1(-10.853)

0 = -84.7"(PVz)

.'. tan2 e + (Or,tr)tan 0 - 5 = 0 (shown)

(ii) Since tan(30' + e) = 2tan(60' - 0),

can be written as,

let x = tan0,

+x2+o{zx-5=o
using the quadratic f ormula,

+x=4.461or-10.853

buttan0 = A.46L

s 0 = tan-1(0.+0t)

+ 0 = 24.7'(PV)

using the general solution f or tan 0,

0=PV*L80n

127
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0 =24.7 * 180zr 0 = -87.4 * 1B0n

whenn = 0; 0 = 24.7 wltenn = 0; 0 = out of range

wltenn = 1; 0 = out of range whenn = 7; 0 = 95.3

:. e-24.7"and95.3'

Question (Cambridge, tune 2009 qp.3)

-1 til Prrrre thc ir"lcntin coscc 2{l + cot l0 = cot 0. l-11

{ii) Hcrrct'solvt: thr. crprution r.:(rscc 1e + eot lS = l. tirr'O' < f, < -i6(}' lll

Solution

(i) cosecz? -l cot20 : cat?

where LIIS = cosecZ1 * col20

1 cos20
- 

IIJC -!-1 uttr - sinZa ' sin20
L -l cos20

- LnJ: ---:------
stn ZA

1+2coszA-7
_ I TJCl Dttr - 2sindcoso

2cosz 0
- bnJ = :----:--:-2sin0cos0

cos 0
=fHS=-SIn U

:. LHS = cot 0 = RHS (shown)

(ii) cosecZ? * cot20 = 2

+cot0=Z
1I

_1

tan 0

722
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+ 1 = Ztan0
1:+tane--
2

/L\+0=tan-l [-l
\2)

= 0 = 26.6'(PV)
using the general solution f or tan 0,

0=PV+180n

'A' Level Pure Nlathemarics: Theory-Pracrice \exus

0=26.6*180n
whenn=0;0=26.6o

whenn=1;0 =2A6.6'
:.0 - 26.6'and206.6"

Revision Ouestions on General Trig Equations

June 2003 qp.7 (Zimsec)

tsl

i3l

14. Prove the identity sin (x + f) cos (- -:) = )(z sinzx + fi)

Hence, or otherwise, find values of x in the range 0 < x ( 2z such that

sin (x + i).o, (, -;) = f
giving your answers in radians to 3 significant figures.

June 2070 qp.7 (Zimsec)

1.. Giventhatcosg = -f and -180. < e < -90o,find theexactvalueof cot0. I3l

November 7997 qp.7 (Combridge)

1. Find allvalues of xfor which 0o < x < 360"that satisfythe equation
. /L \ 1

s'n (-xJ = -.
723
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November 2002 qp.7 (Zimsec, O LevelAdditionol Mothemotics)

L4. (a) Solve the following equations for Cn I x 1364'.
(i). 2tanx-Zcotx=3.
(ii). 12sin2x * 2cosx= 1,0.

l4l
t4l

(b). Given that tan A = - f and that a is reflex, find sin c and cos a. I4l

tune 7997 qp.7 (Cambridge)

6. Findallvaluesof g suchthat0o < 0 <360'forwhich 2cos20 - 3 - 2cos0,giving

your answers correct to 0.1o. t5]

Unknown Source

7 t). Given that 15cos26 + 2sin20 = 7, show that tan26 = i.
(ii). Solvel5cosz?+2sin2e =7for 0<0 Szrad.

November 2006 qp.7 (Zimsec)

3. Express (tan 0 * cot 0) in terms of cosec 26.

Hence, or otherwise, solve the equation

4tan6*colA=*

for0'( 0 <90"

November 2007 qp.3 (Combridge)

5 (i) Slrotl'tltat tlte eqtratiolt

can be tritien itr tlte fcrnu

ian(-l-i'+r) - Ial.r'= 2

iarrl..'-llattr- 1=0.

(ii) lience solve the eqrmtic,tt

tan{-15" +.1'}* Ian.t = L

givirrg ail sohltious in tlte intelal 0' ( r <: i80'.

724
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November 2009 qp.32 (Combridge)

.l Thc an!les a urrii p lic in tlr* irrtcn'll O'<,r'< lS0'. irrrrl ur,.: such tlral

turla=ltunl3 lrntl ruu(&+0)= -r.

Firt<l thc 1'ro:silrlc vultlc: ol'a anil p.

June 2070 qp.37 (Combridge)

2 Solr.r.r lhc ctluatiolt

sitt0= )cosl8- l.

r:it'ing ull srtlutit,tts irt thc intclvul {) .{ 0 { -16{.}'.

June 2A70 qp.33 (Combridge)

J Soll'c thc cryultiorr

trrrt(J5 -.\l=ltlrtt.
givins ltll soltltiottr in tlr,.'intcrr':rl O".< t < llt()'.

November 2070 qp.37 (Cambridge)

3 Solr..'cthr'ctlu:r{ion

givirrg ali s.luri.rrs irr ttrc i,rr.:r'i,, ,r' :t ;t:;: 
= I sin e

June 2077 qp.32 (Combridge)

3 Solvc tlrc e'r;uatiolr

cose--lcos1e=i.
giving ull solutiorrs in thc intr.:rvll O'< e { llt0'.

l6l

l6l

l5l

l-51

l-i I

.fu-
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tune 207L qp.33 (Combridge)

{ {i) Slrr.ru.'that thc c<luatiotr

tlrt((t0' - 0) - tan(60'' - g1 = k

cun bt r.r'rittctt in thc lirlr.rt

(l r,,i)( I + ti,nle) = t{ l -,1 tittt:0).

(ii) Hr"-rrcc soivc tlrc c(ltlilti()ll

tln((:O' + {/} a- trrrt(('r0- - 0) = lv'l-

r:ilin:r ltli soltltitrtts in tltc intcrval O'{ I < lso .

lune 2012 qp.32 (Combridge)

.l Solvc tltc ctluatiott

coscc f0 = sce e + eot e.

ritinc al! soltttions irt '.!:c inlcrvll 0' < e < -j(ro .

tune 2072 qp.33 (Combridge)

6 It is givcn that tarr -i.r - I tatr.\'. rvhcrc A' is lt cottstittrt altcl tatl .r * ().

{i} l}i lir\1 (r'fitn(linr: tan(fr +.t ). sltou' tltltl

{l* - l} tanl.r = A - -i. {ll

(ii) Hcrrcc splyc t5c r(ig1li()1 u.ur -i.\' = I tlrr.r' rvltrtr A" = ,*. SirirrS ltll sr'tltttiotrs in tllc intr:r\''tl

o. < .{ < I ti0''. l-r I

(iii) Shorv thrt tlu e(trrxli()n tarr i.t = A tarr.t turr rrr: rtxr{ itt lltc intcrvrtl O' <.t': lS0' $ltctt ('= l' ll I

November 2072 qP.37 (Combridge)

3 Solvc thc cclttittion

sin(e + +5') - lcos(0 - l0-).

::iring lrllsolutitltts irt tltc ittlct'lll 0' < g < 1lt0''

l{l

l.r I

l6l

ril
l- l
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Chapter Nine: Circular Measure

"You don't iust luck into things...You build step by step, whether its friendship or opportunities."

- Barbara Bush

This topic deals with problems concerning oerirneter and area of plane shapes with much
emphasis on sectors. As such, circular measure feeds from mensuration, circle geometry and
trigonometry.

o Mensuration forms the basis of the topic as it gives a detailed breakdown of properties
of shapes, and how to determine their perimeters and areas.

o Circle geometry provides the theorems that are used for analysis. One of the most
widely used theorems states that: At the point of contact of a tangent and line that
passes through the centre, a 90o angle is formed. This is best explained by a diagram
below:

Trigonometry is used in the analysis of questions centred on triangles. The breakdown
to trigonometry is as follows:

Fig.9.2

Pythagoras theorem

Trigonometrical (trig) ratios
(SohCahToa)

a

a

a

a

Sine rule

Cosine ruie

Fig. 9.1

-L
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NB:

All right angled triangles are analysed using either the Pythagoras theorem or the trig-

ratios approach.

All non-right-angled triangles are analysed using the sine rule or cosine rule depending

on the situation.

The Circle

This is a curved circular shape without straight edges (see Fig. 9.3)'

t ctrcuntf erettce

diameter

chord

Fig. 9.3

Circumference measures the distance right round the circle (perimeter).

Radius refers to the distance measured from the centre to any point on the

circumference.

Chord is used to describe a line joining any two points on the circumference.

Diameter is a specialtype of chord passing through the centre.

Segment versus Sector

. Segment is a region bound by a chord and part of the circumference. A chord has an

effect of dividing a circle into two segments as shown in Fig. 9'4'

1.

2.

a

o

a

a

Global lnstitute cf Business
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major segment

minor segment

Fig. 9.4

Sector is a region bound by two radii and part of the circumference, As such, a sector is
hinged to the centre of the circle:

H

Fig. 9.5

Sectorial Analysis

Two important concepts in sectorial analysis are:

o Area of a sector, and

r Arc length of a sector.

These two measures can be calculated in degrees or radians, but much of the analysis at this
stage is done in radians.

c,"4
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Table 9.1
Radians

1

-rt 0
2

Where g is the size of the angle that the sector takes away from the full circle and

360o = 2rrad

1B0o = n rad

9oo = I roa
Z

And so on.

Worked Examination Questions on Circular Measure

Question (Cam bridge, I une 7997 qp.7)

2.

AUb

The diagram shows a semicircle APB on AB as diameter. The mid-point of AB is O' The

point p on the sernicircle is such that the area of the sector POB is equal to twice the

area of the shaded segment. Given that angle POB is 0 radians, show that

30 = 2(r - sin 0)

Global lnstitute of Business
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Solution

Area of sector P)B = ZlArea of shadedregionf

where, area of sector P0B =1*t

'A' Level Pure Mathematics: Theory-Pracrice \exus

1

+ )r20 = rzlUr - 0) - sin(z - g)l
2"
1

=;0=lr-0-sin(r-0)lZ

=0=2tt-20-2sin(r-0)
) 0 +20 = Ztt - 2[sin n cos0 - cosnsin6]

+ 30 = 2r - 2[(0) cos 0 - (-1) sin 6]

+30=2n-2sin0

:. 30 = ZGr - sin 0)

Question (Cam bridge, J une2004 qp.7)
5

and area of sector POA =lr'Qt - 0),

and area of triangle PLA =)r|sin(tt - 0),

- area of shad"ed" region =)r'@ - fi -!rz

+ area of shaded. region =i.r'[(z - 0) - sin

Now, !rr'e = r{)*L@ - o)- sin(z - o)f 
}

sin(z - 9)

@-a)l

Global lnstitute of Business
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Irr tlre ciragranr. OC-D is au isorceles triallgle u'rth OC = OD =

Tlre points .l and B. otl OC and OD resl]eciivei]'- arejoined b1'

raclius 6 cm. Finci

(i) fhe area of the sltaclecl regiotl.

(ii) the ireliureter of tire siraded regiou.

Solution

i. Area of shad"ed"region = Area of triangle - Area of sector
1

where, area of triangle = : (10)2 sin 0.8

) areq of triangle = 35.86780454

1

and area of sector = ZG)2(0.8)

= &rea of sector = L.4

Now, area of shadedregion = 35'86780454 - 74.4

;. area of shadedregton = 2L.5cm2

l0 cnr aucl angle COD = 0.8 racliatts'

an olc of a circle u'itit centre () and

l3l
f rf
tJt
Ll

ii. Perimeter of shaded

where, AC = DB = 4

and, Bl = 6(0.8)

+BA=4.Bcm

region= AC * CD + DB + BA

CM,

+4+4.8+
cm

7.788366846

and (CD)z = L02 + 702 - 2(10)(10) cos(0.8)

+ CD = 7.788366846

Now, Peri"meter = 4

:. Perirneter = 46.2

+ CD = 
^f 

2OA - 200cos(0.8)

Global lnstitute of Business
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Question (Combridge, June 7994 qp.7)

4.

The diagram shows a sector of a circle, with centre O and radius r. The length of the arc

isequaltohalftheperimeterofthesector.Findtheareaofthesectorintermsofr. [3]

Solution
1

Arc len.qth - =lPerimeter of sectorl" 2'
where, arc Length = r0,

andperimeter=r+r+r0
+ pertmeter = 2r * r0

1
Now, r0 = -[2r + r0)

Z

+2r0=2r*r0
+r0=2r
+4-')

Now, Areaof sector =1r2Q)
Z

:. Area of sector = r2 units2

Revision Ouestions on Circular Measure

November 2002 qp.7 (Zimsec, O Levet Additional Mathematics)

12. (a) A section of a railway track is a circular arc of length 50 m and radius 300 m. Find

the angle through which the direction of the track turns. l1l

.h-_
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Pc

The diagram above shows the cross-section of a tunnel which has the shape of a

segment of a circle O. The radius of the circle is 2 m and the size of the angle

(b)

POQ is 1 radians. Calculate the perimeter of the cross-section'

A chord AB of

circle at A and

AB.

length 8a is drawn in a circle of radius 12a. The tangents to the

B meet at c. Find the area enclosed by AC, Bc and the minor arc

t6l

t4l

(c)

tune 20A3 qp.7 {Zimsec)

9.

Global lnstitute of Business
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The diagram above shows two circles with centre O. OA = OB = 10 cm and 0C = OD =
x cm. The angie AOB is i. ffre difference between the area of the minor sectors OAB and

OCD is 6n. Find the value of x.

June 7997 qp.7 (Cambridge)

5.

tsl

The diagram shows two circles, with centres A and B, intersecting at C and D in such a

way that the centre of each lies on the circumference of the other. The radius of each

circle is l- unit. Write down the size of angle CAD ano caiculate the area of the shaded

region (bounded by the arc CBD and the straight line CD). Hence show that the area of

the region common to the interiors of the two circles is approximately 39% of the area

of one circle.

November 2004 qp.1 (Zimsec)

13.

i4l

A
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Two equal circles with centres A and C and radius 2 cm intersect

diagram).

The angle subtended by the common chor"d at the centre of each circle

a) Find

(i) an expression for the shaded area in terms of 0'

(ii) the area of the quadrilateral ABCD in terms of 0'

lune 207A qp.i (Zimsec)

13. The diagram below shows a circle centre

Point P.

O and two tangents AP and BP drawn from a

Given that AP = 20 cm and AB = 12 cm,

(i) Show that the obtuse angle AOB = 2'532 radians,

(ii) Calculate the radius of the circle,

(iii) Calculate the area of the shaded segment AB

atBandD(see

is 39.

121

12)

b) Given that the shaded area is equal to one quarter of the area of one of the circles'

show that 120 - 4 sin 0(3co s20 - sin20) = n' t5l

t3l

12)

t3l

Global lnstitute of Business

136

5



'A' Level Pure N4athematics: Theorr,-Pracrice \exus/

November 7996 qp.7 (Cambridge)

6.

seclor OAB.

Find r, correct to three significant figures.

November 7995 qp.7 (Combridge)

2.

ln the diagram, OAB is a sector of a circle with centre

the mid-pointof OQ and angle 0QB = 20,08Q =!v
that sin 0 =1 .

4

O and radius r cm. The point A is

+ 0. By using the sine rule, show

t3l

t3l

which angle A0B = 120"

4t
----=
JVJ

The area, in cm2, of the sector 0AB is numerically equalto the perimeter, in cm, of the

The diagram shows a sector OAB of a circle centre 0, in
(i) Show that

Area ofsector 0AB

(ii) Find the exact value of

Area of triangle aAB

Length of arc AB

Length of chord .48

737

t3l

-^-=
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November 1997 qp.1 (Cambridge)

14.

Triangle ABC is such that AB = 5 cm, BC = 7cm and CA = B cm. The point R is the

foot of the perpendicular from A to BC. With centre ,4 and radius ,4R, a circular arc is

drawn, from a point P on AB to a point Q on AC, touching the line BC at R. (See

diagram).

(i). Show that angle BAC = lr radtans and that sin U =:tl3 t4l

(ii), Show that the area of the shaded region, which lies inside triangle ABC bul
outside sector APQ is

/ - 200 \
(10V3 - * t)cmz

tsl
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Chapter Ten: Differentiation

"We identify in our experience o differentiotion between what we do ond whot hoppens to us."
-Alan Watts

Differentiation is a breakdown process meant to decompose a function, an equation or an

expression into a gradient function. The process gives a result which measures the change in

one variable with respect to the other (that is, the gradient). This tcpic analyses the ten

examinable concepts and four applications of differentiation.

Concepts in Differentiation

1. Differentiation of a Constant
A constant breaks down to zero.
For example, given that, y = 3

dv
" _A1 

--tt.dx

2. Differentiation of Simple Algebraic Expressions

A simple expression is broken down by way of dropping the power and use the power as

a multiplier to the term in question before reducing the power by one. The general rule

states that if ! = xn

then != n*n-r.
dx

For example, given that, ! = 7x3 - 2x2 * 4x - 4,

d"y+ -i=27x2-4x*4dx

3. Differentiation of Complex Algebraic Expressions

' 
Complex expressions are broken down by way of using the 'PA - strategy'where:

o P stands f or the derivatiue with respect to power,

o A stands f or the derivatiue withrespect to algebraic expression.

--L-__
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The general rule states that if,

y-(ax+b)",

dv
then, :? = n(ax * b)"-i x a

dx

For example, given that, y = (2x * 5)s

dv3 -1 =5(2x+5)ax2
d"x

dv
... -:L 

= 1-O(Zx + S)4
dx

4. Differentiation of Exponential Functions

The derivative of exponential functions is given by the product of the original function

and its inner derivative, that is,

When ! = eax

dv
ihen, -i=axea'

a_x

For example, given that, y = 1-0e5'

dv1-f-=5X11es*
d-x

dy:. . - 50e"'
ax

5. Differentiatior: of Logarithmic Functions

The general rule states that,

Ify-ln(ax+b)

dv7
then, i-- 

-xad.x lax + 0)

- dx- (ax+b)

For example, given that, y = ln(5 - 2x)
1_40
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dv1
dx (5 - 2x)

dv -z
dx (5 - 2x)

6. Differentiation of Trig Functions

Trig functions have a predetermined set of results that are quotable. Table 10.1 below
gives the standard results.

Functions Derivative

sin 0 cos 0

cos 6 -sin8

tan 0 sec2 o

cosec 0 - cosec 0 cot0

sec I

."t 6

sec 0 tan 0

-cosec'z 0

Table 10.1

The variations in the differentiation of trig functions are accounted for using the
PTA - strategy where:

c P stands f or the derivatiue withrespect to power,

o T stands f or the derivative withrespect to trig function,and

c A stands f or dertuatiue withrespect to algebraic expression.

Examples below outline the concept:

i) Given that, y = sin470

dy - . 1-? -:-: = 4sin370 x cos70 x7
d0

dy' 'r 
- t,Bsins70cosTa" d"0- "

141
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ii) Given that, ! = lans 0

- 
dn 

= Stanag x sec29 x 1
d0

dvt fr= Stana9secz 0

ddudu
*luu) =' d** u a*

where u is the f irst term and v is the second term'

For example, given that, ! = 71n(2x * 1) cos x

dvrlt
- + = cos xlt x^-: ^xzl+17ln(Zx + 1)l(-sinx)dx I t2x+1) l

dy 14cosx
.'. 

- = ;--------------:= - 7 sin xln(Zx't- l)dx (2x + l)

iii) Given that, y = cosecZ9

Since there is no power, ignore P and account for T &,4 only as shown below,

dy
=, - = - cosec z0 cot20 x2

de

d.v:.:=-2cosec20cotZA
d0

7. Differentiation of Products (The Product Rule)

All products are broken down using the product rule which states that:

Global lnstitute of Business
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8. Differentiation of Fractions (The Quotient Rule)

All fractions are broken down using the quotient rule which states that:

du dvd /u\ - 
u&-udi

dxW- ",
where u is the numerator and u is the denominator.

For exampie, given that,

dy
dx

dy
- dx-

^dy-- d-r-

;. dy _ e3*l-9x4 + Lzx3 + tsx - S)

dx e6*

9. Parametric Differentiation

lf a curve is defined by a pair of parametric equations, the two equations have to be
individually differentiated with respect to the parameter and then use the chain rule to
combine the two results.

For example, given that a curve is defined by the following pair of parametric equations:

!=Zcos30 and x=sin36.

3xa - 5x
1t 

- 

-

r- 
e3*

e3* (72x3 - 5) - (3xn - 5x)3e3x

le3x;z

e3*l71zx3 - s) - 3(3xa - sx)l
e6*

e3*112x3-5-9x4+l,Sxl
eo^

!=2cos36
dv

= -;=z(-sin30)x3da

dv+ -a = -6sin30da

Global lnstitute of Business
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Using the chain rule,

dy _dy *dxdx d0 de

_ cly _ - 6sin 39
- d"x - 3cos30

d.v
:. :- - -Ztan3Qdx

10. lnn plicit Differentiation

This technique is used to differentiate equations where either x or y cannot be easily

expressed as a stand-alone item. tmplicit differentiation is based on the notion that all

terms are differentiated with respect to x. ln the case where the term is in terms of y,a

differential coefficient (tfratis, #) * attached to the derivative. For example, the

derivative of 4y3is1,2y29*.*uproductruleisusedtoaccountforthederivativeof a

product, if anY exists.

For example, given that,

3x3-Zxzy+Syn-4=0

t dvt ^dv> 9x2 - lv(qx) + 2x2(1,) -ll + 20v3 *- 0 = 0' 'd'xJ " clx

> 9xz - 4xy - Zxzg + 20y3fi= o

dv dv> -Zxz fi+ 2013 *= -r*' i 4xY

dv
- ;;(Zcy' - zx') - 4xy - exz

dy 4xy - 9x2

,G -zF

Applications of Differentiation

1. Tangents and Normals
. A tangent is a line that touches, but not crosses a curve. This implies that a curve

and tangent intersect at exactly one point.

Global lnstitute of Business
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A normal is a line perpendicular to a tangeni at the point of contact with a curve.

The relationship connecting a curve, a tangent and a normal is illustrated by the
diagram below:

Fig.10.1

conceptually, the product of gradients of a tangent and normal is negative 1.

That is mxn - -1, where m is the gradient of tangent and ir is the gradient of
normal.

A curve and a tangent share the same gradient at the point of contact. The
gradient of a tangent is given by substituting the x value at the point of contact
into the gradient function of a curve.

a

a

Gradient of a normal is given by m x n = -1,
For example, given that the gradient function of a curve

point P(2,3) is a point on the curve.

Gradient of the tangent = 2(2) * 1 = 5

Gradient of the normal: 5 x n = -1

is,A-2x-t1-and

1

5

2. Stationary Points

A stotionary point, also known as a turning point, occurs at a point where a curve

changes its nature from being an increasing function into a decreasing function or vice-

versa. At a turning point, gradient is equal to zero. Table 10.2 summarises the
relationship between nature of gradient and the resultant sign.

-:-
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Table 10.2

lncreasing function

Decreasing function

Constant function (stationary point)

#. , i. e. gradient is negative

dv-i=0
d"x

dv_1> 0
dx

and Y =Zxz -Bx

y=2(2)2-B(2)

!=-B

Sign

gradient is positive

To find the x vaiue at a turning point, one has to equate the gradient function to

zero and solve the resultant equation.

The corresponding y-value is given by substituting the x-value in the original

eq uation/fu nction.

The nature of a turning point (that is maximum or minimum) is given by substituting
/.,\

the z-vaiue at a stationary point in the second derivative (thatis 2 o, f"Q)).t
\,,'/

the second derivative is positive, the turning point is a minimum and if the second

derivative is negative, the turning point is a maximum.

For example,

Giventhaty=2x2-Bx,

dv'-4x-B
dx

Using the fact that

4x-B=0
^-_o1-a)

--)

ff= oat a turning Point

;. the coord"inates atturni.ng point are(Z,-B).

Since y =Zxz -Bx
dv

And *= 4x-B
ax

Nature of gradient

Global lnstitute of Business
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d?v/-t' 
dxz

ln this case the turning point is a minimum because the second derivative is positive.

3. Rate ofChange

o Rate is a measure of the change in one variable with respect to time. For example,

the rate of change in volume with respect to time and rate of change in radius with

respect to time is given by f and ff respectiveiy.

o Questions on rate of change test the ability of students to relate three (3)

differential facts. Two of the facts are exposed leading to the determination of the
third fact.

o The two exposed facts are combined using the 'chain rule' with the view of
eliminating an unwanted variable. This process gives the third differentialfact.

Forexampte, *=9"*d.t clx dt
dx _dx ,dydt dy' dt'
du dv dr
-: = -;- X -;,attCi SO On.
dt dr d.t

4. Maclaurin's Series

Maclaurin's theorem is a hybrid of differentiation and series expansion that finds its
application in different types of functions. lt is really a predetermined framework which
follows a specific pattern. The theorem states that:

xf'(o), x2f" (o), x3f"' (o)f(x)=flD)-t- zt = 3r ...

For example, the first three terms in the expansion of f (*) = Bx3 + 7x2 + 3x - Zis
given by: f(x) = Bx3 + 7x2 + 3x - 2

f'(x)=24x2+14x*3
f"(x)=4Bx*14
Wheref(0)=-2,

and /'(0) = 3,

--,L-__

Global lnstitute of Business

1.47



'A Ler,el Purc \'{athematics: Theory-Practicc Nexus

and f" (0) =

+f(x)=-2
:.f(x)=-2

74

x(3) x2(tq)+-+-
1t )t
L.

*3x*7xz

NB: For some widely used functions, the results of the Maclaurin's expansion are known

and, therefore, quotable. Beiow is a breakdown of some prominent expansions:

. cos0:1' e2 e^ 96_-r
I iir

21 4t. 6l

e=,ot gt

92 93 eae+-+-+-2: 31 4',.

. rn(1 +x)-.-**l23

Students are stronglY encouraged

already overloaded mind bY trYing

main advantage of knowing the

expansions for these functions'

4

to know the general formula and not overload an

to memorise expansions of different functions' The

general formula is that it can be used to derive

sinO - I
A.e" : L+

x'

Expressions

Question (Cambridge, lune 2005 qp.7)

li
Fin<i tlte graciiettt of,titc crtllc ' = a= ilt lilr L)oil)t rvltere 't = l irl

Solution

Gtven that y -

) Y = L2(xz

xz-4x
- 4x)-t

1,2

lr

lL

Global lnstitute of Business
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dv
= 1= (-r)(r2)(x2 - 4x)-2(Zx - a)

dx

_ dy _ -1.2(2x - a)
- dx - (*, - 4x)z

when x = 3,

dy -1,212(3) - 4)

dx [(s)' - 4(3))2

_dy _ (-12)(2)
- dx - (s - 1,2)2

^dy _ -24
-dx- g

I
:. Gradient - --3

Question (Combridge, November 2A02 qp.7)

I A curr.c hus crluatioi: r' .tl i J.r.l q.r I A. il'hcrc A is a crrrr.tant.

(i) wr'itc (l( tli'lwll illl c\l)l'cs\l()rl lot'-. Ili

(ii) Firtd lhc.r-crxxtliltllc\ ()l thc tuo \tilli()ttiir') Poirlts rrn thc curvc. I2l

(iii) Hcricr-'lirtr-l tl:c l\r'() \'illltL'\ rtl'A l'or rvlticlr iltr'ciifrc lta: u stlltioilirn poiilt trr) thc..r'-lrtir. t.f ]

Solution

(i) Giuenthaty = x3 + 3xz - 9x * k
dv; + = 3x2* 6x-9
o"x

(ii) At a stationary point,

dv--n
- t,

dx

+3x2-l 6x- 9 = 0

+3x2*9x-3x-9 = 0

=3x(x+3)-3(x+3):0
Global lnstitute of Business
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=(3x-3)(x+3) = g

either3x-3=0 or x*3=0
:.x=l or x=-3

(iii) Giuenthat the stattonary point ltes on the x - axts,

+Y=a
using!=x3*3xz-9x*k,

whenx= 1

+ 0 = (t)'+ 3(1)'- 9(1) + k

+0 = 1,+3-9+k

+0 = -5 + k

.'.k = 5

Question (Combridge, November 2007 qp.l)

whenx = -3

=0 = (-3)'+ 3(-3)2- 9(-3)+k

=0 = -27+27+27+k

=0=27+k

.'. k = -27

l3l

poinls aurl tletcr:tdut litc rtaitue of each statiouaD'

t:l

Tire equatrorr r:f a crttle 15-1 = (at - 3)3 - 6't.

ch cl:r'(i) Esllress , atxl --j; ll) feil]ls ()I .r.
(LY OY-

{ii) Fnld tltc .r-coot<lilralss trf tire iu'o sllltiouar\
poirtt.

Solution

(i) Giventhat y = (2x -3)'- 6x

dv
-:!- - z(z)(zx -3), - o

dx

dv'*i 5(2x-3)2-6'd* t

dzv-: '; = 6(2)(2)(2x - 3)
d-x'

dry
dx"

Global lnstitute of Business
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(ii) At a stationary point, fl = 0

+6(2x-3)2-6 = 0

+6(2x-3)2 = 6

+(2x-3)2 = 1,

+(2x -3)= +1

+2x =t1 * 3

24
=x = or22
:.x = L or x = 2

d2y
From (i) aboue, ,F = zaQx - 3)

dzv
'A whenx = 1_t 

d*, - -L+

dzv
= -:=lQ 

whenx=2ax'

when x = L, the stationary value is amaximum,

and when x = 2, the stationary value is aminimurn.

Revision Questions on Simple and Complex Algebraic Expressions

November 7992 qp.7 (Cambridge)

9. Find, by differentiation, the coordinates of the turning points on the curve

!=x3-2x2-4x*5,

stating the nature of each turning point. tsl

-L---
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November 2002 qp.7 (Zimsec)

LB. Given that y = x3 - x2 - 5x * 5

Find,

(i). u,
dx

(ii). The equation of the tangent tc the curve at the point where x = 2,

(iii). The coordinates of the turning points, determining whether each is a

maximum or a minimum.

Hence sketch the curve.

November 2005 qp.7 (Zimsec)

B. The point P(-2; 6) lies on the curve y - Z - xz - x3.

(i). Find the equation of the tangent and the equation of the normal at the point P,

t1l

t3l

l6l

l2l

each in the form y = mx + c. t6l

(ii). Given that the tangent meets the y -axis at A and that the normal meets the

y -axis at B, show that the length of AB is 161units. l2l

November 2002 qp.1 (Zimsec, O Level Additional Mathematics)

2. A curve has the equation y = 2(3x - 5)2

Find

(i). dY 
I1l

dx

(ii). Theequationofthenormaltothecurveatthepointwhere x =2. t3]

tune 2006 qp.7 (Combridge)

A crute itas etSratiott

the constartt /i.

Cii|cu that the g|arliertt oltlte cttr|e is -3 ultctt.r'= l. firtrl the Yaltre ol

[j]

Global lnstitute of Business
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The equatiort of a ctu-r'e C is.r' = 1rl - 8"r + 9 arrri 1he ecluatiort t-rf rr line 1- rs "r--_t'= 3

(i) Fiud tlie r-cooxliuates of the poiuts of iulersectiotl of I and C

(ii) Shori' that oue of these pr>iurs ts ailil tlre statioltarv pourt of C.

lune 2070 qp.72 (Cambridge)

'A' Ler,el Pure Mathematics: Theon,-Practice Nexus

June 2008 qp.7 (Cambridge)

l0 Tlrc e't1tr:rtion ol u curvc 1t.i = {1:-r - -iii - -tr.r.

tir(i) Firrrl 
-.rlt

(ii) Fir:d lile crluillir)ti ()l'tha t:lngetil t() lhe iuf\c

,A, cunc hirs ccluution f = .._. --r.

,t... (r\ U t(t) l-iltrl . irn{l ..rl\ rjt-

(ii) Firttl thc c(x)r(litlutcr r>l'tlrc lnlitirlrunr poirrt

Irt

lt lhc Jr0irtt u hcr'c titc clir\ c it){dt^}L'cts tltc '\'-l.rxi:.

trl

..1 lrnrl th.' ntininlu:rt Jroill1 /l orr thc crrryc

lll
i3l

(iii) Firtcl thcsr-'tol.rlrlttcsol'-tlirluhii:h{l:.r,--:ll--l.rirarrirtcrcurirrglurlctiourr[.r' trl

November 2008 qp.7 (Combridge)

The equatiou ol a crrrwe iu-, = 5 - S.

.\-

(i) Shou' that the equation of the nouual ti.r tiie curle at the pc)int P (1. i ) is Lt, * r = J

This nor"rrral llleets lhe curve again aI the polnt ().

(ii) Fiucl the coolcliuates of O.

(iii) Find the leugth of PQ.

November 2070 qp.73 (Combridge)

trl

5

l1l

tjl

I )lt-t

l-s l

Navember 2077 qp.77 (Cambridge)

A cttrvr'hlts,.rr;ultliort.r'= .ir.'i * 6.t': + -trr + f Shou thet thl. llrxtlrr'nt ()l'the cUl'\'1. is Irc,,'cI ntgntirc
trl

Global lnstitute of Business
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November 2072 qp.77 (Combridge)

November 20X2 qp.73 (Combridge)

ll

Tirt i.lilrgrlrtr sh0\\'s tlti: ctlr\L' \\'iih r'tlttlttior't .r' = .t1"\ -
c(x)ftlinille\ {rr. {)) antl thc -t-crx'rtlinlttc ()l'lllr" ltllt\illlttttt

{i) Stlrtc tltc vrrlttc 0l tr.

(ii) Firrtl thc valuc ol b.

(iii) Firxl Iltc itrcit ol'tltc shatlctl rcgiott.

I

..\ ctrrrr. lulr rtlru.:lirrrr.r = lt - l---. \r'ril) :lrtrt llti ettl'rt Itlt. lt \tilli(rlllll\
r r - I I 

j

(lL'tcrnlir'rc it\ nillurc.

I ):. Thr' l1:irtittlrtttt
poirr( is y';. *ltcrc rt,

lloirtlirt.t=Iittttl
r<1t-'t

r poirtt ort tlrc cltn'c ltit:
rtnrl b arc c()rtrliutls.

II]

t-1 l

I{l

.t..
(i\)Titr'*r'lrdicrtt. Il-.o1't[e ctrn'chustrnirrrr:rttrttlulttcrl. Firttl the rltlttr.:ol'rrr

LLI

Worked Examination Ouestions on Differentiation and Mensuration

This section ondlyses questions on differentiation inclined to mensurotion (perimeter, areo

ond volume).

Question (Combridge, June 2002 qp.7)

a i19l[qri1 circullr cf iitr{cr'. opcu nl otre eurl. is cou:tt'uclcil of tlurr sltc*l iIt{tal. Tlrr: total extertral

surfacealeaofthec1'linde.ris 19J;cru:. Thec1'liltder'ltasatatlittsoflcttrairdaheiglrtofficln.

(i) Expless /, iil feul]s of l arxl shou'thrrt the r.oimtre. I'cnr'r. of tlte c1'll[tler is given b1'

[' {;r(19]r' r-t).

lll

Irl

Global lnstitute of Business
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Gileu tlrat r call \:a1]'.

(ii) fiud the vaiue of r tbr u'hich I'iras a statiolral\'\,alue. lj]
(iii) firtd this stafiortat"-r'alue attrl detentrine rvhelhel it is a nrasi:nrut] r)r 0 ruililnrur:,, 13]

Solution

8. (i) Let the total surf ace area (ISR) = 792n

ISR = Curued surface area + Base area

= 192n = 2rrh * trz
+ 2xrh = 192n - trz

_ ,- n(192 - 12 )
2rr

1.92 - rZ+h = z,
Now, V = nrzh

+v = nrr(tgz-"1\2r)
- 

tt TTr

=v = ^(1.92_rr)Z

TI:.V - ;(L92r- r")(shown)
z

(ii) At a stationary vatue, ff = 0

7T

usingV = *(tgZr-13)
Z

dV ft_? --:- = :L1,92 - 3r. ]dr '2'

TT

- t[192_3r2)=e' 
21

+192-312 = 0

-?-2 1o,4 JI LAL

--2-t = 64

+r = +B

:. r = B cm Since r cannot be negative
155
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(iii) Wlzenr = B,

..' r/ 7T

-v = =[tgz(a)_(B)r]Z

=v = 1(rtru - s1,z)
Z

- tr - 
ft) v = ,GAZ4)

:.V = SLZrcm3

dVft
Since * = 10Oz-3r')

dzv ft
= =l_6r)drz Z'

d2v
--;--; = -oitdr'

d2v
= ,=-Z4rwhenr= B

drL

:. The stationary value is ama,ximum

Question (Combridge, November 2003 qp.1)

tt A \()li(l rcctaltgulrrr hlquk hirr u lrasc ulriclr rrrclsr.rrt's lrcrtr hv,\'crll. Tltr'hciglrt trl'thc l.!lock is.r'cttt

lurrd tltc vrrlurttc ol'thc hl()ck ir 7'crttl.

(i) Erprt:s f in tcnil\ 0!'.r urrtl sllo*, tltul tl)c l()tirl rrtrl'ttcc urelt.;l rtttl. rrl'lllc hlock is giYcll l'rr'

' ll('
.1 = it- - - l-'I

.\

Givert thtt "\'ciln Yil!)'.

(ii) lilr,:l thc ruluc'ol'.r lirt uhich,'1 has a slattotlitt')' r'itluc. I-1 ]

(iii) fitrilIitirrtlrtitrltur]'ilrluctrntlrlctr.r'nrincrt'ltr'lltr'ritirutttirtirtttl,ll{)riltttittitttttttt. li]

Solution

(i). V = lbh

= TZ = (zx)(x)(y)
^,) /Z = Zx"v

Global lnstitute of Business
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+,, 72r 
Z*u'

+1t-Y = - 
ClrL

o'= rQol * 2Qh) + z(bh)

+ A = 2(2x)(x) + z(zx)(y) + z(x)(y)

+ A = 4x2 + 4xy * Zxy ------------+ 1

by substituting y tnto equation (1),

- 136r 136 r
= A = 4xt + 4xl---= l+ 2x I I"- \xz ) -'- \xz )

744x 72x+A=4xt + , * 
"

- 144 72+A=4xt+-+-  
^ L44+72

=:tr=L-zt x

...A_4xz +z]9(rno*n)
x

(ii) From(i) aboue, A = 4x' + "6 ,

=A=4x2 +216x-l

dA
? 1- = Bx - 216x-?

d,x

A has a stationary ualue when * = O' cLx

+ Bx - 21.6x-2 = 0

21,6
=Bx - , = 0

=Bx3-21,6 = 0

+ Bx3 = 216

2 ^-=x" = l/

*x=?rlT

:.x = 3

3"57
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(iii) A = 4x'+"u

whenx = 3

+A=4(3)'*'+
J

+A=l\Bcmz
dA

usina 
-;- - Bx - 21,6x-2u n!VA

d2A
=r- = B-i- 432x-3

dx"

whenx=3

t2auh
=-=B+432(r-3dxL

d2A
=; =14 (positive)

d,x "

:. The stationqry value is aminimum

Question (Combridge, June 2004 qp.7)

,/\/
l/l
;**__-___ _!__ ____,""_i r

irnr
i
I

I

)i
lr nt

The Ciagtatr shot's a glass u'inrior,,' gonsisting of a rectaugle ol heighf i trt rttd t'it1th lrrn artd a

scnricircle cf laclius r"ur. The perittreter of tlte u'indorv is I tu.

Global lnstitute of Business
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(i) Espress lr in teuus of r'.

(ii) Shori tliat the atea of tlie tviuclou'. --l ur:. rs givetr br'

r - {,. ,. -, , -..,-a-Qr--,--lit

Given tltat ,'calr va1-1:.

(iii) flud the value of r firl u'hich -{ lias a staiionarl r'alue.

(iv) cletenniue utethel tlris starionarl'rahre i; a n1axirlrli11r oi a ruiuinlrru

Solution

(i). Perimeter = 2h * 2r * rcr

+B=2h+2r*nr
+2h=B-2r-nr

rB-2r-Tr\, L 
- 

I _l\2)
(ii). A = area" of rectangle + area of semi circle,

+ A =2rh+!rr'. but h - 18 - 2r - '.r12\2/
+A=zrl9 - 2!- o'1*!or,

L 2 t2
+A=Br-Zr2-rlr2+lm,

L

.'. A - Br - 2rz -)or' (shown)

(iii). A=Br-2r2-)or'
2

dA?--:--B-4r-ni'
dr

dAAtaturningpoint, .=0,AT

0=B-4r-nr

+4r*tr=B

+r(+*z)=g

( B \
"t=l-, \4+n)

159

Global lnstitute of Business

tltt- l

Irl

trl
I1l
L-l

-s-



r

'A' Levei Pure Nlathematics: Theorv-Practicc \cxus

-B-4r-rr

d2A A*

drL

dzA
- =-1(4+r\lnegati.veldrz

:. The statianary ualue is amaximum

Revision Ouestions on Differentiation and Mensuration

November 2005 qp.7 (Combridge)

5

dA(iv). -dT

The rliagiarrr slrotls rlre cross-section of a hollou'coue'auti n ctt'cttlaL cllirrdet. Tlle cotle has radirts

6cprauci[eiglrr l]cut"auclthec'r'linderhasradiusrcurancllteiglrtircttr. Titecllincler'.iustfitsirtsicle
tire cone t'ith all of its r4r1:el edge touchirrg the stutace of the cotre.

(i) Exprers fi irt ret:us,-rf r arrrl irerrce slrou thar the'.'oltutrc. I'cttt-t. trf illt cr'lirtciet is eileu tr1'

,'-rao,')-'6r't

(ii) Ciiven that l valies. hnd the slatioltarv lahte of I'.

I:It-'l

trl

+6cm+

Global lnstitute of Business
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June 2010 qp.72 (Combridge)

E A :olid rcctartgtrllr hlouL ltut u stlttiirc husc *{'rirle .i cttt
sttrllcc ltlca <tl' titc hiock is 96 cttt:.

November 2070 qp.77 (Cambridge)

rt

November 2010 qp.72 (Cambridge)

l0

Tlrc hcight ol thc hhxk i' ll crtr unr,l tltc tctui

(i) Exprcs: h in ltlnrr ol'.\'lrltl :liou tllul {hr' r'i:lLtru.". l'crlli. o1'tltr' block is giverr h;

1,'=l.l.r-1.r'r.

Ciivcn tltat .\'ctrt vur;-.

(ii) rind tlrc stuliorurn'r'aluc ol l'.

(iii) tlctelnrirle w'hdthL'r thi\ stiiti()r'|nry luluc is i.i l'nil\irlr.lr'r) or u rrtirtirittrrtt

[.1 i

lrI
tlll-l

f cnl

ol'rltlit-ts .r cnr. Tl:r' pc'rilttc'tr't ()l-thr' Ilatt is (d) ctu.

(i) Exprcss l in tcnns ()l .r'. t21

(ii) Shou thill lhc urcu rrl'th!' plulc..,1 crrrl. is givctr l'rl ,,1 = i0.r' '..r':. I:]

ciiVCrr thut .\-cu11 \'irr)'.

(iii) lilrd thc vlrlire ol'-r'lrt u,lriul::1 ir strtiorrurr. l:1

(iv) lind tltis stationlrr vrrlur ol'.,1. urrrl rlttt'r'rnirrr' uhetitr.r it is u rrtaxirnullr ()r rr rlrinulruru virltre . ill

- 

i CIll 

-+.\'CIl) 

+

_!-
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Tlre riiirgr;rrtr \lt()rr\ ilt ()l)e n l'cctat]rlrllrr lirrtL ol'lrcig]tt /t ntclres c(]\crc(l u it[r lt ]irl. Tlte lrasc o1'llte
tirnkhl:'itlesol'lcngth.t rrrrtrcr;rnrl 1-\'lnc!r.,.unt! tlrlitli:irrcctarrSicrvit!Tsitlcsol'1.:rr.ctlr{.l ll}ctl'cs
lrrtl {.r rnetres. \\'lr..rr l'Lrll ttrc,,,,ri i,,,t.irJ,,r3,,frratcr. Thc nlltcri,il J'1'1r111 rrhit'[r tllct.,,k ii r',r,,,1" i,
cl'ncsli.::ilrlc lltichrrcrs. Tirr cxtcrrrirl :ulf ace urcu r'{'the tlnk tr).fclhr'r r'.'itit thc ittr'it nl'llrc lon ol'thc

^)ll(l l\. I lll-.

(i) Erplctr /l irt teirtrr rit'\'lrrri h(-lr.c sh()\\'rirlt rl = J.t-:.

(ii) Ciircrr lhr!.f c;rn van. lirrrl thc vrrlrrc rrl' t lirr *hieh,"1
rttininttrnt iintl nrrt ir nlr\irntrnt.

N ove mbe r 207 7 q p. 7 1 (Combri dge)

7

rrrinirrrr.rrn. sht;rl irrrr clculll tltart rl ir rr

t5ll. 1

thc gilriicrr is

lrl

trl

rr nutxiltttrnl
t-t I

tsl
1l

+_

, ir ;t

Tltr: riilgllrtt sltortr {ltc dillrcn:ions in rttclrcs oi'un L-slrrpcrl llartlcn. Tltc pcritrtclcr-ol'
-lE ru.

(i) Firrrl un c\prcssion lirr l rrr tcnu\ ()l ,\.

(ii) Cirerr illxt tllc atea irl'ilrr sartlcn ir,,1 rrt:. \h()\\'thut.,1 = -18.r'- S.r':-

(iii) Qivcrr tllrt .r calr \xr). liil(l thr nluxinlunr lrail (ll' 1hc glrltlert. sltrr'r iltg thut tltis is
valuc ralhcr tharr ir nrininrurlr laluc.

November 2A72 qp.72 (Combridge)

3

('

:1() nl

n'll.rX
t,

Pl avglotr ncl

(r() rrr
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Tlrc dirrgr'lrrtl rl]otvs rt plart lirr u tr'cturisulur 1rtrk,.1BCI). iu w'hich ilB = 4lt rn lrirj ,.1tr) = (r{) rr.r. p6itrtr
X;rlld l'lic rxr B(- llr:tl ('l) r'es1rcr.:tivcir lrrtr.l .,1.l'..Y)'ur'til )".,1 urc lrlrtlrr tltirt rur.rgurlti il tr.i,rluulilr
grlayulourrti. Tlrc ltrrgth ol'/)l'is rt)t iinrl lht I(.ngth ol'XC is 2rrn.

(i) Sltou lhlt titc trre'lr.,,l r'r'il. ol'lhr'l)ill)'gf{)ull(i is givt,rt l.r-r,

A = \l - io.r + llo0. t2]

(ii) C;ivcrl ll-ltt .t crut r':rn'. liltri tltr. rilirtintulrt lrrc:t ()[-lhc 1.ri;1-r,r111111111. l]l

Wo rk e d Examin a ti o n O u e sti o n s o n I m pl i c i t D iffe r e n ti a ti o n

Question (Cambridge, November 2012 qp.31)

7 Thc c(luati()t) ot'i,i culvc is llr{.rr') *.r.i = L

(i) Shorv rt,,,r $ = .-,#-, l+l

(ii) Firrti tile ctxrl'r.iitl:ttcr of lltc Poirtt tVitc|c ttr,:: rriltsc,ll t0 tlrc curvc is lxrallrl to thc.r.-aris. lir.ing
c:.rch coorclill:itc eo,t-!.ct to _i signilie itrtl ligut.cs. l+l

Solution

(i) Giuen that,

ln(xy)-!3 =1

usi.ng laws of logarithms,

lnx*lny-!3=1.
1 1dv dv

=-+-+-3vz-l-=0x ydx " dx

1 ^ .dy ldy
= - = ?..,'-x -/ dx ydx

1 dvr 1i,,-yr__l
d, \' y/

1 dy 1ey'- t\'t
=-=-,-lx d*\ y )

1 /3v3 - 1\ dv
4_:l_x \ y )-a*

Global lnstitute of Business
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dv11v\
-vI-- dx x"\SYs-17

dyv
.'. 

- = --:--------= ( shown\dx x(3Y3 - 1) \"'-"--"/

(ii) A line is parallel to the y - axis tf the denominator of the gradient f unction

(t. e. dx) i.s equal to zero.

Inthis case, x(3y'- 1) = 0

either x=0or3y3 -1=0
butx=0tsundeftned
s3Y3-1=o

-1-.. ^.J _
J.

.1

:,J1
, l?\"

) Y = 0'693

by substituti.ng y in the equation of the curve,

lnx * 1n(0.693) - (o.0gg)s = t
1+lnx=1*;-ln(0.693)
{

(1-tn o.e s: )+ v 
- 

D\< /

+x=5.47
:. thetangent rs ll fo they - axis atthepoint,(5.47;0.693)

Question (Zimsec, November 2004 qp.1)

7. A curve is given by the equation 3xz - 7xy * 4y2 = 76

(i). Show that X = #
(ii). Hence show that the gradient of the curve cannot be equal to 1

t3l

t3l

Global lnstitute of Business
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Solution

(i). 3xz -7xy * 4yz = 1,6

= 6x - tlt{t) . , (*))+ By (H) = a

+6x-7y-zx**rrff=o

=6x-7y=7x*-**

+ 6x - 7y =*(7x - By)

dy 6x-7y
'' fr= v;:6, Ghown)

(ii). NB: if the gradient is not equal to one, the result from the gradient function will not

satisfy the equation of the curve.

6x-7v, 
-17x - By - '

=6x-7y=7x-By
+By-7y=7x-6x

)Y=x

by substituting y in the original equation,

+ 3xz -7x(x) + +(x)2 + tO

> 3x2 - 7x2 + 4x2 + 1-6

= 0 * 16 (condition satisfied)

:. the gradient cannot equal one

-t.---
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R ev isio n O u e s tio ns o n I mp I i cit D iffe r e nti atio n

November 7995 qp.1 (Combridge)

10. Find the gradient of the curve

y'-zxy'13x2-3=o

at the point (2, 3).

June 2007 qp.7 (Combridge)

8. A curve has equatio n xz + xy * yz = 3.

i. Show that {I - -?x+Y . t3ldx x+zy

ii. Find the coordinates of the points on this curve where the gradient is zero. t4]

lune 2008 qp.3 (Combridge)

6 Tlie equatiort of a clule is r':'(r * .f i = lal. u'here a il a rrorr-zero collstn1lt. Sliorr,' that there is onir'
one poiui rru the clule at r..'hich the tailEreui is parallel to the r-asis. utcl fuicl tlte coottiittates of this
point. tSl

November 2009 qp.32 (Cambridge)

3 Thr: ctlrtalirrrt ol'u ctuvc is.'r'-t - ti.a'- J't = l.

tlr'
tit lrin,"i 

-' 
in tclrtrs ol'.t irtrrl 'r'. l"ll

ti. t

{ii) Firrd tirr'r:t;ualiorr ol'lile lulllcrri {o tlre crrrlc it( lhc 1)oint {1. lt. tirirrt }'{)ur il!lstvrt-ilr thc li.rl ttr

rr.r'+1rr'+< -O. lll

tune 2070 qp.32 (Cambridge)

6 Tlrc c(lttirli()l) ol'u ctttvc is

,\ lttr'= l-t * l.

(i) Slr,,u'rtrrr{= + l4l

(iiI Finrl thc ,,rrlrrttir.rn oi'thc tanlctll l() lh. c{trvc lll tltc ;'rttirrt rr'}ttrr'l = l. $ir ir:g \'(}tlr rltlt\!'e l'in thc

t'orrrl rr.r'+ />r'+ r'= 0. l'tl
166
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'A' Level Pure \,lathematics: Theort,-Pracrice \exus

lune 2077 qp.37

5 TIrc Lut\c \\'illt f(luirti()n
(':c1t+('C-"1)=,'.

'"vltctu'A'i.rrtil t'ilr. s()rlsti.rnls. pilsse: lhrotrr:h lilf lloittt P $'ittr ut)(,r'cliltalcr (ltr -i. lrr l)

(i) Sltorv that 5li + ll = r'.

{iit Gil,.'n rtlro tltitl tltc srariicttt ol'th.-'cul'\'L':rt P is -6, lind thc valrrr.:s ol"t anii r'.

lune 20X.2 qp.37

6 Thc ct;uatiorl ol'u curlc is -i.t: - -l"tr'- t'l = -15.

(i) I-irrtl lhr"r gludir'1t pl't11...,n,'r'" rrt tlld lx)i,r il. --i).

{ii) Slxru'll)llt thcrc itrc n() Iroinls {)n t}.rr-- curvc ut rvhiclr tlrc trailic-rrt is l.

W o rke d E xa m in a ti o n Qu e sti o n s o n P ar ame tr i c D iffe r e n ti ati o n

Question (Cambridge, November 2008 qp.3)

{ The paranietric equatioi}s of a crule ale

.r' = rr(10 - stn2{l)- r' = o( I - cos 26).

,-1,.

Shorv tlmt l = col 0.
rir'

Solution

Given that, x = a(Ze - sin 20) and y = a(l - cos?e)

N B: a is a constant, as such, it will not af f ect the dif f erentiation process

x = a(20 -sin20) y = a(I-cos27)
dx dy
ae = o(z - Zcos2o) -# 

= a(Zsinze)

l:l
til

l{l

trt

tsl

..LL-
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'A' Lcvel Pure \,lathematics: Theor,v-Practicc Nexus

using the chainrule,

dy _dy , dx

dx dA de

dy a(2sin20)
- dx - a(2 - 2cos20)

dy 2sin20
- d.x - 2(1 - cos20)

dy (Zsin A cos 6)

ft-ft -zsinz0)f

dy Zsin 0 cos 0

- dx- (1 -1*2sin2o)
dy Zsin 0 cos 0

- dx- Zsinz0

dy cos 0
+---- dx- sin7

dv:.:-cot9(shown)
ax

Question (Zimsec, November 2010 qp.1)

1,1,. Given that x = In(3 + 2t) and )t = s3t2

(i) Find fl in terms of t
dx

(ii). Show that the curve has only one turning point and write down the

coordinates of the turning Point

Solution

(i). Giuenthatx = in(3 *2t) and" ! - et"
dxldY

--=-----:-x2 ancl il=(rtt')x6r
dt (3+2t) - dt

-9 = 6te3t'
- d"t- (3+2t) dt

t3l

t4l

ii

Global lnstitute of business
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'A' Level Pure \,larhematics: Theory-practice Nexus

using the chainrule,

dy dy dx

-_-:-dx d"t ' d"t

dY--,22
- -i- = 6letL : 

-

dx (3 + Zt)
dy ^.2 G+Zt)

= --!- - 67s3tdx2
dv;.:! _ 3test, (3 + Zt)dx

(ii). At a turning point, # = O

a 3te3t' (3 + zr) = O

either 3f = 0 Or e3t, = O

)t= 0 or 3tz =ln0

or 3*2t=0
2t=-3

| *n,n t = -1., I
Lx = ln 0,x = und.efined")

) t = 0 only because ln 0 ls undef ined

=x=ln[3+2(0)] and y-e3e)2

=x=ln3 !=1,
:. the coordinq"tes at the turning point are (ln3; 1)

Question (Cambridge, November 2010 qp.33)

2 Tlr,": 1-xrt'itt:ielric ct;tlrtiorts ol'l cr.trvr' lrrc

.\= 

| 11

.l,J' J'=c -"

Find thc uratlicrrt ol'rlrc crtn,t:rt thc point lirru,hich / = {). l-SI

Solution

Giventhat. x = '' 2t+3

-ti--
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'A Level Purc \'lathematics: Theorv-Practice \exus

usi"ng the quotient rule,

dx (2r + 3)(1) - (t)(z)
dt (zt + z)z

dx Zt+3-Zt
A_-- dt- (2t+3)Z

dx3
- d"t - (2t + 3)2

t 
-arAndY = e '"

dv
d"t

using the chainrule,

dy _dy *dxdx dt dt

dY,^-,t.3
t 

- 

, 4 Lt I : 

-

- d"x-' "' '' {zt+31,

dy (2t + 3)2
+ --i- - -1 

o-Zt v i--
LOdx3

dvZ+:i - -= r-zr (Zt + 3)2
dxJ

dv?
whenf = 0; 7*= -"rr-r,o)[2(0) + 3]2

dv2+*=-;(1)(3)'ax5

dv
:. -4- = -6dx

Global lnstitute of business
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'A' Level Pure Mathematics: Theorr,-Pmcrice \exus

R ev i sio n Q u e sti o n s o n P a r ame tr i c D ifle r e n ti atio n

June 2003 qp.7 (Zimsec)

6. Giventhat x = 0 -cos0 andy - 1- sin0

Show that 't! - -sec g * tan g
dx

June 2070 qp.7 (Zimsec)

9. Given that x = sin2t and y = coszt,tindffin its simplest form.

Hence or otherwise describe the shape of the graph of y against x.

November 2007 qp.7 (Zimsec)

8. A curve has parametric equations

x=t2 andy- (z-t),

where r takes all realvalues

i. Show that# = 1-:
ii. Find the coordinates of the points on the curve where the tangent to the curve is

a) l-iorizontal

b) Vertical

lune 7994 qp.7 (Cambridge)

7. The parametric equations of a curve C are x = t * et, y = t +e-t. Find ff in terms of
f, and hence find the coordinates of the stationary point of C. t5]

June 2009 qp.3 (Combridge)

6 Thc l)ilrunlclric crlrrirtiorts ol'lr uurvc lrrc

,l' = (/ cos'1 /. .r' = il tinS /.

rvhcrc rr is u lrositivc r()n\llnl luril {) < r < *x.

tsl

14)

t1l

t3l

t3l
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tlr'
{i) Errrr.c,r 

- 
i11 1(.r.I.t1s rrl'/.

tl-\

(i!) Slro\\ l!t*t tltc ct;uirli,.rrt ol'tltc tlltttcttl to tltc (ltt\c ltl iltr'puittt

.\':itt I + 1 (()s I = ttsitr Icos/-

(iii) Hcrrt'c slto* tlutt. tl'this tltrtgr'ttl ttlcc!s thc.t-lrir lrl X lrtttl tlt,-

ls liu'u..'s cc;ual to rr.

tune 2A77 qp.32 (Combridge)

5 Tltc l)i.li'iunttria d(lu.rticlns ol'rr cttt'v'c urc

.t = ln(trtn I). t'= sittl/.

November 2077 qp.37 (Combridge)

2 Thc plrr;rt'ltr'tric ct;ultions ol-l curvt' il rc

-l( I - sirr-t).

l1l

t,ith plrlrrtctcr' / i:

I-'l

r'-lris at )". thcn tlrt'lcrlgtlr ol',Yf
Iri

u,lrcrc()"t"{r.

th'(i) H,rirrcsr irt tcrrtts ol'/.' d-r'

{ii} Fintl tl.rr'ctlutliorr ()l'{hc tiln!:rnt 1('! thc rur'\'c ilt thc 1'roirtt o"hr--1q.1 = o

I-T I

.'\' = .l c, ,sl /.

l'ar lts l)ossiblc ISIFin.l I ilr t*nlrs ol'/. sirnplil.l,irrg vour iln\\\'er ls
rLt

November 2011 q p.33 (Cambridge)

lt
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'A' Level Pure Nlathematics. Theory-Pracrice Nexus

Thc diagranr sltou'r thr curr,c u.illr p*r.urnctric tr;uutirxrs

.t = sirt / + c()s l. 1' = sittll * aa-r*lI.

Irrl *.rI < l<;ft.

,.1r.
{i) .Sltou' ll)ut -:- = -.\ sirr I co: /.

rl,t

(ii) Finrl tlrc grlrlir.lrt ol'lhc uurrc ul (lrg origin.

(iiil Firtd tllr-: r,:rluc: ol'/ l'or u,hich tlre gruelictrt rrl'tlrc cun,c is L r:iving )our.uns\\,cr.s1 sigrriliclrrl iigurcs.

lrt

tll

C()l-fc{jt l()

t-r I

June 2072 qp.33 (Cambridge)

3 Thc paranrctric ctluutions ol- l curr.c atc

.\'=silr20-e. 't' = c()s l9 -r I sin 0

1t

-/ T -t
r'=lln{2/+-l)

l. sirrrpl ih'i lu \,(!ur" rurs\\'r;r..

ctlr'\'c i.rl tltc puint lirl ri.hieh -f = I

Shorv that { =
il.t'

Icose
I*].ine 1.5 I

November 2072 qp.33 (Cambridge)

3 Tlrc purarticric ctltialiotts ul'ir cur.r.e

t lr'(t) brpt't-r: ; itt lt't'tlt',rl'

(iit Find the grridiclrt ol'rhc

l+i

I)l
l-l

Question (Cdmbridge, November 2009 qp.37)

.l Ai,iun'clt:tsctlttltlior.1 -c*3"ttatr-t. Ilitttl iltc.\'-roolrlirlrlcsr-rl'tl.tcstatirtlralt, l.rgipts611llrccurycipllte
intclvul *lt a.a < {;r. Civc y()ur uirs\\'cr.s !'{}rrsct rir,i decinral placcs. 16l

L-
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Solution

dv
At any statinary point,* = O

Giventhclt, y = e'3* tanx

dv) 3- - tan x (-3e-sx) 4 s-sx(secz x)
d"x

dv) ': - -3tan Xe-3* + e-3* SeCz X
dx

dv
- la = e-3'(-3tan x + secz x)

clx

- r-zx(-3tanx * sec2 x) = g

but sec? x = 1- * tanz x

+ -3tan x * 1* tan2 x = 0

=tan2x-3tanx*1=0
letm=tanx

+m2-3m*1=0

) m = 2.618A3 and 0.38L966

Now, tanx = 2.61,803 and tanx = 0.381966

) x = tan-1(2,61803) - x = tan-1(0.387966)

-r=LZA6 )x=0.365

:. x = 1.2OG andA.365 rad

Revision Ouestions on Differentiation of Products

tune 2070 qp.7 (Zimsec)

2. Differentiate with respect to f

- _)fi. e-" sint,
ii. sec2(3r - i00).

Global Institute of business
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'A' Level Pure Mathematics: Theory-Practice Nexus

November 7990 qp.7 (Cambridge)

9. (i) Differentiate 3u2 sin 5u with respect to u.

June 2007 qp.3 (Combridge)

3 Tite equatiott of a ctule is .r' = .r sin l.r'. u,ltere x i.s in ratliaus. Fintl tirc e qrmtiot of the taugreut to the

tzl

clu\e a( the poirit u'here r = i"

November 2007 qp.3 (Cambridge)

I,1l

d The ctuve witit etltmlirrli.r'= s-Y sirlr has rxre statiorrarr point fr:r u-hiclt 0 { r { r.

(i) Find the r-ccorclinate of ririr poiut. tll
(ii) Dererutitte rvheflter thi: point i> a nrasiruutli ol a urininuun point. t:]

Worked Examination Questions on DWrentiation of Fractions

Question (Cambridge, June 2070 qp.31)
I

Tllc rlil!r':rn't slt.u: (ltt'('[ir'\('1 = 
l,(=)

(i) I31'lirst rlillcreritirrtittg lf ohl:rin lrri cxplt:rsirrn ti,r S in tcl'nrs oi'.\.. Hr":rree shorv rhlt rhr:t l-t ' .lr'
glatlie-trt ol'thc rrorrnal (o tllc crrr"r'c at rlrc poinr (.r'..r"i is (l +.r)1i{ l*.t'2). 15l

(ii) The t:t'tt,.lictu ttl'thr.r rtorttt:il io tltr*'curvc lurs its rlrrrxitrlur]1 r.alur-. a{ tlrc 1'roint P slr,ru,n ilt thc
tliasrarn. Finrl. hr, dil'tcrcrrtiutioti. thL. .r'-coonlina{e ol'P. l{i

Global lnstitute of business
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'A' Level Pure Mathemat ic s : Theor,v-Practic e Nexu s

Solution

(i) Giuenthat, y =

-1,-x-1*x+ f'(x)

7-x
tet f (x) = #, the ualue under the square root sign' L+ X

using the quottent rule,

(1 +x)(-1)-(1 -x)(1)
J \L) - Q.+ x)2

* x)'(1

a_L

+ f'(x) = G**y
7

t1, - xt7
Now, y =(r*r,)
using dif f erentiation of complex algebraic expresstons,

1

dy 1- 11 - x1-23-I-=-l-l xf'(x)dx 2\L + x/
1

dv 1. 11- - xt-7 -Z
1_-!_1-l- l v-

dx 2\L + x/ (7 + x)z
7

dy -1 11- x1'2
- d.x- (1+x)z \t+x/

using laws of indtces,
7

dy -1 11' + x12

- d.x (1+x)2 \r-xl
T

dv -1 (t + x)z
- 

__J_ 
-- dx- (1,+x)2 

Q,_x)+

dy
- dx-

1

-('t 
t u\1

\L t 
^)-

1

(l+x)2(1.-x)z

Global lnstitute of business
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'A' Level Pure \{athematics: Theon'-Pr;rcrice \exus

3

-U=-(r+x)-z' )^. 1u/L (t - x)z

using the f act that,

Tfl1 Xmr=-\
where m, is the gradient of the tangent and m2

J

-(t + x)'z:9 1 Xm.r--l
(t - x)z

31
= -(1 1- x)-z x m, = -(t - x1z

1

(1 - x)z
) Tftz = 

--,
(1 + x)-z

1J(1-x)z(t*x)z
1-

[(1-x)(1+x)3)z
1

[(t-x)(1+x)(1 +x)z]z
1

l(1-x'z)(1 +x)2lz
1

(1-x2)z(1+x)

1r+x!^[Q-x\

is the gradient of the normal,

(-2x)

=m2=
sm2=

)mr=

-m,=

)mr=
,.mZ=

(ii) At any maxi.mum or minimumpoint, gradient is zero.

Inthis case, giuenthat,

m, = (1+ x)

)rftz=(1 +

dm.+ 
-= 

(1
ax

dm,
- _ /a'dx

1

x)(1- x2)z

1

- x2)2 (1) + (1

1,

-x')z+(1+x)

.'l1(;) o - xr-;]

f-",, - -\-+l

(1 - x')

-LE
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'A' Level Pure \4urthematics: Thcorv-Practice Nexus

dm, ..1 x(t + x)
- ,* =\i-n-)l- 1qA (' - xz)z

r x(1, + x)
= (i - x')z - 

----i 
= C

(1 - x2)z

t x(t+x)
+ /'1 _ -l\, -.- \a ^ )- - 1

(L - xz)z

=(1-x2)=x(L+x)
+1--2--t-2

=2x2-l x- 1=0
)x=0.5and-1,
:.x=0.5only

Question (Cambridge, June 2072 qp.33)
t-1r

{ Tirt: curr'c u,ith c(lultiott l'= ,j 
}lus ottc :llttiottrrt'r ;toittt.

(i) Finrl tltc.r-crrrrrlitrl.ttc o1' this poirtt.

(ii) I)ctclrrrirrc ulrctltcr tlrir poirrt ir lr rrrlrrirrrrrn) (rr ir rrrinirttuttt poittt

Solution

(i) At a turning point, the gradient is zero.

e2*
Giuenthat, t=--'---

x3

dy x3(2e2*) - (e2*)(3xz)
- dx - (xs1z

^d)' -zx3e2* 
- 3xze2*

- d.x- x6

^ 
dy _ x2e2*(2x -3)

- d-x- Y6

x2e2'(2x - 3)

x6 -0

178
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'A' Levei Pure Mathematics: Theory-Practice Nexus

- x2e2* (2x - 3) = 0

+2x-3=0

3;.x=i

(ii) Ilsing the nature of gradient,pick any two ualues of x where one of the ualues

is lightty below f, and the other slightly above l.subrtitute these ualues

in the gradtent f unction and determine the nature of the gradient: -

dy x2e2*(zx - 3)

d-- r"
Table 10.2

, a3lz , =3/z ,>3/z
y/
/dx 0 +

slope

-From Table 10.2,
a
J

when x = ;, the turning point [s aminimum.
Z

Revision Questions on Differentiation oI Fractions

November 7990 qp.7 (Combridge)

9. (ii). Differentiat" * with respect to f .

November 7995 qp.7 (Combridge)

6. Use differentiation to find the x-coordinates of the points at which the graph of
^-2i,y = ; has either a maximum or minimum and distinguish between them. 171

12)

--lla.----
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November 2008 qp.3 (Combridge)

a-T

3 The cru1.e 1 - -:-. for -{;r " .t . {r. has oue itatir)l}al1'poiru Finei lhe r-coorclirtate of this point.' cos.y 
t5l

June 2077 qp.37 (Cambridge)

rlt'
I Filrrl r irt cuclt ol'thc lirllou ittg t'itst-t:- tlr

(i) .r'=ln(l+sin'.r).
lan "\'(iil r'= 

-.
. 

"\,

June 2077 qp.33 (Cambridge)

lrr-r2 Tlrc rut.v,.- 1.- *[ 5". onc st:ttioniltr Poitrl. Finrl thc \-coottlitrtl('ol'tltis l"roittt. l+l'.r

November 2071 qp.33 (Combridge)

3 Tlre crpurtir.rtr crl'a eurvr,- ,s 'r' = $. 
$lllru tlrirt thc gnrdicttt ()l'lilc cul"1'c rrt tltc Poiltt l'or u'hiclt

a l+l.\ _ lt.l -i t\ iiJ.

Worked Examination Ouestion on Rate of change

Question (Combridge, November 2006 qp.1)

8 Tire eqtratiort of a curve tr, = #,
(i) Calculate the gra<liertt of tite crttve at tlte poirtt u'ltet'e.t = l. ti]

(ii) A point u'ith coorciinfltes {-y.;.) tnor,et a}oug the cun'e itt sttcl: n lr'av ihat lhe rlte oliticrease of

.r. itas a cortstaui ralue of 0.02 uuits per secoucl. Fincl tlie ratc cf iticrease of .t tr.lleu -t = I . t2]

Solution

6(i) y=#=6(5-Zx)-t'
dv) :!_ _ (_6)(_2)(5 _ zx1-z
dx

lfl

t1lt-t

Global lnstitute of business
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^dy _ 1.2

- dx- (5-2x)2

when x = 1,

_ d:t _ 1.2

- dx -[s-2(1))2
dv 1,2

dx9
dv4
dx3

(ii) Giuentnat ff =:,# = 0.02, ff=t
dx dy dx

_v_- dt- d.t^ dy

dx3?-:- =- X 0.02dt4
dx

.'. 
- = 0.015 units per seconddt

Revision Questions on Rate of Change

November 2005 qp.7 (Zimsec)

10. A right circular metallic cylinder has radius r centimetres and height h centimetres.

Given that the volume of the cylinder is 200cm3, write down a formula f or h in terms of

r. 12)

The cylinder is melted and then rolled in a machine to form another cylinder. Given that

at the time the radius is 4 cm the height h is increasing at a rate of 0.4cm/minute, find

the rate of change of the radius giving your answer to 4 decimal places. t4l

The total surface area of the cylinder, S, is given by S = 2n7z 1!9

Find

ds(i) ; t1l

-:L-
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(ii). The rate at which the total surface area of the cylinder is changing when

r = 4 cm and I - O.+ cm. Comment on the result."dt

June 2A72 qp.72 (Combridge)

Thc etltration ol'lt cttrvc is t = -lri.r - 
i

' 1.f

t3l

(i)

(it)

ohtain art cx;rrcssion tlr $.
dr"

A irl rini is rrtorirtg alortg tlte ettrrc ir: sttclt lt rr.:,r,t thlrt tlrc
iutc ol'O. I" trnits pcr se:ctlntl. Finrl ilrc nrtc ()l chilngc ()l'

l.rl

.r-coorrtinlrtc is incre:tsittg ltt il c()tl\tatrlI
tllc \-Lorlr'(lirlittc rr ltt'tt t = -1. I:]

tune 2072 qp.77 (Combridge)

A ultlcllllelott is ltrstttttcd to he s1;ltcrir:ltl itl rltlrre *hilc it is tro"lirlg' Its ttt:tst"l/ks' ltrttl rirtlitts'

r-ullt.urrrclalcrllrlthclirrrnr.rlarU'(l't.ultercAi:lrcort:t:.rrll. Iti:ulsult\sutllc(lthlllthcr:ltlittsi.
int'rclrring lll a conslllnt ritlc ()l'0. l ccntinictrcs ilcr d'rr'. ()lt l purlicrtlrtr c!u}' thc t'lu"iitts is lOcttt arttl

thc trlit\s i: 3.2 kg. Fintl tht' vuluc ol ( unrl tirc rirtc itt \\'hi(h lhc rllu\s t. ine rcltstttg ort this dlr).. [.5 I

June 2077qp. 77 (Cambridge)

Thc vnlrrrtlc ol'tr rph*rical hulhxrrr is incrcilsirtg ilt ir c()n\ll')l rltk'ol 5Oulttl l)cr \cc()rl(i. Fit)(l tllc rutc

ol.increusc rrl'tltu rirdius lr'hen lhc rlilitr i: l{}crrt. l\irltrrltc ol tt spttcrc = lnr-t.l l+l

Worked Examination Ouestion on Maclaurin Series

Question (Zimsec,

11. Given that

November 2002 qp.l)

f (x) = ln(2 - 3x),

Showthat f"(x)=;:i,

Find f"'(x).

Hence obtain a Maclaurin's series expansion for ln(2 - 3x)
in xa and higher degree.

12)(i).

(ii). t1l

neglecting terms

t3l

State clearly what circumstance might justify neglecting these terms.

Global lnstitute of business
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Solution

(i). Giuen that f (x) = ln(Z - 3x)

+f,(x)=o_|;r_,

+ f,(x) =drd
+f'(x)=-3(2-3x)-t
+f"(x)=3(2-3x)-zx-3

,. f"(x) = O+ Ghown)

(ii). Since f"(x)= *9(2-3x)-z

+ f "'(x) = 1B(2 - 3x)-a t -,
,.f"'(x) - r=-Sn ,=(2 - 3x)3

us tn g M ac laurin' s er ie s,

f (x) =/(o) + 
xf '(o) *"f'(o) *"f '-'(o)

1l ' 2l ' 3l

where f (O) =tn2; f '(O) = -|; f "(o) = -Z) f,,,(o) = -'+

= f(x)=tn2.9 ."1,2) *.=?T)

,. f (x) = tnz -:. -3* -Z*

Terms in xa and higher degree are negligible because the series is convergent.

-c[*---

GIobal lnstitute of business
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Revision Ouestions on Maclaurin Series

tune 2070 qp.7 (Zimsec)

^ ^ . ul8. Solvez- xv given x=0 whenY= 1.
dx

Use the series expansion of ex lo write down the first two terms of Maclaurin series for

the solution. I5l

June 2007 qp.7 (Zimsec)

15. lt is given that /(x) = e'.os(rrE).

(i). Find f '(x). 12)

(ii). Show that f "(x) = -2e'fcos(xrl:) + (r,tr)sin(rVg)]. 121

(iii). Show that f "'(x) = -Bf (x). l2l
(iv). Hence obtain the Maclaurin series for f (x) up to and including the term in x3.[3]

Use the series for cos x given in the List of Formulae to verify that

cos(xV3) - 1- Y-+- t1l

By multiplying the series for ex and the series for cos(xr,6), up to and including the

terms in x4, verify your answer to part (iv), and find the term in xa in the series

expansion of f (x). t1l

lune 2003 qp.7 (Zimsec)

13. (a) Given that y = e-3'sinZx and

dy ^ _ey---' = Ze "^coszx - 5V
d,x

a2^, 6dv
Showthat" i- -L3v-vv! .

dxz " dx

Hence find Maclaurin series expansion

including the term in x3.

t4l

for y, in ascending powers of x, up to and

t6l

J

ti

il

il
T

I

.

$

il

{r
Y
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November 2003 qp.7 (Zimsec)

1.1,. Given that 1l = ln (r-' -]), sf,o* that}= -:@-v + 2).

By finding the second derivative, or otherwise, show that the series expansion of y in

ascending powers of x, up to and including the term in xz , is

-ln2 - 2x - x2 17)

November 2007 qp.7 (Zimsec)

1,L. Given that ! = e-xsinx,findan expressio nforffand deduce that

# = -2e-x cosx l,4l

By differentiating again, or otherwise, obtain the first three non-zero terms of the

Maclaurin series for y. I4l

November 7996 qp.7 (Cambridge)

19. (b) Given that ! = tan(e" + 1n), show that

dv(i). #=3(t+y'), t1l

(ii) # = rt (#) * u(x)' 2l

Find Maclaurin's series for tan (S, + ; ") ,O to and including the term in x3. t4l

Global lnstitute of business
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Chapter Eleven: Integration
"Wisdom is knowing what path to take...integrity is toking it."

- Unknown

lntegration is a building up process which is the extreme opposite of differentiation. lntegration

is the reverse process of differentiation. This topic calls for critical analysis before drawing up a

conclusion. lntegration, 1, is centred on answering the following questions:

o ls 1a standard?

o lslaproduct?

o lslafraction?

Fig. 11.1

186
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Concepts in Intesration
Concepts in integration are grouped into three sections: Standard lntegrals; lntegration of
Products; and lntegration of Fractions as shown in Fig. 11.1.

I. Standard Integrals

1. lntegration of a Constant

' To build-up a constant, one has to attach a variable in question. The generalformula
states that:

I oa*=ax+cl
Where:

a is a constant,

dx means with respectlo x,

c is a constant of integration.

For example,

. [3dx=3x*c

. I-7dy=-7y+c

2. lntegration of Simple Algebraic Expressions

To integrate an algebraic expression, one has to add one to the existing power and

divide the term in question by the new power. The generalformula states that:

f A*(n+t)
I ax"dx = 

-: 

* cJ (n+t)

For example,

. !3x3 - 4x2-t1ox-2dx =y:-{*!!-2x * c432

.'. [ =*' - 4x2 t Llx - z d"x =1*r -t,t + sxz -zx + c
J

. J 4xz - 6x-rL dx =T-++x + c

r^4:. I 4r' - 6x * | dx ==x3 - 3x? + x + cJ3
1_87
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lntegration of Complex Algebraic Expressions

o An expression is said to be complex if there is a power affecting two or more

terms. ln such a case, one has to use I strategy to integrate the expression.

i rtrnd, for,
A

P - integral wi.threspect to power
A - deriuati.ue wi.threspect to the algebraic expresston

ln layman's terms, the expression has to undergo the normal integration process

and immediately multiply the denominator by the derivative of the expression

bound by a pair of brackets.

The general formula states that:

3.

lv{Dt"o* =
lf(x)1{"+rt

(n+1)xf'(x) +c

For example,

o let

o letl=

-l=

+I-

- 
t_1l-

1= {(Zx-t7)3dx
(2x + 7)a

I..._' ' | ^I - 

--r 

L4xZ
(2x * 7\a

.., / = 

--:- 

-.rt- 6

-4x3
-7 (3x - 3)-n

4
a

-t. l- r..r--------T-L
4l3x - 3)+

o lett=!.u|ir+Zax

+r= [e*r+t)ia*J'

dx-5

+

^ )1
I -'--'--d-x
'(3x-31,
r
I zte, - z)

J

2L(3x - 3)-n

lc

Global lnstitute of business
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3

+/_(2x2+7)z_"
-l--lU JxX,4X

Z

J
(Zxz + 7\z. t-'.. 

' 
_ __-;- -T L

Let I = tLax" lzx+r

1 t - I ---------------- uo

' (2, + i)i

-r=l{2, -1
+1)24,

1

(2x + t)z
- 

r-+ t - -1 
-rr

ir2
I:.7=(2x*L)zag

NB: lntegration is either definite or indefinite. Definite integration is used to
describe all problems with limits and indefinite is used to describe all problems

without limits. ln cases where limits are not given, a constant of integration has

to be added to the answer and in cases where limits are given, the result has to
be evaluated,

The definite integral is given by substituting the upper limit in the result and

reducing it by the value given when the lower limit has been substituted in place

of x.

For example,

Indefinite integration:

let I 2x2 + 3x dx

2x3 3x2
I 

---)-- 
)-n

olalL
JL

r
=J

--:--

Global lnstitute of business
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its inner

4. lntegr"ation of Exponential Functions

To integrate an exponentialfunction, quote the function and divide it by

derivative. The general formula states that

l"rq 7

J dx = 
J,1x)srrx) 

4 ,

12(1)2 3(1)'z]t-+-lL3 2l

{ ,,,,**',

Definite integration:

t=l2xz+3xd,x
J1

l2x3 3x212r - l- r-l'-13 ' zl,
12(2)3 zr):,1

r:l--l--t-'13 2l
r34:, r13r

'=l,)-tal
55

. l_

6

For example,

I ra*= [ eo'dxJ' J

f eax+ lvdx=-*cJ' a
rl

... iv dx=_eo*+cJ" a

'P Giventhat, !=7e3'+z

f ,dr=J"
f 7 

'G* 
*'')

-JYdx= , *c

I t o* =I"i3x+2) 'i s

dx

19C

Global lnstitute of business
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^ ^-2!=e'^
e t*"

--L?

6x 
rL

e3*'

-J-?

6xrL

5. lntegration of Trig Functions

Trig functions make use of stanciard results as shown by the tabie below:

=[vdx=J'
I

:. Jtdx=

ln(sec 0)

-ln(cosec0+cot0)

ln(sec 0 + tan0)

cosec 0 cot 6 - cosec 0

cor? I ln(sin 0)

sec 0 tan 0

NB: When integrating trig functions,

inner derivative.

Table 11.1

quote the result and divide the standard result by its

-:-

Global lnstitute of business
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Function lntegral

sin I -cosd

cos I sin I

tan 0

cosec 0

sec 0

sec d

sec2 o tan 0

cosec2 I - cotA
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Example 1

Example 2

i hcorv Practlcc \cxus

cos(40 t- 2)
+ 2) d0 - - ------------- + cf sinice

Example 3
sec20

seczotanzo do = 

-+ 

c

IL lntegration of Products

1,. Method of Recognition

This method is based on the notion that if the first term is a perfect derivative of the

second term, quote the second term as the result'

I corze d"0

{f'o>X*)dx=f(x)+c

= sin 0 * c because cos 0 is aperf ect dertuative of sin 6'

2. Method of Substitution

This technique can only be used when the media for substitution is given (see

i nteg rati o n of fro ctio ns section ).

3. lntegration bY Parts

lf the use of any of the two methods outiined immediately above is not feasibie' the

only workable method is integration by parts which states that:

tdufdu
J"idx=uu-jv*ax

For example,

{roresinodo

Global lnstitute of business
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The LHS represents the question and the RHS represents the solution.

The term identified as u has to be differentiated to give ffandthe term identified as fldx
should be integrated to give u.

There are two possible conditions that lead to the choice of a term to differentiate:

o The term should be logarithmic in nature, for example lnx or;

o The term should have a potentiaito breakdown into a constant.

Example L

Given that,

I=fZxes*d.x

letu=2x
du

_a

dx

and dv
----e
d.x

e'^

3

+t=,,(+) -1,(+)r,
2 f2

= I =5*r=* - JZesr 
dx

22
=l=i*rt*-re3Y+c

.. r =2i",, (*- *) . .

Example 2

Given that,

letu=lnx and

du 1,

dxx

Global lnstitute of business
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v=x3

=#--

193



'A' Levei Pure Marhematics: Theorv-Practice Nexus

NB: in cases where integration by parts is leading to another product that cannot

be integrated with ease, use further integration by parts to solve the problem

and substitute the results in the solution side of the original question (see

Solution for June 2a10 qp.32 q.2 page 207).

IlL lntesration of Fractions

1,. lVlethod of Recognition

Recognize the natural logarithm of the denominator lln(denomtnator)) as the result if

the numerator is a perfect derivative of the denominator.

The general rule states that:

I f'(x) dx = tnLf(x)] + c
J r@)'

For example, given that,

.'. I=ln(Zx-3)+c

o NB: in the case where the numerator is not a perfect, but has a bias towards, the

derivative of the denominator, adjust it into a perfect derivative and use method of

recognition.

lf a special multiplier has been introduced to manipulate the numerator, a

compensating move has to be considered to retain the status quo. For instance,

! x 2 = 1, which retains the original function and maintains the status quo'
2

= r =x3rnx - l-r(1)r,
+t=x3lnx-lx,a,

=l=x3lnx-7*,

:. I=x3(r.,r-i) ..

r2t= ) 
^-=dx

1
Global lnstitute of business
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For example, given that,

[3xI=J=*z*rdx

1, I 2x3x
=l=-l ^ -dr2J 3xt +1.

L
... I==ln(3x2+1)*c2'

2. Method of substitution

This technique is used to transform a given variable into a new variable using the media

of substitution as specified in the question. When using the method of substitution, one
has to consider the following steps:

r Change the differential coefficient by way of differentiating the media for
substitution. Express the differential coefficient to be eliminated as subject of
the formula.

r Change the limits, if any exist, using the given media of substitution,

o Substitute the new limits and differential coefficient in the original question and

simplify the problem to the specified conclusion. In cases where trig functions
are involved, use relevant trig identities as far as possible to simplify the
expression.

Example 1

J01/P1/Q16 (iii)

f+
Use the substitution s = sin x to find the exact value of f_ sinz x cos3 x dx 16l

Jtt
6

ft
5
IJ

Let, t = l_ sinzxcos3xdx
JIL

6

o Change of differential coefficient

s = sinx

dst-i=cosx
ax

rL-

Global lnstitute of business
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Lower limit
ft

.s = sin=
6

7

-2

=ds=
)dx=

cos x dx
ds

cos.tr

Change of limits

Upper limit
T

s = sin5

'tB"2

- r_2t- 
i6o

1113 1.7
- 

r_' 160 480

/*nZ - 17\

"=( n* i

Global lnstitute of business

o Substitution of results in I

Gv5
tz - - ds

I = I s'cos'JL cos x
z

l3

= I = lt ,'cos2xds
J!

2

v5
f2

=t=l sr(1-s2)ds
JL

Z
E

1,/ J
fz

=.1 = I s2-sads
J1

2

l.s3 ,'lf_r=l;_rl,
2

==iq ql
l"'lL]
lo\try - 9V3 77

Hql

196
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Example 2

ts1/P1/Q10

By means of the substitution u = 1

answer in terms of x

o Change of differential coefficient

u=1.-ttli
1

)1t=1,*x2
du 1_1

+...--_v )" dx- 2^ '
du1
dx ztlx

=dx=ZJidu
o Change of limits

Not relevant because there are no linnits

o Substitution of the results in the original question

+ ,,& or otherwise fina [ -: =dx 
giving your

J L +,,1x

tsl

r1
Let, 1=l-- _dxJ t+!x

fl
=l=)-.ztlxdu
where u = 1*.,1i
+^,8=u-L
+2tli=2u-2

f2u-2+l=J u O"

+r= l(+-) *
+r=[rou-z[!a,

J Ju
-l:2u-2lnu*c
butu=1*li
,.t=z(r+^tr)-zrn(t

Global lnstitute of business
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3. lntegration using Partial Fractions

Partial fractions are used to breakdown a fraction into its component parts where the

denominator is expressed as a product of factors. Use a relevant technique to

breakdown a combined denominator into distinct or stand-alone factors'

letx=2
>3=3C
;C=1

BC
- 

^ -L 
j---n'(r+1) (2-x)

+C(x+L)

I
2:

+

+

(2

.x

x)

2

)

(r

2x'

+1

,s,

.)
L_

:*

ns

(2

(x

ioi

1)

For example
r

Giventhat, l= |
J

using parttal fract

=Zxz -5- A(x+

Zxz_s 1 1

-:--7**112- x)-' (*- 1)' (Z-x)

r11
Now, I = I -2 -,'-------' . *==-- dx' J - (x+1) (2-x)

=t = l-ra--rl# dx+ {ieo.
+ I = -2x -in(x + 1) - ln(2 - x) + c

+ I = -2x -[ln(x + 1) + ln(2 - x))+ c

:. I = -Zx- In[(x + 1)(2, - x)] + c

letx=-1
+-3=38

=B=-L

let x=0
-5=2A+28+C
-5=2A+2(-L)+1
^ A-_)4n-L

4. Transformation of a Fraction Into a Product

This strategy can only be used when the given fraction cannot be integrated using any of

the methods outlined immediately above. ln such cases, the denominator has to be

brought up to make the expression a product. once the expression has been

successfully transformed into a product, one can use integration by parts to solve the

problem.

Global lnstitute of business
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For example

Giuen that,

Applications of Integration

lntegration is used to determine area under a curve and the volume generated when a

particular region is rotated about the x axis or y axis.

L. Area Under a Curve

Area is given by finding the definite integrai of the curve in question. As such,
.X,

a= I ydx
Jxt

flnxI=J "dx
f

+ I = | x-2 lnx dx and use integrati"on by parts.
J

where y is the equation of the cLrrve, and x, and x, are limits.

For example, the area enclosed by the curve y =;+ 2x,the x-axis and lines x = l and

x = 2 is calculated as follows:

rz4A= I ^*2xdxJ, x',
f2

=A= I +*-'*zxd"x
)"

l4x-' 2x21'
--1,=l-r-lL-1 zl,

= A =11* r'l'Lx 11

_ A _l-4 , .r1 l-4 _".l=A=1,.2'l-11+1')
:.A-Suni.tsz

NB: lf the region in question is bounded by two graphs, one has to calculate area under
graph assuming the ceiling of the region and reduce it by area under the graph assuming

the floor of the region.

L

Global lnstitute of business
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For example, given the curve ! = 2x - x2 and the straight line y = l intersecting at o

and B as shown in the diagram below:

Fig. 11.2

c The pair coordinates of B is given by solving the two equations simultaneously;

x
=-=2x-x'2

+x=4x-ZxZ
+Zxz-4x*x=0
+ZxZ-3x=0

=x(Zx-3)=0
either x = 0

or 2x - 3 = 0

a
J

"2
,(;)whenx=;l y=-'22

13 3r
:. B is \2, a)

Area below the uPPer bound, Y

.t
I1

+A=l'2x-xzdx
Jo

= 2x - x2, is given by:

,l

I
I
A*

y=2x-4

Global lnstitute of business
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.1

l2xz x312A_t___lt 2 3tL JO

'=i()'-9'l -lto,'-g]
L]
9

O = ,units!

below the lower bound, y =
3

= Jn 1d*

- ir'l'-l+1,

=iffl -rqr
ln ] tn l

= ? unitszt6

Area

+A

|, is given by:

_A

+A

+A

Area of the shaded region is ,tlteref ore, given by:
A = area below the upper bound - area below the lower bound

99
- 

A_

816
9

.'. A - *units!

2. Volume of Revolution

This concept is used to measure the capacity of the solid feature formed when a

particular region is rotated about the x axis or y axis.

If tLte region is rotated about the x - axis, volume is giuen by:

rxz
Vx-rxis=ol Y?dx,

J *,

201.
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and if the regton ts rotated about tl",e y - axis, uolume is gtven by:

rYz
Vy-oris=ol xzdY' J y,

For example, the volume of the solid obtained when the shaded region is rotated through 360'

about the x axis and y axis is given by:

Fig. 11.3

Volume formed by the region bound by two graphs is given as follows:

V=Vceiting-Vytoo,

Volume of the solid feature formed when the shaded region is rotated completely about the

axis:

Given that

v=3li
!2 =9x

and

and

!=x

!2=xz

Global lnstitute of business
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2

729n
v - 

-_243n
2

243
:. V = units"

2

Volume of the solid feature formed when the shaded region is rotated completely about the y

axis:

Giuenthaty=3Ji and !=x
,,Z-ew lZ=xzy - r^

Y? xz=Y'
""9

v4
^-2 _''" 81

vlLoo,=nt'o'*'a*

= "l(+)1.

= 243tt

V,too, =, lr'# o,

="1(*)1,

729tt

vceiittns = n [of 
dl and.

="|(fl1,

= 243n

729n
V =243tt - 5

486:.V- S ounitss

Global lnstitute of business
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worked Examination ouestions on the Method of substitution

Question {Cambridge, June 2009 qp.3)

I {} 
.\'
A

Thc r,liasrarn \h()ws litc cttrvu 1 = .1: nt1 I -.

(i) Firrtl titc cxitcl valttc ol'thc.\'-eoor(lillittc

{ii) Sh,,r*. hv ttrcrtttr 11f 111(' s11[']rtittttiott .t =
cttt'r't' alttl thc -t'-aris is tivl'rr b1"

{iii) H,,:trec olrtilitt thc cxilel vltlttc: ol','1

Solution

r'l I l,,u.t ): () urrtl its ttttrilttttttr Point itl.

ol ,!f .

sin 0. tlrlrt tlrtr itrqit 11 o['thc sltlttlctl Itgiotr bc-t*cctt

t-r I

thc

t_a-rl

.l=+ I .irr-letle.
{l J0

[ ,11

l-rl

(i) Since m is a turning pai"nt,

Given that,

dv-i=0
d"x

dy

dx

dy
dx

dy
-----VA

+ 2x(7

i
(1- xz)z(Zx)

1

2x(1, - x2)2 +

1

2x(L - x2)z -
7

- xz)z - x3(1

y=xz(1-*')i

+ (x')liu - *1{r-z*tf
r 1l

x2l_x(l _ x2)-zl
LJ

1

x3 (7 _ xr)-Z

1
_ *z)-2 = 0

L-_ 

--
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1x3
+ 2x(7 - x2)Z = r

(t - xzlz

+ 2x(1, - x2) = x3

+2x-2x3 =x3
+3x3-2x=0

=x(3x2-2)=0
either x=0or 3x2-2=0

only

(li) Areaunder the graph ts given by,

+ 3x2 =2
,2

a
J

t-
lz)x= /-

-13

tXt

A= I
I
^1

ydx

. x=

=A= I *rJG-x2)dx
J,,

wherexlarldx2: !=A
t) x2(1 - x2)z - 0

either xz : O or (1. - x)i. =

9x=0
I

and (1- xz)z - O

+i-x2=0

-^-2-t1^-_t

=x=*7
*x=0andx=1-

^1
So, A= I rrJ]-xz)dx

Jo

.-L-
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o Change of the differential coefficient:

x = sin9

dx

-= 
CoS6

d"a

dx = cos0 d0

Change of limits:

Upper limit

x=sin0

=1=sin9
+ 0 = sin-1(1)

7r+a-_-|/-2
Substitution of results in ,4

Lower limit

x=sin0
+0=sin0
+ 0 = sln-1(0)

+0=0

r;A= 
I

Jg
sin'4./(t - sinr0) .cos0 d"0

r;
= A = |'sin2e/(co5z6; . cos0 d0

J6r

= A = fi ,in,e cos! coso d.o
Jg

= A = [5 ,in,e coszo clo
Ja

=A=f+1r,n ocoso)zdo
,to

x Remember sin20 = 2 sin 0 cos 0

1
_t

=+ sin 0 cos0 = -sin20

= (srn o coso\Z = (1 t'
,7sin20 )

Global lnstitute of business
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cose rc

1

= (sin 0 cos 0)2 = -sin220

= A = fi !r,n,r, o,
Jo +

rri:.A- 
+Jnsin'Zeae

to tntegrate the powers o/ sin 0 ,use the double angle tdenttty f or
eltminate the power of sin0.

xcos20-1-2sin20

=cos40=i-Zsin220
= 2sinz20 - 1, - cos 40

1

s sin220 = r(1- cos 49)

1f;
Now, A =; J, sinzT? dA

=A=+f+(1 -cos 40)de
.t Jo L

1, r;
=A=UJ.r-cos40d0

1 r sin4l-ri+A=BLe- 4 l,
J(* ''n 

(112.|_ 
{, _ sin(+ x o)}l

Lrft 'r

=A=ALZ-01

,. A - Lunitsz
t6

'A' Level Pure Mathe matics: Theory-Pracrice Nexus
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Question (Combridge, November 2011 qp.33)

t0 {i} l..;sr' thc sutrstiltrtirrn rt = t:rn.l t(} sltorv that. lirr rt t * 1.

f-x-l
l- 1t,,lr"-:.t -llu)"\l(1.\ ='J,, ll+ I

(iil Hcrrcc lirrcl thc rxilet vlluc ()l'
l-rl"

{a} | 
- 

{*cctt -rcr'].\itl.\.
Jrt

I-rl)) | 
- (tur,".r"+-5tanr.\'+5tln5.t * tanl.t),.Lr'.

J,'

Solution

TI

r4(i) let I = I (tan"*z x * tannx)dx
Jo

r Cha nge of d ifferentia I coeff icie nt:

u = tanx

du
= 

- 
= S7CZX

dv

+ du = seczx dx

du
+rI--
-v - SCC"X

l1l

llt

l.1l

o Change of limits:

Upper limit Lower limit

u=tanx u=tanx
)lt=tanlf4 +u=tan0

1 =u=0su_I

o Substitution of results in 1:

rl duI=l (ur*r+un)-- 
Jo '' " ' SeC2x

xwhere seczx = 1+ tan2x

Global lnstitute of business
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ula is in the terms tan x,

(ii)(a

uenreduction f orm

nr)-(t+tan2x)

ren=2

gLL

an'

her

rt du
= | (u"*'+u"), 

-

' 
Jo '* -- ' (1 * tanzx)

f'(un*' * u')
-l= l#rltt

Jo 11' * uz)

ft u"(u2 + \\
=!= l#d,Jo luz * 1.)

.1
+l=lu"d"u

Jo

; rn+r 11+l=l-l
l(n + 1)lo

[ 1n+1 I | 0ni1 I+t=l-l -l-lin+11 ln+11
1

;. I =--:-= (shown)n+1'

l4
) Let I = | {secax - sec2x)dx

Ja

by changing sec x to tanx since the

seczx = 1 * tan2x

+ seca = (1 + tanz x)?

- secax= 1 * 2 tanzx * tan+x

+ (secax - seczx) = (1 + Ztanzx * t,

+ (secax - seczx) = tanax * tan2x

ft
f4

Now ,l = I tan+x I tanzx dx
Jo

by quoting the reduction f ormula,w

1
sI-

2+1
1

:. 1--
3

209
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NB:

210

Global lnstitute of business

(b) let tanx = t

=.1 = ['r ,'*5t; + 5rs + t3 dx
)o

o For one to quote the reduction formula, the coefficients of corresponding terms must

be similar;

o As such, some adjustments have to be done to liken the coefficients.

7t

fv
= 1 = I t' +5t7 + {-+t' + 4t7}+ srs+ i-+tu+4rs} + t3 dx

Jo

r+i/= I t'+t7+4t7 +cs+4ts+t3dx
Js

and 3 respecttvely,

1T

r4
+1 = I re+ t7 +4t7 +4ts +ts +t3 dx

IJ0

TTiTT
[i ^ - f4 - - f4

= 1= I t'+ t'dx L 4l t' Lt'dx L l t'+ t'd
)o Ja "lc

By qucting the reduction f ormulavrhere n = 7, 5

4,1. 1tlI\1
- 

I 
- 

t Al I r' (7+i) '\s*1i (3+1)

i4L+I--r-r-
864

25
. f _

24
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Revision Questions on the Method of Substitution

November 2007 qp.7 (Zimsec)

12. The value of
1

I 2" Sln ZX
I 

- 

)u
Jo sinx+2 *^

is denoted by 1. Use the substitution u = sinx to show that
r1 r 4 \I=i lz- ^)du

Hence find the exact value of /.

November 2070 qp.7 (Zimsec)

8. (a) By means of the substitution u = sin x or otherwise, fincj the exact value of

r+
I 

- 
cot x^lsin x ax.

Jo

(b) Solve the equation cos 3y = - ifor 0o I y I 270'

hne 2A03 qp.7 (Zimsec)

7. By using the substitution x2 = 1t * 1, or otherwise,

find
fx3I n-

J tlx2-7
giving your answer in terms of x. t5l

June 2070 qp.7 (Zimsec)

12. Use the substitution x = a sin 0 to evaluate

tsl

t3l

t3l

t4l

ra 

-

I t.
I ^la' - x' ax

J6

Global lnstltute of buslness
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November 7995 qp.7 (CambridEe)

7. Use the substitution u = 2x *

November 1997 qp.7 (Combridge)

12. The value ,f li,G,-, dx is denoted by 1. Use the substitution , = t[, to show that

3 to find

ld**
lsl

tzZl=l 

-du.
l, u(7 * u)

t3l

tslHence, by using partial fractions, show that 1 = 1n (f,).

June 2002 qp.3 (Cambridge)

10

tI

I uzeu du.
Jo

(iv) Hence, or otherwise, find the exact value of this area.

The functron f is defined by f(x) = (n,r)2 for r > O. The diagram shows a skerch of the graph of

}. = f(x). The minimum point of the graph is A. The point B has x'coordinate e'

(i) State the x-coordinate of A. 11]

(ii) Show that f"(.r) = 0 at B. t4l

(iii) Use the subsdrutior x : e! to show that chc ares of the region bounded by the-r-axis, the line

x : e, and the part of &e curve between ^4 and B is given by

t3l

Global lnstitute of business

212

i3l



'A' Levei Pure Mathematics: Theorr'-Practice Nexus

June 2007 qp.3 (Cambridge)

f{ r

7 I-et1= I at.
l. t{-l- r.t)ai

November 2010 qp.37 (Combridge)
/. 1

I t-5 l-r.r/= I 
-.1r.

J" r (+ - t- t

(i) LIsinS tltc sul.rstitttti()tl \ = J sirr {J. rht:*' tlllt

"1r
t = l' Linlg.lu.

Jr,

(ii) Hcncc tirrtl thc ('\iret vrltlL- ('|l'/.

tune 2077 qp.37 (Cambridge)
.:

7 TIre irrtcgr':rl /i.rl.'lirrc.l f',. /= | Jtilrrt/l= l,rl/.
Ji)

l.:

(i) LIse lltc substittrtion i/ = \ .r ro illo$ tltat ^I = | --:- 6,,
J, rr(J- rr)

rllII _,rr
| 1-l- \-)jJ(t

Lfl

[(,](ii) Hence shou' that / = + ln 3.

November 2009 qp.32 (Cambridge)

6 (i) L.f sc thc sttbstilt"ttiott .r = I latt e 1rr sltorv lhat

ft s l.T
I 

-.1.r= 

I e,r.'6tle
J,, (-t r.\- )- Jt,

{ii) Hcncc lirttl titr'c\ltt'l rltlttc rrl'

t1l

lll

l-'l

t"r I

i.r I

tit

(i) Lisctitcsttfrstilttti()rl .\; /l- Il.shou'tltat/ - f*,--t -l)lrl .t.i-r
Jr

(ii) Hcnce lirrri tlic craet vllrrc ol'/.

-:-
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lune 2077 qp.33 (Combridge)

tt

Thc riiugranr sltorvs tltc Lur\t 1 = 5 rill'r.'.'gr.l-r lirr () < r < ln. rrnrl its trlaxitttunt poirrt ,{y'

(i) I'irrti thc.\'-coonliturtc trl'.,1'l.

(iiI Lisilrg lhr sut.lstituti()tl 11 = c()s l. firrrl irv in{egrutiolt tlrc ulcl ol lltc qlllLtlcll trttott lrortttrlctl tr)'

ctrrvc anri lhl' .\-uris.

tit
l- |

thc
I5tt- t

tune 2072 qp.32 (Combridge)

ft i
It l-cr1= I tlr.

l- -t+t,((t-Ita:

(i) Li*,irr:: thl suhsti{ution r{ = y'{(.l *.f }. slrorv that

-lI i()rrI= I .lrt.
I l.l - r/){'- //)Jt

l+l

l6lHcncc sltor.r, (hirt I = : lrriS)

Global lnstitute of business
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Tltc r,liugri.rr.tr shr

crrrve und tltc .\'-

ii) Lisc tltc.iirl'

(ii) Civcn thiit

Thc sltlr.lc'il tr'ginrr sl)ou'l is lrounr.lcti br tlrc

l6l

tll

' = ,irt 
j 

J"\'c,,r,l ].r.
is iicrtotcrl hy';1 .

lr suit:rblc intcgrr

i)\\'s N)iil'[ tlt' tltc e ur'r c 1

r.rxis lrttti ils c\irct .lrc.l

)\liltiti()t! ri = rin l.i" itl

r (.r

I i\tll--.j\e(}s l\.rl\
Jrt

I to lirrr.l lhr vulrru o!-.'1

= -l0.,t. iinti thc llrluc oi thc crinsturtt i'.

Worked Examination Questions on lntegration blt Parts

Question (Cambridge, June 2008 qp.3)
9

i-.
The ciiasratlllilowsthcctutel'=eJ'111+2'r".}a*clitsrurlxiil)umpoirit-1.f. Tireshacierlregionbenrcen
Ihe ctuve atci rhe ales is denoteei l>r'.R,

(i) Fiud tire r-coorcliuare of J.{

(ii) Firtd bf integratioll rhe volurlre of rhe solicl obrair:ecl u'hen X is rorarer'l courpleteiv about
r-asis. Give t,oru alM\,et'irr ter:ns of a'aud e .

trl

the

l6l

Solution

(i) Since m is a turning point, fl = O

Given that, y = r-i.,[1t + zx1

11
-y=e-2,(1+Zx)z

^ 
d! - , , , zx)i (-;,-r) + e-i* l(}) ,, + zxt-irztf- d"x-"'

Global lnstitute of business
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dY11 17
+ 

- - - - "'zx (7 + Zx)z + e-2' (1 + Zx)-z- dx- 2"
11111-

= - i u-i* (1 + Zx)z + e'2* (1 * 2x)-2 = g
2

1 1 1 1-- l
t e-2'(1 * Zx)-z = : e'z* (L + Zx)z

1 1 .r
=___J=;(l:_Zx)z

(t + zx)i 2'
1

= 1=:(1+Zx)
Z

=2=1.*2x
- 

a^" 
- 

1.LL_L

7..^-2

rXz
(ii) v=rl v'dx

J r,

where xrand xr: Y = 0

).-
- s-z',1(t * Zx) = g

7

=(1 +2x)2=g
+1*2x=0
- 

a^" 
- 

1

1

a
L

'A' Level Pure \'{atl-remat ic s : Th eory' -Practic e \cxu s

+ yz = e-*(1 + 2x)

r0
Now, v =n I -e-r(l*2x)dxJ_!

2

Since (1 + 2x) has the potential to breakdown into a constant,

and y = r-i'JgTTxl
!- 1 

-12

- y2 = le-2. ^,10 + zx))

Global lnstitute of business
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dv _ ^-x'--e
dx

u=-e ^

2x)- l-"-. o'l

2x) +, f ,-. arf

2x) - Ze-'f

2x+zlj ?-z

+ 3)r - "l-,+(, (-;) . ,)]

letu=1*2x
du

-adx
I

=V =rl-e-*(1+I'

;
=V =rl-e-*(1+

L

= V = rl-e'' (1 +

= V = r{-e-*[l+

+ v = nl-eo(z(o)

1

+V =-3r*2ne2
/!\.'.V-nlZez-31
\/

rfl

Let I = I x2 sinx dx
Jo

Since x2 has the potential to breakdown into a constant,

letu=x, and *=rrn*
d"u d"x

_ a^"

dx U = _COSX

f

= / = -x2cos x - | -Zxcosx d.x
I

J

^r+l=-x'casx*!2xcosxdx
J

r
letR= I Zxcosx dx

J

'A' Ler.el Pure N4athematics: Theory-Pracrice Nexus

and

units3

lst

Question (Cambridge, tune 2070 qp.32)

2 Sheiu' ,n", [".tj sin.ttl.t =.,r] - +.
Ju

Solution

217
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using further

letu=2x
du _a

dx

R=Zxsinx-

tntegratton by parts,

and

2sinx dx

du--- = COS X
dx

u = sinir

i!s nrlrirrrurn point M. Tttc eurvc culs lltc ,t.-irxis al lhr-

2cosx2x sin x

I
+=R=

by substi"tuting R in I,

+ 1 = -x2 cos x + lZxsinx * 2 cosxf

+ 1 = f-xz cos x * Zxsinx * 2 cosx)[

+ 1 = [-z2cos tt I Znsinz * 2cosr)- [-0' cos0 * 2(0)sin0 * 2 cos0]

= I = l-r'(-t)+ 2(-1)l - [2(1)]

-t--2aaa I - tL - L - L

'. I=n2-4(shown)

Question (Combridge, November 2009 qp.31)

I
l

I

I

Thc diaglirru slrou.s lhc

poirrt 11 .

I rr -t'
Ctlf\L-1';-111111' v.\'

Global lnstitute of business
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(i) Statc tltc coortlinutcs ol',4.

(ii) Firrd thc c\irct vllttc ot'tltc .t-coorditlltr.' rrl'$'/.

Solution

(i) atA, y=Q

Ill

{+}

(iii) tlsing irircrruliorr hv 1'xrrts. shorv tlirrt t!ri.'urr'a oi'tire shlrdcrl rcgitrt lrotntr"ieri l:r' tltc cttrrc, tlts
.t-aris lrnd tht-' liuc.t = J ir r'tlttul trr S lri I - J. l5l

---_1--)A-L

:. A (L,0)

dv(ii) At M, * = 0 because M ts a maximumpotnt.
d"x

using the quotient rule,
1r1r 1 r.

dy rr lil - (lnx)(jx-z;

-=-dx (^l*)'
1 1-1 '

_dy _x-z -ix-z lnx
- d*- x

11
d"y x-1 (1- ) lnx)

- d*- x

-!r- 1, \x zlI -5lnxf
- 

\ L / 
-^-Uv

t1
+ x-2(7 -=lnx) = 0.Z

1

= 1-;lnx = 0
Z

1

= -lnx=1
2

+lnx=2
:,x= e2

-!b--

Global lnstitute of business
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(iii) to u.se inte gratton by p arts, the f racti.on has to be f ir st tr ans f ormed into a pr oduct

as shown:

letu=|nx and

du7
dxx

Inx
Giuenthat Y = --=

''l X
lnx

1

y2
L

) y = x-2lnx
.4t' i

where area = I ,-Zlnx dx
J1

Since lnx cannot be integrated,

du _1

dx
7

y2
+ rr 

- 
_1W- I
z

t
=u=2x2

1 r 1 I
) area = 2x2lnx - J -' ZxZ dx

1fl) aree = Zxi ln x - ) Zx-z ax

' Zxi)area=ZxZ Inx- ,
z

11
) aree = 2x2 ln x - 4x2

fl f
= aree = lzxz(lnx -z)lL lr

) area =lzgfi1tn 4 - 41- fzlr;*1rn 1 - DlL ,I L 'J

)area=4(ln4-Z)-2(-Z)

=area=4In4-B+4
) area = 4In22 -4
.'. area= Bln Z - 4 (shown)

I

L

220
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Revision Ouestions on Integration bJt Parts

November 7992 qp.7 (Combridge)

11. (i) Show that

.2
I

Jo

(ii) Find the exact value of

-1
xetr dx = 4(3ea 

+ 1)

t3l

X2 e2, dX

June 2003 qp.7 (Zimsec)

18 (b) Show that f" 
a 

xz e' dx = 2(1n 4 - 1)z + 1,.

Navember 7995 qp.7 (Cambridge)

8. Find J xsin2xdx .

November 2007 qp.3 (Cambridge)

3 Llse intepration b1'parts to shorv lhar

{,'

lrturtt.h =6iul-1.

l2l

tsl

t3l

lll

Global lnstitute of business
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The dilr,r:rirtn shorls llte cur\'(: \'=.\'l l,',.t lltltl ils ttlinitlttrnt 1'roint M'

(i) Fintl lltc c\llct cooltlittlttcs ol tV.

(iiI Find t5c r:x1qt urcu pl'lhr"- shirtierl lcgit:tr ht,rrritlctl hv thc cttr\'r'. thc.t-:t:is attil tht liltt:.1 = ?

lune 2077 qp.32 (Cambridge)

IO

Tltc diirgrarrt shlrrvs thc crtrvt- )' = .tlc-''

(i) S5r1t !lrat tlrE- lrrir gl'tlr,.- r[1t[-tl r,.'gi9lt lroutttlcrl [rt' thc t'ttt'\'c. tlrc.r-lrxi. llttrl tht linc.v = i is

11 rir
I- |ctlttititol- 1.

(ii) Firrtl thc.t-cooltlirxrtr': ol'llrr rrurrittttrnr 1'roint;V orr lhc cur\'('. lll

(iii) Find tire .r-ccxrrdin;rir.: ()l'{hc ;rr}in! /i ll $[r!clr tirc tiln.scnt l(} tltc crtrrL: J)iit\cs lltrottllt thc ol"igin.
t1lt-l

June 2077 qp.33 (Cambridge)

r<ll- t

ril
l- I

Shrx' rtr*r 
L 

- t -.r)c-i'(l.r = .+c-! - f. t5l

tune 2072 qp.32 (Combridge)

9
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Tlte rlils,rartlsholr'slhe eLrrrc.\ =.rrlrtt. Tlre situtlcql reuiollhc{u'r:t:rrllrccurlc.(lrc.\.-lxirirrrrl {llrlirrt:
.\ = c is ticrtotcr-l br, ll.

(i) Firrd tirr: cr;Li:rliort ul'tht l:rrtrcrt li) the cur'\!'x[ lltc {roirtl rl'hct'c.r'= l. girin!: }('!ur;rr}\\\'cr irr th,.:

iolni 1' = /rr.l' r ('. l-+l

(ii) Firtr.l h-r ittlc{nrtir)ri thr \'{)lunt('i)l'lhr solirl ohtaincrl r.r,licn tlrc re.giorr /l is r'rxutcrl ,,:orrrplcitlv
lubout lhr"r.\'-axis. Ciivc y'utrr itnsrr'('r irt tcrns irf tf ultil c. 11 I

November 2072 qp.37 (Combridge)

5 (i) lJv rlilli'turrti,,1111.s -L. \i)r)\\ tllirt il r =:t'r'r'tlrcn f : :cc.ytirl 1'.- c()s.y th'

(ii) .Sho*' rltrr l 
= scc.r + t;.ul .r.

see { * liln.1-

(iii) Dcrltrcc tiurt

(iv) Hcrtec sho*,

t-
iscc.r- - tirrt.Y)-

t-
trtllltrrtl.-.1.t'
I I sr'u.r' - trrrt.r') -

Ji)

I r r scc.{ l;.rtt.1 .

{{s.,,': -.,rt.

t1t
t-l

III

tll

Ijt

November 2072 qp.33 (Combridge)

5 Thc c.xpt'r.:ssion l'{.t'} i. ciclirrctl hy l-{.t } = 3.t e

(i) Firtrl lllc c:iilcl r';rluc ol' i'(*4)

r,)
tiit Firrrl tlrc'r'rrrcl r;.rltrc ol' I llr)r.1 r.

J_+

Worked Examination Questions on Partial Fractions

Question (June 2072 qp.33)

-i.r'l-7.r-I
I-ct t'("r) = (.f - l)(2.r--j)

l,1l

t5t

(i) Ex;>rcss l'(.t') in pirrliirl

f6(ii) Slrt,rv tlrrrt I l {.r i.[r =
Jr

ll'ucl iorts.

s * trr(f)

t5l

t5l
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Solution

(i) f (x) isan improper fraction since the highest order power in the denominator is the

same as the highest order power in the numerator'

As such,

4xz-7x-1- BC
-^'(r+1)' (zx-3)(x+1,)(2x-3)

letx=0

-1.=-3A-38+C
-1=-3A-3(-Z)-1
3A=6

- 
A 

-a2,11-L

*4xz-7x-L

letx=-7
10 = -58
+D--?

L

= A(x + i)(Zx - 3) + B(Zx - 3) + C(x + 1)

3
letx==

Z

55 a

22
+C=-1

dx

'' f (x)

Letl=

+I-

=1=

+1=

-.. r_

-. r-al-

+l=

- r-2l-

(ii )

_.,_= L- GTT-o;_n
1621,
J, " (x + 1) (2x - 3) '"'"

16161lu1
J,'or -'J, t,*T ax - i,d;,

1,r 2
2x-Zln(x+1)-;l ^ ^dxtJ Qx-3)

1

2x - Zln(x + 1) -;1n(2x - 3)
L

zr -lztn(x + ,l - |inf r, - ,l]

z, - [rnt, 
+ \)? +rn(zx - s)il

lz, -rn lt, + t)2(zx- ,,i]i,

12(6) -in(+e x 3)l - [2(2) - ln(e x 1)]

224
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+l=1.2-1n147-4*ln9

=l=B+ln9-1n1,47

+t=B*rn(*)

+r=B+r.(*)
z49r -1

=l=B+ln(T,)

../=B-,"(?) ghown)

Revision Questions on Partial Fractions

November 2070 qp.7 (Zimsec)

1.4. (i) Showthat 2x3 - x2 +Bx-4- (2x- 1)(x2 ++) lll

(ii) Express ;:##h in partialfractions. l4l

(iii) Hence evaluate f: ;?##*-d"x, andgive your answer correct to three

significant figures. t4l

November 7999 qp.7 (Cambridge)

13. (i) Express -+ in partialfractions. l2lx (x+ 1)

(ii) The region bounded by the curve = 1;+, the x -axis, and the lines x = 1 andx(x+1)'
x = 2 is rotated completelv about the x-axis to form a solid of revolution.

a) Use part (i) to show that y2 may be expressed as

i227
-i- 

- 

-L
x2 x ' x+L I 

ix-1)2

b) Hence show that the volume of the solid of revolution is

" (i* zh:)

l2l

-.b.--
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tune 2002 qp.3 (Combridge)

6 Let fr-r't: ----jI---(3xr l)(.r+ i)2'

(i) Express f(x) in partial fractions.

el
(ii) Hence show that I f(r)ar: I * ln2.

Jo

tune 7994 qp.7 (Cambridge)

9. Express 
=f,intheform i*#++,where A,BandCareconstants. t3l

uence find / A)-a, l2l

June 2008 qp.3 (Combridge)
1

- .Y-+3.r+-17 Ler f(.r) = ---- .(r- 1)itt-1 I

(i) Expres; f(r) in partial ttactious.

(ii) Hence sirou'that [t r,.t,ch: = 3 - lt,,:
J6

June 2070 qp.37 {Cdmbridge)

8 {i) H\prcrs -- . 
- 

. irr p1q111 ,1 I't'rtt'tit,tl:.' (\'- i)(t r 'i'1

(ii) Lirirr* )'{)ut'lt}s\\'rt't(! J).!rt (i). shou tlr:rt

/ 1 \-

11.,-;11r;.t)I -{r+I1l .r-I .r+.1 {.r+-r):'

r, J(iii) Hrrrcc \lt(!\\'lhirt I ----+-------- -,.1 1= i- lrri.
J,{,=l)-{t'rt-

i5l

tsl

I\I

r rl
L+l

tjl

l)t
l-l

t5t
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tune 2070 qp.32 (Combridge)

l(, (i) Finrl tlrc vultrcs (rl'thc c()tlstirrrts il. ll. {'rrrii,l /) sueh lltrt

l5l

l5l

t7l

(ii) Helrcc rltou tllrt

November 2070 qp.33 (Cambridge)

November 2077 qp.37 (Cambridge)

ll+S.r-.r'lll l-ct I't.r) = 

-

rl-1y1J*r:)

(i) Hxprr:ss l'{.t} irr tlte lirlrtt + = ++
--.\ +i t

1.
tiir Slr.ru rlrlr I t(r).1.r = trr(*)t-J I,

tune 2072 qp.37 (Cdmbridge)

9 lli: lirsr cxprcssi,,s *+* in purri:rl ll'rcrions. :lr.u'rhar

ft+.,t*-ir--i
l-tl.t=ti-lrti)

J,, l,' - -sl - l

I'i*;..Lr =i*{rn1g1

f1
5 Slrourlrrrt I lt-7 

.l r=In-So.
I tlt - l)(\ + lJJt)

ll+l

l-51

lrol

^\--_
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Worked Examination Ouestions on Standard Integrals

Question (November 2009 qp.31)

5 {i} Provc lltc irlcrrtitl'et,:-lg --!eoslg + -i : l{sirll0-

{ii) L-sirrr thir rcruit tirrrl. irt sirrrlrlilicrl li;r'rtt. tltc L-\itcl villuo ()l'

a-i

| 
' 

rirr= g.te .

Jln

Solution
(i) cos40 -4cosZe +3 = Bsin4A

Let the LHS = cos 40 - 4 cos 2e + 3

wherecos20-L-Zsinz0

and cos40 =L-Zsinz20

+ LHS - 1 - 2sin2 20 - 4(1- 2sinz 0) + 3

= LHS - 1- 2sin220 -4 + Bsinz I + 3

+ LHS = 8sinz 0 -2sin20 sin20

+ LHS = B sin2 0 - 2(2sin 0 cos 0)(2sin 0 cos 0)

) LHS = Bsinz 6 - Bsinz 0 cosz 0

+ LHS = Bsin2 g - Bsinz 0 (1 -sinZ 0)

+ LIIS = B sinz g - B sinz 6 + B sinl I

:. LHS = Bsina A : R.HS (showm)

7t

f"(ii) let!=! srn40d0
Jft

6

from the i.dentity above,

1

sina 0 = =[cos 
40 -  cos29 + 3]

U

tll

trl
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-l= cos$e -4cos20+3 d0

.,,1 _-L632

Revision Questions on Standard Integrals

June 2004 qp.1 (Combridge )
7

1 tsin 49 4 sin20 rT
=i=Al + - 2 *rujf

_, _ r [f''"(o,t) +sin(z,t) 
",,,,1 f',,(n.t)

= =;t( f-'e*") -(f *.rl
= =*i( T.") -(#.;)l
= r =:l-*.;l

II;
6

.+.4.,1;))]

,6

The diaglaru sirog,s 1:alr rrf rhe gralrh.',r, - '' aucl tiic l:orlrial ttr the crin.e arP(6. -l). Tiis uonllal
tueets tlte -r-axir aI &. The pourt Q on tlre r-ai]s altl rire poiut S ot: tile crule alr suclt tirat PQ ntrel .5?
ale palallel lo the.r'-rxi:

ri--
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(i) Frurl tirc eryuirtiou of tire rror:nal at P autl shorl lirll -R is tlte point (11. Ut. t5]

(ii) Slrr.u' ti)at the ltrhrute c'f tire solici obinrneci u'irert llte sharlecl regiort F(1R.5 is tolatecl tlrlouglt

-i60' about the.r-axis rs lS;i. tjl

tune 2007 qp.7 (Cambridge)

12.

Fig.1

The region R shown in Fig. 1

! = lt. Find by integration,

the y-axis (see diagram).

Fig.2

is bounded bythe line y = B(x -2), the axes, and the Iine

the volurne formed when R is rotated through 360o about

tsl

A whisky glass has the shape indicated in Fig.2, where the units are centimetres. A

whisky taster holds the glass upright, and pours in whisky to a depth of 2cm. He then

adds water to a further depth of 2 cm. Show that if he had poured in the water first and

then the whisky, each to a depth ol2cm, the glass would have contained approximately

25% more whisky that the first method. t3l

November 2004 qp.7 (Zimsec)

15. ln the diagram below, the shaded region R is bounded by part of the graph y - - l and

the straight line 4y - x * 5 = 0. The two graphs intersect at the points A and B.

t-- 

--
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(i) Find the coordinates of the points A and B.

(ii) Show that the area of the region R is f - In 4.
o

(iii) Find the volume generated when the region R is rotated through

y axis, giving your answer in terms of n.

June 2008 qp.1 (Cambridge)

9

lt

t3l

t4l

360o about the

isl

The rlia.erarli slron's a culwe lol u'hich

l.roirrtt {i. lSt arrcl (1. .1 ).

= - '-: n'here t is a c.'rnrtaut. The curwe passes tluoueh the
Y.

-s---
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(i) Shcu,. bf irrtegtation. tirat ihe eclttation of tlte ctule isr

The poirll P lies ort the ctur'e anci itas r-coor<litlate I 6.

(ii) Find the area of tlte shacied tegion.

t6 , lrl

lrl

rhe

l3l
gir,itg

I-11

June 2007 qp.3 (Combridge)

5 (!) Espress co!0 + 1r'-1)silt8 iu the tbr:u Rcos{9 * r.r1. u'ilele

exact vaittes of .R artd cr.

.R>0and0<rr<1,t.

ri' r .. r
(ii) Henceshorttltat I --__----..--- d0= -Jo (cos6+(v3)sino)- vr

November 20A7 qp.3 (Cambridge)

fk I

I Fin<1 the esact valtre olthe collstallt tr- tbt rriticir i .-= ch = I
JI

l+l

tune 2070 qp.37 (Combridge)

.l (i) L:rin!. tlrc e tPansirlns gl'ctrs(-1.t *.r') arrtl (()s{-i.\ --l ). prlrvc that

*(e .r. Ll - eos.{-t') = silt -1.r'silt.r.

(ii! Hcrrcc shou' lltrtl

lune 2070 qp.33 (Combridge)
5

t-
I

IJ!r

lrl

lrl

curvc 1' = c-r - c-lt lttt.l its tttaxittrultl prlint ,d1. Thr .t-cor'rt'tlittalc ol'M isThr-' diirguulr shou's lhc
ilcrtotctl bv 7r.

L-
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(i) Finil thc c\lct vuluc ol'7r.

{ii} Slrou' tltilt thc lrralr ol'tltc slr;rtlctl r"cgitxt trutttlr.lt-r.l by tlrc {ur'r'c.
cqull to f.

tune 2070 qp.33 (Cambridge)

7 (i) Prove tltc iticntitv cos -1f)

(ii) Lisirrg tltis rcstrlt. linel tlic

June 2071 qp.37 (Cambridge)

tltc,t-:rxis lrrt,.l tlrc

l-+ I

11;1c.\ = 7r is

t-r I

= -l cosl tl - -i e lrr f/.

ctltcl vlrlttr: oi'

-Lr
I j" l

I co''' 0.le .

J!,

t-|

lli

l+t

l-rl

l.rl

9 (il Pr.orc tltc irlcriritv cos4e +.-lcoslfl = liertslB * 3.

(ii) Hencc

(irI solr.c thc crluutiorl r;rxJfIrJuorlt) = I li,r -*;r

li'(b, lintl tltc cxlct \uittc o!' l- c.rr{{iil{i.
Ju

<rr<*n.

June 2072 qp.37 (Cambridge)

5

Tht- tliaglartl shuu,s tltt' cttrvc

tirr0{.r<r.Thc
curvrl unrl thc linc:

{i) Slrorv lltlt tr =

(ii) Firtti tltc Pxuct

r'-Ssin{r-runfl
\.-c(,(.)r'Llirlltc oltlrc triaxin'tuni poirtl is c ltrttl thc stta,,icti r'cgion is ctrclosctl l:rt,thc
.r=(/iin(l 1'=().

=t
_t

vrluc *l'lhc arcir ol- thc shadcrl rcgintt

| 1l

l-r l
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Advert Two: Proportion and Curve Sketching

"The elegance of o mathemotical theorem is directty proportionat to the number of independent

ideos one con see in the theorem ond inversely proportionol to the effort it takes to see them'"
- George PolYa

Proportionality

Proportionality, also known as variation, is used to account forthe relationship connecting two

or more variables where the change in one variable triggers change in the othervariable(s). This

module only reviews three types of variation, that is direct, inverse and joint variation. The

fourth type known as partialvariation is beyond the scope of this syllabus.

Types of Variation

1. Direct Variation

This type of variation analyses the positive relationship connecting two variables where

the increase in one variable results in an increase in the othervariable orvice-versa. For

example given that x varies directly as y, the following notation is used to describe the

relationship:

x x y where x is the proportionalitlt sign

, (to remoue the proportional stgn, introduce\; x = K! | an equat sign and a constant of variation I

NB: The value of k is determined using the known values of x and y.

2. lnverse Variation

lnverse variation is used to analyse the negative relationship connecting two variables

where the increase in variable causes a decrease in the other variable or vice-versa. For

example, given that x varies inversely as y, the following notation describes the

relatio nsh ip:
Lxx-
v

>x=kl

234
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Joint Variation

This special type of variation analyses problems where one variable varies with two

more variables at the same time. Joint variation can be experienced in three different

scenarios where:

A variable varies directly with one

example, x is directiy proportional

written as:

variable and directly with another variable. For

to y and directly proportional to z. This can be

x x (y)(z)

+x=kyz

ii. A variable varies inverseiy with one variable and inversely with another. For

example, x is inversely proportionalto y and inversely proportionalto z. This can be

written as:

iii. A variable varies directly with one variable and inversely with another. For example,

x is directly proportional to y and inversely proportionallo z. This relationship can

be written as:

Worked Examination Question on Proportion

Question (Combridge, November 7998 qp.7)

3. The power, P kilowatts, needed from a car's englne to drive the car at its maximum

speeds of ukmh-1 on a levei road is directly proportional lo u3. Calculate the

percentage increase in power needed from the engine if the car's maximum speed is to

be raised from 100 kmh-1 to 110 kmh-1

,..()()
r1r

=x=kt-l\yz/

,"(,)(;)

- * = x(l-\\Z/

Global lnstitute of Business
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Solution

3. P q.u3

=P=kv3
I f the speed is to be raised f rom L00 km/h to 1-1,0 km/h implies the new

multiplier to speedl, # resulting in a new speed.r, (# r)

Let P, be the new power af ter the speed has increased.

/L70 \3*Pr=*[r*rj
r\331 \

=P'=t(rn*u=,J
1 331

- P,,- = ,*OUu' where ku3 is tlte original amount of P

) P, = 1,,331,P

Now, P1 i.s giuenby multiplying the origtnalpower by 7,337

:. the percenta"ge increase inpower l33o/o.

Revisian Ouestions on Proportion

November 7997 qp.I (Cambridge)

4. A planet whose mean distance from the sun is Rkm completes one revolution of its orbit

round the sun in I days. The relation between I and R is that I2 is directly proportional

to R3, The mean distances of the Earth and the planet Saturn from the sun are

1.50 x 108 km and 1.43 x 10e km respectively. Assumingthatthe Earth takes 365 days

to complete one revolution of its orbit, find the corresponding number of days taken by

Satu rn.

lune 2003 qp.7 {Zimsec)

3. The variables x and y are inversely proportional to each other.

proportional to the square root of y. Express x in terms of z,

236
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November 2003 qp.7 (Zimsec Specimen Poper)

10. The volume of a cone varies jointly as the height and square of the base radius.

Calculate the percentage change in volurne if the base radius is increased by 70% and

the height decreased by 1O%.

lune 2007 qp.7 (Combridge)

3. lt is given that z varies directly as x3 and inverseiy as y2.

i. Write down an equation expressing z in terms of x,y and a constant.

tsl

ii. Find the percentage change in z when x is increasedby 20% and y is increased

by 50%. State whether the change is an increase or a decrease. t3]

Curve Sketching

Questions on curve sketching test the ability of students to draw trig, logarithmic, exponential,

and algebraic (quadratic and linear, for example) graphs. As such, students are strongly

encouraged to consolidate curve sketching and transformations so that they have the concepts

at the tips of their fingers.

1. Trig Graphs

i' / = sin6

ii. y = cosg

t1l

Fig. A2.1

-s--
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lt t. ! = tan0

Fis. A2.3

/ = cosec0

y = :- is a reflection of the graph of / = sing using the mirror lines y = 1
" sin9

and y - -1. This graph is disjointed, with the asymptotes at the points where

the graph of y - sin 0 crosses the x -axis (see Fig. 42.4),

Fig. A2.4

iv.

Global lnstitute of Business
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v' Y = seco

1

! = *re is a reflection of the graph of y = cos0 using the mirror lines y - 1

and y - -1. The graph of y = sec9 is not continuous. lt has asymptotes at the
points where the graph of y = cos 6 crosses the x -axis.

Fig. A2.5

y = cote

1y = ,^ne is an adjustment to the graph of y = tan0 with new set of asymptotes

at the points where the graph of y - tan 6 crosses the x -axis. The graph of
! = coto moves from the left asymptote to the right asymptote through the
midpoint to a pair of asymptotes.

-.L--

Global lnstitute of Business
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Fig. A2.5

2. Logarithmic GraPhs

AII logarithms are defined for positive values of x and cross the x -axis at 1 since

In(t) = 0. The line x = 0 (y axis) is an asymptote ofthe graph / = ln x. As x increases,

y increases at a decreasing rate as shown by the curve in Fig. A2.7.

Fig. A2.7

240
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3. Exponential Graphs

Transformation of Graphs

'A' level transformation places specific emphasis on translation, stretch and

should be able to identify and describe a particular transformation,

transformation. Transformation can be effected parallel to either the x-axis

A2.1 summarises the three transformations:

Table A2.1

An exponential graph is a reflection of the graph y = ln(x) in the mirror line y = a' 45

such, it crosses the y -axis at 1 and uses the x *axis as the asymptote'

reflection. One

and effect the

or y-axis. Table

Fig. A2.8

y axis ,T AXIS

Translation y=f(x)+a y=f(x+a)
Reverse translation

Stretch Y = af(x)
y = f(ax)
Reduction

Reflection v=f(-x) v=-f(x)

-::--
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Translation
Translation refers to the linear movement of an object/shape. When a value has been 'added

to'or'subtracted from'the original function, an object has to be moved up or down (vertical

shift). Addition denotes an upward shift and subtraction denotes a downward shift. When a

value has been directly'added to'or'subtracted from'the x-value, an object has to be moved

parallel to the x-axis. Critical to note is the fact that horizontal translation reverses the
potentiai direction of motion. For example, adding a particular value is denoted by a movement

to the left or vice versa.

Stretch
This is used to describe a multiplier or elastic effect. When a multiplier has been introduced to

the whole function, an object has to be amplified by the scale factor in the y-direction. lf a

multiplier is directly affecting the x-value, then the object has to be reduced by the size of the

multiplier in the direction parallel to the x-axis.

Reflection
This is used to account for the mirror effect. A minus sign is used to describe a reflection. An

object is reflected in the mirror line x = 0 (that is the y-axis), when the minus directly affects

the x-value. ln cases where the minus sign is affecting the function as a whole, the object is

reflected in the mirror line y = 0 (that is the x-axis).

NB: to fully unravel the concept, practical examples will be used as an addendum to the theory
above.

Worked Examination Ouestions on Curve Sketching

Question (Zimsec Specimen Paper, November 2003 qp.7)
7

Global lnstitute of Business
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Thegraph of y- f (x)isshowninthediagramabove.Onseparatediagrams,sketchthe
graphs of

(i).

(ii).

Solution

(ii.

y = f (x) * 2 showing coordinates of intersection with the y-axis,

y = 3f (x) showing coordinates of intersection with the axes'

An upward vertical shift bY 2 units

12)

l2l

(ii).

A stretch by scale factor 3 parallel to the y-

axis. All points sitting on the x axis retain

their positions.

-<L--
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Question (Cambridge, I une 7995 qp.7)

2,

The graph of y - f (x) is shown in the diagram. On separate diagrams sketch the graph

of
(i). y=f(x+1),

(ii). y = lf (x + i) I,

Showing the coordinates of the pcints where the graphs meet the x-axis. t3]

Solution

(i).

Reverse translation by 1 unit parallelto the x-axis

y : f(.r.+

Globai lnstitute of Business
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Reverse translation by 1 unit parallelto the x-axis followed by a reflection in the mirror line

! = A (that is the x-axis).

Question (Zimsec,lune 2070 qp.7)

15. The function / is defined as

2-x
f:x--, *, x+-1.

xf I

a) (i). Express f (x)inform +4, where a and b are constants. l2l
(ii). Hence, give a sequence of three transformations which take the graph of

1

! =;onto the graph of y = f(x).
(iii). State the range of /,

Solution
a^.(i) Ilx)= *x-t- L

by long diuision,

+ f(x) =
(x+1) (-x

- \-.r

t3l

t1l

2)

1)

:. f(x)=-t
J+-'(x+1)

Global lnstitute of Business
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Revision Ouestions on Curve Sketching

November 7995 qp.7 (Cambridge)

3.

1y =; is the origi.nal graph

1. 1

; - C- is a reverse translation by one unit parallel to the x - axis

13

-) 
., 

GTD is a stretchparallel to the y - axis by scale f actor 3

_?3
(x+1) - (x+t)

y - direction

Range: f (*) > -L and f (x) < -t.(iii)

The graph of y - f (x) is shown in the digram. lt is given that a, b and c are positive

constants. On separate diagrams, sketch the graphs of

i. y = f(x)* a,showingthecoordinatesoftheintersectionwiththey-axis, 121

ii. ! = -bf (x), showing the coordinates of the intersections with tire axes. 12)
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November 7990 qp.7 (Cambridge)

3.

Thegraph of y = f (x)is shownabove.The points A,B,C and D havecoordinates(0,
(1,0), (2,1) and (3, 0) respectively. Sketch, separately, the graphs of

(i). y=f(Zx),

(ii). y=f(x+3),

stating, in each case, the coordinates of the points correspondingto.4, B,C and D.

June 7997 qp.7 (Cambridge)

6. It is given that

f(x) = (x - q)(x -r f), x € R.

where a and p are positive constants. Sketch on separate diagrams the curves with the

following equations, giving in each case the coordinates of the points at which the curve

meets the x -axis.

(i). y=f(x),
(ii). y=lf(x)|,
(iii). y=f(x+2a).

1.),

14)

12)

121

t3l
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13.

'A' Lo.ei Pure Nlathematics: Theorv-Practice \exus

N ove mbe r 200 1 qp. I (Zi msec)

tune 2003 qp.7 (Combridge)

6 (i) Sketch the giaph of the ctrtler'= -i sitt.r. for -;r (.r ( r.

Tire srlaiglrt liue,r.= #.r. uhere /i is a corl:Ii,ult. passes tluough ilte tttilxittrturt 1-ri'ittt of this

-[<]-<ri.

(ii) Fild lhe vahre of t irt tenlls of ir.

(iii) State the cooldiuates of the othel point. apart ilonl tlte origin. u'itere tlte iilte arlrl

intersect.

(a). The functions / and g are defined for all real values of x by

f : x ,+ sin x and Si x r- sin(z* -:"\\ 6/
State a sequence of two geometrical transformations under which the graph of

y = f (x) is transformed onto the graph of y = g(x). t5l

,l

,

rir
t!
,u

r

tj

l:l

forclll \:e

rrl
L-l

tlte curre

Irl

0(.r(r.
(ii) Fleuce staie lhe uunrbet'of soltttiotrs of the equatir.rtr I sitr.r = cos lr itt the inrerval 0 ( .v ( r. Ill

November 2009 qp.77 (Combridge)

2 Tirc r.tlrttrt iorr ol' ir cltrr c is .l = .l clrs l.r'. Thc ctluat ion ol' a lirtc is .r , '.r- = ;r. ()rr tltc rtLtttc tliagritttt.
skctch lhc currc irrrtl tltc linc lirr O (,r ( n. lJl

November 2004 qp.7 (Combridge)

4 (i) Sketuh aud labcl" olt the saure diagraut. tlte sl'aphs eif.r'= :sitr.r: itttcl .r

November 2070 qp.73 (Cambridge)

.1 (i) Skclcir titccurvc t'- rsin.r'lirr0(.r( fz.

(ii) B\ utltlin, lt suilllhlc \tntir:ht Iin,-'trr )'ottt'rkcleit. tlctct'tttittr-'
cr.ltia{ion

2;isin.r= E -.\'.

Stirtr lhc c{luxli()n of thc stri.ti-sltt linc.

November 2077 qp.17 (Cambridge)

3 ti) Skr'tch. ort a singl.'ttiltrrattt. ihc glaph: trl'-\'= cos r0 alttl .t

{ ii ) \Vrito rlo$ tt l}te tltlttlhcr rtl" rotrl: ()l' tllc r'(ltliltiott l t'or l0 *

(iiii Dctlrrc'": tlte trirttthcrrr! rt.ro{s (}l Ihc c(ltl;llion ]cosle * I =

= cL)s 1'\". ftu the iuterTal

t+.1

lil
thc nttrtthcr ol' rcal rtlots ol' tlic

t31

o<0

< a<

._t| --
!:

Oin

lirr () ( e -< l;r.

{) in tlrt'irrtcrrrl

I l:c intcrr al i { },2

tjl

,,j

l0;r. I I l
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Chapter Twelve : Differential Equations

"Big jobs go to the men who prove their ability to outgrow smoll ones."

- Ralph Waldo Emerson

Differential equations are mathematical statements that resemble a state of equilibrium where

one of the terms is a differential coefficient. This topic marries three concepts;

propcrtional ity, d iffe rentiatio n a nci i ntegration.

o Proportionality is used in the formulation of a differentiai equation where the change in

one variable directly or inversely influences the change in the other variable. This is a

mere application of 'O' Level proportionaiity or variation.

o Differentiation pops up in passing in questions that are inclined to rate of change. Rate

is used to describe the change in one variable with respect to time. As such, rate of

change in voiume, r'ate of change ln area, rate of change in radius and rate of change in

x may be expressed as:

dV dA dr dx
dt;E;dt and -- respectiuely

d_t

. Integration plays a pivotai roie in problem soiving because it is used in the prescription

of a general solution.

The process approach to differentiai equations considers the following steps:

of some sort.

and the variables of the other fan'liiy to the other side. This is mereiy rearranging the
equation. For example, if a differential equation is in terms of x and f, all the variables in

.x are to be collected to one side and the variables in r to other side.

It is important that one gains a fuil appreciation of integration in order to choose the
most appropriate integration technique. This process gives bir"th to the general solution
where the constant of integration, c, is unknown.
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generalsolution.

NB: This topic is best explained using practical examples. The forthcoming section unravels

some past exam questions on differential equations.

Worked Examination Ouestions on Dif&rential Equations

Question (Cambridge, November 2008 qp.3)

An uuderp* orurcl storage tarrk is being filieci t'itir liqrrici as slrorvr n the cliagranr. initialil' the tantr is

rt)tptv. At tiure r horus after filling begirrs. the vohure of liquirl is I'ur3 itucl litc clepth ollitltdcl is /r tt.
It is given tilat i'= *rr

The iiquiei i> poured ui at a rate of l0ru3 per horu. but oiviug to leakase. liquitl is lost at a rate

proptritioual ttr /il. \\-hetr i, = t. # = -l 95.

(i) Sho*'tirat /r satisfies the tiilTerelltial eqtlaii(11]

dltSl
-=---dr lt) l0 tll

(ii)

(iii)

. l0ir:\tlifl that .-"-----."."".-...--- = -20 *' 100 - /rj
:000

(i0 -i/)(10 + /,)
trl

l\lF{euce solve the <liffererrtiai equatiou iu i:ilrl (i). obtaiuru:r air ex.plessiou fol r iit tcnns of /i
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Solution

du(i) The rate of change in volume, ;, can be broken down into two:

o f tlling rate - accounting f or the incease in volume,
. Leakage rate - accounting f or the decrease inuolume.

dv
where filling rate: * = 2A,

ancl Leakage ratei * o n'
dt

du)- =khzdt

As such, overall change involume, * = ZO - kh2,
dt

4
aiuen that v - -h3e-

J

dv
= - =4h2,an

using the chainrule,

dh cLu du

dt dt dh

dh (20 - khz)
- d,t - 4hz

by substituting initial results to f ind k,

20 - k(1\2

4(1)2

=19.8=20-k
+k=0.2

dh 20 - 0.2h2
- dt- 4hz

dh 20 0.2h2

dt 4h? 4h2

dh51,
W - zo Ghown)
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the LHS : RHS

(ii)

(urJ

'A' Level Pure Mathematics: Theon,-Practice \cxus

let h = -70
=+ 2000 = 208

=B=100

20h2 2000
:-'n-!-

L00 _ h2 "" (10 _ h)(i0 + h)

leth=0,
20.02 2000

^^-t-- 100 - (0)2 - '" (10 - 0)(10 + 0)

0 2000__rnr_
-100- Lv' 

100

.'.0-O(shown)

NB This is a simple process conf irming tha

dl"L 5 1

-=---dt hz 20

dh 100 - h2
+_-- dt - Z\hz

+ 20h2dh = (i00 - hz)dt

r 2Ah2 r- J too-hran= ) dt

20h2 2000
where 

1oo _ nz: -20 * lro _ l,;1ro * l,;
r 2000 r) j-20 +11s-hxio+h)an= Jdt

using p arttal f r actions,

2000 A B

ColDco + h) = 
1ro - 4 - 1ro * 74

+ 2000 = 4(L0 + h) + B(1,0 - h)

tet h = 1,0

=r 2000 = 20A

+a=100
2000 100 100

I-- (10 - ir)(10 + h) - (10 - h) (10 + h)'

Now, l-ro.#%.#TD an= f a

'-5,

252
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0 when

Question (Cambridge, November 2A17 qp.31)

{ Thc vrrriui'rlts.t lrrr.l {l rrr,; r'e lulcd l.lt,the tiilje:'e lrtiul c,.luatiort

.irrro.ll=tr-l)..slo.
(lr,

rrlicrc O < e . *r. \\'hctr tJ = *"..t : t). Solr.r'tlrc tlitlcrcntiul crlulliorr. trlrtaininr arr crJrlcssiori lirl
.\- in lcr'rtis lrt'0. lrrtrl <irrtplily illg \',rur-tn\\\'cr a: l"ur lrs g-rossilrl.:. i7l

Solution

dx
sin20 ^ = (x * 1) cos 20

AU

+ sin 20 dx - (x + 1) cos 20 de

1, cos20
- -:-------------= cix = -------- d-0

(x + 1) sin20

f 1 1f2cos20
= I_dI=_l _d.g

JG+1) 2J sin20

1+ ln(x * 1) = ; ln(sin 20) + c
Z

o^= |= [ -rodh+1oo t . 1- d"h+loo j" .1^- J 
Lv utt rvvJ (10 - h) 

*" '""J (to + h)

= -20h - 100 in(10 - h) + 100 in(10 -r- h) = t + c

* -20h+ 1001n(10 + h) - 100in(i0 - h) = t + c

r10 * hr
= -20h+ 1001r(16 _ 1l = t i c

N B: Initially the tank is enrpty, implying that, h =

==, -20(o) + 100,, (ffi) = o -r c

= c = 100In(1)

:.t=-zoh+1oohf19-l)
\10 - h/

dt

r=0
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using initi"al r e sults,

+ in(o + 1) = |,n [r,' (z " fi))+ ,

,c=-;"1""(f)]
1 r1rr c = -Zt"\Z)

1

- c = -llnZ-,

'A' Level Purc Mathematics: Theorv-Practicc \exus

II+c-=lnZ
Z

Now, ln(x + D =:Ln(sin ,il *)rn,

1

= ln(x + 1) = )ln(ZsinZe)
Z

+ In(x + 1) = ln(Zsinziltr

by introducing e to both stdes,

+ (x * 1,) = (2sin20)i

+x* t="l2strr20

.'.x-'lxinze-t

Question (Cambridge, June 2072 qp.31)

7 Th,: r,ariul.:lcs.r'anrl l irrc rcllrtcrl hv thc dittcl'r'ntiill (:(ltlittit)ll

tlr' ('r.\'.'l'

.1,l 
= -if-

It ir {irt,n lhtt t.= I u'}rr.:n.r'= O. Solrc thc rlil'l'c|rntial ctlu:rti(}rr anrl lrcltc,.: lirrr.l ttlc vltltlc ol't'u'ltcn

l - O.5. givirrg \'()tlr itllswcl'uttrt'a,.'t {o 1 rlccitttltl 1'rlitccs' ll{l
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Solution

dy 6xe3'

-=-dx y2

if
=ly2dy=l6xe3rdxJJ

vsr
-+- | 6xerr dx3J

where the RHS = I 6xe3r dx
J

using tntegration by parts,

let u = 6x and d, _ .rr
d.x-"

du _Z
=--o 1d"x u_'e3r

3

= RHS = (6x) (i,,") - !rulr(!,,.) o,

r
=+ R,YS = 2xe3* - j Ze3* ax

-2
= RHS = Zxe3' - 1e3* 

* c

+RHS =ze3*lr-i] ..

Now, *=rr'.(r-l) *.
using initial results,

- 
(2)' 

- 
.'t ^t3\(ot ( a 1r

=i=)s,s,,u,\o-i)o,
B2

--J- 
v

aa5J

10
=t=T

.^--
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* "'- = 2e3x
3

) Y3 = 5e3'

6*',(x

/ 1\
('- sl

/-_1\
\^ 3)

10
_L_,3

+10

-])*'o

whenx = 0.5,

{
:. y -- 2.44

Question (Combridge, tune 2008 qp.3)

8

In fhe ciiagraur the t*u5rer)t to a clu1'e al a getterai pairx P u'ith coorcliuales (.r. .r') ureets ilte.r-asis at f.
The poiut i on the .t-asis is slch lirat Pf is perpelclicular 1tr the r-axis. The ctu"r'e is such that. tbr all
rnhres of r iu the intela"l 0 < r < {r. rhe area of triaugle PI}: is equai to tau,y. ultere.r i: iu radiatts.

(o'-])*,0

p\-
(i) Lising the fact that the gradient of the crule at P is 

-a- 
shorv thatrJI

dr.r1' - \1.- coi.1-.
d\'

1.1
t-.l

(ii) Given thal.r' = I rvlteu .r =
expresslrlg.r' ilr temx of .r:.

t-
6

solve this tliffelentinl eqrmtioli to litttl the eqrntion of the ctr\e.
t6l
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Solution

(i) Area o f a triangle is g iven by,

i
1x base xL heigllt

1
In this case,tan, = ,(r/v)(Ph") 

-------------+ 1

and. sractiett, H ='# '-"-----"- 2

where pN = y

using (1,), tanx = lfrrlCrl
Z

by expressing TN tn terms af y,

= 2tany = y(TN)

/2 tan x\* ?.AI _ J _llttY -\ y /

by substituting TN and PN in (2),

_dv _ v
- dx - lztanx\

\y )

=U= YZ

dx Ztan x

^dY -1 r.,zrl 1 \- d* 
: ,\Y ) \trr r/

dv 1^i. ." - =y! catx (shown)dx 2"

dv 1^(ii) fi= 1!',ou

+ dy - )t'ror* a*

t 1 {i+l "dy=l;cotxdxJy'' J'2
f 1r

= I y-,dy =- | cotx dx
J LJ
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_lv'
I

using
.t -L

-1
1
.)

)c=

-L-

Ncw,

1

V

1,

v
+-? -11

1, 1,
-r--ln?--'2"'' 2

1
= -ln(sin x) + c

initial results,
1-
I / /{\

= Zln (sin Ul 
+ c

1 r1r
= rtnlz)* '

11aa

- r- 1tn2-'
11
_lh?__
2"'u 2

11
- r= 7tn(sin 

x)

nal1
= _ln(Z sin x) _ 

7

In(2 sin x) - 1

2

= ylln(Z sin x)

2:.y--
[ln(Z sin x) - 1]

Revision Ouestions on Differential Equations

November 20A3 qp.1 (Zimsec)

13. A water tank with a uniform cross-section has a tap at its base. When the tap is opened

water flows out at a rate proportional to the sguare root of the depth of water in the

tank. Given that the cross-sectional area of the tank is 5cm2 and the depth of water t
minutes after opening is h metres, show that

dh k.tl 
t6]a--i\rL'

Given that the tap is opened when the depth of water is 2 metres, find an expression in

terms of k for the tlme taken for the depth to reach L metre. t5l
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November 2070 qp.7 (Zimsec)

16. (a) Some juice is tapped into a cylindrical container at a rate of 100cm3 per minute. lt is

sieved out through a hole at the bottom of the cylinder at a rate of 2.5hcm3 per

minute, where h is the height of the juice in the cylinder at time t minutes. The radius of
the cylinder is 5cm.

(i) .

(ii).

., . dh (40-h)
5now that dt 1,01r

Solve the differential equation to find h
t=0,h=A.

t4l

in terms of f, given that at time

Hence or otherwise state the maxirnum value of h and explain why this height

cannot be exceeded. t8l

(b). The delivering tap in part (a)was closed off when juice was at maximum height, and the
juice was allowed to drain out. The differential equation satisfied by the drainage

process only is !! = - | n,dt 707r

Solve this differential equation to find f in terms of h and show that the time taken to
make the juice go down to a height of 0.88 cm is nearly 2 hours, l4l

June 7997 qp.1 (Cambridge)

L4. At time f = 0 there are 8000 fish in a lake. At time f days the birth rate of fish is equalto
one fiftieth of the number N of fish present. Fish are taken from the lake at a rate of 100

per day. Modelling 1V as a continuous variable, show that

50gI=N-5000
dt

Solve the differential equation to find N in terms of r. t6l

Find the tinne taken for the population of fish in the iake to increase to 11000. t3l

When the popuiation of fish has reached 11000, it is decicied to increase the number of
fish taken from the lake from 100 per day to F per day. write down, in terms of F, the
new differential equation satisfied by A/.

12)

dN

dt

t1l

t1lShow that if F > 220,then (0whenN=11000

For this range of values of F, give a

continues to decrease.

reason why the population of fish in the lake

t1l

259
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November 2003 qp.2 (Zimsec Specimen Poper)

5. A race called the Matrices live on an isolated island called Geometry. Demographical

studies have shown that the number of births per unit time is proportional to the

population, x, at any time t. The number of deaths per unit time is proportional to the

square of the population.

(i). Show that the above

!=kx-hx',wheredt

(ii). Solve the differential equation for x in terms of f, given that x = lL when t = 0.

(iii). Show that the limit to the size of the population is f as r approaches infinity.

November 2007 qp.77 (Zimsec)

An infectious disease is spreading in an isolated village of 400 people. The number of
people with the disease at time t days is N.

a) ln one model of the spread of the disease, it is assumed that the rate of increase of

the number of people with the disease is proportional to the number with the

disease at the time. When f = 0, 40 people have the disease and it is spreading at a

rate of 20 people per day. Taking N to be a continuous variable, show that it satisfies

the differential equatio nff = ;U. l2l
(i). Solve the differential equation, obtaining an expression for N in terms of t,

and sketch the solution curve of N against f . l4l
(ii). Show that the time predicted for half of the people in the village to have the

disease is 3.2 to 2 significant figures. l2l

b) ln an alternative model, it is assumed that the rate of increase of Iy' varies as the

product of the number with the disease at the time and the number of those not yet

infected. You are given that with the initial conditions stated in part (a), N satisfies

the differential equatio n# = 'tloro;''.

Solve this differential equation and show that the time predicted for half for the

people in the village to have the disease is 4.0 days to 2 significant figures. t6l

information can be modelled by

k and h are positive constants.

the differential equation

121

17l

t1l

17.
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June 2007 qp.3 (Combridge)

10 -{ rnodel tbr the heigltr. /r t::e{r'es" oi a certain rype of lree at tiuie l vears after Llei:rs plantctl irs$ul}le!

tltar. n hi.1e the tree is grorving. the rfite rrf utcleaie in herght ir llroporlir)ual r,-r ( 9 - i, ii tt is 5riven rhar.

u'hcu r = 0. lr = t encl { = 0.:
(l1

(i) Shori' tirat /r ancl I satis$' the clifitlcrtial equation

tllt I
--0.1t1-i,1:.-1-tll

(ii) Soive tltis rlitTetential equatiou. aurl obt;iru an expl'e ssiolr tbr l; irr tenrn r:f r

(iii) Fnxi the nrariiuurn be igiit ol the tree nucl ii:e tiure {aker to reach thrs herghr

(iv) C'alcrilate thc tinre taken to reacli halt' rhe l:aximum heieht.

lrl

U]

ater plantile" tll

tll

November 2007 qp.3 (Combridge)

7 Thc uuntbet of irtsccts iu a 1;*pulatiou r ciaf i atlel tlrc st*rt of' obrcrvalio*s is rlcloled trr' -Y. The
variatiort irt tlte rturttbcr of iusects is r:reirielicd bv a tliffet'entiai e<llntion of tilc tiruu

cLV

* = I"\'cos{0 0:/)'

u'lte re l- is a colt;Iartt arrd :\' is laken to Lre a corrtinuou: r'ariabie . trt rs eiveit thal -\' = I 15 rvhert r

(i) Solve the dift'ererrtiai eqruti,rn. olitaiiring a relatiori betu.een:\/. * and r.

(ii) Given also ilmt Jr = 166 rvirerr r - 30. fuiil the value of i-.

(iii) Obtaur an expression fur "\ ni terllrs oi,,. aud fuicl the least vaiue of .V prcciicred

=0.

l\lt- I

tjl

Lr1. tliis rnodel,
trll1tL_ I

June 2009 qp.3 (Cambridge)

ti tit lirpr.''s , ll]t' ,) pr11'ti11i
.\-(lt)- \)

liii (.iircn llrlrl .! = I u'hcn I - {i.

obtlritiiti! lirl cxl)re\si()ri li)r' /

I flr(lr()r)\.

stIvc thr"' ilitle:'*trtill crluuliorr

rl-r

- = -l=t-{ IO - \',.
.11 ltx,

irt tclrtts ol' .t -

t+t

a
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November 2009 qp.37 (Cambridge)

l0 lrr :r l.1r.tlcl 61. t1u. crpalsi611 6t'a sltlter'c rr!'r'urlitrr r'e rrr. it is ltsstttltctl {ltlrt" ltt tittlc f st-cottd: irlicr thc

strr1. tl:e *rtc trt-ipcrcusc 9l- l6c rlrluec ulrlr rll'thc rphrrc is l-rrofrotliollrrl ttt its Ittltttrrc. Wlre'n / - O.

rlr'
l'= -5 lttlcl - = l.rl/

(i) Shorl tllill /'\;ttislies tlre clil'lcrcrtliitl ctlttitliolt

rll' 111= o.ol.i,.r. l-il

iTlrc srrrl.cc ar,,:a 11 irltl r,pl1nl,.- L/ ol'x rpltcrc ol't'ltr.litts /'ltrrr' gilr:tt hv thc lirl'rnLllrtc ''1 = -ln'l'l'
-t i,

t * -attt .l

(ii) sollc tltis rlillcrcrtlial cr';ullirrtt' trlrtrrittitts ittt c\Pre rri'rtr tirr t'itt tct'trts ol'/' i5l

(iii) i.)crluucli.1rrlrptrrltrs\\'cttr)l)i1"1 (iilnhc:clot-tulttcstlttrt/cittttake. ltccorrlirl:ltolhistrlor.lt'l'
trl

November 2009 qp.32 (Combridge)

9 Tlrr tcpt[)c1lt1t.c 11'u qi:urrtit],ol'litluirl at lirrt'f is g. Thc litltrit! ir ctxrlitt! ill lttt lrttttosphcrc \\'hosc

tt5)ilct'oturc is c6pst:rrrl alrl crlual to,,t. Thc l"ittc ()lr.lccrcirsc ol- 0 is proPrrt'lional l() lhc tcttlPcrllttlrc

r.lillcrcner- (t) -/1). Thus fl arrtl I sutislv thc tlilltrt'rrtiltl ct;ttation

,tAlr = -110 - .,1 ).

ultcr'c ( i. lr ito.itivc e()llslitlll.

(i) i"ilrd. in rrrlr, lirrr:r. thc soltrliorr ol'thir tlif'f'crt-ntill c(ltllrti()tl.::ive-lt lhlrl e = -1.'1 lvhr.--rt I - O l'5 1

{ii) (iircrt rrlstt l}tttt 0 = ,1.,1 n'ltctt / = l. sltr',w thlrt ( = lrli. lli

(iii) Firrd fl irr tcrprs pl'11 qlrr:rr / = l. crprcr:i;rr roul iul\\\ct itt its sitttl:rie-sl lill'rtl. lll

tune 2070 qp.37 {Combridge)

5 (iivcrr (ilul 1'- 0 u'lrttt.\'= l. sol'o'c the tlil'ti'rt'rrtial ctlttirtion

,...t1]'-r.,*l''' 
ri.t

obtilittitl!i lttt f rlrtcrsiotr tirr r'l itr tctttls ot'.\'. l6i

L
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June 2010 qp.32 (Combridge)
7 Thc llriutrlc:.i linrl / lu'e' rr.:lulcil l)\'thc rlitJc!'cnti.rl ctlueli<.rn

.,.1t
"-' .t, = e()\-.\'.

lr'ltclc / 7 t). Wltcn / = (). "\ = O.

{i} Solvc th.'.lii'lcrcntilrl ,trlttutiort. ohtlrirrirrg iir} t'\l)i't':riorr li>r.t irr trnrts o1'/.

iii) Stlrtt'u'hlrt lutJrltcrt\ l() tilr'r'irltti- oi'.f '.vlten / irr,'cotllas \'r'r"\'lrtrlc.

tiii) E-rpiuin rvlt; t irter'.'ir\c\ lr\ / irtur'.'rrscs.

lune 2070 qp.33 (Combridge)

{ (iircn thrrl .! = I rvlicn / = O. sr>lvc thc iliti'crcntirl cilulrtiori

iir_1_1
rl/ r -l'

()lr{ilinir)g illl cxl)i'cs\iorr li,r'-tl irr te r"ttrs o!'l.

November 2070 qp.37 (Carnbridge)

l(l A ee'rtlritt \irb\tuili'(' is lirrriictl in a e itcnriclil lctrution. Th* rtras" ()l'\ut)sllllicc lirlnterl I s!,c()n(l\ ill'tfr'
lhc \titrt ol'tlte t'cut'lir'rtl is .l gnlttis. Al rltv tintc tirt l'ltc ()l'tirt'tr:lrtiott *f thc sulr:;taltcc ir lrroPortiotral

.i-t'
to tlo -.\ t. \\'11;;1 1 = {}..\ - {) lrn.l ; = I

(i) Shou tlrirt .t ;rtttl I sltislv th'-' rlill*r'e ntiril tr.iuulion

l6l

tlt

itl

t7t

rl-\_ ={).o5ito_.ri.
cl/

(ii) Find. ill arty lirrur. tl:c solulirrn oi'tliis .lit'ti"rcntiai cqu:.rtion.

{iii} Firtrl .l uhctt I = I{}. r:ivirtg \'()ur i.iu\\i,rl (()rrcet to I ticciri*rl |lircc

(iv) Stltc tvltlt hupPutrs 1o tltc v:rluc ol'.1 u: / heuorncs rcrr, larg.:.

November 2070 qp.33 (Combridge)

9 .{ [rirtlogir[ ir ittvc:li[uting lhr'\l)rr-lrri ol';r u'coli irr a Plrrlicrrl;rr rcLiolr. At
\tllt ()l'tlrc !lrrcstigirliurt, tht iirfu c()\cr'r'(l lr,- llrc t-c*tl ir,t rnl. Thc hiolo::ist
irtcl'clrsc oJ'..1 is l)rl)l()t1i()t)lll l() \'f l.n * -i '.

lrl

tii

rfl
t-J

llt

titrlr.: / u'r"'r,:ks ul'tct' lltr:

" 
luitt.l: tllrt tlrc nrtc ol'

{i) Wlrtc tlorvn r.r tiillclcntiul ct1u;.rtion rc!}r'r'rclltirtg tlic hiologi:t's eiuirri. ill

(ii) At lltc:lur1 ol'tltc irttt':liSut!urt. tltc lrcr.l elncr'":tl hl thc r.icctl u,ur 7nrl iu)tl. I0 $,ccks liltcr. thc
i.llclr ((,\crt(i ullr )7 nil A\\rlllirtl titlri llrr' lritllo*isl's cluiln i; eorrccl. lirtr! tltr,: artll !()\tra(l
1O u'ccl's ul-te r llrc \lill't ()l'tlrc jrrrcsli{irtiott. l9l

-t-
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tune 207X. qp.37 (Cambridge)

lO Thc rrulrircr 91'lrilds 6l'ir ccr!1irr rpccics irr u lilr'slcd r-cgipp is t-ce11t'ilrtl {}\'f t'sc\'('l'lrl ycar.. Al lilttc
I vclrrs. tlrc rtrrrrthcr of'bircls is N. r,"'Ntcrc.U is tlrrrtetl irs lr contiltttutts rarilthlc. Tllc llrlilt(iort itt thc

rrrrnrhtr o1' t;ilds is trtrxlcllccl hv

d,\ N{r8(x)-r)
.l/ = f(.(x)

Ii is gircn that A = .i(X) wlrc-n / = 0.

(i) Find iln cxprL-ssi()rr lirr l\ in tc't'ttts ot'I.

(iiI Accorr.tillg t() lhc rnotlcl. hou nrurrr. hir,.ls *ill thcrc bc rfict':r krnu titrtc'.)

tune 2077 qp.32 (Combridge)

6 A ccr[uin r.:rrnc is srrcir thut its trarlicrrl ir{ lr poinl (.t. r') is lttrrporlirrttlrl t(t \f'. ,{l lltc 1roittt (I. ]) thc

gr':rciit-rtt is J.

lel

lli

ti) i}l,scttinltu;rrrntl rolvilrxlr.lit'fcrcrrtiai r'tluulirrn.sltorr, lltellllct't;ttrttitutrrl'tltccttrvt'

(ii) Stlttr'lllc:rariicrr( ol'thc cur'r't- rrt tlrc poirtt (- l. :) lrtr.i rkttch lltc ettrvt'.

is 1'= r"'t:*1.

t7l

ill

*hcrc lV is

June 2A77 qp.33 (Combridge)

9 Irr u clrcrtrical relrelion. ir e()nlir()un(l X is lirrrrrr:tl frorn t\r() c()lttlx)utt,.ls I antl /. Tltt tltasrcr in

grinll\r.rl'X. )'lrrtl Zpresr:ltllrttirncIrccorrtlslrticrthc\tirrt(!f tlrtt'citetiuttilrc.\'. lO-.rittttl l0*.t'
rcspccti\('l\,. Atirrtvtilrtciltcrrtcof'firrntltionlrl'.Yisl)l'()llr)r1i{irtill totltcltt'otlrtetoltllt'tlr:tsstsol-)'

ittttl Z ;.rcsctll at thc {irttc. lrVltr'n / = O. .r' - (') arrtl I = :
clt

(i) Shou'thut.t :rntl 1satislv tirc clilltrt'ntiul cr.ltruliott

rl.t: = 0.01 ( i() *.r )(lO _ r ).

1;11 $1rlrc this rlil'lirclrtill crlultion un,"l ol't(lin irrt ctprcssiott lirr.t itt tcrtlts ()l'l.

(iii! Stutc uhlt ltalrpcns to tltc vitlttc ol'.\'*'ltctt / trt't:otttt-s litrgc.

November 2077 qp.33 (Combridge)

"l L)rrlirrC lrn cxperilttcn{. (hc rrtrnltrer ol'orl:lrrri.rrr' I.r'('\tnt ;rl littrc I ellls is tlcnotctl lr} ,V.

trL:!tc(l irs u c{.},}tittttotts rrlriutrlt:. Il is lircn tlrtrl

t'n't _ , I _-r) t):/ \/0 s

* - ,.-.

\!'herr / = (). thc nuttthct ol-ot.ttitttistrts pt'cs!'rl1 is I(X).

{i} Firrtl llr cr[:rr.-ssion tirr N in tcntls ()l'l.

{ii} Stutc u,hut hirpPcns 10 lhr' rrulnhcr ol"rrrsrnist:rr llr-cscnt rltL-r il lottg titttc'.

til

tel

lll

l6l

llt
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June 2072 qp.32 (Combridge)

5 Tlrc raliatrlcs .l" irtt(l \' :ltirl-r' thr- tliflir.'ntirrl cilttrttioti

tt]' 
- -:.-r.

r.l.r'

r,lrl 1=Orr,6c1 .t -O. Srrlrct6crlili'ct'trrtiltl r-tltrtti*tt.oblltittittg:irtc\pressioltlirt",r'itt|crtttsot"\' lhi

tune 2072 qp.33 (Combridge)

5 Iti a cct.tairr cltcnrical []t()c!'s\ i:uhrtur)et,,1 t'cirels $'ith :.rrtoihcl'sutrstatlcc /]. Tlrc !)lits\ct itt l:l'attt: rtl'

1 lrrr6 ll pt.r-\r't.tt ur tirric / rccortrlr uftcl tlre :tiirl (il'tirc ptrrccs: trLc.i eltr.l .\'r'L':;pfcli!r!1'- lt is qirctr (hltl

t = -(,.,^rr,,'anri \ = 5c-j'. Whcrr I = {). r'= 7(}.
rll

{i) F.rpr ir tlilli:r.crrrirl crlrnrlion in.r'irrrtl /. Solrr'this rlillcr*nlirrl ,'i"lrtatiott lltltl olrtlritt itrl r'\l)l'L'\\iilll

lirl l irt lct'tlls ()l'/. lt''l

{iit Thc l)cr..clllilrf ()l'thr,. initiirl ntir\\' ()l'/l r.:n:irirring ill tiil]!- / i: ilctlolr-'il tr1'trr" }'ip.! thc r'rricl I lrlttc

:t1t1'rt't'rltchcil lx'yt lrr I hccotttcs lltt'rlr":. l:l

November 2012 qp.37 (Cambridge)

6 Tlr,.- r,ur.iirblcs.r unr.l ]. :rre rclulcrl lrl tltu r,lil'1',.:r.tlliirl L'(ltll{ti()l}

rh'
r'- - i 

- 
r'''.h-

Wlrcn r = l. r,= 0. Solr.c tlrc iliilet'crrrixi cltr-txri()rl, ohl:rittittg itlt cxprcssirttl lirr.r'itt tcrttt; ol''f. l$l

November 2012 qp.33 (Cambridge)

{ T[c r..ar.itrblcs .t' urrrl t. ar.c r-el:rlcil lr1' th.t rlillcr'cntilri crluatiott

1rr --rI'l) = t.,r.r..
,.i. i

It is givcrr tlrat r'= -11 rrltcn.1'= (i. Firtri :tti f\pt'erti,,tt l'trt-t'i1) ti'lllls (ri'.\. t6l

- -4.-

Global lnstitute of Buslness

26s



'A' Ler,ei Pure Mathematics: Theorv-Praclice \exus

Chapter Thirteen: Functions

"My imagination functions much better when I don't hove to speok to people."

- Patricia Highsmith

Afunction is a mapping in which one inputvalue gives oneoutputvalue. Forexample,

x->3x*L

2 ---+ 3(2) * 1= 7

1-+3(1)*L=4

lf x ----> 3x * 1, {this statement is read as: .r maps to 3x * 1i

Then /(x) = 3x * 1 {this statement is real as: function of x is 3x + 1}

Types of Function

i. One to One Function

This is function in which one input value gives exactly one output value. For

example:

f(x)=2x-3
f(1)=2(1)-3=-1
f(-1)=2(-1)-3=-5

ii. Many to One Function

This is a function in which several input values give the same output value. For

example:

f(x)=x2-7
f(2)=(2)2-t=Z
f(-)\-(-)\2-1-2l\-L)-\-L) -r--J

The One to Many mapping is not by definition a function (a function gives only one output for

one input). lt is instead just a mapping in which one input may produce several different

outputs.
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For example:

I--n-x+1.
g---..14+t
9 ----+ *3 * 1 = 4 or -Z

Functions take different forms depending on the nature of expression at hand. Some of the

prominent forms include, but not limited to:

o Algebraic functions (linear and quadratic expression, for exampie )

o Exponentialfr.rnctions

o Logarithmicfunctions

. Trigonometricalfunctions

Functional analysis revolves around the determination of:

c Composite functions

o lnverse functions

o Domain and/or range

c Sketch graphs.

Composite Functions

This is used to describe a scenario where two or more functions are combined to come up with

one function. For example, given that:

f (x) = 31n(3x - 2)

fs(x)=f(x+1.)

f s(x) = 3ln[3(3(x + 1) - 2)]

+ f g(x) = 3ln(3x +3-Z)

,.fg(x)=3ln(3x*1)

Global Institute of Business

and g(x)=x+l

sf (x) = sl3ln(3x - 2)l

sf (x) = [3ln(3x - 2)] + 1

,.gf(x)=3ln(3x-2)+L
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Inverse ofa Function

lnverse is given by considering the following steps:

o Transformation of the function into an equation by letting y = f (x);

Making x the subject of the formula;

lnterchanging the positions of x and y; and

o WritinB the finalanswer in functional notation.

For example, the inverses

given by:

let y = f(x)
-y=3in(3x-2)

v
=i=ln(3x-2)

v; e5 =3x-Z
v

oz )-) - ?w

v
el +2

where f (x) = 3ln(3x - 2) and g(x) = x l1 are

)y=

NB: f -1(x) and g-L(x) is used to describe

the notati.on f or tnuerses of f (x) and g(x)
respectively.

of f(x) and g(x)

and let y = g(x)

)Y=x+1
+y-7=x

1 
- 

1'
-A '- )/

,.g-L(x)=x-!

3

x
e1 *2

x
e1 *2

f-'(x) =

Domain and Range

o Domain is used to describe the set of input volues of a function. As such, domain

described in terms of x. For example, if f (x) = 3 sin x; x 2 3Ao.

Then x > 30o is the domain, meaning that this function is only valid for values of

greater than or equal to 30o.

IS
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o Range is used to describe the set of output volues of a function. For example,

tff(x)=xi1 ;0<xS3
+/(0)=1; f(1)=2; f(2)=3; f(3)=4
=+ the output ranges between 1 and 4 inciusive.

.'. 1 < f (x) < 4 is the range of the function. Since the range describes output, it is given

in terms of the function.

Domain of a function is used to describe the range of its inverse funct!on and Range of a

function is useci to describe the domain of its inverse function. This is summarised by

the table below:

Forexampie,using f(x) = x + t ; 0 < x !3

Thedomain ot f(x): 0 S x < 3

Which implies that range of f-r(x): 0 < f -1(x) < 3

And the range ot f(x): 1. < f(x) < a

Which implies that domain of f-r(x): 1- < x < 4.

NB:

The idea here is to just change the notation,

Diagrammatically, the graph of an inverse

function in the mirror line y = v.

but retaining the result as it is.

is a reflection of the graph of the original

a

a

Table 13.1

Function I inverse Function
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Worked. Examination Ouestians on Functions

Question (Combridge, November 7998 qp.1)

1-3. The function f is defined by

f:x,-in(x+1), x)-L
Find an expression for f-l(x) and state ihe domain and range of the inverse function

f-1. 14)

The function g is defined by

gixF-+x-1, x€lR.

Describe the geometrical relationship between the graphs of y = fg(x) and y = gf(x).

t4l

Solution

Giuenthatf(x) = In(x* 1), x) -1-

let y = f(x)

)y=ln(x+1)
+eY=x*1
+x=eY-1
)Y=e*-\
:. f-l}) = ex _ I
where range of f-1(x) > -L
and domain of f-r(x): x > 0

Given aLso that g(x) = x - 1

fg(x) = f(x - 1) and

+ fg(x) = ln([x - 1] + 1)

+ fg(x) = lnx

So fg(x) -+ gf(x)

+ lnx -+ ln(x + 1) - 1

g€.(x) = S[ln(x + 1)]

= gf(x) = ln(x + 1) - 1
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y = gf(x) is the image of y = fg(x) af ter y = fg(x) has undergone a series of two

transf ormations with the f oLlowing description:

. Translation af one unit in the negative x - directi"on

. Translatton of one unit in the negatiue y - direction.

Question (Zimsec, November 2007 qp.1)

5. A function is defined by

Find

(i)

(ii)

Solution

f , x r-- x2 -r 4x* 1, for x> -2

the range of the function
an expressionfor f -1(x), stating its domain.

t3l

l4l

Giuenthat, f(x) = xz + 4x + 1

by completing the square,

+ f(x) = x2 + 4x + (2)2 - (z)z + t

=f(x)-(x+2)2-4+1
+f(.x)-(x+2)'-3

(i). The pair of cood.inates at the turning point is (-2, -3) using a diagram, the

snapshot of y = f (x)ts shown below:

)

.'. range of f (x): f (x)

Global Institute of Business
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(ii). tet y=f(x)
)y=(x+2)2-3
)y+3=(x+2)2
*f/.,ra-..11
- i.i vrJ-1tL_\,
)x=*^lt'L3-2_Y J

-Y=-tYa-"--

'.f-t(x)=+"{V+3-Z
Domain of f-l(x): x > -3

Question (Combridge, November 1992 qp.1)

B. The functions f and g are defined by

f :yr--sgzx, /€R,

gtx+li x>0.
Find and simplify

(i). erG),
(ii). f -'(x),
(iii). fg-'{x).

Solution

Giuenthat f(x) = s2x and" e(x) = rlx
(i). gf(x) = g(e'*)

- gf(x) = 
^[e2'

t3l

(ii). lety=f(v).

-^r=o2X

=lny=2x

- - -lny-A_2

inx
-v- 2

_ Inx
"' f-I (x) = 

Z
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(iii). lety = g(x)

+Y="G
-^"_-,24r-v

- ^. -,.-,-y-x
+ g-L(x) = xZ

Now, tg-'(x) = f(xz)

- fg-'(x) = stxz

Revision Questions on Functions

November 7996 qp.7 (Cambridge)

14. The functions f and g are defined for x € R by

f:x*-(x-Z)(x-a)
g: x '--e x2 -2

(i). Find fg(x) and state the exact values of x for which fg(x) = g. t3l

(ii). Find gf(x). t1l

(iii). Show that x = 2 is a rcot of the equation fg(x) - gf(x) = 2, and find all the
other roots. t5l

(iv). Solve the inequality fe(x) - ef!) < 2.

June 7997 qp.7 (Combridge)

4. Functions f and g are defined by 
3f:xt---+----=, xe R., x)0,x+3

gtx....+xil, x€R., x>0.

Show that

gf,xr--f xGIR, x>0.
x+3

Express fg in a similar form.

Find (gf)-1(x).

t3l

t1l

t1l

t3I
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November 2007 qp.7 (Zimsec, O LevelAdditional Mothematics)

1.4. Functions f and g are defined bY
3x-1

f: v r---+
--a;_L

2x-L
01v+b "" x-3'

Show that fg: x r--+ x

Eva I uate

(i). f -'(s),

(ii). s-t (4),

(iii). ffeQ).

November 2070 qp.7 (Zimsec)

7. The diagram below shows the linear graphs of f(x), gG)

intersect at C. The graph /-1(x) intersects the x-axis at point

axis at B.

^-J1LJ-L

x*3
t3la)

b)

t3l

I3l

t3l

= x and f -'(x) which

.4 and /(x) intersects x-

(o; s

a) State the name given to the function g(x) in relation

f-r(x).

b) Write down the coordinates of the points A and B '

c) Calculate the coordinates of the point C.

to the functions f(x) and

t1l

t3l

t3l
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November 7997 qp.7 (Cambridge)

1.!.

June 7994 qp.7 (Cornbridge)

13. (a). Functions g and h are defined by g: x -> lnx, x
h:x-1+x,

The function f is defined by f:x ----+ gh(x), x € R.,

(i). Sketch the graPh of y = P7*1.

(ii). Write down expression for g-1(x) and

The diagram shows the curve = x -l e-1* ,together with the line ! = x.

(i). Explain how you can tell from the equation of the curve that the curve
approaches the line as x becomes large and positive. t1]

(ii). The minimum point on the curve has coordinates (h, k).Use differentiation to
find h and k, expressing your answers in terms of logarithms. t4]

Thefunctionf isdefinedbyf: x--+x+e-i' , x€R., x>h

where h has the value found in (ii). State the domain and range of the inverse

function f-1, and sketch the graph of y = f-'(x). t3I

(iii).

€1R., x)0
x€R.

x>-1.
l2l

t2l
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(iii). Write down an expression for g-1h-1(x).

(iv). Sketch the graph of g-1h-1(x).

The function q is defined by q: x --- xz - 4x, ,r € IR., ixl <
of a graphical argument or otherwise, that q is one-one, and

for q-1(x).

(b)

l1l

r^1
lz)

1. Show, by means

find an expression

tsl

November 7995 qp.7 (Combridge)

4. The functions f and g are defined for x € R by

f'. x t-> x3, gi x t") 2 - 3x

Find

(i). fs(x),

(ii). (fe)-'(x).

November 7999 qp.7 (Combridge)

10. The functions f and g are defined, for all real values of x, as follows:

f: x ,---+ e'

o, y r----+ gx*a

where a is a positive constant.

(i). State two different geometrical transformations which transform the graph of

y = f(x) onto that of y = g(x). l4l
(ii). The inverse function of g can be written as

g-':x-, ln(bx), x)0,

where b is a positive constant. Express b in terms of a.

t1l

l2l

t4l
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Chapter Fourteen: Numerical Methods

'Life is o field of unlimited possibilities."

- Deepak Chopra

Some probiems in mathematics cannot be determined with substantial accuracy by

conventional methods. ln such cases, numerical applications are employed to solve the

problem. Numerical methods are, therefore, educated approximation techniques used to
prescribe a solution to a problem where no particuiarstanciard answering method is applicable.

This is a versatile topic that sees its application in different topical areas including, but not

limited to, circular measure, trigonometry, differentiation, integration, polynomials and curve

sketching.

Errors and Uncertainties

Since they are merely approximations, the solutions obtainecj by using ni:rneral methods

deviate from the exact value of the root of an equation. The greatest deviation (whether

positive or negative) of an approximation from the exact (or true) value is known as the

absolute error. lt is given by

absolute error = lactual value - estimate ualuel

Often in measurement, the phrase'to the nearest' refers to the absolute vaiue. For example, a

length of 10 cm measured to the nearest 0.1cm has an absolute vaiue of 0.1cm. The minimum

and maximum va!ues can be calculated as foilows:

mimimum ualue = exact uaLue - absolute error = 10 - 0.1 = 9.9 cm

maximum value = exact ualue + absolute error = 10 * 0.1 = 10.1 cm

This means that the value of 10 cm is really an approximation that lies between two extreme

values of 9.9 cm and 10.i cm to the nearest 0.i cm. This can be written as 10 * 0.1 cm.

An approximation with a very smali absolute error is very accurate. This means that the

approximation is nearly equal to the true/exact value.

The relative error of an approximation is a ratio defined by the equation

absolwte error
relatiue error =
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NB: The relative error is sometimes also referred to as lhe fractionolerror.

The more accurate an approximation is, the smaller the relative error. !f a root obtained from

an iteration or any other numerical method is exactly equal (this is very rare)to the exact value,

both the absolute and relative errors are equalto zero.

The percentage error is given by

absolute error
percentage error = - tru;;;tu; x 100 : relative error x 100

Determining Absolute Error

t. Addition and Subtraction

When two quantities are added or subtracted, for example, when determining length,

thickness, duration and so on, the absolute error (represented here by A) is given as

follows:

Addition Subtraction

ify=A+B and y=A-B

Ay = LA+ AB Ly = AA+ LB

y tLy = (A+ B) + (AA + AB) y XLy = (A- B) + (LA + AB)

NB:

o We always add errors

r The notation * shows that the true or exact value is the midpoint of two

extreme values.

2. Multiplication and Division

We cannot directly add the absolute values of two quantities to obtain the absolute

value of when they are multiplied or divided. This is because the absolute value in one

quantity has an overall froctional effect on the whole product or quotient. lnstead,

relative (or fractional) errors are employed such that:
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Multiplication

ifY=eB and

Ay LA AB

YAB

rAA ABrry=(,*T)y

rAA ABr
ay = (, + 

B )AB

ln the case that a quantity is squared,

!=A2=AxA

Ly _AA _LA _2AA
Y_ A A

The general formula states that if y = A* Bn

Ay mA,A . nAB

YAB
rmAA nABr

^"' - I --lv-'-\ A B )'
rmLA nABrAy=( a - B )AtnBn

This concept is best explained by a practical exampie.

Question (Zimsec, June 20A3 qp.7)

4. A cylindrical hole is drilled through a block of metal of width 30 cm. The diameter is

intended to be 10 cm as shown in the diagram below.

0c
I

I
I
I

t
\

F_30 cm______-:

Division

A
_/- 5D

Ly _AA , A,B

Y_A'B
rAA ABt

L,y=[--.,t--]y' \,4 B)',

rA,A ABr.4
Av = [-+-l-, \A B/B
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The drilling process produces an errcr of 0.2 cm in the diameter. Estimate the error

which arises in the calculated volume, giving your answer in terms of n.

Solution

V = rrzh

rd2h
=V = 4

z(10)2 x 3o
tt
v exact -

) Vexort = 750":r

AV z\d
where v = 

d"

2Ad+LV= d rV

2(0.2)
= LV = -r, x750ir

.'. AV = 302 cm3

The Trapezium Rule

This technique was derived from the formula of calculating the area of a trapezium. ln

mathematics, integration is a summation process that may be used to find area under a graph

or area bound by graphs. ln cases where the problem cannot be easily integrated, the

trapezium rule provides a good alternative.

r lt is assumed that any given region can be divided into trapezia with x -values (absica)

and corresponding y -values (ordinates) as shown in Fig. 14.1.

{''ne'e '1,
\ -t'-

:{))l
d"l
4.t
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l'l
)'r

lb
'\!

o The trapezium ruie states that:

Number of strips = number of t values -

ln this case, 3 stnps : 4 r-values- 1-

2 _2
q,
+J
B

3\
o

to x values.y is giuenby substituting the

A =+fi, * t,* , (I other t vatues)f

where h =
upper ltmit - Lower Limit

number of strips or i"ntervals

and y represents the values correspnding
x - ualues inthe original equation.

yo is the f irst y va"lue and yL is the last.

Example: Question (Combridge,lune 2009 qp.3)
2

,l

I

I

,]

a-_
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Tlre .liusrrrrrr rlror,,s tlte r'urrr'.1'- v(l + I trrlrl r') lirr'O ( t < 1o.

(iI I-'rr'tfic t1a1'rc.zirtrrr nrlr- *ith t]rrcc irttcrruls t() c\ti11!'rtc lhc virlttc ol'

l1;i
I r (l *ltrrtt-.\')cl.\.

Jt)

givirrr \ ()11' ;ltts\\'cr e()rrcc{ to a rtt-'citttltl Piltccs. l-i I

{iit The c\tilr}irtc lirunr.l irT lratt (i} is ricr:ott:tl [rr [. Erpluitt. nitltorr{ lirrtht'r citicttlrrlion. uhcthcI
Irrrrrthcr r."stinrlrlc iirutrrl trsirtg llrc rrltlrczitrrt) r!!l(. \\'ith rir irtterlltlr rlrrttltl lr* gr{ittr'r thlrn /: ot lcrs

thrrrr/--. lll

Solution

and

x - ualues (absica)

TT

12

# of x - values = number of striPs -l 1.

+#ofx-ualues=3*1.=4

y - uqlues (ordinate)

1.0694

1.2910

ITt i - -^^- i: r 1.732L i
A*l

(7r\
. \12) ,.,2

:.A-A.9Bunitsz

The general rule states that the greater the nurnber of intervals, the greater the level of

accuracy. This is because increasing the number of strips reduces overestimation. As

such, the area determined using six intervals gives an answer less than E.

ft
o

(ii)

(i) A =:tyt, + t,* , (I oilter v uotuer))

T-o4wnere n = ---;-1

n

=h=- 1,2

Table 14.1
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Revision Questions on Trapezium Rule

November 7997 qp.X (Cdmbridge)

9,

The diagram shows part of the curve Vz = 1-+ x2.The region R is bounded by the curve,

the axes and the line x = 1.

i. Show that the volume of the solid formed when R is rotated completeiy about the x-

axis is lzunits3 
.

3
t3l

ii. Use the trapezium rule, with ordinates at x = A, x =1,* =),* =] and x = L,to

estimate the area of R, giving your answer correct to 3 significant figures. t3]

iii. State with a reason whether the estimate for the area calculated in (ii) is greater or

less than the true value. t1l

June 2A70 qp.7 (Zimsec)

18. (a) Use the Trapezium rule with four equally spaced ordinates, to estimate the

value of

fi
f6
I sinux dx,

Jo

giving your answer to 3 significant figures. t3l

E=-
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June 7997 qp.7 (Cambridge)

1,2. Use the trapezium rule, with ordinates al x = -1,
to estimate the value of

^1x=0, *=;andx=L,

.1
I
I

.j _1

giving 2 significant figures in your answer.

November 7999 qp.1 (Cambridge)

4. Use the trapezium rule with 2 intervals to estimate the value of

1
f 17t

I Jfi * sinx) dx,
J6

giving your answer correct to 3 significant figures. l3l

You are given that the exact value of this integral is 2. Calculate the relative error in your

trapezium rule approximation. l2l

Iteration

Iteration refers to a series of trials carried out to locate a root where the actual root cannot be

determined with substantial accuracy conventionally. Questions on iteration revolve around

five main concepts:

o Curve sketching

o Verification of whether a root lies between two points

o Transformation of an iterative formula into an equation

o Transformation of an equation into an iterative formula

e Determinaiion of the location of a root using a given iterative formula

1

2

dx,

t4l
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Curve sketching

Refer to Advert 2 (page 238).

Verification of whether or not a root lies between two points

This verification process is made possible by way of transferring all the terms to
one side of the equation and equating this to f(x). tfa root lies between a and

b, this leads to a sign change between f (a) and f (b). lf f (a) and /(b) have the

same sign (both positive or both negative), then a root does not lie between a

and b.

Transformation of an iterative formula into an equation
Omission of all the subscripts autonratically transforms an iterative formula into
an equation. ln some cases, the question will ask for one to re-arrange the
resulting equation into a particuiar forrn.

Transformation of an equation into an iterative formula
Given an equation in x where x is scattered, target one of the terms in x which
has a bias towards satisfying the desired end. The targeted x -value must be

expressed as the subject of the formuia. lt is from this re-arranged equation that
subscripts can be introduced to both the LHS ancj RHS. To the LHS the subscript is

introduced as (n * 1) to give xr*, and to the RHs, the subscript is introduced as

iz to give x,r.

Determination of the iocation of a root
This process makes use of the initiai result to estimate the subsequent result by

way of substituting the initial result in the iterative formula. lf the initial result is

notgiven, use the average of the two boundary limits to the root as the initial

approximation. That is, if the root lies between a and b, xr=(?) ,n.
iteration process has to be repeateci up to a certain point where all the results
are leading to the same conciusion to a specified degree of accuracy.

(i)

(ii)

(iii)

(iv)

(v)

n\r.--
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Question (Combridge, tune 2A08 qp.3)

1

Irr tire riiagraI|.- .LBC'D is a rectangle $,ith -{B = io aud ^4D = a. A circrtlar arc' $'itir ce1}tre "l
raclir.ts r.. iours porats ,l.I a,<1 ;\i on .-lB a,c1 CD 1e!pecti\:eh'. T1e algle -1/'i'\: is ' radiarts'

periruetel:of,tbJsector-{,11} is eqtnl to half the perirrteter 6f the rectalgle'

{i) Sho'* that.r satisfies the eqrmtiol}

siu.r'= ]t: * *1.

{ii) This eqtlatiot) ltas ottiv t)l}e roof iu rhe itttellai 0 < r <

- /'+.r' \
.y -=srn-'[----jl.''r,-1 \ I I

t'rtir initiai vaitlc xl = 0.8. to <leteunitle the raot corlecl to

each iteration to J decitltal piaces.

('

ll

lrj

aucl

The

of
l1l

1_
.lt Use the itelative fouutlla

I rieciutal places. Civc tLe restrlt

Solution

(i) Prectongt" = 2(3a -f a)

=P .,-=BA
- 'rectangLe

D -r)-r+fXIAMN-t I t

) P,qur,t = r(2 + x)

where r:

using trig ratios,

. opp
slnr = 

-T

)opp=rSin/

Fig. 14.2
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but opp is ll and equal to AD = a

-a=rsinx
a

+7-_
-l- s]n.tr

1.

G iven that Po, r = lPrectanste

1

= r(2 + x) -; (Ba)
Z

a(2 + x)
= -4a

sin x

2+x
-A4--a

sin x

+2*x=4sinx
1

.'. sinx = 4(2 + x)(shown)

(ii) Gi.uenthat xr*r= sin-1 (+)

Table 14.3

n ^n Xn+1

I xr = 0'B xz:0'7754

2 xz = A.7754 xz = 0.7668

3 xt = 0.7668 x+ = 0'7638

4 x+ = A.7638 xs = 0.7628

:-x=0.76to2d.p
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Question (Cambridge, I une 2072 qp.3 1)

l0 (i) It is gir,cn lhirt 'ti,rn t\ - 5 t,rrrl.t - O. f)cnotirrg {un.r [rr'/. ftrrtr irrr crluatirrtt irt l irtt,.l ltctlcr,'sltou'
rhirtcithcr'/=0or1= i11l-O.8). i-{l

{ii) It is sir,crr that thr:rt- is cracllv r.nc rtrrl vulur'ol'f sltisfling thc crlul{iott I = i1(l + il.S). Vt'ril.v
hl calcul:rtir)n thirt tlris rrrltrc lics lrcluccn l.f irnd l.-1^ {:l

1;i;1 lirc t[c ilcrir!iyc lirrltgltr /,,*, = r"i'( /r, * O.l{) tp firrtl tht- r'irluc of I c()r!'cct to.] rlrcirrtll plirccs. (iivc

lhc rrsult ol-cirult itcnrtiolr {o -5 1lg.1tl,,r, t;l:rccs. lll

(ir') llsirrg thc vllur-s ol'/ lountl itr |1t1 iot1r 1r'11'11 o1'tltc rlttcstion. solr'c lhc ct;ttlrtiort

I tln Lt + -5 tanl.r = o

ior -li < .r < /r.

Solution

(i) Giventhat2tanZx +5tan2x = 0

Ztan xwheretan,x=1-ta,,x

r 2t \
=2[ =l+5t2=0\L-tz)

4t
I ltz 

- 
n

1_ - tz

)4t+5t2-Sta=0

l-rl

)St4-5t2-4t=0

=r(5r3-5r-4)=0

=eithert=0

ar5t3-5t-4=0

+5t3 =5t+4

=t3 = f +0.8

= r = i,[Tm

;.t=0 ort...[t+a8 $hown)
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r=Vr+oB

by collecting all the terms to one side,

)t_iffl0B=0

tetf(t)-t- I,ETTE

where f (1.2) = 1..2 -i,trZTdB

= f (1.2) = -0.0599

and. = f (1.3) = 1.3 - i/i3TTE

= f (1.3) = 0.0194

:. there is aroot between 1.2 and \.3 because of sign change.

(trtJ tn+r =

where

-+4LL-

Vr; os

1..2 + 1..3
r1 -

1.25

Table 14.4

n tn f .-"n+r

1 tr = 1.25 tz = 1'27033

2 tz = 1.27433 tz = 1.27 452

3 ts = 1.27452 t+ = 1.27538

4 tq = 1.27538 ts -- 1.27555

5 ts = 1.27555 te = 7.27559

:.t=L.276ta3d.p

E-
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(iv) ZtanZx*5tan2x=0

where t = 0

=tanx=0
+ x = tan-1(0)

+x=o(PV)

and

and

and

t = 1..276

tan x = 1.276

x = tan-1(1.276)

)x=0.906(PV)

using the general solutton f or tan x,
x=A*tn

whenn=A; x=0

whenn=1; x=Tt

whenn=-7;x=-ft

x=0.946*rn

whenn=0; x=0.906

whenn = 1; x = oltt of range

whenn=-1;x=-2.24
:. x = (-n; -2.24 ; O ; 0.906 andr)

Revision Ouestions on Circular Measure and Trigonornetrv

November 1998 qp.1 (Cambridge)

10.
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The diagram shows a semicircle ABC on AC as diameter. The mid-point of --1C is 0, ano

angle A0B = 0 radians, where O < e a)",The area of the segment St bounded by the

chord BC is twice the area of the segment 52 bounded by the chord AB ' Show that

Use the iterative formula

30=r*sin0.

I

7n+t = g (" + sin 6,.),

together with a suitable starting value, to find 6 cori"ect to 3 significant figures. You

should show the value of each approximation that you calculate. t3]

N ove mbe 12006 q P. 1 (Zimsec)

6.

t3l

U\- to j

The diagram shows the shape ABC formed from a piece

the arc of circle centre 0 and radius 3cm. CA and CB are

length t cm.

Given that the angle subtended by the arc at the

t=5-30.

of wire 10cm in length. ,4B is

tangents to the circle, each of

centre is 20 radians, show that

l2l

12)Hence showthat f = 5 - 3tan-1

Use the iterative formula tn+r --

to find t2, Q and ta.

3tan-1 (f) *itr.r tt = 3

/r\
l.;i

5-
t3l

-5-=
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June 2A07 qp.3 (Combridge)

6

T1e rtiagt'arn slow's a sector.{OB of a circie rviilt cetttre O aud raclitts r.' Tlte arrglt -lOB is a ra<iial}s'

il'here (l< cr < ;r. The area of lriangie -{OB is haif the atea c'f tire sectoi'.

(i) Shol'that rz satisfies tile eqttation

.r: = l sirt.r.

\:erit]'b)' caiculation thal g lies befiveetl {;r artci ir

Shox that. if a seqlleuce of vaittes giYerr L:1'the iterative fonuttia

.rr-! = i(t,, - -l sttl r:,, )

c01)1'*rges. tireg it corlverges Io $ root of the eqttatigu in palt (i). t:]

(il")Llsetlrisireratir'efonut*a.rvitlrirritialr'altte.r,=l.S.rofitrdccorr.ectto]decirrtalplaces.Give
the resrdt of each ireration to-1clecintal placei. i3l

June 2070 qp.37 (Cambridge)

6

Thc,"llrgr.lrrl sho*s u scruicilclc I('/J uirh r:ct){rr- f) rrtl(l l'rtditr\ r'. Thc rrnslc /J(}('i\.\'ritdiatls' Thc

Irrcu ol'tlrc sharlcd rcgnlcnt is it cluitrttr ul- thc arcl ol.tltc scrnicirclc.

l1lt-t

[1]L-J(ii)

(ii1
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(i) .Sho*' tltl( .\' sltislics thc ct;tnttion

r=if-'irr.t.

(ii) ThisL.(rulli()nhlr\t)n. lrrt. Vbril'r'blclrtettluiiolttlllrt(hct'ootlicri)ctwr'L'll l.itttrtl i.5

(iii) Llst' thc itcr';.rtivr' iirr'rtrulrr

\,,_i = itr -:in.i,,
lo r.[.tr.Lntirrc tltf focl a()nral to l tlcrirtlri itlliecr. Ciirc tl:t' rr,'sult ol'clr.'lt ilcurtiott lo -l tlccitttitl

1.rluecs. lll

June 2077 qp.37 (Cambridge)

6

Thceliaglrrrll:horvrlruirclcuitlrccrtt;'c()rrrtcl rarlius lOcrn. Tl.rcchoril 4/Jrliritlc:thccirclcirll(1 l*'()
rL-:li(',lls u,hosr: lrrrus lur in {}rc rlrtio I : -l:rriil i( i\ rr(luir"cii to linr.l thc lungllt ol'.,!ll. Thc lrr;llc,'1()f
is e ratlians.

{i} Slrou,thrrr d = jzr - 'in el. lil

tiil Slrowilr-s ull vour u,orkirig. u\c r.ul ilclutilc lirnttulu. husr'ri ort thc cr.luetiort irl p.trt {i}. uith
lurr initiai r.irltrc of l. I, to lirrri e ,-ollcct t{) f (i{(irilal Pllccs. Henc., lirrr.i tlr* lcnstlt ol I8 in
ecn(itr)ctrcs c(|r'r'ccr to I dccitnirl Plriec. l5l

June 2077 qp.32 (Cambridge)
{

l-\l

t1l
I-l

Tltc rlilrrr'arn sllolts ir sctttie ilclc,4('1J,,r
at /'. Tlir.: anglc ll(X' ic.t rilrlii.rtlr. Tltc

'ilh ee ntrc (i irnd rirrlius r-.

lut'tu itl' lltrr .hit,,l.'tl l'r-"*ioll

293

't'

Tlt$ tunr:crlt ilt (" mects,.1/} prrclucr:rl
ir ftluul t(} {ltc irclr ol'tltr.'sr'rttie ir*lc.
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(i) Shrt,'r' tlrut .t satislir-rs thc t'tlttltliolt

trln.\' = .\'+ /f

(iil List tlrc itrrittirt'lirrrpr:llr \',,-, = ta11-i{\,, + ir) to tltlcrtltittc.r c()l','cct to I tlccittlitl Il:rcr:s' (iivc

thc rcsttit til'caclt ilct'rttiotl to J tlccitlrlrl plllccs. l'rl

November 2070 qp.37 (Cambridge)

{ {i} t}1' skctching sttitahlt" Sl'l[1hs' rltou tltrtl thr' cqtlilti()ll

+.r': - I = c()1 .\

h:rs rrttl)'('!rrc r(x)t itt thc irtlcrvll 0 <,r < ir. lli

iii) \i'ril-r try t'ltl(:ttllttittlt lltrtl tltis rrxrt lies hcl\\'ccll O.(r lrttl l' tll

(iiil LIsc thc ilcrirtivc lirrlnula

.r,,.1 = ]v'( i + cot-\,,)

l{! (lrfcnl.til}c thL- l'(}(}t e()rrcet to ) ,.lccirnlrl pl:rcc's. (iirc thc rL'stlll ()l'cltcil ilcl'llti()n lo J tlcciltlltl

pllccs. l'1 I

tune 2077 qp.33 (Cambridge)

6 (il Bv skctching ir suilu[rlc pait'ol'grlrphs. shttu'thal tltc ctlttittit,tl

c()l-\'= l+.\'-.

rvhcrc.\'is irt rtttliittts. itus otllt olle l'i)..lt itl tltc irltcrvlrl O < 'r'< 1't

{iil !trit,v bt'clrlctrIa(iorr {hat tltis nxrl lics t.lelvn'ccn {).-5 and (}'S'

i.1 I

I)l
l-l

tll

{iii) Llsc thc itc-r'ativc lirrttrttla

\"*; =I1111-l(-+)\ l - r; /
tr.r tlctcrpiilc thir rtr.rl cpr.lrct to ? elrcirp:rl pllrer.s. (iive thc :tsttlt rrl'c:tcit itttlttioll to J tlccitttiti

l.\ Iplrtcr"rs
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Worked Examination Ouestion on Integration

Question (Cambridge, November 2008 qp.i)

ro r.

9 The col)rtalit a is srrcli ihat I sel' cir' = (r.
Jo

(i) Shotl tltat a satistte; the equalion

i..
._-'-a l''

(ii) Bv sketching a sliita[rle pau' oi graphr. lhow tliat tirir eqrultir.ru lms onll' oue root. [:]

(iii) \tri$'b.v calculatiou thar this root iiei berrveeu I aricll.5, tfl

(iv) Use au iterative ii-',r:nula ba;ed ot the eqrmlicri in par (i) to calcrilatr the value of o col'ect to
I deciural place; Give tlie result oi erch iieratiou to -{ deciural place ;. t3]

Solution

(i) Giuen that,

using integration by parts,

letu=x and

du
_1

dx

[.s l

rA

I xez^dx=6
Jg

du 1--

dx

!
^=XU = ZCZ

r rQ 1

=2xe2' - I 2e2" =6
Jo

I 1- L-10

=l2xez^ -4ez^l =6L ln

= (zorl' - +ri") - (zrolr],0; - +rito') = o

11
=2cle2" -4e2" *4=6
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1

= 2e2"(a - 2) = 2

2
+^-)--
-w 1

2ez"

1

)A=e-Za +2

sinceaisanx-palue,

1
-=X

7

...x-Z+e-Z* (shown)

(ii)

let y = 7715

)Y=x
and

and

Y=RHS

!=2+e-2'

Fig.14.3

(iii) Since x=2+r-tr'

by collecttng all the terms to one side,

1

)x-2-e-2'=0
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1

letf(x)=x-2-e-Zr

wheref(2)=2-2- e-irzt

= f (2) = -0.368

and f (2.5) = 2.5 - 2 - r-i"u'

+f(2.5)=0.21.3

;. there is oroot between 2 and2.5 because there is a sign change.

1

(iv) x=2ie-Zx

by tntr o ducing subs cr iPts,

xn+1.=2+e-2'"

2+2.5
wherexr=- 

z
+ x, = l.l$

Table 14.5

n xn Xn+t

I xr = 2'25 xz = 2'3247

2 xz = 2.3247 xz = 2.3128

3 xz = 2'31'28 xq = 2.31'46

4 x+ = 2.3L46 xs = 2.31'43

)x=2.31
:. a = 2.3L

-5---
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Revision Ouestions on Intearation

November 2070 qp.33 (Cambridge)

=l(I+lnrt).

tii) L'.c utt itct'lttiott tirl'tttttllt lt:tsctl t't: thc c<;ttlttir'tt <r = {1 I *
I dceitttal placcr. Li:,.' att initilrl vlrltrc ol'J ltttl Sirc tht'

pilrccs.

November 2077 qp.33 (Combridge)

lune 2072 qp.33 (Combridge)

7

t5l

Inrl) to linrl thc vltluc of'(/ c()t'l'cc[ t()

rcsull ol- cuch itcrltliotl lrr -l tlce itttal
l.1l

f"
It i, tirt.rr tlrltt I t lrr.ttl.t = .-. \\ltCIt'rt is il e()ll\tllllt IIL'ilt('l'lhlrrt L- Jr

l/ s7 \(i) Slrt,rrthrrtr/=r1{ ^,"' .l. l-sl
| \2lrrrt- I I

{i;) L:\elrnitcratirclirnttttlirhitsctl ontht'r-(lLlilti()rlirrpart(i}tolincl tltcraltrtol'rtcorrdctto1tlccitrlal

,i.1rcs. L'sc.rr irritiul lllur'616:rtrtl girc t|c lcstrlt ol'caclt itr:rirtitttt to-i tlceitllitl plitccs. l-f l

Tlrt- tli1gr1r1 sli<xrs l)ufi 6l'thc curyc'1'= r;1rs(1,'.\ ) lor.\ ) O. u'ltt'rc .\ is itr tltr.liittrs. Thc shatlcil rcgi()n

5cl,,,,.:cn tlrc currc. llrr.: ;xes :r6tl thc lirrc .t = 7t:. * lre lc ir > 0. is elcttolcrl bf /1. Ttrc rtrr,:lr ttl'1l is ctlrral

to |.

(i! LI\r tlrc suhstituti()lt \ = al lt, lintl 
J'' 

.,,.{n'.r}tl.t. Hetlu.: slrou'rltrrr *irt/) - 

=t- 

I(rl

{ii} L:s,.-rScircrrrtir(.f -'1-\-;ryt).rrirlrirriti:rl virluc;;, = l.tr, linrl tlrcvalttcol'()t.lllLtllr /),_r - silt 
\- !1r,, I

/) c(u.r(-ct {o 2 rL-cir:r*l plrrecs. (iivc thc rcsttlt ol'cueh itcrlttion t{}-l (lcuillliil llllccs. t'1 I
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Wo rke d E xaminatio n O u e stio n o n D iffe r e nti ati o n

Question (Cambridge, November 2072 qp.37)

8

i-l

Tli,.: cliirgrulr] shrlr,s tlit'utrlrc.1 =.-l' 11i - 2,r1 1lirr.t ) 0. rr;ttl its ttutsitttuttt 1loint.1../

(i) Firlrl thc cxac{ r'aluc ol'tlrc.r:-toottiittrttc ol'-'11.

(ii) Tlre sc(lu.nc(' ot'rulttcs givcu [rr 1ltr": ilcr-ltive lix'littrla

r',,-l = V(irr{l - lis; t ).

*,ith initial vrrlrrc.r:, - l. uoltlcr,!.\ i() t cat'llir) r'uluc rt. S(:rlc iill c(lirilli()r'r sltislicr.l lr\ r ulttl
hcrrcc sltovu' thlrl t:t ir lltc r-ctrlrrlinirtu i)l'lt i"roiltt ()lt th(- cttrt'c *'ltr-"rf r'= {)"-S. lll

(iii) LIst- thc ilct'utivc lirnnulu lo rle{trrrrrinr' rr {{)n'(:{t {n I tlccintitl placcs. Ciir,t' tlrc rcsttlt o1'eitclt
itcnrli.,n to J tlccintul pliti;e:, l-f l

t+l

Salution

(i) M is a turning point which i.mplies that ff= o.

1"
!=e z

-!,' ,^
=y=s-2^ (1+Zxz)z

using the product rule,

dv ^-\ / -7 -z-- = (1 lZx')z I -xe z^
CLX \

dv r.--
+ ta = _xe-ix (t + Zx2)

dx

_\ -z1" -1 Zxez^
i

(1 + 2v2\z
\L t e.- J

)+
7
7L

(u-i.' ) (i),, + zx2)-i(qx)

1. 1

2xe-1'' (i + Zxz)-z
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t-"2 - r z*u-i*'s xe-Z' (1. + Zx')Z = ---- l
(t + zxz)z

r' ^ -!*'= xe-Z'' (L + Zxz) = zxe 't'

- 1+ Zxz =2

=2x2 =L

"1,)yL=-"2

(it)

.'.x=

Gtven

y-=,'n+ I

by ignoring the subscripts,

.
lt

!'2

the iterative f ormula,

0,5,

r r. 

-t2

=, (0.5)z = ls-2x' ,l1l + Zxr)l
L]

- 
1 

- o-xz (1r ?-z'\
- 4 

e \L \ L^ )

1 (1 * Zxz)
-4 e*'

) ex' = 4(1 * 2x2)

) xz = ln(4 + Bxz)

ln(+ + Bx2) (shown)

[tn(+ + ex,

Global lnstitute of Business
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(ii i) xn+L =

where x,

[tn(+ + ar,')]

-1

Table 14.6

n L11 xn+1

n
T xt=2 xz: 1'8930

2 xz = 1.8930 h = 1.8672

aJ xz = 1.8672 x+ = 1.8607

4 x+ = 1.8607 xs = 1.8591

5 xs = 1.8591 xe = 1.8587

+x=1.86

:. a = t.B6

Revision Question s on Di ffe re n ti a ti on

tune 2070 qp.32 (Cambridge)

I
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sin .t'
Tlrc,.lirr{rar1 slr11.stficculvc1-;lirr{}.-.r'<l;r.anditstrtininttttttlrointi}1

(i) Shos tllrt thc .\--((r()r(litlltlc ol'rtrf slrtisf ict tlt(' cquitli()n

\' = litn-\

(iil Tlrc itct'utir,'c lirrttrulu

'\r-r = llttl-l { 
",,) 

* /r

cun lx uscr.l lo (lctcnllinc tlrc.t-crxrrdinals 1ll',!/. Lisc tlris lirrrrtttlir {o clclcrttrille t[tc.1-eoortlittatt-

6l'M ctrrrcct lrr I r"lccilrrul placcs. Ciirc tlrc rcsult trl'clrch itcrlttiott lo -l llc,.'ittlal plltc,'--s. l'1 I

lune 2070 qp.33 (Cambridge)

6 Tlrc rlu\c 1'= ""r ltirs t'nc stltliol)ltrr noittl.' .\+ i

{i) Slrou, tlrul lltc .\'-coorrlinrrtc o1'tlris Poirtt rttislics tltc ctlttirtiertt

v+ I

'' - 1,.,,t

rrnrl tlr:tl this.\'-(()(rtr(littlttc iics hcl\\'ccn -l lrtttl J. l5l

(ii) Llsc tltc itcnrtivc lirrtlrttlrt

'- =t"i
't-t llt.\r,

Io rL.tcnrrirrc thc .t-csrtrrclinillr. c()rrcct to I rl*citrxrl pluccs. Civc thc t'csttl{ tr['citclt ilcrlttion {rr

-l tlce irrral placcs. li I

Worked Examination Ouestions on Algebraic Expressions

Question (Combridge, November 2009 qp.31)

3 Tlrc sc(lucttcc of valttcs givcn lr.1 tlrc itctlttivr' ti't tttttlrt

Ir ts
,l\',,-r =; + J'

n

u'ith initiai r'irluc .\', = i. convcrS!'s to r;.

(i) L:\c this itcralivc lirrrriula to lirrtl c{ c()rrcct to I rlccittrll p}lecs. Sir ing thc rcsrrlt ol'cacll itcrit(iotr

{o J clccitrrltl placcs. l-1 I

(ii) Stltc irlt crlttittiolt sltislic'r"l l'rv a ltnil ltcnce tilttl llrc cxitct valttc ol'er' l:l

302
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Solution

3x^ 15
/;\ " .l--\r,/ Anr1,- 

4 
,rn,

where xt = 3

Table 14.7

n xn xn+t

xt=3 xz = 2'8056

2 xz = 2.8056 xz = 2.7834

-J xE = 2.7834 x+ = 2.7837

4 x+ = 2.7831 xs = 2.7832

(ii) using the iterative f ormula,

3x, 15

^ntL- 4 'Xn3

>x=2.78

:. a = 2.78

by ignoring sub scripts,

3x 15
'" 4'x3

- Ly3(,\ -Z1aos 
15 ', 4..-- )+ .l4x')

=4xa=3x4+60
sxa=60

+x=\166

,. a = \f66
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Revision Ouestions on Algebraic Expressions

June 2007 qp.7 (Cambridge)

13. Use the iterative formula
z(x] + t)

Xn+L = 3_3 ,

where xo = 1, to calculate x1, x2 and xr. Give your answers correct to 6 decimal places.

t3l

Given that the iteration converges, find and simplify an equation in x whose real root is

approximated by this iteration. 12)

Hence write down the exact value of this root. Find the absolute errors €1, €2, e3 in the

first three approximations )r1, x2, x3, giving your answers to 6 decimal places. t3]

tune 2009 qp.3 (Combridge)

.1 Tlrc,-'rlttutiort.tl - :.r - I = O ltas ottc rcrtl root.

{i) Shou'irv cirlcr.rlalirrn thirt tltis rtrot lics lretu'cr-tt.t = I ltttti.t = l.

(iiI Provc tiurt" il'ir \c{lucncc ol'r'ulucs givcn hr'tltr- itr'rativc lirt'tttrrla

lrj + l
.. /l
'\a+r = ]F=

ti

corl\'crgc\. thcn it c()t)vclgcs to tltis 1001.

1;1;; l.sc ttris itcrutivc lirrnrula t() citlL'uliltc tltc'rrxrt c()rrr'ct to 1tlccintul plitc,,:s.

ilcnrlion to .l dccitnal placcs.

l-t

I)tt-t

( iivr.: tltr' rcsttlt ol' c:tch
tit

November 2009 qp.32 (Combridge)

2 Tht-. cqunti()n.rr - li.r - Ii = 0 lras onc

ti) l;irrtl {hc tu,r conscetrlivc irrlcge ls

(iit t'sc thc itcrativc lirrntttla

rcitl tool.

br:l$rcn r.r'lrich this rrxrt lics.

I

r. 
- 

rQ. , t Iti_t_-t().\-l-f
tl+t il

1() (k:tcnllinr'llris rrxrl c{}rrccl to 2 r.lecirrtul lrlirccs. Ciive the rr:srrll rrt'circlt ilcnttiott lo.l clt-citttal

pl:rccs. l: I

I al
l-l
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November 2072 qp.3i (Cambridge)

6

Titcelilrgrultsl:orvsllrr'crrfvr1'=.\'{+l-\-i.l.\l--i.r'- l6-rlhiehcto:scstlre .t-asisaltitcprtintsirz'0}
rrrrrl {0. O) u,ltcrc rt < l). lt is givclt lhrtt u i\ rttt ittl.'tut.

(i) Finrl titc r'uittc ol'rl.

(iii Slrort tlrat fJ sirri:lic\ thc L'(lilttti,r,.o I = .,"1li - 2.t)

ttlt-t

tjl

llt
(iii) L.lsc:ltl it!'r1lti(rt] pl1)1"L.is hlrsctl t:n {ha c(rtuti()n in tlar't {ii}{o linil thc rultrc ot'fJ e()rft'dt lo l rlce ilttltl

yrllrcr.rs. Slrorv thr lcsr.rlt ol'eu;lt ilcratiott trt J tl*cilttlrl llllrec:.

Worked Examination Questions involving curve sketching

Question (Combridge, November 2007 qp.3)

6 (i) B.v ;ketcliirrg a sttitablc pair of graphr. stlo\l- Iilal iilc e qlultior)

J*r=lt}.r

ltas ottll' ollc root.

(ii) \eritl'b1,-calcttlirtioll tltal lili\ lot)t lic\ b€{\\'ccll 1 '1 auci 1 7.

(iii) Shorv that tltis rool also satiifi.es the eqtmtiott

ttl
l-'!1t-J

'=|1-t+r-2lnr).

(iv) tlse the iterarive tbnnula

Ir,,1 = ;{-{ *'r,, - 2inrr,)'

u'ithinitialvtlue.1'. = l.5.tocietelrr itte tlrislootcol:ccl tolciccirrtalplilcts. Givetheresultof
each iteralion to -l ileclrltal places. t-11

lrl

-(b---
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Solution

(i) Lety - LHS

)Y=2-x

and

and

Y=RHS

! =lnx

Fig.t4.4

(ii) 2-x=lnx

=2-x-lnx=0
Letf(x)-2-x-lnx

vrhere f (1.4) - 2 - 7.4 - Ln1"4

)f(1.4)=0.264

and f (7.7) - 2 - 1.7 -1n1"7

+f(7.7)=-0.231

,.. there is aroot between L,4 and. !.7 because there is a sign change

1(iii) r=iG+x-Zlnx)
3

by re - arrangtng the equatton,

3x=4*x-Zlnx

=2lnx=4-2x

=lnx=2-x
;.2-x=lnx (shown)

B-
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1

(iv) xn+1 =5(+ + xn- Zinxr)

where xt = 1.5

Table 14.8

:. x = L.56

Newton-Raphson Method
This method is based on finding the Iinear approximation for a function. As such, the method

makes use of the gradient function, f'(x), to estimate the probabie location of a solution. ln

this module, we wiiloverlookthe derivation process of the Newtcn-Raphson Method because it

is beyond the scope of the ZIMSEC syllabus. The method states that:

- - f(x")
Ln+t _ ^"- f,(*)

Where:

. xn is the first approxirnation, which is given in most cases.

. f (xr) is the result obtained by substituting the first approximation in the function.

. f'(xn) is the result obtained by substituting the first approximation in the first

derivative of the function.

. xn+3. is the result obtained by the Newton-Raphson method.

All iterative methods share the same principies. Once the first approximation (commonly

known as an iteration) is found, it is used as input in the general forrnula to give a better

n xn Xn+l

1 xt = 1'5 xz = 1.5630

2 xz = i.5630 xz = 1.5566

3 xz = 1.5566 x+ = 1.5572

4 x+ = 1'5572 xs = 1'5571

*:--
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approximation. This is fed in the general formula again to give an even better approximation'

This process is repeated untilthe required degree of accuracy has been satisfied'

Reviewing a practicalexample helps in improving on the understanding of the Newton-Raphson

Method. Using the examPle below:

Question (Zimsec, November 2011 qp.1)

12. (c) Starting with xe = 1 use Newton-Raphson method to find the smallest positive

root of 2x - lanx = 0,giving your answer correct to 3 decimal places, l4l

Proposed Solution

letf(x)=2x-tanx

=f'(x)-2-seczx
1,

=f'(x)-2-------- cos" x

using xn+t = ,, - {8

:.x=1.166to3d.p

Table 14.2

n 4n f (*") f'(x,) Xn+1

0

l.

2

3

4

xo=7
xr = 1'3L048
xz = 1'22393
xz = 7'17605
xq = 1.16593

0.44259

-1,13 33 5

-0.31853
-0.04820
-0,001643

-1.742552
-13.09487
-6.65294
-4.76145
-4.44527

1.31048
t.?,2393
7.1-7605
1.L6593
1..L6556
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Worked Examinatian Question on Newton-Raphson Method

Question (Zimsec, November 2002 qp.l)

13. Sketch on the same axes, the graphs of

! = e3' and Y = 2x -110

(i). Show that the equation

e3*-2x-70=o
has a root between -5 and -4. 121

(ii). State a pair of consecutive integers between which another root lies. t1l

(iii). Taking xt = -4, use the Newton-Raphson method once to find a second

approximation x.r, giving your answer correct to 5 decimal places. t3]
Solution

Giuenthat y = e3' and y =2xl!0,
connecting the twc is as shown below:D ia g r ammatic aLly t he r e lat ion s hip

i. Gtventhe equatian, e3* -2x - 10 = 0

let f(x) = s3x - 2x - L0

where f(-5) - e3(-s) - 2(-5) - 10

309
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r /(-5) = 3.06 x 10-7 (Positiue)

and" f (-a) - s3(-+1 -2(-4) - 1,0

+ f (-4) = -1,999994 (negattue)

:. there ts aroot between - 4 and - 5 because f(-5) ) o and f(-4) < o,

ii. 0 and L

iii. tf f (x) = e3' - Zx - L0

tlten f'(x)=3e3'-z

using xn+t = *r, - m
. lea(-+r 

_ z(_4) _ 10]

- ^2 [3e3t_4) _2]

,. x, = -5,00001 to 5 d.P

Question (Zimsec, November 2070 qp.1)

9. (a). Show, by sketching two appropriate graphs, that the equation

x3 + 3x - 3 - 0 has only one real root. 121

(b). Show, by calculation, that the root of the equation in (a) lies between

x=0.Bandx=1. t1l

(c) Obtain approximations to the root of the equation in (a), to 3 significant figures

(i). by performing one application of the Newton-Raphson procedure

using x = 0.8 as a first approximation, l2l

(ii). by performing two iterations, using xr-1 = + and starting with

x = 0.8. 12)
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Solution

9. (a). Given that x3 i 3x - 3 = 0,

by diuiding throughout bY x,

-^.2 
3

1^ +3---0

-u2+S=114 
x

?

Let y = x2 +3 and Y =;,

The dtagram below shows the relationship between the two graphs:

(b).

:. there one real root because there is one point of intersection.

Since x3 + 3x - 3 = 0,

let f(x)=x3+3x-3
where /(0.8) = -0.088 (negatiue)

andf(1)=1 (Positiue)

.'. there is aroot between O.B and L because /(0.8) I 0 and

f(L)>O(shown)

Global lnstitute of Business
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(c). (i) Since f (x) = x3 + 3x - 3

tlten f'(x)=3x2+3

using xn+r = -, - m
-y 

[0.83+3(0.8)-3]a trn+t = o.B _ _Tio€fr-al_

"' xn+r = 0' B1B to 3 s'f

(ii). Gtuen thet, xnal = +

where xr = 0.8

3 - 0.83
'-z a

J

311
---J/J

, /3U)'- \375.,
d?lA i3 = ----------

1

,. x3 = 0.810 to 3 s.f

Revision Questions on Newton-Raohson Method

November 7997 qp.7 (Zimsec)

L6. Show, by means of a graphical argument, thatthe equation x = L0e-1* has exactly one

real root (denoted by a), and determine the pair of consecutive integers between which

a ties. t3l

The iterative formula xn+7= 1-Oe-1'^ can be used to find a. Starting with the nearest

integer above q., carry out four applications of this iteration, and state the number of

significant figures to which a has been determined as a result of these calculations. [3]

372
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Show that the equatio n x = 1-Oe'o1' *.y be written in the forrn

x * 41nx - 4ln 10 = 0. l2l

Using the sarne initial value as previousiy, carry out two iterations of the Newton-

Raphson method, applied to the equation x * 4 inx - 4in10 = 0, and state the

number of significant figures to which a has been determined as a result. t5]

November 2007 qp.1 (Zimsec)

1.4.

The diagram shows an isosceles triangle ABC in which AB = AC.The mid-point of BC is

M, and AM = r. A circuiar arc with centre A ano radius r is dnawn and meets the sides

AB and AC at the points I and N respectively. Angle CAM = 0 radians. Given that the

area of the sector ALMN is one quarter of the area of triangle.4BC, show that

0 =!tan1. t3l
4

Show, by sketching graphs, that this equation has exactly one root between O and )rc
and verify by calculating that this root lies between 1.3 and 1.4' t3l

Use the Newton-Raphson method with 1st approxirnation 1,.4 to determine this root

correct to 3 decimal piaces, showing the value of each approximation that you calculate.

t4l

lune 2003 qp.7 (Zimsec)

10. Show graphically that the equation Inx - 2 + x = 0 has only one real root. t2]

State two consecutive integers between which this root iies. Using the smaller of these

two integers as initial approximation apply the Newton-Raphson method to obtain the

root correct to 3 significant figures. t5l
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Chapter Fifteen: ComPlex Numbers
'ttellyou, with complex numbers you can do onything."

- John DerbYshire

Mathematics is centred on the analysis and use of number systems. Complex numbers (z) is

one of the number systems that form the basis of 'A' Level mathematics. A complex number is a

hybrid made up of a real number and an imaginary number.

It is important to highlight on the concept of imaginary numbers before reflecting on complex

numbers.

Imaginary Numbers

ln realterms, the square-root of a negative number is undefined. lmaginary numbers elucidate

the mystification thatthe square-root of a negative number is undefined, lt is believed that,

Ji=t

For exampte, ,la5 = 'lIi x VJ = 5i

. r----;
Slnce I = V-l

,a

-L1

This proposition is the backbone, and is therefore central, to the study of complex numbers'

Complex Numbers

Since z is a hybrid of real and imaginary numbers, it implies thal z is the sum of the two. As

such,

z = realnumber * i"magtnary number

With x denoting the real part and y denoting the imaginary part, the general rule therefore

states that:

z=xlyi

NB: x and y are real numbers.

Global lnstitute of Business
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Addition and Subtraction of z

This concept foliows the sarne principie as the acjdition and subtraction of any number system.

For example, given that:

zt=3-2i and zz=-2-i

+zr*zr=(3-2i)+(-2-i)

+zr*zr=(3-Z)+(-Zi-i)

:.Zr*zz=L-3i

and z, - Zz = G - 2i) - (-Z - i)

) Zt - Zz = 3 - (-Z) - 2i - (-i)

:'zr-Zz=5-i

NB: the idea here is to collect like terms anci simplify thenn.

Multiplication of z

Multiplication of complex numbers uses the normal expansion of brackets. For example, using

zrand zrfrom the example above,

21x zz = (3 - 2i)(-2 - i)

) zt x zz = 3(-Z - l) - 2i(-2 - i)

+21xzz=-6-3i+4i+2i2

)21xzz=-6+i+2(-l)

:.Ztxzz=-B+i

Division of z

It is an error in principle in the imaginary worid ro have a complex number in the denominator.

It is therefore imperative that the complex number being used as the divisor be eliminated. This

process of eliminating the complex number in the denominator draws its inspiration from the

'difference of two squares'.

*L

Global lnstitute of Business

315



'A' Level Pure Mathematics: Theorl'-Practice \exus

Gtuenthat xz - Y2 = (x + Y)(x - Y),

(x + y)(x - y) are a coniugate pai"r of f actors'

Inthis case, if z, = 3 - 2t i.ts conjugate is (3 * 2i) and if z, = -Z - t its conjugate

,s (-2 + i).

A conjugate is gtven by changing the si"gn of the imagtnary part'

so when dividing complex numbers, multiply both the numerator and the denominator by the

conjugate of the denominator.

z, 3 -Zi
22 -2-i

(3-2t)(-2+i)
Z2

2.1

(-2-t)(-2+t)

zz 4-Zi+2i-i"2

21 -6+7t-2(-1)

21 -4+7i
225

21 4.7.
--+-,2255

-6+3i"+4t-2i-2

The Argand Diagram
This is an instrument used to locate complex numbers in space. lt is really a disguised Cartesian

plane. The x -axis is used to represent the real part and the y -axis represents the imaginary

part. For examPIe,

lf ,r=3-Zi and zz=-2-i

Global lnstitute of Business
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.,, (imagino.r\,')

Fig.15.1

NB: complex numbers are analysed using the same set of principles as the one used forvector

analysis. An arrow is incorporated to show the direction of travel.

Magnitude of a Complex Number

This refers to the length or size of a complex number. lt is given by the Pythagoras theorem,

that is zz = xz + y2,

+ lzl =,1;t;7
For example,

-2i and zz=-2-i

(3), + (-2), = lz2l = J e4'+ (-1)'

,{9+4

tl'13 units

= lzl =.,14 + 1

= lzl = lE units

-L-
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Argument of a Complex Number

Argument refers to the size of the angle measured from the positive x -axis to the complex

number. Argument is greater than -z radians, but less than or equal to z radians i.e.

-tlargzltt

The Argand diagram is used in the determination of both the she and sign of the argument in

relation to its location in sPace.

+re obtuse +xe acute

*tre obtuse -re Qcute

Fig 15.2

Argument is given by,

arg(z) = t"'-'(I)'' \x/

but one has to ignore the signs of x and y when calculating the argument. The actual value of

the arg(z) is given by making relevant adjustments to the answer using the sketch of an Argand

diagram. For example,

using zt = 3 - 2i and 22 = -2 - i

, 1?\) arg(z) = trn-' [g/

+ arg(21) = 0.588 rad

.r arg( zt) = -0.SBBrad

Global lnstitute of Business
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and arg(zr)

+ arg(22) =

+ arg(22) =

+ arg(22) =

:. arg(zr) =

- ltl- \z)

zl-r
tan-1 (7)

0.464 rad

-(n - 0.464)

-2.68 rad

,1.

vi
i

Fig. I5.4

NB: Given two complex numbers u and v,

/u\. arg (;,/ = argu - argv

. arg(uu)-argu+argu

Geometrical Effects of Complex Operations

1. Coniugatine a Complex Number

A conjugate of a complex number is, geometrically, a reflection of a complex number in
the mirror line y = 0, that is the x -axis. Given that,

z=3 -2i, itsconjugate, Z=3+2i.

Below is a diagram illustrating the relationship between z and Z.

Fig. 15.5
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2. Addition and Subtraction

Adding or subtracting two cornplex numbers leads to the formation of a parallelogram'

Using the examPles on Page 309:

- -?-2i AndZL _ J LL

Where z, * z2 = 1- - 3i

- -_)_;L2- u L

and" zt-Zz=5-i

x

--k'*--.\

Fig. 15.5

Fig. 15.7

324

Global lnstitute of Business

,I -r

1



'A' Ler-el Pure Mathematics: Theory-Pracrice Nexus

Worked Examination Ouestions on Complex Numbers

Question (Combridge, June 2072 qp.32)
7 'fhrouglrorrt tlris tlrrcstion thc urr ol't c:rlcrrlatrlr is lrot pt'nrrittrrl.

Tlrr": conilllc.r rrLrlrlitcr ri is rlclirrcci ht.

l+fi

(i) Iixprr:ss tr irr thr- lir11i1 .1 - ir'. ,"r'lrcr,,..\ urrrl 1.arc r*ul.

{ii) Slrou otturkctclrol'ur)Al!11iJ ,;liirlslrltilcp6inls.,l.lJlirrtl ('
r/. l=li ur)rl l--3i lrspcctir,clv.

tiiil B,v e.risirlclirrs tlrc ur'!ut:rcnls,l'I t li anri I - -li. shou.tliur

lr.rr- - ii _+tirlr'-.-i/I.
Solution

1 1- )i

1- 3i

(1+ 2i) (1 + 3l)
(1 - 3l) (1 + 3t)
1+31 +2i+6i2

1-giz
1-6+5i

1U-- i - e(-1)
-5+5t-u=

.,,u_

(ilJ

Fig. L5.8

321-

tri

thc conrl"rlcx nulnlrcrs
I ttt-l

lilt_ |

10
LL-r* ri

j
Global lnstitute of Business
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(iii) The generalrule states that:

r B:,," (;) = ars(B) - are(c)

In thts case, ,.t (}]+) = ,.e(, + zt) - are(1 - 3l)

r1*2it r L L \
where arg 

[1 _ 3r.)= ^rr\-Z* Z, )

=ar'(=+) =ran_1 (+)
r1, * 2i-.., tr3arg(r-a,'l =a

1L * Zit rT

but arg(r_ail=o-4
1L * Zir 3z3 ar8 (,t - 

"',) 
= V because of its location'

and arg(L + 2t) =,rr-' (?)

= arg(1 * 2t) = tan-1(Z)

and arg(1- 3i) = .r"-' (1)

+ arg(1 - 3l) = -tan-1(3) because of its location

3r
t='^n-'(2)--tan-l(3)

.'. tan-1(2) + tan-'G) =+

Question (Cambridge, November 2007 qp.3)

,1-3i
8 (a) Tlte cotnples rtttrnber z is given bv: = T-

(i) Exirress .z in tbe lbnu r + it . rvhere .r ancl .r'ale real. il] I

(ii) Find tlte ntocltrltrs antl argmneut c-rf :. t:]

E-
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Solution

(a) (i) z = t-2i
(4 - st) (1+ 2i)-:------._(1- 2i) (1+ 2i)

4+8i-3i-6i2
1-4i2

4+6+5i
lITCT)
10+5i

5

:.2=2+i

(ii) lzl=,[@;1@
:. lzl = tE units

and arg(z) = ,rr-' (;)

:. argz = 4.464 rad or 26.6"

November 2006 qp.7 (Zimsec)

9. (a) The compiex number z = x * ly satisfies

Find the value of x and the vaiue of y.

A 
':'t - -)a

4l-

-z=

)z=

theequation 3--2-i
' z+2

I4l

Navember 2007 qp.1 (Zimsec)

4. The complex number ffirr^be expressed in the form
Find the value of a given that x = y.

Giobal Institute of Business

x * iy, where x and y are real. ttl
+l

\,

323

tsl



'A' Level Pure Mathematics: Theon -Practice Nexus

June 2070 qp.7 (Zimsec)

10. The complex number zt- = L - 2i and the complex number z2 is such that

zP2 = -lQi

Find z2 in theform a* ib and sketch it on an Argand diagram.

November 2004 qp.7 (Zimsec)

2. Giventhat z = 4-2i,find

(i). lzl and arg z,
Z

(ii). a in the form a * bi, where 7 represents the conjugate of z, and a and
Z
n u m bers.

November 2070 qp.7 (Zimsec)

3. Express, = # in form a * bi,where aand bare real.

Hence or otherwise find lzl in the form cr,6where d is a prime number.

tune 2007 qp.3 (Cambridge)
1

8 Thr cotrplex rttuuber -i- it denore<l bv l.
-l + 1

(i) Fincl lhe nrochrlus aucl argruuetrt of r attcl rrl.

November 2009 qp.32 (Cambridge)

7 Thc etrrltlrh.:L rrtrrrrbcrs -l + iirnri i * iarc d(:rtolc(l l:t'tt atttl t'rcsgtcctivcll'.

{i} Finti. in lhc lirrnr -r + ir'. tltc ct>ttrplcx tttrtltb!-r\

{al li + i'.
tl(l)) -. sltolvitt! ull rour uotkitt.-t.

tsl

tzl

b are real

l2l

ilt

l.'t

III

tttrtttlT rs tt. r' itntl

l3l

l2l

t6l

{ii} Stutc thc urgutncnt ot'1.
1'

In an r\rrrttrl rlilrgrlrnt u ilh origitr (). thc lroirtts.1. /l lrrtrl
rt + r'respcctivelv.

{iii) Prrrrc that urrglc nf}B = |ft.

{ir'} .5t:rtr.' tirlll th,.- gcotnctrical rclutiortshiF httncttt thc

(- r.:Jrrcse ltt tltc e ontlricr

ttt

l1l
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June 2070 qp.37 (Cambridge)

7 Tlrc'cutnplcx Itrtlltbcl l + li i: LiL'lt(llcd hv ll'

{i} Firul lhc tllt.rritlltr: ittttl lrtgttlttetit i}l'li'

Navember 2070 qp.37 (Carnbridge)

6 Thi: cotttplcr ttttttrlrcr : is givcrr hr

: - (\'.i)r i

(il Filrri tlte tttotlttlrts ltntl llrl!ttltctll ()l :.

tii) Tlrc crrtttlrlcr- cott.itt{att'ol-: is tletlotctl trt':
rn,ltcrr: .\' lrntl t' lrc t'cal.

(ir) a: +:''.
.*
lz

1b) ;

June 2077 qp.32 (CombridEe)

7 (a) Tltc eotttplcr tttttttixr rl is tl,'"tittetl

(i) Exprcss tt irt tlrc lirlrtt 't + ir'-

(iil Find tlrc vlrlttc ol'rt lirr u'licit

hne 2A72 qp.37 (Cambridge)

t)tl-l

Slr,ru'ing )'our *'r,rrkittg. c\Pt'css irr tht lirrrn.t + i't-

5
llr li = u lter'.' lltc !()tl\lirllt ti is t'e:,1.- rr-li
u lte rc .\ r.u:ti t lrtc t'tltl.

lrlS(rt'I = ];:. rrlrclc t/* ticitoles the colttplcr coltjtrtlttc ol'

l1lt-l

(iii) Otl u skclch 6l'lrl Argiurr"l rlilr{ntrrt u'i{lt cr'ir:itt (). sltrrrv tltt lloint:.'1 lrn,'l ll r,-:Prctcttliltt

c(rtltl)lcx ttrttttircrs: itrlcl i:* Icsl)c(ti\{r i). Pt'rrr'c llt:tt *1glc.'1(//i = In-

lll
lhc
tll

November 2070 qp.33 (Carnbridge)

.] Thc cutttltlcx ttttrtllrct u is <lt'"lilrcrl lrr

ii) Shou'irr* yoltr w()rkill::. r\11l'.\\
,,1't't l.

June 2077 qp.37 (Cambridge)
{r -.litt Tlrc eotttltlcr' tttttttirr":r rt is tislirlctl t'\ t{ = I _ }

{i} Shou,in-g ull voul rl.rxkirr{. liritl llt.: rrtoilulit: nl'ti lrltil sho,,r'!lt:rt lhc ilrgt}l"rlcnt trl'rt is *}r. t-ll

u =l+i.

u'l i* tltc lirrrn 1 * it'. whcr'r' t'lttii .1'rtl'L'I'r'lrl. Fin<l tlrc tttixlttltts
t\l

tllt-t

tl.

l-'l

Thc cotttplcx ,rt.lllll)*r ti is tlclittr:d lrt" tl =

{i) Without ttriltr lt e rrlctttlrlrtt'Ltt){i \hi:tl
t ulc rclrl.

it-lii:
--i--.-

-rl

ing voru rvur"kirrE. !-\ltrr!t rr irt th.: lirrrr.l -r + ir'. u'itr-'t't'-f ltrtl
t+i
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Answers to Revision Questions

Chapter One: Ouadratics
Revision Exercise on completing the squore

1. (i) 16 - (x - 4)'

(ii) (4, 16)

2. 2(x-Z)2+3

3. 2(x - 1)z - L; A(1., - 1)

4. 2(x + 2)z - 1.8

5. (x-2)'-4+k

Revision Questions on Quadratics

o Unknawn Source

k<-4andk>4
c N02/P7/aqz)

(a)k<)anar>i

Noo/P3/Ql(c)
2,(i)x=-iartd-2
,1

(ii) k ) -;5

N02/P1/Qg(zoAM)
1.3

(a) k<;andk>--'2 2

(b) c>-a
N07/P1/A4c)
k<-4
Noe/P12/Q1o(c)

J1(ii) k< 
t̂J

t71/P13/Q2(c)

m)2 andm <-10
J12/n3/a10rc)
(ii) k < -^l4B qnd"k > 

^l4B

Chapter Two : Polltnomials
. f{a3/P2/Ql(ZoAM)

(a) a = -32
(b)x=1,or2or-;
(c)p=-1 andQ=-9

. N06/P7/A4z)

Q=-57 andP=25
. t07/P3/Q2(c)

(i) a= +

(it)x2-2x*2
. rtD/P7/QBGaAM)

(a) (il) x2 + 2x + 2

(b) x<-3anax)2
o N07/P3/Q2(c)

a=4'. x2-x*2
. N07/P1/Q1(Z)

a=2;b=0;c=5

Global lnstitute of Business

t11/BuA4(c)
(i) (x + 2)(4x + 3)(3x - 2)

2(ll) eY = 5; -0.369

r11/P33/Qs(c)
(i)a=2andb=-3
(ii) x2-x*2
N11/81/A3(c)
U.)a=1
(ii) x=-3or-L
N11/P33/Q7(c)
(i) a=2; (2x-L)(xz+2)

-4 2x*5
(ii) 

(2x L) - 
QZ + D

t12/P31/Q3
(i) a = + (ii) (a) (x -2)2(x + 4)

E--
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Chapter Three: A nalytical Geome tr)/
c N07/Pt/az1z1

!=-2x+B
o N07/P7/az1z1

x2+y2*zx-4y-3r=o
. Noz/Pt/Agrc)

/.\ 1 1l(lJ y=ix+,
(ii) (i3, 12)

(iii) 16v5
o N02/P7/WEoem)

AJ
 

-'y- 2

- - _1 , ,,- _1
^ 

_ L, y _

. N02/P7/qEEonrw)
L - 1t,a 

- 
a-,

. t03/p1/e4cj
11(r)y=rx+,

(ii) \,/20'

o N03/P7/Aza1z1

(i)Y=2x*15
(ri) x2 * y' + 4x - 22y -l 25 = a

o N03/Pt/Asrc)
(l) BC: v=lx+4

CD:y--2x*29
(ii) (10, 9)

N04/P1/Q12(z)

/3,12 4+3/Z\ /-3,,ry., tiiri i__;\ z z )' \ .,

r0s/P1/Qs{c)
I4 (4, 6); A (-8, 0); C(16, 12)
N07/P1/Q2(zoAM)
x=1; !=4
x=-4; !=-L

Ja8/P1/Ql1(c)
(i) (4, 6)
(ii) (6, i0)
(iii) 40.e

N0s/P12/Qe(c)

{i) correct expLanation
B h-12(ii)AD=io, 

B

B-h/-n _Li) = -----'- Ut 
-1,2-h B

(iii) xo = 16; xs = -4
(iv) r0o
N10/PuAloE)
(i) (x-4)2+(y+E)2=Zs

or x2-ty'-Bx*6y=Q
(ii) The distance from (x, y)

to any point onthe circumf erence
ls less than or equal to 5

(lll) see diagram
27(iv) 1<x< 
s

N11/P12/Qe(c)
(i) M (5, 2); D(7, - 2)
(ii) 3:2
J12/Px1/Qs(C)

41
li) E and 

n4-3.'2
49(ii) k=-
24

. N72/P1.3/Alarc)
(ii) k =2 or 1.0

(iii) (2, - 2); (4,
tr 

- 
) v 

- 
A

!-LLV
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J03/P1/Ql(z)
7-3 -F in 21

r = \--z-)
t04/B/A4rc)
(i) y'-Y- 1=0
(ii) x = 0.694

r05/P3/Ql(c)
ln4-inx

v = -----:--=-' lnj
N11/P31/Ql(c)
1.1C

Na7/Pl/Ql(zoAM)
(b) x = lnV3

J07/P3/Q4(c)

0.802

rfi/P32/Ql(c)
0.585

Nos/P31/Q2(c)

0.L07

N12/P31/Q2(c)

1.1,4

t12/fi3/A2rc)
1..39

N12/P33/Ql(c)
5

e-1-
Questions on Linear Law

o N03/P2/Q3(zoAM)
(a) graPh see diagram

412
P= 5 and q

1

(b) Y = e2*

(c)a=-6andb=3
. Nos/P3/Q2(c)

1-.97 <A32.03; n=0'25
c t10/P37/Q3

(i) n = 1.50;

C = 6.00

(ii) InY -- -nlnx * lnC

(linear;Y=mx+c)
. J10/Pl/Qs(z)

(i) x-axis"x
Y - axts :lnY

(ii) a = e\'t and b = s76

N02/B/a3(c)

. , '[[75-s\r1) -- 2-
N07/Pl/QL(ZOAM)

log 3

Nlo/P1/Q1(z)

b=az

Questions on Noturol Looarithms

N08/P3/Ql(c)
0.313

Nle/82/A4c)
1,.38 and3.62

r12/ft2/AUc)
2.34

Global lnstitute of Business
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Chapter Five: Modulus Functions and Inequalities

Question on Simple lnterpretation
. N06/P3/Ql(C)

1.83<x<L.95

Question on Graphical method

. t05/P3/Q2{c)
1.x>-
3

c Na7/P7/AEG)

graph see diagrams
x>2/3

Questions on Quadrotic lnequolitv

Approoch

. t08/P3/Ql(c)
I

-11x<-1
. J10/P1/Q3{z)

3x<-5 and x>5

" J10/P33/Q1(C)
1,

-5(x(= 3

. J11/P32/Q1(C)
5

x<--5; *r-E
o N70/P31/Aqc)

-7<x<1

Chanter Six: Vectors
. N72/P72/A7rc)

(i) 24.1"

2
(l]J 1 or ;

5

. N72/P73/ae(C)

1 /2\(i)P=2;-1 l'l
v6 \i/

(li)P=oor5
/1\
/t\

(iii) ( r I

\z/
o Nx.7/P71/A8rc)

(i) 25 + p2

(iii) P = tvT5

N10/P11/Qs(c)

48.0'

N05/P1/Q12(z)

O AE = -4t+j -5k;

Ae=8i-Zj+10k

lAEl =..142

G}TE and" Ae are oppostte

uectors and Ae is twice AE

sketch see diagrams
r03/P1/Ql2(z)

lrtr\
O oil =l z l;eM

\3lzl
(ri) OfrC = 76.0o ; Ar

=(,7,,')

'ea=5

Globai institute of Business
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Jal/P1/Q7(c)

oi=i-j
Nlo/Pl/Qs(z)

/ Br \l- /5 \
oP=l 2 I

\o/- I
\ /J /

N07/n/a&G)
(a)(i) .,Es

(ii) !i+p
Z

(b) 0.77

Ofr--i-i+(Vo)k
Ti = t +y + (r/o)t

Advert One: The Conceot of Partial Fractions

Li ne o r-F o ctor AP P ro ach

14
-L--a' (x-i)'(x-Z)

1)
LL

-:- 

-

L' (x+1)'(x-z)

1L
2 

--L-
J' 4y'4(4-y)

Qu od rotic-Facto r AP P rooch

2 2x*4
r' Q-x)'(t+vz1

4 4x*1
-)- 

-

J' Q-x)'(t+Yz1
L6 76x * 1-2

Re pe ote d -Facto r APP ro ach

31.2
o' -GFD-G*1)'(x+1)'Z

148a' O;Tn- (r - 2) ' (x - z)Z

2L3ru' e;1- (x + 1) (x + 1)2

I m p ro pe r-F ro ctio ns AP P rooch

L2x
rl, L-u--------:T;--rr'| - (x-1) (xz+t)

43
4. -_- _) )-tL' A-'- (x+2) (x-1)

73
13. 2*_ ^-Zx+ I x*2

(x+1)

Global lnstitute of Business
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Chapter Seven: Seouences and Series

Questions on Arithrnetic and Geometric

Proqressions

" N03/P2/Q2(zoAM)
(a)(i) a=178; d=-4

(ii) n = 90
(b)(i)a=100

(ii) 7.44

(iii) n = 28
. N03/P7/An{z)

(a)u, =3 or 9

oscillating f or bothvalues of U,
c N02/Px./qsZ)

(i) (n-3); (n-6); (n-e)
7,(ii) --n(n+1)

. N07/P7/Arc121
(a)(i) oscillaring

(ii) conuerging
(iii) diverging

(b)(i) 2;5;8; i-l.
(ii) Ar ithmetic pr o gr e s sion

Un=3n-1'
1(c) ,=i and S*=lJ

. J0s/P1/Q4c)
2(i) ;J

(ii) 243
(iii) 27a

. J11/P13/Q5(c)
(a) a5

e N05/Pt/Aerc)
(i) 36e 000
(ii) s r+o ooo
(iii) 14 300

c N07/P7/A4c)
(i) a+4d; a+L4d
(ii) z.s

Questions on Series Expansion
o N70/P33/aqc)

1-6x*24x2
. J7z/P3t/Aqc)

L - 2x - 4x2 -T*=5

e Jt2 /ByQ2rc)
(i) f +2x+6x2
(ii) s

. t1.2/P33/Q1(C)
12

--:-x + '' xz2 t6 256

. Nt2/P3UA4rc)
aI(i) -"12

-1(ii)1-xllz+1xZ
I

. Noe/P32/A8rc)
t2..' 2 1

..,., 
(Ei * 3' * ?''' L-x' 2+x2
13

(ii) 
Z+ x* 

nxz

" J1.a/83/Q9(c)
11

/;) 

-_.1_-

1-2x 2*x
9 15 ^(ii) r+ x*--x244

c N70/P3UA8rc)

/.\ -1, 2x + 1

r..z l---l- -1- -:---:--=-" 1+x 1*2xZ
(ii) sx - 3xz - 3x3

(2 + x)2

Global lnstitute of Business
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. J11/P32/Q8(c)

-Z x*4
''\ 

- 

!- 

-

\r'l \*x' 2*xZ
5 ^ 7"(ii) =x-3x' *-;x't4

N07/P1/Q3(c)
(i) 32 * Bou * Bouz

(ii) 160

J12/P12/a3(c)

5

Chao te r E ig ht: T r ig o no metrv

Eauotions of the form R cos(O * a\

R sin(0 + a\

. Nss/P7/Ao (c )
L

tanq=1and"R=^l2O

rEo sin [, *,r"-' (])]
0 = 1,L1..3"; 15'6"

. Je4/P1/Q6(C)

^[T4 cos(o * 59.0");

e - +69.9" * 360"n - 59.0'

(b) 21..7

. N77/P31/A6Q 
'(i) V10 cos(x - 77.57")

(ii) 61-.2'; 1.0.4'

. N77/P33/A3rc)
(i) 17 cos(O - 61'93')
(ii) 107.0"; 16.8"

. N72/P33/a2(c)
(i) 25 sin(g - 1-6.26')

(ii) 59.1'

More Trio Equotions

re7/P1/Qlo(c)
5 cos(x + 53.13")

0 = 6.6o; 120.2"; L86.6";300.2"

No3/P2/Q4(zoAM)

(a) a = 18.43" and R = \,[-0
0 = 69.2"; 327.7"

56
(u)(i) - 

^e) -7lzs
(iii) - "olru,

24(iv) - T

J03/P1/Q14(z)

(ii) x = L.79; 2.92; 4.94; 6'06

rrc/PyQl(z)
,16

-12
te7/P1/Ql(c)
x = 29.0"', 331.0'

N02/P1/Q14(zOAM)
(a)(i) x = 63.4"; 153.4';

243.4'; 333.4'
(li) x =60"; 109.5';

250.5"; 300"

(b) sin x =

COS .T =

1

-1
6VJ_T

. Neo/P7/as1c1

13 cos(0 + 67.4")

. N70/Pi3/A8rc)
(i) 4cos(0 -52.24')
(it) (a) 232.2

Global lnstitute of Business
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Je1/P1/Q5(c)

0 = 26.4o; 333.6"

UnknawT) Source/Q7
(ii) 6 = A.9AZ

Na6/P1/Q3(z)

2cosecZ9; 9=30o; 60'
N07/%/AsG)
(ii) 22.5"; 112.5"

N0e/P32/Q4(c)

a= 45o, 0=26.6";
s= 116.6o,F=\35o
r10/P31/Q2(c)

48.6"; 1,31.4'; 270'

J10/P33/Q3(c)

1.5.7";119.3"
Nfi/P31/Q3(c)
9.9'; i89.9'
.t11/P32/Q3(C)

29.0"; 180"

J11/P33/Q4(C)

(ii) 16.8"; 1.63.2"

J12/P32/Q4(c)

20L.5"; 338.5"

r12/P33/Q6(c)
(ii) 16.8"; 1.63.2'

N12/P31/Q3(c)

105.9"

Chapter Nine: Circulqr Measure
. N02/P7/qtzEoetw)

(a) O =! rad.

(b) 12,6 rn
(c) t.gt az

. t03/P1/Qe(z)
^,-ot-c)

. J91/P1/Q'(C)
2r
^ rad or 1,20o
5

{r /3\
\5-7l

N04/P1/Q13(z)
(a)(l) Qa - 4 sin 3d

(ii) 4 sin 30

fia/P1/Q13(z)
(ii) 6.2e
(iii) Bs.6

Ne6/P1/A6rc)

6.92

Nss/P1/Q2{c)

. . 2Jin(ir) 
9̂

C h ap te r T e n : D iffe r e n tiati on

Question on Differentiation and
Mensuration

. N0s/Pt/Asrc)
(i) h= L2-2r
(i;) 6+r

t J10/P12/QB
)L Y

(i)h=-'-:
XZ

(ii) 64
(iii) maximum

&-_
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. N70/P77/qerc)

(i) y= 30-x-T
(iii) 1s
(iv) maxtmum

. N70/P72/QLO

(ii) 2

c N77/P71/a7rc)

(i) y=
(iii) 72

6(as - Bx)

. N12/P12/Q3(c)
(ii) e7s

Question on tmplicit Differentiotion

. Ns6/Pl/Qlo(C)
2

tal/P1/Q8(c)
(ii) (t, - 2); (-1, 2)

t08/P3/Q6(c)
(a; -2a)

. N0e/P32/A3rc)

3x2 - Zxy(i) "-x'+ 5v'
(ir) Bx -?;-e=o

. J10/P32/Q6(c)
(ii) 4x-ry* 1=o

. t11/P31/Qs(c)
(ii)k=5; c=68

. J72/P37/aerc)
72(i) _/

Questions on Porometric Differentiation

t t10/P1/Qe(z)

-2
stratght line

Global lnstitute of Business

. N01/P1/Q8(z)
(ii)(a) (4, 0)

(b) (0, 4)
. J94/p1/e7(c)

L-e-t
1+ ,t
(t, 1)

. toe/P3/Q6(c)
dv

(i) += -tantu1
. t11/p3z/es(c)

dv(i) +=Zsinztcosztoeax
1, 1,(ii)y=r*+z

. N77/P3uA2(C)
dv' - -costdx

. N77/P33/a8rc)
3

tllJ =z
(iii) 1.9 and 2.8

. N72/P33/a3rc)
dv 1,(i) +==(2t+3)d-x J

(ii) 2

Question on Differentiation of Products

. t10/P1/Q2(z)
(i) e-2t (cos t - 2 sin t)
(ii) 6sec2(3r - 1oo) tan(3r - 1oo)

. Neo/PL/Qe(C)

(i) 3u(2 sin 5u * 5u cos 5u)

. to7/P3/Q3(c)

!=x
. No7/B/QaG)

1(i) ;z or 0.785
4

(ii) maximum

B(i) h=-

t-.- 

-
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Questions on Differentiation of Fractions

. Ne1/P7/Agrc)

3-3t2rii) 

-

\^^/ (t3 + 1)2

c Nss/P7/qerc)
(c) x=0orx=7

whenx = 0, mqxtmumpoint
whenx = 1,, minimumpoint

. Na8/P3/Q3(C)
I

- -ft or - 0.785
4

. J77/P37/Azrc)
2 cas 2x

fi) 

-

" 1+sin2x
. xsec2x-tanx

(i i)
-2

. J11/P33/Q2(C)
/,\

e\s) or 1.4A

Questions on Maclaurin Series

. J10/P1/Q8(z)
tx'/ \

rr - a\ /2)
I -L

2x"1+-
2

" t01/P1/Qls(z)

Questions on Simple ond Complex

Alqebraic Exoressions

" Ns2/P7/Os1ctr

(2, - 3); miniumlLm

1 2 1751
i -- maxtmu'm\ s' 27)

o N02/P7/Arc121
(i) 3x2 -2x-S
(ii) !=3x-7
. /5 40\fiii) i-. '. mLntmum' ' \3', 27)',

(-1,8); maximum
a N06/P7/asE)

(i) tangenti!=-Bx-10
125normal:y=fxi--

. N02/P7/qzGoetw)
(i) 36xz - 60

185
84 42

. J05/P1/Q1(C)

12

. J08/PL/QaF)
4

(i) 2 or i;
I

. Jfi/P12/Q10(c)
(i) (2x - 3)' - +(i) e"[cos(xV3) -.,6sin(116)]

(iv) 1.*x-x2 4"^
-1^

. 103/P1/Q18(z)
23

(a) 2x - 6xz * Tr'
. N07/P7/an1z1

dv
--= e-'(cosx -sinx)d-x

,1?x - x'-5 *"

. Ne6/P7/An1z1
(b) 1+6x*18x2*72x3

9(ii) y=5x-;
I

11,(iii)xr22 andxl;
N08/P1/Q8(c)
(ii) (-8, 6)
....- - E(ilrJ 5V 5

N10/P13/Qs(c)
dv -1(i\ ":-i1.\r,,/ ^rr I rrax lx - 3)"

d'y 2

-=dxz (x - 3)'
(ii) A(2, 1); B = (4, 5)
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. N72/P7ilAsrc)
mtnimum

. N12/P13/Ql1(c)
(i) a=2
f ;;\ t. -2\lrl u - 3̂

'"'' 4
IlllJ =5

4(iv) -;5

Questions on Rote of Chonae

. N05/P7/ato1z1
200t^_

ftrL

dr
- = -0.20L1cm/minutedt

ds 400(i) , =4trr----dr r'
(ii) - 5.0\cm2fminute
The surface orea is decreasing

t12/P12/Q2(c)
dvZ1,(iV

\1,,r 1 ?dx ,i *i
(ii) o.1os

t12/P11/Q4(c)

k = A.0032

0.096

t11/n1/a2(c)
0.0398

Chap te r Elev en : I nteg r ation

Questions on the Method of Substitution

o N01/P1/Q12(Z)
^/L\

z++tn(5J
. N70/P7/AAE)

2(a) 
=5

(b) 45'; 75"; 165"; 195'
. .t03/P1/Q7(Z)

131
)(*'-1)2+(x2-l)2+c
J

. t10/P1/Q12(z)

e2 rt

4

o Ne5/P1/Q7(c)

-1. 3
_L_-L^

4(2x + 3) ' B(Zx + 3)z "

. t02/P3/Q10(C)
(i-1 xo = 1

(w) e -Z

Global lnstitute of Business

N0e/P32/Q6(c)
1,(ii) 
B(tt+Z)

Nlo/P31/Qs(c)

1 .,13

lii) 1n - 7
t11/P31/Q7(c)
(ii) 15ln5-4

t11/P33/8(c)
(i) 0.886 radians

2(ii) ;
J

N12/83/A7rc)
1,(i) 

24
(ii) 10
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Questions on lntearation bv Ports

Ne2/Pl/Qx1(c)
1(ii) ;(5ea - r)
+

Nes/P1/Q8(c)
1I

; (sin 2x - 2x cos 2x) + c
4

Nlo/P31/Qe(c)
/ rl.t 1r(i) (et-zr, - 3")

l5(ii) 4lnZ - -lb
r11/P32/Q10(c)
(ii) 2

(iii) 1

J12/P32/Qs(c)
/.\\t)!=x-L

a

(ii) ;n(e' - 1)
+

N12/P33/Qs(c)
(i) 6e

3
(u] -;+

Questions on Partial Fractions

. .tCIg/P3/Q7(c)

/1\ / 3\
/:\e ' \il \-Z)(l'lr-r-+l-r+3

. fia/ft7/asrc)
11,(i) 
-x*1 x*3

" J10/P32/10(C)

(i)a=1; B=2; C=1;
n-_?

J

o N77/P31/A8{c)
34x

fi\ 

-r-

\'"t z-x' 4+x2
Questions on Standord lnteqrols

a .t0a/P1/Q4C)
(i)Y=2x-9

o J01/Px/Q12{C)

rlh3 I

--i; 
-r 1.6it- + 256h1o+Lr l

" N04/P7/au1z1

(i) A(1, - 1) and. B(4,

/... \ 9tt
( Ilt , 

-4
. J08/Pl/Qe(c)

(ii) 7.2

. Ja7/P3/Qs(c)

(i) 2 cos (, -;)
t N07/P3/Q1(c)

1

)k" + t)Z'
. t10/P33/Qs(c)

/.\ r
uJ rnz

" fia/%3/Q7(c)
23(ii) 5-Bv3

-'ln)

Nlo/Pl/Qx4(z)
5 -2xlii) ex - t)+ 1r' a +1

(iii) 3.07

Nse/P1/Q13(c)
11(i) - - -;-------------=x (x+1)

J02/P3/Q6(c)

-3 12,''i-
''' (3x + 1) (x + 1) (x -r 1)?

re4/P1/Qe{c}

-1 i1
f:\ 

----j-
\./ x xz (x _ 1,)

zx-1r 1ln{-}+-+c\x / x

i*-
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. t77/P37/as1c1
(ii) (a) 0.572; -0.s72

31(b) no*i

c t72/P37/qs(c)
1(ii) B + 2tn1

Advert Two: Proportionalitv and Curve Sketchina:

Questions o n Proporti onalitv

. Ne7/P7/Aarc)

10 700

" J03/P1/Q3(z)

kcZ -
where k and c cLre constants

o N03/P7/Q10(zsP)

26A0/o

. t01/P1/Q3(c)
/ ?\lx'\(i) z = kl-)
\v" /

(ii) l o.Bo/o; decrease

Questions on Curve Sketchinq

o N95/P1/Q3
(i) see diagram
(ii) see diagram

. N90/P7/Q3
(i) see diagram
(ii) see diagram

. t97/P7/Q6
(i) see di.agram
(ii) see diagram
(iii) see diagram

o N01/P1/Q13(z)

A reduction by shrink factor 2 parallel to the x axts
1

or q stretchby scale fuctor 1 Purallel to the x axis

TT

A transLation by; units in the posttive x direction
o

. t03/P1/Q13(c)
(i) see diagram

6(ii) k=-
1 Tr ,\(iii) \-Zt-3)

. N04/P1/Q4(c)
(i) see diagram
(ii) 2

o Noe/P7ila2rc)
see diagram

. N10/P13/Q4(C)

(i) see diagram
(ii) see diagram; 3 roots;

ft-x
'Y- TT

. N77/P77/Ae1c1

(i) see diagram
(ii) 4 roots
(iii) 20 roots
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Chapte r Tw e lve : Differe nti al E qu ati o n s
. N03/P1/Azegzl

10, -r=;(o-t)
l('

c NZo/P7/qaG)
[1Oft ln 40-r]

(a) (ii) h = 4a - eL 1on :

h*o, = 40cm
approaches 40 as f increases

(b) r=tonl"(+)\h/
. J97/P1/Qla(C)

N = e($* rn'noo) + sooc
t = 35 days

dN50, =tV-50Fdt
f ishing rate is greater than birthrate

. N03/P2/Qs(zsP)

kekt
/ i: \ .,

h(2 + ekL)

c N07/Pl/atzyzl

(a)(i) N = 40eL

see diagram
9r9ru\(b) t -;lnr-lr \+oo - ivl

. J07/P3/Q10(C} 
3

(ii) h=e-(o-lr)'\ 15 /
(iii) h=9m; f =60years
(iv) 19.1

. N07/P3/Q7(c)
(i) lnN = 50ksin(0.02r) * In 125
(ii) 0.0100479
(iii) /u - 125e0'so2 sin o o2r' 75.6

c J09/P3/Q8(cJ
1 10 1.

/:\ _ r _: _,., x, x2 , (10_x)
x*10 1.

x2 (10 - x)
r9xr10(ii) r=in(=-)---r-10
\l-u - x,/ x

339
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Nos/P31/Q10(C)
r
J

(n.) r=G_04r)
(iii) 0<t<2.5
N0e/H2/Aerc)

,a_A,
! v lr \

ii.t tn \ 34 )= -rt
7(iii\ 0 = -A
3

t1.0/P31/Qs{C}
y2=4(xz-1)
r10/P32/Qv(c)

./1 1 ^-\(i) x = tan-' (7 - rr-'' )
(ii) x approaches,rr-' (;)
{iii) c orr e ct e xplanation
J10/P33/Q4(c)

1

x'=4-3e z"

N10/P31/Qx0(c)
,..\ , / 20 1 r
ili) ln l=-

\24 - x) 20
(iii) x = 7.9
(iv) x approaches 20
N10/rc3/ae{c)

dA(i) - =kl2A-5at
(ii) ,4 = 63
J11./P31/Q10(C)

1-

1800e z"
(i) A/ = 

--;-
ir5 + ez

(ii) lf approaches 1800
.111/P32/Q6{c)
(ii) gradient
- -4; sketch see diagram
r11/P33/Qe(C)

20(eo Ir - L)
,\ i r,, -L - 

---=---;-;-;----
le""-l

(iii) x approaches 10

Nlx/P33/Q4(c)
(i) ru=(40-30e-oo2t)2
(ii) lf approaches 1600

-s_
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t12/P32/Qs(c)
r2\

-Y = In 
\z *x)

J12/P33/Qs(c)
(i) y - 70eG-3'-t)

100(ii) p approachet ,

N12/P31/Q6(c)
x2-4

t - 4+x'
N12/P33/Q4(C)

1

y==(x2++)'t

C hao te r Thirte en : F u n c tio ns

. Ns6/P7/At4c)
(i) fg(x) = (xz - 4)(xz - 6)

x*2 or x=!116
(it) sf(x)

= lQ - z)(x - a)12

-2
25(iii) x=jor,
2

(iv) x 1; andZ<x125
5

. ts7/P1/Q4(C)
a
.1

fs?)= x*4

1(ti) h = ln;
1+

1
k = ln- -12

4

(iii) range: f-1(x) 
= 

,n1
1

domain:, , ml+ Z
4

see diagram
re4/P1/AB(c)
(a)(i) see diagram

_1 / \(rr.) g'lx)=e^
h-t(x)=x-1'

(ili) t-r6-t(x) = sx-t
(iv) see diagram

(b) see diagram
q-'(x) - 2 -]iTZ

Nes/P1/Q4(c)
(i) (2 - 3x)'

2-w(ii) 
5̂

Nee/Puan(c)
(i) strech in y -
axis by scale factor ea or
translation in the negatiue x direction
by aunits
ln) b=e "

6-3x(sf)-'(x) = -x-L
. N07/P7/Ql (zoAM)

(b)(i) /-'(s) = 4:
2

(il) g-11+; = 51
2

(iii) 4

o N7a/pt/Az1z1
(a) mirror line

(b) A(3; o); s(-ti;o)
(c)C=(-3; -3)

. N97/P1/Q11(C)
7

(t) e-z* approaches 0
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Chapter Fourteen: Numerical Solutions of Equations

Questions on Tropezium Rule

. Ns7/P7/Agrc)
(ii) 1.1s
(iti) f he estimate is greater
than the true ualue because

it includes the region outside R.

JL0/P1/Q18(z)

0.00800

rsl/P1/QL2(c)
t.J

Nee/P1/Q4{c)

L97; A.A15

Questions lnvolvinq Circular Measure and

Triqonornetrv

" Ne8/P7/Azo1c1
1 a-L,J /

N06/P1/Q5(z)

tz = 2.64
r -)Q?r'3 

- 
!.vJ

t+ = 2'73

r07/P3/Q5(c)
(iv) r.go
J10/P31/Q6(c)
(iii) 1.38

J11/P31/Q5(c)
(ii) A=2.11-;AB=17.4
t11/82/a4(c)
(ii) 1.3s

N10/P31/Q4{C)

(i) see diagram
(iii) 0.73

t11/P33/Q6(c)
(i) see diagram
(iii) 0.62

Qu esti o ns i nvo lvi n q I nte q ratio n

o N10/P33/A7rc)
(ii) 3.6

o Nj.7/P33/Asrc)
(ii) s.B6

c J12/P33/Q7(c)
(ii) 1,2s

Qu e stions i nvo lvi n a D iffe re ntiati on

" 110/P32/Qa(c)

iii) 4.49

. .t10/P33/Q5(C)
/..\ ^ -^(ilJ 5.)v

Qu e sti o ns i nv o lvi na N ewton- Ra p h son

Method
. Ne7/P7/ArcG)

see diagram; 3 and 4
3.7toZs.f
3.83 ro 3 s./

c N07/Pl/Ata1z1
x = 1.393

. .!03/P1/Q10(z)

see diagram
root is between 1 and2
x = 1,.56

Questions on Aloebroic Expressions

. J01/P1/Q13(C)

xr = 1'333333

xz = 1'263889
xz = 1'259933

u3-)

* ='J2
er = A'073412
ez = 0'003968
es = 0'000012
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r0e/P3/Q4(c)
(iii) 7.77

Noe/P32/Q2(c)
(i) x=3andx=4
(ii) 3.43

. N72/P33/A6rc)
(i) -2
(iii) 1.67

Chapter Fifteen: Complex Numbers
. N06/P1/Qe(z)

/;\ ---4. 1,--l
\r.,r^-ot!l

. N07/Pl/Qa(z)
2

5

. t10/P1/Q10(z)

- - 
A a.'22-'+-Lt

e N04/P7/AZE)

(i) ",try.o

-26.6" /-0.464rad

34(ii) ; -;l55

o N70/P7/AEE)
71
-_-;25 25"
7-
="125

. t07/P3/Q8(c)

(i) lul =fr, 
,atgu=-4':ror-135'

luzl = Z, arguz =lr or 90"
Z

o N0e/P32/A7(c)

(i) (a) L+2i

17
(b) - z+ zi

3(ii) 4t rad or 1-35o

(iv) oa= BC, oAll
. J70/P37/qzrc)

(i) lul =.,6 , argu

BC

1
-- -n or 45"

4

N10/P31/Q6(c)

(i) lzl = z , arg, =2o or 30o

(ii) (a) ErE + i
1- 1(b) ;V3 +;i
ZZ

(iil) see diagram
Nlo/P33/Q3(c)
(i) 3+41; 5

t11/P31/Q8(C)
(i) 3

t11/P32/Q7(c)
5a r 1.0 \

(a) (i) -" -[-r;a-++ vaz+4)'

(ii) - 2

t12/P31/Q4(c)

211(i) -;* - r
55
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DTAGRAM ANSWERS TO REVIilON QUESTIONS

Chopter Three: Analvticol Geometrv

Nrc/n/Qla {iii) (c) Chapter Four: Loaarithmic ond Exponential
Functions

. N03/P2/Q3 (o)(zoAM)

1) -\'-- t
i,^iIUT

i
l

5t
I
l
l6i

8'\

1

J

rtr,=3

Chapter Five: Modulus Functions and lnequalities

c N07/P7/A3 121

v*

x
T

I

I
I
I

I

.L
I

I
j

I

if
I

l
I

It
I

I

6

5

A

t^
i

Z

",t

0

e(:

t
i
I

I

*
I

i

i
l

+
I

I

.P

I
'r

-5

-8

10

. LI L

,y=l2x_3
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Chopter Six: Vectors

. No6/P1/Q12(z) (ii)

C BA

Cha pte r te n : D iffe re ntiati on

. N02/P7/AB@(iii)

Advert Two: Proportionolitv ond Curve Sketchinq

. Nss/P1/Q3(c)

(i).

3,=/(r)+a

(c; a)

Global lnstitute of Business
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(ii).

Ns0/P1/Q3{c)
( i).

+YI
nbL

I

I
i

( ii).

l' = -bl(r)

1)

Giobal institute of Business
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. te7/P1/Q6(c)
( i).

Global lnstitute of Business
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. t03/P1/Q5(c)
(i).

N04/P1/Q4(c)
(i).

" Nls/P71/A2rc)
v ,, r ?.,--4-fLy-JL

J

4

3

2
tr/2

1

-1

-2

-3

Giobal lnstitute of Business
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o N7o/P73/a4rc)

---------t

V :2 sinx

N11/P11/Q3(c)
(i).

Global lnstitute of Business
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Chapter Twelve : Diffe rential Equations

. N07/P7/Atz1z1
( i).

Chopter Thirtee n: Functions

. N97/P7/Au1c1
( iii).

/

,ru "/
1 /, -f-'(x)

Global lnstitute of Business
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o Da/PlQl3(c)

(aXi). (iv).

(b).

'y =ln(x + 1)

x(2, -4)
turning point

Global lnstitute of Business
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Chapter Fourteen: N umerical Methods
o N97/P7/Arc(c)

c N07/Px./auyz1

. J03/P1/Q1a{z)

GIobal lnstitute of Business
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= 1/ 
^t^n'*

y = Inx



'A' Level Pure Mathematics: Theorv-Practice Nexus

. N70/P3UA4rc)
(i).

r11/P33/Q6(c)
( i).

=4x2-1

y = cotq

!=1*xz

y = cote

Global lnstitute of Business
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Chapter Fifteen: Complex Numbers

c N70/p3Ua6rc)
(iii).
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